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Abstract—This paper analyzes the fundamental limits of per-
formance of cognitive radios in a multiple access setting. In
the traditional information theoretic model for cognitive radio
channel, there is a primary and cognitive transmitter-receiver
pair, and the cognitive transmitter knows the message transmitted
by the primary transmitter. In the multiple access setting, the
primary network is an uplink system with multiple transmitters
communicating with the primary receiver with the cognitive
transmitter having access to the messages of all the transmitters.
This paper analyzes a system where two primary transmitters
communicate with a primary receiver in the presence of a
cognitive transmitter-receiver pair. The capacity region of this
system is derived when the channel gain from the cognitive
transmitter to the primary receiver is weak.

I. INTRODUCTION

Interference channels are prevalent in most communication
systems today. However, determining the capacity region of
the interference channel has been a long standing open prob-
lem for more than three decades except for a few special
cases [1]-[4]. Over the last few years significant advances
has been made in understanding the performance limits of
interference networks [5]-[8]. The cognitive radio channel has
been studied as a special form of interference channel where
one of the transmitters (the “cognitive” transmitter) gains some
knowledge about the transmissions of the other transmitter.
Networks with cognitive users are gaining prominence with the
development of cognitive radio technology, which is aimed at
improving the spectral efficiency and the system performance
by designing nodes which can adapt their strategy based on
the network setup. The information theoretic model for the
cognitive radio channel [9] models the channel as a two user
interference channel in which one transmitter (the cognitive
transmitter) knows apriori the message transmitted by the other
transmitter. Prior work on this channel model includes [9]-
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[13]. More recently, the interference channel with a cognitive
relay has been studied in [14]-[16].

In this paper, we study the performance limits of a cognitive
radio channel in a multiple access setting. In particular, we
consider a system where two primary transmitters communi-
cate their messages to a primary receiver in a multiple access
setting, and one cognitive transmitter transmits its message to
a cognitive receiver. We assume that the cognitive transmitter
knows apriori the messages of both the primary transmitters.
In this paper, we derive an outer bound on the capacity
region of the cognitive radio channel in a multiple access
setting (MACRC) when the channel gain from the cognitive
transmitter to the primary receiver is “weak” (< 1) and
show that Gaussian distributions maximize the single letter
outer bound. We also derive an achievable region for the
MACRC which combines superposition and dirty paper coding
techniques [17]. We show that while in the general case the
bounds do not meet, in the Gaussian case, the achievable
region meets the outer bound when the cross channel gain
from the cognitive transmitter to the primary receiver is weak
(1.

The rest of the paper is organized as follows: In Section II, we
describe the system model for the MACRC. We derive an outer
bound on the capacity region for the MACRC in Section III.
In Section IV, we derive an achievable region for the MACRC
using a combination of superposition and dirty paper coding.
In Section V, we show that the achievable region meets the
outer bound when the cross channel gain from the cognitive
transmitter to the primary receiver is weak (< 1). Finally, we
conclude in Section VI.

Throughout the paper, we denote random variables by capital
letters, their realizations by lower case and their alphabets by
calligraphic letters (eg. X,z and X respectively). We denote
vectors of length n with boldface letters (e.g. x™), and the i*"
element of a vector X" by x;. For any set S, S denotes the
closure of the convex hull of S.

II. SYSTEM MODEL

In this section, we describe the system model for the cognitive
radio channel in a multiple access setting (MACRC). In this
system, we have two primary transmitters communicating their
messages to a primary receiver in a multiple access manner,
and one cognitive transmitter communicating its message to
a cognitive receiver. We assume that the cognitive transmitter
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knows apriori the messages of both the primary transmitters.
The system model is described in Figure 1. The channel is
described by (X1, Xa, X, V1, Ve, (1, yel®1, w2, 2.)) where
Xy, &> denote the input alphabets of the primary transmitters,
X. denotes the input alphabet of the cognitive transmitters,
and ) and ). denote the output alphabets of the primary and
the cognitive receiver.

A

Primary Receiver
1
Yi —= 1y, 1

Primary Transmitter 1

Xi(mi)
a1 1
Primary Transmitter 2
b
Xe(mi,ma,my) Y., —= 1,
Cognitive Transmitter ! q\ Cognitive Receiver

N.

Fig. 1. System Model for Gaussian Cognitive Radio Channel in a Multiple
Access Setting

Transmitter 7, i € {1,2} has message m; € {1,2,...,2"f%}
that it wishes to communicate to the primary receiver in a
multiple access manner. The cognitive transmitter has message
me € {1,2,...,2"E} that it wishes to communicate to the
cognitive receiver. The cognitive transmitter has non-causal
access to messages of both the primary transmitters. Let
X1i, Xoi, X¢; and Y34, Ye; denote the variables representing
the respective channel inputs and outputs at time ¢. Note that
the channel input from the cognitive transmitter (X.;) is a
function of all the three messages. For the Gaussian channel,
the input-output relationship at time ¢ can be expressed by the
system equations given below:

Yli = Xli + XQi + bXLL + Nli

Yo = a1 X1 + aeXo; + Xei + Ne. M

where a1, as, and b represent the channel gains as shown in
Figure 1. Throughout the paper, we assume that the channel
gains are positive, and the results can be readily extended
when the channel gains are negative. N1; and N.; denote the
additive noise at the two receivers which are i.i.d. Gaussian
random variables distributed as A(0,1). The channel inputs
must satisfy the following power constraints:

1 n )
~Y EXGI< Py, je{l2c) )
=1

A (2nFa 2nRz gnRe p Pe) code consists of message sets
My = {1,...,2"%} My = {1,...,2"F2} and M. €

{1,...,2"E<}, three encoding functions
Ji: My — A7 for My — &G,
fo: My x My x Me — X7, @
and two decoding functions
g1: Y] — My x M, g2 : Y — M., (4)
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such that the transmitted codewords X7, X5 and X7 satisfy
the power constraints given by (2) and the overall decoding
error probability at both the receivers is < Pe.

A rate triple (Rp,Ro,R.) is achievable if there exists
a sequence of (27fi1 2nfiz 9nkep Pe(™)) codes such that
Pe(™) — 0 as n — oo. The capacity region of the MACRC is
then the set of all rate triples (R1, Rg, R.) that are achievable,
and is denoted by Cpracre.

III. OUTER BOUND ON THE CAPACITY REGION OF
MACRC

In this section, we derive an outer bound on the capacity region
of the MACRC when the cross channel gain from the cognitive
transmitter to the primary receiver, b < 1. Let P, denote the
set of all probability distributions P,(.) given by

PO(Q7xla$2auaU7xc) = p(Q)p(xl‘q)p(xﬂQ)p(u?U‘mlax??‘])

p(x0|u7 v,T1,T2, q)
(%)

Let Rout(P,) denote the set of rate triples (Ry, Re, R.) given
by

Ry < I(X1,U;n1|V, X2,Q)
Ry < I(Xo,ViV1|U, X1,Q)
Ri+Ry < I(X1,U,X2,V;Y1‘Q) (6)
Rc < [(XC;YC|X17U7X27‘/7Q>
Ry, Ry, R. > 0

Let R,y denote the set of rate triples given by

7zout - U Rout (Po) (7)
Po(.)€Po

Then, the following theorem describes an outer bound on the
capacity region of the discrete memoryless MACRC.

Theorem 1: For the Gaussian cognitive radio channel in a
MAC setting, when the cross channel gain satisfies b < 1,
the capacity region Cyracre satisfies

Cyacre € Rout- 8)

Proof : We fix a probability distribution P,(.) € P,. Then,
we have

(@)

nR H (M. |Mz)

(b

INS

I(My; Y| M) + nel,
)

&

Sor H(Yi|Ma, Yi™h Xai) + +ne,,
- Z?:1 H (Y1:|Ma, Y1i717 My, X4, Xop)
o I(Us, Xaa; Y| Vi, Xoi) + nep

where V; = My, Y/ ™" and U; = My, Y]~ Here, (a) follows
from the independence of M and My, (b) follows from Fano’s
inequality and (c) follows from the fact that X5; is a function
Of M. 2.
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A similar set of inequalities can be derived to show that

nRy < (V;, Xai; YUy, X14) + nes (10)
Subsequently, we can show that
n(R1 +R2) = H(]\/Il,MQ)
< I(My, Mo; YT) + nel?
mn
< ZH(Yh) +TL€71L’2 (11)
i—1
n .
*ZH(YM‘MMM27Y12717X1i;X2i)
i—1
< ZI(Ui,Xli, Vi, Xoi; Yii) + ney?
i—1
and
nRe Y H(MM,, Ms, X7, X7)
(e)
> I(Z\/[c§}/cn|M17M25X?aX;)+n€7cz
(f) n )
S ZH(YV(;”YCZilleaMQvX??X;L)
i—1
' n
—ZH(Yci\Xci,XU,X%)+ne§ (12)
i=1
QN HY Y Y My, My, XL XS)
—1
' n
- Z H(Yei| Xei, X4y Xoi) + ey,
i—1
n .
S ZH(Y;i|Y11_17M13M27X?7X£L)

=1

- Z H(Yei| Xeiy X1i, Xoi) + ney,
i=1

< I(Xei Yeil X15, Ui, X4, Vi) + nes,
i=1
where (d) follows from independence between M., M; and
M, (e) follows from Fano’s inequality, (f) follows from the
memoryless nature of the channel and (g) follows from the
degraded nature of the channel (with the assumption b < 1).

Defining () to be the time-sharing random variable
that is  uniformly  distributed over  {1,...,n}
and defining (Q, X1, X2, U, V, X, Y1,Y2) =

(Q, X1,0,X2.0,Uq. Vg, Xc.0,Y1,0, Ye,) yields the desired
outer bound. [ |

IV. ACHIEVABLE REGION

In this section, we describe an achievable region for the
MACRC. The coding strategy combines superposition and

697

dirty paper coding techniques. Let P;, denote the set of
probability distributions P;,(.) given by

Pzn(qa L1, U, T2,V, T, t) = p(q)p(u7 x1 |q)p(va .CEQ‘(]) (13)

p(ta J;C‘ua v, T, :L'Q)-
Let Rin(P;y) denote the set of rate triples (R1, Ra, R.) given
by

Ry < I(X1,U;N|V, X2,Q)
Ry < I(X2,Vi;V1|U, X1,Q)
Ri+ Ry < I(X1,U, X2, V;Y1|Q) (14)
R, < IT:Y|Q) — I(T; X1,U, X2, V|Q)
Ri, R, R. > 0.

Let Ry denote the set of rate triples (R1, R2, R.) given by

Pipn(.)EPin

Rin =

Then, the following theorem describes an achievable region
for the MACRC.

Theorem 2: The capacity region of the MACRC satisfies

Rin € Cymacke- (16)
Proof : For simplicity, we shall present the coding-scheme
for the case where the time-sharing random variable @ is
deterministic. It should be kept in mind that the introduction
of time-sharing may increase the region by convexification.
We fix a P;,(.) € Pi, and show that the region Ry, (Pi)
is achievable. We now describe codebook generation at the
transmitters.

Codebook Generation: Transmitter 1 generates 2"/ vector
pairs X{', U™ ~ [[:", p(21,,u;) and indexes them using j €

{1,...,2"F1}, Similarly, transmitter 2 generates 2"72 vector
pairs X3, V"™ ~ []'_, p(22;,v;) and indexes them using k €
{1,...,2"F2} The cognitive transmitter generates 2"f% T™ ~

[T, p(t;) and places them uniformly in 2"%< bins. We next
describe the transmission strategy at the three transmitters.

Transmission strategy: Given message m; € {1,...,2"f1},
transmitter 1  determines  X7'(m;) and transmits
it. Similarly, for message ms €  {1,...,2"F2}
transmitter 2 transmits X3 (ms). As the cognitive

transmitter has access to messages m; and mg, it
can determine X1(ma), U™(mq), X5 (ma), V' (ma).
For message m. € {1,...,2"F<}  the Ccognitive

transmitter looks for a sequence 7™ in bin m, such that
(T™(M.), X§ (1), U™ (m1), X3 (m2), V"(ms)) is jointly
typical. If such a T is located, then an X is generated
according to the conditional [];_, p(@ci|®1s, ui, ¥2,v;) and
transmitted. We next describe the decoding strategy at the
two receivers.

Reception: The primary receiver determines indices (7721, 7722)
such that (X (1), U™ (1), X3 (1ha), V™ (1he), Y") s
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jointly typical. The cognitive receiver looks for a 7™ such
that (7",Y) is jointly typical. The cognitive receiver then
determines the bin index of 7" and declares that as the
decoded message. We next describe the probability of error
of encoding and decoding process.

Decoding Error at Primary Receiver: Let £, denote the event
that (X7(4), U™(j), X5 (k), V"™ (k), Y{") is jointly typical. We
assume that the transmitters transmitted messages my and mo.
Then the probability of decoding error is given by

Pe=Pr|ES ..U |J Eix

mi,mso
(4,k)#(m1,mz2)

The probability of decoding error can be upper bounded by

Z Pr(Ejm,) + Z Pr(Em, k)
J#EML k#m2
LD
JFma,kFma
For any € > 0, there exists n large enough such that the first
term Pr(E,,, m,) < €. The other three terms can be made
smaller than € if

Pe < Pr(E - mo)

PI"(Ej_’k).

Ry < I(X1,U;V1]X2, V) — 3e
R2 S I(XQ,V;Yl‘Xl,U)—SG (17)
R1+R2 S I(X17U,X27V;Y1)*46.

Encoding Error at Cognitive Transmitter: An encoding error
occurs at the cognitive transmitter if no 7" in bin index m,. can
be found such that (7™, X}*(m1), U™(m1), X3 (m2), V" (ms)
is jointly typical. The probability of this happening can be
upper bounded by

Pe< (1— 2—711(T;X1,U,X2,v))2"@6*&)_
The probability of encoding error can be made arbitrarily small
if

R.> R+ I(T; X1,U, X»,V). (18)
Decoding Error at Cognitive Receiver: The cognitive receiver
determines a bin index M. and a sequence 7" from that
bin such that (7™,Y.") is jointly typical. To analyze the
probability of error, we assume that the transmitter wished
to communicate message m. and no error occurred at the
cognitive encoder. Then, a decoding error occurs if no 7" in
bin m, is jointly typical with Y, or if a T from a different
bin is jointly typical with Y". The probability that no 7™ in
bin m. is jointly typical with Y can be made arbitrarily small
for suitably large n. The probability that a 7" from a different
bin is jointly typical with Y can be made small if

R. < I(T;Y) - 3e. (19)

Choosing R. = R, + I(T; X1,U, X5, V) + ¢, we get
R. < I(T;Y.) — I(T; X1,U, X2, V) — 4de. (20)
Hence the region described by R;;, is achievable. [ |
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V. OPTIMALITY OF THE ACHIEVABLE REGION

In this section, we show that for the Gaussian MACRC,
when the cross channel gain from the cognitive transmitter
to the primary receiver is small enough (i.e. b < 1), the
achievable region described by Theorem 2 meets the outer
bound described in Theorem 1. Let p1, p2 € [0, 1] such that
p? + p2 < 1. Define A = 1 — p? — p2. Define the function
L:Ry — Rby L(z) = 3log(l + ). Let R(p1, p2) denote
the set of rate triples (R1, Ro, R.) € RY given by

oo (PP
b= 1+ b2PA

Py + by/Pps)’

(VP +v/Pep) + (VP + wmf)
1+ b2P.A

R1+R2SL(

R. < L(PA).

Let R denote the set of rate triples (R1, Re, R.) described by

Re U

p1,p2€[0,1]:p7+p3<1

R(p1, p2)- (22)

Then, the following theorem describes the capacity region of
the MACRC when the cross channel gain satisfies b < 1.

Theorem 3: For the Gaussian MACRC, when the cross chan-
nel gain satisfies b < 1 in a MACRC, the capacity region of
the channel is given by

Cyvacre = R. (23)

A. Proof of Inner Bound

Consider the achievable region given by (15). Take in (14),
(X1, X, X,) jointly Gaussian. with zero means and variances
(P, Py, P.) respectively and where E(X;X3) = 0 and
E(X.X;) = piv/P;P. for i = 1,2. Choose U and V to be
deterministic random variables.

The random variable 7" is defined as follows
T=X.+ a1 X1+ azXo,

where a; and ay are constants to be specified. It is evident
that for this choice of random variables we have,

R. = I(T Y) I(T X1,U, X5, V)
= (T Y|X1,X2) I(T; X1, X2|Yy)
= I(XoYe|X1, Xo) — I(T; X1, Xo|Ye).
From [18, Lemma 1], there exists aj,a’ such that

I(T; X1, X2|Y:) = 0. We choose aq = af and ay = ab.
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Therefore, we get
Rc = I(T7YC)_I(T7X17U:X2:V)
= I(TyY:) — I(T; X1, Xo)
= I(XeYelX1, X2,U)
= L(P.(1-p}—p3).

(25)

With these choice of random variables, we observe that
h(Y1]X2) = % log (27Te (l + Py + 2boy + b2 P.(1 — pg)))
h(Y1|X1) = 3 log (2me (1 4 P, + 2boa + b*P.(1 — p})))
h(Y1) = 1log (2me (1 + P + P2 4 2b(0y + 02) + b*P.))
h(Y1| X1, X2) = Slog (2me (1 + b?Pu(1 — 07 — 03))) .

Substituting the above expressions and (25) into the achievable
region in (15), it is easy to see that the achievable region
matches the rate region given by R.

B. Outer Bound

In this section, we show that Gaussian distributions maximize
the outer bound derived in Section III. From Section III, we
have the outer bound as the union over all the rate triples that
satisfy

Ry < h(V1|V,X2,Q) — h(V1]X41,U, X2, V,Q)

Ry < h(N1|U, X1,Q) — h(Y1]X1,U, X2, V, Q)
Ri+ Ry < h(V1|Q) — h(Y1|X1,U, X2, V, Q)

R. < h(Y|X1,U,X2,V,Q) — h(N,).

for some Py x,,u,x,,v Wwhere Y1 = X1+ Xo+0X.+Ny, Y. =
Xc4a1X1+a2 X9+ N, and X; and X5 are independent given
Q. In this section, we derive the outer bound for a degenerate
@ (that is, we assume that X; and X are independent). The
overall outer bound is in fact the convex hull over the entire
obtained region.

Since 0 < I(X¢;Ye|X1,U, X2, V) < Zlog(1+ P.), there
exists some 7 € [0, 1] such that

1
I(XC7K‘|X17 U7 X27 V) = 5 log(l + ’YP(‘) )
and consequently

1
h(Ye|X1,U, X2,V) = 7 log (2me(1 + 7 Fe)) (26)

Let J be a Gaussian noise with variance 1 — b2. Using the
Entropy Power Inequality, we obtain

92h(Y1|X1,U,X2,V) 92h(bXc+N1|X1,U,X2,V)
92h(bYe+J|X1,U, X2,V)
92h(BYel X1,U X2, V) 92h(J) (27)
2me (B*(1 +yP.) +1 —b?)
2me (1+1b*Pe) .

%

Next, we recall that for a given covariance matrix of
(X1, X9, X.,U,V), the conditional entropies h(Y1|V, X3),
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h(Y1|U, X1) and h(Y7) are maximized if (X1, X2, X, U, V)
is a Gaussian vector. Also, we have that

h(Y1|X1,U) S h(Y1|X1) and h(Yl‘XQ, V) S h(Y1|X2)

Finally, for Gaussian X7, X2, X. such that X; and X, are
independent and E[X;X.] = p;+/P;P., we observe that

1
5 log 2me(1+~F.)) = h(Y|X1,U, X5, V)
= WX.+N|X1,U, X, V)
(28)
< h(Xc.+ N|[X1, Xo)
1
= log (2me(1 + AP.)) .
Hence, we have v < A =1 — p? — p3.
Hence, the outer bound reduces to
1 14 Py +2boy + b2P.(1 — p2)
R, < =1
L= 2°g< 11 02Py
1 1+P2+2b0‘2+b2pc(1—p%)
Ry < =1
2= 2°g< 11 b2Py
(29)
1 14 Py + Py +2b(0y + 02) + b2P.
Ri+ R < =1
1+ Ry < D) og < 1+ bQPC’Y
1
R. < 5 log (1 +~P,).
where the outer bound is optimized over all p1,p2 € [0,1]

such that p? + p2 <1 and v < A.

We note that if one substitutes v = A into (29), we get
the desired region (22). The following lemma concludes the
proof of the outer bound of Theorem 3, by showing that it is
sufficient to consider v = A.

Lemma 1: The region of all rate triples (R1, Ra, R.) given by

1 1+ Py + 2boy + b2 P.(1 — p3)
R <=1
1—2°g( 11 b2Py
1 L+ Py +2bos + b*Po(1 — p3)
< -1
R2<3 Og< 1+ b2P,y
1 1+P1+P2+2b(0‘1+0’2)+b2pc
< -1
R1+R22°g( 14 02Pyy
1

Re < Jlog(1+7P)
for some ((71, 02) = (\/ Pchpl, vV P2PCp2) such that 0 < ,0%4‘
p3 <1 and some v € [0,A], A = (1 — p? — p}) remains the
same if one takes v = A (and therefore equal to the region

(22)).

Proof : Fix R. = 3 log(14dP.). To obtain this rate, A cannot
be smaller than d. Consider therefore A € [d, 1]. Denote

c(A) = L(b®AP,)
filpr,p2) =L (Pr+ 2001 +V*Pe(1 — p3))
f2(p1,p2) =L (Py+2bos + b*P.(1—p?))
f3(p17p2) =L (P —|—P2—|—2b(0’1—|—0’2)—|—b2pc>.

(30)
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For v = A and the rate R. we fixed, the region becomes

Ri < filp1,p2) — c(A)

R2 S f2(p17p2) - C(A) (31)
Ri+ Ry < f3(p1,p2) —c(A)

R, = %log(l +dP.)

where p? +p3 =1— A and A € [d, 1].

If we allow v < A, it is obvious that the optimal 7 is d and
the region becomes

Ry < fi(p1,p2) —c(d)

R2 < f2(p13 p2) - C(d) (32)
Ri+Ry < f3(p1,p2) —c(d)

R. = 1ilog(l+dF.)

where p? + p3=1—Aand A € [d, 1].

The regions (31) and (32) would coincide iff the optimal A in
(31) as well as in (32) is d. We would show that this is indeed
the case and will establish that the optimal + is equal to A.

The optimal A in (31) is d: First, we observe that the sum
of the bounds on the individual rates R, Ry in (31) is never
smaller than the sum-rate bound. That is,

fi(p1,p2) — c(A) + fa(p1, p2) — (D) > f3(p1, p2) — c(A).

This implies that region (31) is basically determined by the
vertex points of pentagons. Hence, a vertex point of interest
in (31) is determined either by the bounds on R; + Ra
and Rj, or by the bounds on Ry + Ry and Rs (but not
simultaneously by the two bounds on the individual rates R;
and Ry). First, assume that the determining bounds are those
of Ry + Rs and Rs. Let py € [0,4/1 — d] be the correlation
coefficient that achieve this vertex point and let 67 be the
corresponding correlation. It is easy to realize that for fixed
p1 the functions fo, f3 are decreasing with A. and therefore
the minimal possible A for this vertex point is the optimal,
e, A =d.

Similarly, if the determining bounds are those of R; + Ra
and Ry we notice that for fixed po, the functions fi, f3 are
decreasing with A, and therefore the optimal A for this vertex
point is the minimal, i.e., A = d.

The optimal A in (32) is d: We observe that the sum of the
bounds on the individual rates Ry, Ro is never smaller than
the sum-rate bound in (32) too. That is,

f1(p1, p2) — c(d) + fa(p1, p2) — c(d) > f3(p1, p2) — c(d).

Hence, similarly to (31), a vertex point of interest in (32) is
determined either by the bounds on Ry + Ry and R;, or by
the bounds on R; + Rs and R,. And, similarly, the arguments

o for fixed p; the functions f5, f3 are decreasing with A
« for fixed po the functions fi, f3 are decreasing with A,

are sufficient to prove that the optimal A is d. This concludes
the proof of Lemma 1 and Theorem 3. [ ]
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VI. CONCLUSIONS

In this paper, we analyzed the capacity region of the cognitive
radio channel in a MAC setting. We derived an outer bound
on the capacity region of the MACRC when the cross channel
gain satisfies b < 1 and showed that Gaussian distributions
maximize the outer bound. We derived an achievable region
using superposition and dirty paper coding at the cognitive
transmitter. Finally, we proved that when the cross channel
gain b < 1, the achievable region achieves the entire capacity
region of the Gaussian MACRC.
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