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A Relationship Between Linear Complexity andk-Error In other wordsynrinerror (Y) is the smallest Hamming weight of an
Linear Complexity error vectorE™ such that
Kaoru KurosawaMember, IEEEFumio Sato, Takahiro Sakata, and LC(Y + E) < LC(Y)

Wataru Kishimoto
whereE™ denotes one period ¢fF).

We first prove that
Abstract—The k-error linear complexity of a periodic sequence of pe-
riod IN is defined as the smallest linear complexity that can be obtained by . . wa(v—LC(v))
changing k or fewer bits of the sequence per period. This correspondence minerror (Y) = 2
shows a relationship between the linear complexity and the minimum value
k for which the k-error linear complexity is strictly less than the linear  for binary sequence§Y’) with period N = 2", where Wy (N —

complexity. LC (Y")) denotes the Hamming weight of the binary representation of
Index Terms—Cryptology, linear complexity, stream cipher. N —LC(Y). The conditionN' = 2™ implies thatl — 2" = (1 — )"
over GF(2), which makes our analysis easy. Massey, Costello, and
Justesen [4] derived a property of the weight bf- x)® f(z) and ap-
. INTRODUCTION plied this property to error-correcting code constructions. Our analysis
Linear complexity is an important cryptographic criterion of streart$ based on this property.
Ciphers [5] The linear Comp|exity of a Sequer{dé), denoted by Next, fork = 77LZ‘7L€T7”07‘(}"), we show a necessary and sufficient
LC(Y), is defined as the length of the shortest linear feedbaglendition for LG.(Y) = 0,1,2 and LG.(Y) > 2 in terms of the
shift register (LFSR ) that generatéd’). In a stream cipher, a Hamming weight ofY"). We also present an upper bound o).
keystream sequenc¢é ) must have large linear complexifybecause ~ The above results are easily generalized to nonbinary sequ@nges
Berlekamp-Massey algorithm [3] can efficiently find the LFSR tha@ver GF(p") with period N = p".
generate$ k) after examining at motL consecutive bits of k). Finally, we completely determine thie-error linear complexities
However, a high linear complexity does not necessarily ensure tt&tx(Y") of binary m-sequenceqY’) with the linear complexity
a sequence is cryptographically secure. For example, the sequencd-C (Y) = prime.

(K)=(0,---,0,1,0,---,0,1,---,) Il. LINEAR COMPLEXITY AND k-ERRORLINEAR COMPLEXITY
S— —

N N For asequence”™ = (yo,y1,---,y~—1) of lengthV over GF(¢),

has the maximum possible linear complexi¥y, but it is obviously let

cryptographically weak. After changing eveNth bit of the original N
sequence, its linear complexity decreases to zero. This shows that se- (
quences W'.th high I|nea_r complexity may be well approximated by SBet (Y") denote the periodic sequence obtained by appending the copies
guences with very low linear complexity. of YV, For (Y), let

From this observation, Ding, Xiao, and Shan introduced the notion ’ ’
of k-error linear complexity [1]. (Actually, they called it sphere com- AN, N N N, . aN
plexity.) Thek-error linear complexity of a periodic sequen@dé) of y(o) = v () +y (”T),‘E ty (@) 4
period N, denoted by LG (Y), is defined as the smallest linear com- = yA' (x)/(1 - a )-
plexity that can be obtained by changihgr fewer bits of the sequence ]
per period. They showed some bounds/egrror linear complexity FOr example, for a binary sequence
for several sequences [1]. Independently, Stamp and Martin showed a
polynomial time algorithm which computéserror linear complexity
LCi(Y) for period N = 2" [6].

This correspondence shows a relationship between the linear C&lﬁ_have
plexity and the minimum valué for which thek-error linear com-

A —
2)Sygo+ w4 yvoaat

Y?' = (111110101001100010000)

y 21, — b ,,2 4.3 .4 .6 o L ,>12 16
plexity is strictly less than the linear complexity. For a periodic se- y (@) =ltate 2"' * 3"’ * 4"‘ x 6"‘ x 8"‘ x “"' rotuw
quence(Y') of period N, we defineminerror (Y) as the minimum ylo)=14+x+2" 42" +2" 42" +2 42
value of% such that Fa 42"y =2

LCx(Y) < LC(Y). =1/(1+z+2").

Then it is known that
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Then

LC(Y)=N —degg(z).

Lemma 2.1: For a binary sequend&’);
(1) LC(Y) =1ifandonly if (V) = (1,1,1,---).
(2) LC(Y) = 2 if and only if (Y) = (1,0,1,0,---) or
(0,1,0,1,---).
Proof: Note that

1/(1—;[,’):1—1—;[;—"—4'2_"-...’
1/(1—.[’2):1—|—;l¢2+;l;4+...$
sf(l-a)=a+2"+2"+---. Q.E.D.

NeXt, for an error sequence
EN = (€0, €1, ,en—1)

let Wy (EY) denote the Hamming weight @, Let (Y + E) denote
the periodic sequence obtained by appending the copigs'ef E™.
The k-error linear complexity ofY") is defined by [1], [6]

A

LCk(Y)

min
Wy(EN)<k

LC(Y + E).

For example, LGY) = N for a binary sequenc& ™’
(0,---,0,1). However, LG (Y) = 0 because

B’IN—F(O,"',O,I) = (0~70)
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IV. MINIMUM k OF k-ERRORLINEAR COMPLEXITY

We defineminerror (Y) as the minimum value df such that
LCk(Y) < LC(Y).

In other wordsminerror (') is the smallest Hamming weight of an
error vectorE” such that

LC(Y + E) < LC(Y).
In this section, we prove that
Wi(N—LC (YY)

minerror (Y) = 2

for binary sequence&”) with period V. = 2". Since N = 2", we
have

ged (1— ™,y (@) = ged (1 - )",y (2))
=(1-2)°

for somes. That is,

This shows that a high linear complexity does not ensure that a se-

qguence is cryptographically secure. It also shows the importance of

k-error linear complexity.
For BN = (eg,er,+,en—1), let
N A N—-1
e (x)=eoterxt--Fenvaw

We say thatE" is an error vector and” () is an error polynomial.

IIl. POLYNOMIAL HAMMING WEIGHT [4]

For a nonnegative integer let W (s) denote the Hamming weight

of the binary representation ef For
e(z)=1+a"t 4+ 42!
define

W(e(x)) 2 q.

vV () = (1—2)"yi (@) ®3)
for somey; (z) such thay (1) = 1(# 0). Then from Proposition 2.1
LC(Y)=N —s. 4)
Next, for an error vectoF”™, suppose that
ged (1—2)*" g™ (a) + ¥ () = (1 - 2)° 5)
for somez. Then
LC(Y+E)=N—z
from Proposition 2.1. Therefore,
LCk(Y) = wﬁﬁiﬁ?w) LC(Y + E)
=N - W(:/{}ﬁ?g)ik z. (6)
From (4) and (6), we see that
LCL(Y) < LC(Y)
if and only if there existe™ (x) such that: > s.
Lemma 4.1:LC (Y + F) < LC(Y) if and only if
Mx)=(1=a)ei(x) )

for somees () such that: (1) = 1(# 0).
Proof: We prove that > s if and only if (7) holds, where and

Massey, Costello, and Justesen proved the following propositions fofre defined by (3) and (5), respectively. Suppose that

polynomials over GF2).

Proposition 3.1 [4] :

W((1=a)")=2"80), 1)

Proposition 3.2 [4]:  For any polynomialf () such thatf(1) = 1

W((1—2)"f(x)) > 2", (2)

eV (x) = (1= )€ (x)
for somee, wheree; (1) = 1(% 0). If ¢ > s, then
V(@) e @) = (1= 2) (1 (@) + (1= 2) e ().
Therefore,

ged (1= )"y (0) + V(@) = (1= 2)’



696

andz = s. Similarly, if ¢ < s, then we havee = ¢ < s. Finally,
suppose that = s. Then

vV () + eV (@) = (1= 2) (g1 (2) + e (2)).
Sincef(1) + e;(1) =1+ 1 = 0 we have
yi(x) +ei(r) = (1 —x)g(x)
for someg(x). Therefore,

yV(.L) + GN(;L’) =(1- :L')S+lg(.1f).

Hence
z>s+1>s. Q.E.D.
Theorem 4.1:1f N = 2", then
minerror (V) = 2VE(N=LO(),
Proof: First, from Lemma 4.1, we have

minerror (Y) = ell(Iii)Iil W({(1—a)’ei(x)).
Next, from Propositions 3.2 and 3.1¢f(1) = 1, then

W((1—2)ex(a)) > W((1—a)) =2"0, ®)
Finally,

s=N—LC,(Y)

from (4). Q.E.D.

Next we say thaE™ (resp.,e™ (x)) is a critical error vector (resp.,
polynomial) for(Y") if

9)
and
LC(Y + E) < LC(Y). (10)
Note that fork = minerror (Y)
LC;(Y) =min LC(Y + E)

where the minimum is taken over the critical error vectBrs. From
the proof of Theorem 4.1, we have the following corollary.

Corollary 4.1: Suppose thalV = 2™. Lets = N — LC(Y"). Then
e (x) is a critical error polynomial fofY") if and only if e™ ()
(1 — 2)%eq(x) for somees (x) such that; (1) = 1 and

W((1—a)%er(w)) = W((1—a)°) = 27",
We show an example. Let
Y% =(1101010011100111).
Then

'ym(m):1—|—:13—|—.773—|—.775—|—.778
NI BT L P E SR E AL
ged (1 -2,y (@) = (1-2)®  (s=3)
LC(Y)=16-5=11.
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Now from Theorem 4.1, we see that
minerror (Y) = 2WR(6=1) — oW (5) — 92 — 4
This means that
11=LC(Y) =LCi(Y) = LCy(Y) = LC3(Y) > LC4(Y).
Further,e™ () is a critical error polynomial fotY") if and only if
M) = (1—2)er ()
for somee; (x) such thak;(1) = 1 and
W((1—2)er(x)) = W((1—2)")=2"80) =4

V. LCi(Y) FOREk = minerror(Y)

Let ¥ = minerror (Y). In this section, we show a necessary and
sufficient condition for LG(Y) = 0,1,2 and LG.(Y) > 2 in terms
of W(y" (2)) for binary sequenced”) with period N = 2". We also
present an upper bound on LQ").

Lets = N — LC(Y). Remember that

yV(2) = (1—2)°yi ()
for somey; («) such thaty; (1) = 1 from (3).

(11)

Lemma 5.1: Suppose thalv = 2". Let

aV(x)=(1+ 4 g xzn_zl‘)al(l)
wheredeg a1 (2) < 2l |f
N—-2">N-LC(Y)(=5s)

then
Wy (2) +a™ (2)) > 2"

Further, if the above equality holds, then
LCx(Y) < LC (a"(2)).

(Note thatu™ () represents a repeated sequence ¢f) with period

21)
Proof:
(1- le) (1+ le + -+ ,rzn_zl) =1-22".
Therefore,
N on_ot (1 — ;1:)271 _ am gl
1+IE +"'+I —m—(l—l’) .
Let
Fla) 2 gV (@) +a” ().
Then

fle)y =1 -2y (x)+ (1 - ;L’)271721111(l)
= (1= )" {ya(@) + (1 —2)*" "2 ay ()},

Note tha2™ — 2! — s > 0 from our assumption. Hence

(L) + (1= D200, (1) = g (1) = 1.

Therefore W (f(x)) > 2"1() from Proposition 3.2.
Next, suppose thaltV’ (f(x)) = 21, Then f(x) is a critical
error polynomial from Corollary 4.1. Therefore,

LC,(Y) < LC (y" (#) + f(2)) = LC (a" (). Q.E.D.
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Itis clear that LG(Y") = 0if LC (Y') = 1. Therefore, we consider Therefore,

LCx(Y) for LC(Y) > 2.
Theorem 5.1:1f LC (Y) > 2, then
2Wu () < Wy (a)) < N = 2WEl), (12)
Further
(1) LCk(Y) = 0ifand only if W (y" (x)) = 2"u(),
(2) LC(Y)=1ifand only if W (y" (2)) =N —2"Wu() 5 oWnls),
(3) LCx(Y) > 2ifand only if LC(Y) > 3 and

2Wuls) o W"‘(y‘w (v)) < N — 2Wnls),

LC,(Y) = 2 if and only if the following condition is satisfied

as well. Let
b(x) B4+t 2N
Then
Wy (x) + b(z)) = 2" (13)
or
Wy (2) + 2 ba)) = 2"V, (14)

Proof: Equation (12) will be proved in the proof of (1) and (2).

(1) Inlemma 5.1, leti; (x) = 0 andl = 0. Then we have
W(y™ () > 2700
If W(y™(x)) = 2"5) then
0<LCL(Y) <LC(a™N(2x))=0

from Lemma 5.1. Hence, LQY) = 0.

Conversely, suppose that LG") = 0. Then there exists a critical

error polynomiak™ () such that
vV (2) + e () = 0.

Therefore,

W(y™ () = W(e¥ (a)) = 210
from Corollary 4.1.

(2) InLemma 5.1, let () = 1 andl = 0. Then

aN@)y=14+o+" 4+~

Hence we have
N =Wy (@) =Wy (@) +a" (2)) 2 2",

Therefore,
W(y"(x) < N -2,

If the above equality holds, then
LCL(Y) < LC(a™(2)) =1

from Lemmas 5.1 and 2.1. Suppose tHaty™ (2)) > 2% aswell.
Then LG.(Y) > 1 from (1). Therefore,

if WyN(z)) =N - oWn () ~ oWn(s),

Conversely, suppose that Q") = 1. Then from Lemma 2.1, there

exists a critical error polynomiat”™ () such that

.

yNa) V@) =14+’ + 42N T =V (),
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N — VV(yN (x)) = W’(yN(;L’) + cLN(.r))
= W’(el\‘(m)) =2"Wnl)
from Corollary 4.1.
(3) From (1) and (2), LE(Y) > 2 if
2V Wy N () < N = 2WE0), (15)

Next in Lemma 5.1, let = 1 anda, () = 1 (thatis,a™ () = b(z))
orlet! = 1 anda(z) = « (thatis,a™ (x) = = - b(z)). In any case,
from Lemma 2.1, LCa™¥ (2)) = 2. Therefore, we have

LCh(Y) < LC(a™ () =2

if (13) or (14) holds. Therefore, LGY') = 2 if (13)—15) hold.
Conversely, suppose that Q") = 2. Then from Lemma 2.1, there
exists a critical error polynomial™ () such that

yN(x) 4 e (2) = b(x) ora - b(x).

Therefore,
W(y™ () + b(x)) = W(e™ (x)) = 2"
or

W(y™ () + 2 b(w) = W(eN(2)) = 2""00)

from Corollary 4.1. Q.E.D.

Next we show an upper bound on .G"). From Corollary 4.1(1—
x)’2* is a critical error polynomial fof) < i < N —s =LC(Y). In
this case,

gV () + V() = (1= 2) (g () + o).

Now let
L2 ged (1 — =V (z) + :L')
That is,
y1 (@) + 2t = (1- :L')Ligi(:v)
for somey; («) such thaty; (1) = 1.
Theorem 5.2:
LC,(Y)<LC(Y)— max L,.
0<i<LC(v)

Proof: From Corollary 4.1(1 — 2)*2' is a critical error poly-
nomial for(Y"). Then from the definition of-error linear complexity
and Proposition 2.1

<N — , - — N N )

LCk(Y) < N ogiIélIfL(?,‘((Y) ged(L—a" ,y" () + (L —a)’z")

— N — . _,’N oSy (o i

=N ogiglf())((y) ged(L—a", (1= 2)°(y1(z) + 2"))

=N - > d(1 -2V, (1—2)Ty,

oo max o ged(1—a7, (1—x)"gi())
=N-—-(s+ max L;)
0<i<LC (V)
=LCY) - 09121];%'0/) L;. Q.E.D.

VI. EXTENSION TO NONBINARY SEQUENCES

In this section, we generalize our results to nonbinary sequéhces
over GH(p") with period N = p".

For a polynomiak(x) over GF(p"), let W (e(x)) denote the Ham-
ming weight ofe(z), i.e., the number of nonzero coefficients. Massey,

Costello, and Justesen extended Propositions 3.1 and 3.2 as follows [4].
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Proposition 6.1 [4]: If f(1) # 0, then
W((1— )V f(2) > W((1 - 2)").

Definition 6.1: For a nonnegative integémvhich is written as
(i7n—1e"'7i15i0)

in the radixp form, define

m—1

H (i; +1).

j=0

Prod (7) 2
Proposition 6.2 [4]:
W((1—2)V) = Prod(N).

Then Theorem 4.1 is generalized as follows.
Theorem 6.1: minerror (Y) = Prod (N — LC(Y)).
Nextlets = N —LC (Y"). Then similarly to (3)y™ (z) is written as
y V()= (1= 2)p(2)
for somey; (x) such thaty: (1) # 1.

Theorem 6.2:¢” () is a critical error polynomial fofY") if and
only if eV (z) = (1 — z)e:(z) for somee, () such thate; (1) =
—y1(1) and

W((1—a)’er(x))=W((1-2)°)=Prod(N).

Theorems 5.1 and 5.2 are generalized as follows.
Theorem 6.3:If LC (Y) > 2, then
W(y" (x)) > Prod (N).
Further, LG.(Y) = 0 if and only if W (y" (#)) = Prod (V).
Theorem 6.4: Let
Li 2 ged(1 - 2™,y (2) — i (1)ad).

Then
LCk(Y) <LC(Y)— max L,
0<i<LC(v)
VII. k-ERRORLINEAR COMPLEXITY OF BINARY m-SEQUENCES

In this section, we completely determiteerror linear complexi-
ties LG, (Y") of binary m-sequences$Y’) with the linear complexity
LC(Y) = prime.

Proposition 7.1 [2]: 2" — 2 = product of all monic polynomials,
irreducible over GFp), whose degree divides.

Corollary 7.1: Letp be a prime and lelN = 2P — 1. Then
2N —l=(z—1) Hfl(a)

where f;(x) is an irreducible polynomial over GB) such that
deg fi(x) = p.

Theorem 7.1: Let(Y") be a binaryn-sequence withLCY ) = p =
prime. Then
for0 < k<2r=t_—2
fork=2r"1-1
for2P! < | < 2P — 1.

LCk(Y) =

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 46, NO. 2, MARCH 2000

Proof: Therm-sequencéY’) has a periodV = 27 — 1. Let Y™
denote one period dft") andWy (Y') denote the Hamming weight
of Y. Then it is known that [2]

Wau(Y™) =2"""

Therefore,
LCi(Y) =1
if and only if

E=N—-Wu(Y")=20"" -1 (16)

from Lemma 2.1. This implies that
LCh(Y) =0, ifk>Wu(N)=2""

Next fork < 2P~' — 2, suppose thaL.C}.(Y) is given bye™ ().
Then Corollary 7.1 implies that

(!/N(-T) + cN(m))/(l — ™) g(x)/f(x)orl/(1—=x)orl

for someg(x) and f(«) such thatleg g(x) < deg f(x) = p because
LC:(Y) < LC(Y) = p. In other words,

LC,(Y)=porlor0.
However, from (16), we see that LY ) =p if 0 <k <2P~'-2.Q.E.D.

VIII. CONCLUDING REMARKS

Stamp and Martin showed an efficient algorithm which computes
the k-error linear complexity L¢(Y") of binary sequences with pe-
riod N = 2" for any k [6]. We can use this algorithm to obtain
minerror (Y '), which has been introduced in this correspondence.

Our contribution is that we have shown erplicit expression of
manerror (7). It has been given to sequendés) over GF(p") with
period N = p". We have also derived some bounds on, [ ) for
k = minerror (Y"). Finally, we have completely determined LQ")
of binary m-sequences with LCY') = prime.

It will be a further work to findmanerror (Y') for arbitrary period
N. It will also be interesting to find

(1) tighter bounds on LQY) and

(2) the second-minerrgfY’), that is, the minimum value of’
such that

LC,/(Y) < LCk(Y)

wherek = minerror (Y).
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About Priority Encoding Transmission message sedescribed in multiuser information theory [5]. In such
a broadcast channel, one transmitter tries to sknthdependent
Stéphane BoucheroiMember, IEEE,and messagesno, - - - mr_1 (corresponding to different priority levels)
Mohammad Reza Salamatig®tudent Member, IEEE to k receivers (enjoying different reception conditions). The messages

are multiplexed by a channel encoder into a sequence of input symbols

Abstract—Recently, Albaneseet al. introduced priority encoding trans- N df(mo_- m'?_;])' .The zth re(;:elyer(o <i<kgetsa
mission (PET) for sending hierarchically organized messages over lossy COTTupted versiom; of the inputz, and tries to reconstruct messages

packet-based computer networks [1]. In a PET system, each symbol in the Mo - - - m;. At least from an intuitive viewpoint, the task faced by
message is assigned a priority which determines the minimal number of priority encoding transmission and coping with broadcast channels

codeword symbols that is required to recover that symbol. This note re- are similar. To elaborate further, let us recall more precisely the PET
visits the PET approach using tools from network information theory. We code description

first outline that priority encoding transmission is intimately related with .
the broadcast erasure channel with degraded message set. Using the infor- A PET code over alphabét, with message length, code lengtte,
mation spectrum approach, we provide an informational characterization ~and nondecreasing priority functigns a pair of mappingg (encoder)
ofthe capacity region of general broadcast channels with degraded messagefrom A'™ to A™ and¢ (decoder) from(.X' U {e})” to ™ U {rejech
set. We show that the PET inequality has an information-theoretical coun- such that ifw’ is obtained fromf(w) by erasing at most — 3(:)

terpart: The inequality defining the capacity region of the broadcast era- o L . )
sure channel with degraded message sets. Hence the PET approach whictSYMPOIS, ther(w’) coincides withw at least on the first symbols.

consists in time-sharing and interleaving classical erasure-resilient codes The values in the range of a priority function are called the priority
achieves the capacity region of this channel. Moreover, we show that the levels. In the sequel, thi¢h level of the priority function is denoted by
PET approach may achieve the sphere packing exponents. Finally, we ob- gi for 0 < § < E.

serve that on some simple nonstationary broadcast channels, time-sharing . .
may be outperformed. The impact of memory on the optimality of the PET The rate (resp., normalized rate) of a code represents the fraction

approach remains elusive. of information bits (i’e:sp., Symbols) per Symb0|. Forma”y, the R’[e
Index Terms—Broadcast channels, coding exponents, erasure-resilient (resp., norr_nalllzeq rafe) OfaEOde‘Oflength’ with M COdewc.)rdS over
codes, information spectrum, priority encoding transmission. alphabetV'is ;; log M (resp.,;; log| | M), all logarithms being given

in base2. Following [1], a tuple of normalized rat¢Ro, - -- Rx—1) is

achieved by a PET system if and only if there are exadiy symbols

from the message that are protected at lévdlhough PET was not
The quality of packet voice and image on the Internet has bepresented in a Shannon-theoretical perspective, the following relevant

mediocre due, in part, to congestion-induced packet losses. From ifreguality is proved in [1, Theorems 3.3, 5.4]. For any PET system

end-user viewpoint, the Internet can actually be modeled as an erasure el =

channel acting over the large input alphabet formed by IP packets. On ”Ri

an erasure channel, each input symbol is either faithfully transmitted 0= e

or erased, independently from its value. The output alphabet contajgsqality (1) puts combinatorial limits on finite sets of fixed-length
the input alphabet plus a special symbol denoting erasure. AlthougB s \when restricted, for example, to the case of one priority level,
retre_lr_ismissmn upon request, automatic repeat requegt (ARQ) n%incides with the Singleton boun&o < 3°/n. Note that the latter
traditionally been the way to turn com_pute_r netwc_)rks_ Into re“_ablﬁound cannot be achieved by codes of arbitrary length (cf., for example,
channels, the delay requirement of multimedia applications el'm'natﬁ?Theorem 6.1]). On a given alphabet, arbitrarily long codes satisfying
the possibility of retransmission a_nd renews the interest for forwaﬂqie PET inequality do not exist and thus cannot be used to achieve
error correcting (FEC) [2]. Poten_tial USErs of FEC_aIso have_ to taE?bitrarily reliable transmission on lossy broadcast channels.
into account.that siandard multilmedia' compression techniques [41\/ioreover, the PET approach advocates a very simple method to
mtroduce_ a_hierarchi_cal structuie n the information source. design broadcast codes. Packets are divided into slots, each slot size
The priority encoding transmisspn (P_ET) appr(_)ach_has been mq}Efining an alphabet. For each priority level, apply a good point-to-
vated by the search for robust multicasting of digital video seqUengesin: erasure-resilient code over the small alphabet corresponding to
cgnforming to the MPEG stan_da_rd [1]. In a first approx_lmation_, e slot size and then interleave the resulting codewords in the packets.
different sorts of frames constituting a GOP (grqup of pictures in thﬁhis is a version of the engineering approach called time-sharing in [6].
MPEG methodology [4]) are assumed to form independent SOUrGR§iq annroach is known to be nonoptimal on many broadcast channels.
(this WO_U|d be tr_ue '_f compression were perfect). When using PET, ti&%sessing the PET approach from an information-theoretical viewpoint
source information is protected in such away that even receivers undgg, nts to first checking whether the capacity region of broadcast era-
going high loss rates can re_construc_:t essential pa_rts of the source fQWe channels with degraded message sets can be exhausted using pri-
(for example, I-frames), while receivers undergoing lower loss ratgﬁty encoding transmission. In the affirmative, the second natural ques-

can r_econstruct m,OSt of the flow. . _tion is: Does error probability decline as fast as possible when PET is
This note outlines the connection between the pragmaticailpéed,,

motivated PET approach and theoadcast channel with degraded We first use thenformation spectrum approadf] to provide an in-

formational characterization of the capacity region of general broadcast

Manuscript received October 21, 1997; revised September 22, 1999. This¢Bannels with degraded message set (DMS) in Section Il. This charac-

search was supported in part by CNET under Grant 96 1-B 212, and by Espaitization illustrates the relevance to general broadcast channels with
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tion shows that on some simple nonstationary broadcast erasure chan- memory is made). In the sequel, we will adopt the most conve-
nels, time-sharing may be outperformed. nient viewpoint depending on the situation.

The memoryless broadcast channel with degraded message set has
received a single letter characterization [5, Theorems l11.4.1 and 3], [8].
A. General Definitions The information spectrum approach allows to give an informational

In the sequeX, ¥ denote families of input processes and their COI(tho_ugh not computational) characterization of operationally defined
responding output through a chan®®l. For eachn, X" denotes a achievable rates over general broadcas.t. chann.els.
random variable ovet™ andY " is distributed ovepy™ according to Let us now define t_he class OL families of input pro_cesé‘eas
W (|X™). X" (i), Y" (i) denotes théth element oft ", Y. 07.'."Ukk—_2; Uk—1 with Ux—, = X and corresponding output

The entropy of a random variahk, H(X) is defined by fam:]lllesti;;:o as follonvg- I;_C;r eve;x_/t _blorilk Ien%tg, Uy :js er:dge-

- . . pendent fromUjy 5 --- X", conditionally onU%,, andY;" is
H(X)=- Z Pri{X =i} log Pr{X =i}. distributed acco-ering teV;" (.| X ™). Let us insist on+the fact that the
The mutual informationz betweek andY is defined by variablesl’;" (i < k — 1) do not necessarily live in am—dimensional

I(X:Y) A Z PriX =2V =y} product space. Such families of input processes are general since no

Il. BROADCAST CHANNEL WITH DEGRADED MESSAGESET

consistency constraint between processes with different indicesl

m is imposed. The structure of input families is inspired from the
superposition codes construction [6].

Rw (U;<x) is the set of tuple of ratedRo - - - Rx_1 ) satisfying

Pr{X =2Y =y}

1 .
xlog Pr{X =2} Pr{X =y}

The information spectrum approachas been proposed recently to

handle systems with general dependencies [7]. It relies on the notion of 0<Ri <I(Ui;YilUiz1,.0),  fori<k
liminf in probability. p — liminf, ... X, is defined as the supremum 0< Z R; < I(U;;Y,), fori < k.
of a such thalimsup,, . Pr{X, < «} = 0. Given two random j<i

processesX, V'), the mutuainformation spectrum-inis defined by
I(X:;Y)2 p - liminf 1
n

n—oo

Proposition 1: The set of achievable ratdfRo, R1, - - Rg_1)
over a broadcast chanrdd with degraded message set is the closure
a n n n Of
« log Pr{X"=a"Y" =y"} '
Pl.{AYn — ‘Tn} X Pr{y’n — yn} U Rw(Ui<k).
Ug, U, €S

B. Broadcast Channels

To avoid confusion, sources (correspondlng_ to requ_ested ICmor'tyProposition 1 can be completed by the determination of the region of
levels) an.d (.:ompo.ner.\t. channels (corresponqlng to d|ﬁerent .levglgchievable rate tuples and by the characterization of those broadcast
gf transmission reliability) will be indexed using boldface 'nd'ce§hannels that have the strong converse property.

i, k. Rw (e, Ui<) is the set of tuple of ratedRo - - - Ri_1)

Definition 1: A k-ary broadcast chann® consists of a sequence satisfying

of joint probability transitiongV " (Yg" - - - ¥ 1| X ™) from X" toward

ok ) - I A . 1 Pe{Y, U Uy, ---, U1}
Y™ The marginal probability transitiori$ (Y;"| X ") are called the  limsup Pr { Vi — log i a <R;.
component channels. n—o0 n Pr{¥y"[Uo, -+, Uy
A degraded message s&n be transmitted at rat®o, - - - Rx—1) v
overW with error probabilitye if and only if there exists a family of 1 Pr (Y7, U}
(broadcast) codes Vi= log P}iY"}' <> Rjp<e (2
f " (mao, - mg—q1) — x " fk i<i
and This set is closed.
&i (i) = (1o, - - i) Proposition 2: The set ok-achievable rate€Ro, Ry, -+, Re_1)

such that for almost all block length, lim inf (log |M;|/n) > R; over a broadcast chanridl with degraded message set is the closure
and for allé < &, the error probability experienced by tftb receiver of
satisfies
limsup €;(f", ¢; max U Rw (e, Uick)-
mo, M1 Ug,-Up_,€8
Wi (yi) # (mo---mi)|f* (mo, -+ mr_1)] < e
The rate-tupléR;) is than said to be-achievable ove. A broadcast AS Ne>oRw (€, Uick) equalsRw (Usi), this could serve as a defi-

code with block length, rates(R;), and error rate smaller tharfor nition of Rw (U; ). Proposition 2 has an intuitive interpretation: for
all receivers on chann# is called an(n, Ry - - - Ri_1. ¢)-code over a tuple of rates to be-achievable it is essential that the probability that

)2

W. A tuple of rates is achievable if it isachievable for alt > 0. the amount of transmitted information is less than the corresponding
rate, is smaller than. The statement of the two technical Lemmas 1
Remarks: and 2 that are used to prove Propositions 1 and 2 reveals that this intu-
1) From the definition, it is immediate that the set of achievabligion is quantitative.
(resp.,c-achievable) rates is closed. A broadcast channel has tistrong converse propert for any
2) For broadcast channels, achievable rates do not dependtaple of rates(Ro, Ri, ---, Rk—1), either (Ro, Ry, -+, Re—_1)

whether we consider average (over codewords) or worst casee-achievable for alle or any sequence of codes with rates
error probability (cf. [5], where no assumption on channdlRq, R, - -, Rr—1) has error probability converging towatd
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Let Ry (U;<x) be the set of rate-tuples defined by Proving that the strong converse property implies the inclusion is based
on Lemma 1 and simple closure properties. Proving that the proper
1 Pr {Y’in, L/Ti'll | 6761‘/ . DT:L]-} I p u p p I VI g p p

liminf Pr { V; = log . _ <R; inclusion implies the strong converse property is based on Lemma 2 and
e n Pr{yy UL again on simple closure properties. Indeed, if the last inclusion holds,
Vv the limiting probability that the amount of transmitted information is
below a certain value is eithéror 0. O

1 Pr{y, U}
Vi log Pr{Y <]§R <1l. 3

The broadcast channels that have the strong converse properties
be characterized by the following condition.

Thus even though the superposition codes idea was first motivated
by memoryless broadcast channels, the information spectrum approach
vs that it remains fully relevant in face of memory. Indeed, for the
broadcast channel, the characterization of the capacity region described
Proposition 3: A broadcast channel with degraded message set Hiad-emma 1 is closer to the memoryless characterization than in the
the strong converse property if and only if case of the multiple-access channel (cf. [9]). And it is natural to ask
closure[Uy, Riy (Ui<x)] = closure{Uy, Rw (Us<k)]- Whe.ther something is lost when using the EET method. In the next
section, we show that almost nothing is lost in the memoryless case,
The proof of Propositions 1, 2, and 3 is an exercisanformation While in the last section, a simple example shows it may be false in
spectrum calculudt relies on arinformation spectrunversion of Fe- face of memory.
instein’s lemma (for direct parts) and of its dual (for converse parts).
To alleviate notations, we assurhe= 2. I1l. L ossyBROADCAST CHANNELS

Lemma 1: Let U and X be any input sequence, then for any posA. General Characterization
itive integer (Ro. Ru), for any positivey, there exists a broadcast \when specialized to lossy channels, the information spectrum ap-

(n, Ro, R1, €,)-code satisfying proach provides a simple characterization of the capacity of single-user
Z Prynjy= (2" |u™)Wg (yo|2™) lossy channels. Let us firstintroduce another notation. The loss process
1 ey n _ n
e, < Pr{ = log = <Ro++ (Z) is defined az™ (i) = 1if Y"(¢) is a loss( otherwise. The loss
n Prydz {vg} process completely defines the erasure chathil.assumed to be in-
dependent from channel inputs. LEt* (=" ) denote the subsequence
1 Vi(yy|=" of random variable" (i), such that™ (i) = 0.
or — 10 PW(T#” < Rl + ( )y ( )
ryp e g et} Proposition 4: The capacity of the erasure channel defined by the
loss proces¥ is .
1 W71 (y1]2™) - A . s
or = log —+\1I" J ~Rp R , 377, C=1-p-limsup — Z"(1).
" og PI'YI” i) = o+t Ri1+7v,p+3e " ZSZTL )

Remark: An erasure channel has the strong converse property if and

Lemma 2: For everyn, any(n, Ro, R1, €,) broadcast code sat- only if £ 3. Z"(i) converges in probability toward a fixed value.

isfies . <
Pre PV (g | For stationary ergodic channels, the capacity only depends on the sta-
1 Z e (@7 [ )W (o) tionary loss probability, but dependence may dramatically change the
€, >Pr¢=log = <Ro—+% reliability function of the channel. Let
n Prya {yg}
H(X) =p- hmmf—— log Pr{X"}.
1 1 W1 (y7]z™) R ’ Proposition 1 can be spemahzed to lossy broadcast channels.
or— log Prynon {7 "} SR1-7v Rw (Ui<k) is now the set of tuple of raté®R, - - - Ry, ) satisfying
' 0<Ri  <IU:X(Z)|Ui 1, 0)
n n 0<Rr1 <H(X(Zy 1)|Uk_2, ..
ortlog JAWIRY R LR, oY g SRi-r < HX(Ze1)|Us-s, 0‘)
n Pry s {y1} 0<> R <IU;X(Z:)), fori<k-1
J<i
wherelU™ is uniformly distributed on a set &flp = Q”.R.O disrjgint sets 0< Z Ri < H(X(Zk_1)). ()
(clouds) of codewords anBr =y~ places probability2 1 over i<k
each codeword in a cloud. Remark: If a broadcast erasure channel has exchangeable compo-

A sketch of the proof of those two lemmas is given in the Appendixient loss processes, it is said to be exchangeable. Such broadcast chan-
nels provide simple examples of stationary broadcast channels failing

Remarks on the Proof of Propositions 1 and 2Zhe proof of the to have to strong converse property.

direct part is an application of Lemma 1 and of the definition of the
mutual information spectrum-inf, as in [9, pp. 2782-2784]. The progf Memoryless Broadcast Erasure Channels
of the converse part is an application of Lemma 2 and of the definition

of the mutual information spectrum-inf, as in [9, p. 2783-2784]0 1) Capacity Region:The structure of memoryless broadcast era-

sure channels is almost captured by Han’s inequalities [10] or the fol-
Remarks on the Proof of Proposition 3As lowing theorem due to Shearer [11]

closure Uy, , Rw(Uick) C closure. Uu;<x Rw(Uick) Theorem 1: Let X” be a collection of: random variables and”
always holds, the proof amounts to showing that the strong conveggea collection of: Boolean random variables, such that for each
property is equivalent to 1<i<nEZ =1-C.

closure Uy, _, Riv(Uick) C closure Uy, _, Rw (Uics). EH(X"(Z")) > CH(X"). ®)
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This theorem was a key ingredient in the derivation of inequality (10, for almost all block length:: max; €;(n, Ro, ---Ri_1, W) <
it enables here a direct derivation of the capacity region of the memo="("~% . The best error exponent is upper-bounded by the sphere-
ryless broadcast erasure channel without resorting to the single-letiacking boundE,,, (., W) and lower-bounded by the random coding
characterization. It could as well have been used to derive the strdrmund E..(., W), informational characterizations of those quantities
converse for memoryless lossy broadcast channels without resortingte known [14], [15]. We are not aware of the existence of a gen-
the single-letter characterization, since it allows to use directly [5, Céral algorithm capable of computing the value of the exponents for
111.3, Lemmas 4.2 and 4.3] in the proof of the strong converse for losgyoadcast channels but, fortunately, the broadcast erasure channel is
broadcast channels [5, Theorem 4.3, Ch. 111.4]. The following propsimple enough so that those two quantities can be determined. A refined
sition was independently pointed out in [12] and in [13], its proof paassessment of the PET approach consists in comparing the random
allels the proof of [1, Inequality 1]. coding exponent for PET codes with the sphere-packing exponent for
memoryless broadcast erasure channels. Let us first recall the form of
the sphere-packing and random-coding exponent for the single-user
&f%ure channel. Gallager’s approach [16] provides a closed form for
single-user erasure channel exponents. Let

Proposition 5: Atuple of rateR:s0, R1, - - - Rk—1) isachievable
over a memoryless broadcast erasure channel with degraded mes
set if and only if

1—=x

k—1 A &€ . N
; h(x, y) =x log —+ (1 —x) log
Z%<1' (6) W2, y) =a ogy-i-( x) Obl_.
-1 denote the relative entropy between two Bernoulli random variables

Thus achievable rates may always be achieved by time-sharing. with parameters: andy, then

Proof of Proposition 5: Since time-sharing is always feasible E,(R. W) =h(R. C).
over stationary ergodic broadcast channels, only the converse paat now the critical rate be
needs to be proved. We prove it when= 2. Let (Ro, R1) be an R, 2 (;/((; +]X)(1 - C))

achievable rate pair, then by [7, Proposition 1 and Theorem 8], th%een the random coding exponent satisfies
exists a family of input processé¥, X) such that for anyy > 0, gexp

there exists am such that BR W) =E,R.W).  fR.<R<C - @
Ro < L(HIX"(23)] ~ HIX"(Z5)[U"]) +7 =Ep(Ra, W)+ R =R, ifR<Ra. (9)
1 ~n n ™n ~
Ry <SHIX™(ZOIU] + 7. 7 Remarks: For erasure channels, the random coding exponent only
Now depends ok, C, and|.X|. It will be denotedF,. (R, C, X). For large
oo . o alphabets, the sphere-packing exponent and the random-coding expo-
H[X"(Z5)] < Co Y H[X"(j)]. nents coincide over a wide range of rates. Inspection of the derivation
jsn of the coding exponents of erasure channels (cf. [5]) shows that if we

On the other hand, since losses on each channel are assumed to be iffigiderk erasure channels with capaciti€s < --- Ci_, itis al-
pendent, we may consider that the broadcast channel is stochasticy®ys possible to find a family of codes that realizes simultaneously the

or even physically degraded: any symbol lost#h is lost overiW, random coding exponents for tiechannels. -
other symbols are lost ovéF o with probabilityl — (Co/C1). Then The multiplexing strategy described here encompasses the partition

conditionally onZ?, the sequence of random variabl&é (Z¢) is a refinement idea described in [1]. Itis parameterized by the block length

subsequence ot (Z}'), a conditional use of Shearer's theorem im?*: the bitlengtif of a packet|.V| = 2'), the number of priority levels
k (k < 1), the rateRR; at which the different priority levels should be

plies ~ encoded fof) < ¢ < k, and the capacities of the component channels
EHX"(ZOIU", 20 = =0) > 2 HX" (|0, (13): (Cy). We assume that
o , Ca ST (Ri/Ci) < 1.
Deconditioning with respect to', we get ot
éo In a PET code, for all < k,I; bits from each packet will be dedicated

H(X"(ZHNU"™) > — H[X"(Z)H|U"]. . . = .
(X (ZT™) 2 C, Xz to encoding of message; at normalized rqteR;. We will have to

Substituting in (7) and adding the two inequalities, we get for arbitrasatisfy the constraints"; 1; = I andl; R; =IR;.

v >0 The total bit length of a codeword will bel, andn!; bits will be
dedicated to the encoding of thth priority level. The PET code de-
& + & < log |X| + 2+. [0 signer still has to tradg’s and R;’s. And one may wonder whether
o Ci this is the best way to minimize the error probabilities experienced by

the different receivers, i.e., whether spreading information fronitthe
Remark: The essential ingredient in the proof is the conditional agpriority level over the whole packet would not improve the error expo-
plication of Shearer’s theorem (or Han inequalities). It is still relenents. The following propositions constitute a partial answer to those
vant to the analysis of exchangeable channels: The capacity regiomoéstions. In the sequel,denotes the set of vectors frd&f such that
exchangeable broadcast erasure channels is also described by (GE{{I:-O Ai = land); > 0.

though those channels do not have the strong converse property. . A .
Proposition 6: For a broadcast erasure chanté) with capacities

2) Error Exponents: For good families of codes, error probabili-(C,), .., and degraded message set, the sphere packing exponent is at
ties of memoryless broadcast channels are known to decline expon@ost
tially fast with block lengthr, provided the rate vector is in the ca- .
pacity region of the channel [14], [15E is called an attainable error inf max h <& é‘) )
exponent if there exists a sequence of codes such that fof any AEA i Ai
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Proposition 7: For a broadcast erasure chanié| with degraded We get

message set, the random coding exponent achieved by juxtaposing andg, . (R - - - Rg_1, W) = sup min Erc(lii/A;, Ci, |X Ay,
interleaving single-user erasure codes is DY

sup min Er. (%, Ci, |X "i) ) IV. GENERAL BROADCAST ERASURE CHANNELS

AEA 2 Az

The engineering solution, i.e., time sharing and interleaving,

Remarks: The supremum in both propositions is attained for a tuplerovides a good method to design broadcast codes over memoryless
A where all terms in the minimization (or maximization) are equal. broadcast erasure channels. It would be nice if it were also the case

Notice that if allR; /\: are larger than the critical rate of the eraOver erasure channels with memory. Unfortunately, it is possible
sure channel with normalized capad@y and alphabet sizgt’|*i , the 1O design asymptotically memoryless broadcast erasure channels
upper bound stated in Proposition 7 is achieved. The combinationf@f Which time sharing does not exhaust the capacity region. Let
the two propositions seriously backs the following separation principlé?o, W1) be defined in the following way. For every sequence
First design good single-erasure codes with the required rates andPhISix Symbolsze; - - - zgi45 for i = 0---occ either the first three

phabets, second, multiplex them in the simplest way using juxtapoS¥MPoIs we; - - - z6i12, or last three symbolse;is - - v6it5 are
tion and interleaving. erased by the powerful component chankeél, and four symbols,

either x6; - - - Teit3, T6iys Toit1, Toitds T6i+s, OF Tgitz - Leits
Proof of Proposition 6: The arguments use the change of channgke erased. Blockseg; - - - z6i15 and g, --- 26,45 are handled
trick and a good guess of the twisted broadcast channel (cf. [5, Ch. llifdependently by both component channels. This broadcast channel
p. 167] or [14]). We will consider the case of two sources that are § not stationary, although it is block-stationary and loss probability
be transmitted at ratelRo andR: over a broadcast erasure channek shift-invariant over both component channels. It does not have
(Wo, W1). (Ro, Ry) is assumed to be achievable. Now consider gng memory: Channel memory vanishes after six steps. Component

twisted rr_v_emoryless broadcast erasure chafiigl’, W;"’) with pair channels have capaciti€s, = 1/3 andC; = 1/2, nevertheless
of capacities o (Ro, R1) = (1/6,1/3) is an achievable rate pair: The channel
(C;, C/L) =(1- 5)(@0/)\, Iil/(l —-A) alphabet is assumed to be provided with a group structure, one symbol

of common informationn, and two symbols of private information
({61,'1, my) are encoded in six symbals - - - @5, in the following way:
=T =M1, = M2,21 = T4 = My @ mi,T3 = Mo (i) mo.
e common information can always be recovered from Wie

with A € (0, 1) andé > 0. The pair( Iio, Iil) is not achievable over
this twisted channel. Hence as the strong converse property holds
xr

memoryless broadcast channels [5], for any sequence of block bro?ﬁ

cast codes, fon large enoughnaxic 0,1y €:(f", ¢7) > 1= 8/2. output, the private information can always be recovered fid

This means that for some pair of messages, m;), the events R R ]

So 2 {y: 64 (y) # mo} andSy 2 {y; 67 (y) # (mo. m1)} satisfy ~ OUtPUL. And~—z + —1 = 7/6 > 1. Notice that because losses are
max W' (Silf" (mo, m1)) > 1 — 6/2. not exchangeable, for the input sequence defined by this encoding,

the conditional entropy rates per variall@X (Z,)|U] is 1/2 while
Notice that on a fixed input, the distributions of outputs through chanz[x(z, )|U7] is 2/3.

. . !
nelsW; andW; have relative entropies x 1(C;, C;). Thuswe have  Hence the class of broadcast erasure channels over which time
[5, Ch. 11.5] sharing does not exhaust the capacity region, has still to be determined.

h[T/T’}n/(San(mog ma)), Wi (Si|f" (mo, m1))] < n.h(é;, é,)

S APPENDIX
which implies:
max Wi (Si| " (mo, m1)) Sketch ofPrgof of LemmaiLet(U, X) be afamily ofinput pro-
i o cessesMy = 2L"®ol glementsiy, - -, uu, are generated according
, nh(C;, Cy) — h(5/2) to U™, then for each:;, M, = 2"®1) codewords:; ; are drawn
2 min exp | — 1-6/2 : according taPr x»;7». The messagé, j) is encoded by:;, ;. To de-

o . . e scribe decoding let us define as in [9] the following information-spec-
As § may be arbitrarily small, by continuity df, this in turn implies trum typical sets.

that the sphere-packing exponent for the memoryless broadcast era-

sure channel is smaller thamx; ((R;/):, C;)) whereho = X and Z Proejom (2" [WWs (Yo 2")

1
A1 =1-A O Ti' = { (U Yp): — log =
1 1 o/ 96 PrYdl {yo}
Proof of Proposition 7: Let A; denotel;/l for j € {0, 1}.
Let multiplexed single-user codes realize simultaneously the
random-coding exponents for the relevant erasure channels, for all > Ry +
. 27 . |3 A o 7
e; < Z efnbrc(Rj,C.,\tYI 7)
i<i
— R. C. 15 " 1 .[1/'{7 (y |X)
<(i+1) max ¢ ), (10) = {(x’ Vi) 8 By yyy e PR
i<t ) 1 1

Thus by monotonicity of the random-coding exponent with respect to 1 WA (yq %)

capacity T3 =<(Uu X, y,): — log ——— L= - > Ry ++5%.
o R T OATY

max €; <k max e " G ) Let F; andE; ; denote the following sets:

i<k 31<i<k n
- F; = {(us, e T,
<k max e "Ere®], €y, | M) (11) {(ui; ¥o) 1} - §
="k : Eij ={(ui, %i ;,y,) €T3 NT35'}.
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On receiving y;, overWWy' the decodepo reproduces if and only if ~ Notice thatLl U L? U L? is the event described in the lemma’s state-
there exists a uniquesuch thatu;, y,) € F;. On receiving an output ment. By the union bound
y, overWW;' the decodep, reproduces:, j) if and only if there exists 1 2 3
a unique(i, j) such thatu;, x; ;. y,) € Ei ;. PriL, UL, UL,} < e.

. . . - M,
Averaging the decoding error probability féFy over the random - P 1 n .
codes, using the exchangeability of messages, and the union bound, we > Zl Pr{(ui. yo) € L, andeq (yo) = i}
get for the average error probability on chantigl ve Z;{ "
Mo, My
€0 < Pr{u1, 1,1, yo: (u1, yo) € I1'} + D> Pri(ui, v, y1) € L, ande? (y1) = (i, j)}
y ¢ 1 y1 i=1, =1
+ M, X Z Pr{u1, yo} ( Z)ET Pr{v'}. (12) 1 o
Uy, x Y ul:(ul )y m : N ..
e o +3° N Pr{(ui vy, p1) € L) andof (y1) = (i. j)}-
But by definition of 7{* for any (v, yo) € T} y1 i=1, =1
> Pr{a[u'} g (yola') > Mo x €7™ x Pr{yo} Now, using first the definition oL}, , then the fact that eagfy belongs
v to at most one decoding set
hence for anyo Mo
1 n .
e 373 Pri(us. yo) € L andgg (yo) = i}
Z Pri{u} < My (13) yo i=1
u’: (u’, yo)ET] Mg
Plugging (13) into (12) gives => > Pr{(u,vo) €Ly}
e . i=1 yo: 6% (y)=i
€ < Pr{Ty" }+e ™. (14) Mo
A similar argument is developed for the decoding error probability over <> > Prigple ™
Wi i=1 yo: ¢5(vo)=i
el S Pr {Tzn,r or ]7:;77(?} g Z Pr{yo}efn‘,/.
+ Z\ll [\IU Z Pr {1/,1, Ti 1, 7]1} vo
ui, w1, 1,91 Similar arguments are applied to the second and third summand, com-
N Z Pr{u, o'} pleting the proof of the lemma. O

' al (ol y1) €T

+ M, Z Priud, 21,1, y1}

u1,T1,1,Y1
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putations before proceeding one step forward in the correct path. The
difficulty with analyzing the performance of the sequential decoding
technique for communication systems with memory is the following.
When comparing two paths that are the same up to a certain node, the
choice of one or the other depends on the branches common to both
pathsinaway that is typically difficult to handle. For memoryless chan-

Sequential Decoding for the Exponential Server Timing : _ : _
nels, however, the metric that determines this choice can be selected so

Channel that the choice does not depend on the common branches.
Rajesh SundaresaStudent Member, IEEEnd We can also get over this difficulty for timing channels. We show
Sergio Verd( Fellow, IEEE that the firstmbranches can be summed up by one quantity that lends

itself to a simple analysis. Our proof is based on the proof in [2] for
multiple-access channels, restricted to single-user channels. Burke’s
Abstract—We show the existence of a good tree code with a sequential output theorem for ad{ /M /1 queue plays an important role in deter-
decoder for the exponential server timing channel. The expected number mining a suitable metric. The main contributions of this work are the
of computations before moving one step ahead is upper-bounded by afinite o1, e of this metric, and a simple analytical artifice (used earlier in [8]
number. The rate of information transfer for this code is . /(2e) nats per . . . .
second, i.e., one half of the capacity. The cutoff rate for the exponential in a different context) that shows how the elegant technique in [2] can
server queue is therefore at leasts /(2e) nats per second. be modified to prove the existence of a good tree code for this system
Index Terms—Computation, decoding metric, sequential decoder, single- with mgmoryz . . .
server queue, timing channel, tree codes. Section Il introduces the problem in the appropriate notation and
states the result. Section Il contains the proof. We conclude with a
brief discussion in Section IV.
I. INTRODUCTION

Sequential decoding of convolutional codes and tree codes ([1]-[5], Il. TREE CODES FORSINGLE-SERVER QUEUE

etc.) is a useful decoding technique wherein the average number ogefore describing the tree code and our result, we briefly describe
computations performed is linear in block length as compared t0 g channel. The queue is initially empty. The encoder inputs a certain
exponential number of computations for the maximum-likelihood dgnonzero) number of packets at time= 0. The last packet input at
coder. A vast majority of the literature on sequential decoding deajfe + = 0 is called thezerothpacket. Letyo be the time at which the
with memoryless channels. A few papers, (for example, [6], [7]) extengroth packet exits the queue after service. The quantity therefore
the sequential decoding technique to a class of channels with memegg amount of unfinished work at tinte= 0. Depending on the mes-
namely, finite-state channels. In this work we show that the sequentigye to be transmitted, the encoder then sends the first packet at time
decoding technique can be used on timing channels (for example, [8]seconds, the second packet at timeafter the first packet, and so
and [9]). Interestingly, this timing channel is a channel with memoryn Thuys the interarrival times of packets ae s, - - - . The receiver
and cannot be described within the class of finite-state channels. gpserves the interdeparture times, y». - - -, following the departure
Specifically, we want to transmit information reliably through & the zeroth packet. L6t = [0, ). Lete,(s) = ue ", s € R
single-server queue [8], [9], at rates belbadf the capacity, but with The conditional probability density of the outpsit = (y1. -, y»)
manageable decoding complexity. In [8]-[10], a decoding techniq@ﬁ,enl,n andyo is
for block codes was described where the number of computations is "
exponential in2, the number of packets. By imposing a tree structure Fuly™ 2™, yo) = H en(yi — w;) 1)
on the codes and using the sequential decoding technique, we save ’
on computations at the expense of the rate at which informationv\il%ere
reliably transmitted. This work is perhaps a first step in the direction
of finding good codes for communication over timing channels. i i1
There are many versions of the sequential decoding technique. The Wy = max {0, Z Ti— Z ?lj} (2)
basic idea behind the Fano algorithm [3] is to move forward in the de- J=1 j=0

=1

is the server’s idling time before serving tith packet.

Manuscript received December 21, 1998; revised Septepmber 23, 1999. Thi¥Ve now describe the tree code. We follow the notation in [2] with
work was supported in part by the National Science Foundation under Granfew modifications. At each instant of timethe source generates a
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University, Princeton, NJ 08544 USA. ' ' encoded by a tree code The treeg is spch thatdM eojges leave
Communicated by T. E. Fuja, Associate Editor At Large. each node of the code tree. Each edge is labeled hy dunple of
Publisher Item Identifier S 0018-9448(00)01690-4. nonnegative real numbers. The root node is labeled by the number of
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packets input at time = 0 including the zeroth packet. We denote bylin addition to these packets, the zeroth packet is sent. Thus the zeroth

u' = (u1,ua2,--+,us) the path leading from the root node to ttth  packet sees the queue in steady state upon arrival. Let the arrivals there-
level. The code corresponding to the source sequehds given by after form a Poisson process of rateThe zeroth packet departs the
Nt (u') € RY', where queue at tim@%, whose probability density is,,_». Furthermore, at
Nt/ ot 1 1 9 . the moment of its departure, the queue is in equilibrium. The output
e () = (e (0h) e (00) seva () o (uf) starting from timel}, is then a Poisson process of ratfl1 Fact 2.8.2,

is the sequence of interarrival times of tNe packets for message se-p. 60]. In other words,
quence:’. Furthermore, we denote the entire codeword corresponding

n

to the source sequenaeb niyvn oy
a y . E[fuy" X", Yo)] = [ extwo) (6)
m(u) = (.T] (ul) ', TN (Ul) s TN 41 (U‘) 7) . =1
The source sequence fromto [ is defined to be where the expectation is with respect¥d’ andY,. X" is a random

vector of i.i.d. exponential random variables with még seconds,

L y y - 7).
o = (s U, ) Y, is independent o™, and is exponentially distributed with mean

Similarly, we define 1/(x — A). The right-hand side of (6) is the normalizing denominator
NI . " . within the log function in (5).
ENmt1 (u ) = (IN"““ (@™ (u )) : The decoder follows the stack algorithm. From a stack containing
The set of all paths i that diverge fromu at themth level is called Some paths ig, the decoder selects a path with the largest metric, ex-
the mth incorrect subtree for the path i.e., tends it to the next level id/ possible ways, and stores thé new
. L . paths in the stack. A sorting is done as soon as the new paths are added.
U (u) = {0 = (w1, 1, A 1, = 2)3 A 7 U} The stack algorithm terminates for a tree code with finite depth as soon

Let g be a tree code. We characterize the source as follows. Tthe last level of the tree reaches the stack top. As mentioned in [1],
source sequendé = (Uy., Us, - - -) is an independent and identically We shall consider only infinite trees because the average complexity of
distributed (i.i.d.) sequence of random variables where each souf€luential decoding is most cleanly formalized and conservatively es-
letter U; is uniformly distributed on the sef0,1,---, M — 1}. The timated in the framework of infinite trees. For finite trees, we also need
tree codey then transmits information at a rafe nats per unit time, to evaluate the probability of error, which occurs when the last level of
where the tree to reach the stack top is not the correct message sequence. The

. proof in Section Il applies to finite tree codes with simple modifica-
R=tim 28 (3) tions.
(=5 5 {i YL} Using (1), the first term in the right-hand side of (5) can be expanded
=0 as

if the limit exists. All logarithms in this work are taken to be natural
logarithms. The quantity [Z;V:to Y:| is the average time to receive log Juw (y" 2", y0)

the Nt packets, when the tree codegyisThis rate can also be written as I

R= <M>/<lim E
N t—oo

The quantityr = (log M)/N depends only on the structure of the )
tree, and is a measure of the number nats of information transmitted —0o0, otherwise
per packet.

We now define the metric. This metric depends on the quantity
Fix0 < A < p/2 = p'. We take

ex(y:)
=1

Nt
1 7 n
ﬁZOYL:|> nlog & —(p' = X) X"y + 'Y wi,
i= _ =1 i=1

if yi > wi.fori=1,---,n

(@)

wherew; is the idling time defined in (2).
We now make the following important observation. Suppose we
compare two paths of lengthsandi, respectively, that are identical
r (ut|ym yNt> =M (x”f (uf) o, y“’f> (4) for the firstm — 1 nodes and diverge at theth node. The past up to
the firstrn — 1 nodes can be summarized by one quantity
where
N(m—1) N(m—1)

M(x"|yo,y") 2 log M —nr(l+e). (5 et ; g ; o

IT ex(yi)

i=1 This quantityg.,—1 is the amount of unfinished work at the instant
The bias termr (1 + ¢) in (5) is to make a fair comparison betweerwhen thelV (m—1)st packet arrives. To decide which of the two paths is
paths of different lengthg (-|-, -) in (5) is similar to the metric in [2]. placed higher on the stack, we can simply treatthe-1)st node as the
Note the dependence on the quantityrather than:. This is because root node withy,._; playing the role ofy,. The terms in (7) common
the quantity,/f,. (|-, -) which determines the metric [2, eq. (4.4)] nor-to both paths are the same up to the — 1)st node. Furthermore, the
malizes tof,./ (-|-, ). w;'s for branches from node: and beyond are unchanged with

The functionM in (5) is further related to [2, eq. (4.4)] due to thein place ofy,. This is because, fdf > N (1 — 1), we can rewrite (2)
following special case of Burke’s output theorem [11]. Ret 1'. Let as
the number of packei§, at timet = 0, excluding the zeroth packet,
be distributed according to k = i
Z x; — Z Yi — Ym—1

. wy = max ¢ 0,
Pr{Qo =k} = (1 — /\//l,') (1 — /\//l,/) R ke Z4. i=N(m—1)+1 i=N(m—1)+1
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Thus the path metric depends on the common nodes only through theet
unfinished work at the instant of the arrival of the last common packet. NL
This observation is summarized by 1 Z "

NL ="

T (“’J"y(]’ ]/Nj) =T (um—1 lvo. yN(m—]))
v v denote the average time for a packet to exit, given the input message is
+T (ufn|g7m_1, yﬁigm71)+l> (8) w*, and the output stream ig"L. Let Ty (g) = ET.(g. U*, YV,
Consider the random variable, (G). The queue is in equilibrium at
if j > m. Of course]l for the root node is taken to lfe Comparing time ¢ = 0, and the arrivals thereafter are Poisson with fatdy

T (u’|yo.y™7) andT (u'lyo,y™"'), wherel, j > m, and when the Burke’s output theorem, the departures are also Poisson withrate
two source sequences have identical initiat 1 branches, is therefore Hence, for event. > 1

equivalent to comparing

Ti(g,u". yN") =

ETi(G) =1/) 9)

r (uinhjm*l‘ y%gru—])-‘r] ) and I (u’in |gm71; y%ém—1 )+1 ) . . . . . . .
where the expectation in (9) is with respect to the distribuGbn
Let C, (g, u,y) denote the number of nodes!if, (u) that reach From the argument in Section I, while finding the expected number
the top of the stack for a given tree cogland a received sequenge Of computations in thenth incorrect subtree, the past upno — 1
This is precisely the number of computations made initieincorrect nodes can be summarized by one quantity., . Equilibrium att = 0
subtree. Let and Poisson arrivals thereafter ensures thabthe: — 1)st packet (the
last common packet to the paths under consideration) sees the queue
Cn(g) = E[Cn(g,U,Y)] in equilibrium upon arrivalY;,_; therefore has the same distribution
asYy. Consequently, the random variabl€s, (G), m > 1, are iden-
be the average number of computations (averaged over the sourceiggily distributed. Recall that
guence and output of the channel). The random variables over which
the expectation is taken are indicated in upper case letters. For each DL(G) = (Ci(G)+---+ CL(G))/L.

L>1,let . .
In Section 11I-B we show the following result.

2 Cilg) + L + CL(g). Proposition 1: If (1 + <) < log(p'/A), there is a finitelX' such
that EC, (G) < K.
D,.(g) is, therefore, a measure of the average number of computations . . .
required to move one step ahead on the correct path [1]. Stationarity and the ergodic theorem [12, p. 374] imply that, as
L — oo, bothT7,(G) and Dr,(G) converge almost surely to random

Theorem 1: For everys > 0, there exists a tree cogeand a con- variablesT’ (G) and D(G), respectively, such thatT'(G) = 1/),
stant4 < oo such that the rate of information transferfisnats per and ED(G) = EC,(G) < K. Furthermore, becausé (G) has a
second wherd?(1 4 6) > 1/(2¢),andDr(g) < A foreveryL > 1. finite expectation, dominated convergence theorem implies that

Dy.(g)

. 1
lll. PROOF E Lliléo WYO(G)} =0.
A. Main Steps )
. ) Hence, with
Our proof technique to show the existence of a good tree code with
sequential decoding is the well-known random coding technique. Atree TG =T (G)+ Jim (Yo(G)/(NL))

is characterized by the number of packets at timxe0, and the labels

for all the branches. A suitable distribution on these quantities induces getET(G) = 1/A.

a distribution on the set of infinite trees (using extension theorems inFrom Chebyshev’s inequality and the union bound on probabilities,
probability theory). We state some bounds over this ensemble of trees obtain

and thence argue the existence of a good tree. We then prove the stated _ _ _
{{T(G) S 1+“}U{D(G) S 21‘({+“)}} < 1+z/2

bounds in the following subsection. r S 17
Chooses > 0sothat(148) > (1+¢)*. Fix A = e 'y = p/(2e). g N -
Fix M and N so thatr = (log M) /N satisfies which implies that
r(1+4¢e) <log(p'/A) =1<r(l+2)°. P {{T(G‘) < 1‘;\‘5}0 {D(G) < 2K(1+¢) }} > 15/2 > 0.
- - € ~1+e¢

Each realizatiory is a tree of infinite depth having/ branches per
node, the root node is labeled by a positive inte@er+ 1, and every
branch of the tree is labeled by ahtuple inRY . Qo +1 is the number
of arrivals (including the zeroth packet) at tihe- 0. The distribution
G on the set of infinite trees is described as follovis. is selected
independent of the other branch labelings according to the distribution
and, thereforesup{Dr,(g)A: L > 1} < A for some finiteA. More-
over, because(1 + £)* > 1, we get

Hence, there exists a tree coglesuch thatl’'(g) < (1 + )/ and
D(g) < 2K(1+4=)/=.
Following the argument in [1], we then get

limsup Dr(g9) <2K(1+:2)/e

Pr{Qo=Fk}= 1=/  forke z..

Furthermore, eactV-tuple is i.i.d., and such that each component of R(1+2)° =r(1+2)°/T(g) > Mr(1+2)% > p/(2e).
the N-tuple is independent and has dengity This induces a distri- -
butionG on the set of infinite trees. This concludes the proof of the Theorem. O
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B. Expected Number of Computations Over the Tree Ensemble  where (12) follows fron(p'yo)”e*”'yo/z! < 1foreveryz € Z4 and

In this subsection, we prove Proposition 1. Fix the first incorre&® € R+ Let
subtred(; (). The number of computations in this subtree is upper- P! P! P! p!
bounded by (cf. [2, eq. (3.1)]) YNIXT Yoo TY NI Yoy TY X0, 40 Ty

denote the conditional densities BF'’ given the indicated random
C1(9~“?/)SZZ Z g

; _ . variables. We then have the following sequence of inequalities:
120 j>1 a7 €l (u)

{0 (@) 1 (™)) B e (415 0)

Our aim is to find the expected value of this upper bound over the code =E [P)I/ Ni|XNi vy (yNj |X‘we yo)]
ensemble and the output. Clearly, this average value does not depend _p N
on the source sequence due to symmetry. = YNy, (y |y“)
We now look at &’ in the first incorrect subtree. The distribution of — i 4 Nj
) ; A = Pz1vo (2]yo) Py vs ,(y y-,3>
G is such that the choice afy (i), - -, zn;(ii?), is independent of GZZ+ 21 (2l0) Py vapy. 7 Jvo
the choice ofe(u). Consequently, taking the expectation with respect 2 ) ) v
to the choice ofri(at),---,xn;(a’), and denoting that expectation = Z P71y, (2ly0) Py ~j z (y' ! ~)
by E[-] as in [2], we get €24
N b) , , Ny 6(#,—>\)y0
ECi(Gu,p) < > ) exp{—r (u’lyo,y‘”)} < EZZ+ Pz(2)Pyxiz (y |> (1= /')
(>0 521
- ; - (' =)y
S E [exp {F (ﬁjlyo,y‘”)}} . (10) 2Py, (yw) K—
i ey (u) (1=X/p")
e(/l’*/\)yo Ny
The last summation in (10) can be upper-bounded as follows. This = m H ex(yi) (23)
would have been straightforward if it were not for the memory rep- ( R~

resented byjo. ri " .
Yo wherea) follows becaus&s andY ™’ are conditionally independent

Lemma 1: givenZ, a consequence of the memoryless property of the interarrival
(WMo times;b) follows from (12); in equality), the dependence ap has
Z E [exp {r (ﬁ‘j|y0’ yNi) }] < e Nire, (’7, been successfully separated; equality (13) follows from (6).
o3 () (1= A/u) Substitution of (13) in (11) yields the lemma. O

We continue with the proof of Proposition 1. Observe that the
random variables in the right-hand side of (10) Bseand(X (u),Y).
Substitution of (5) and the result of Lemma 1 in (10), followed by the
expectation operation with respectifp and(X (u),Y), yields

N 1D ECi(GuY) < S SN i)
H ex(yi) (>0 j>1

=t o1’ =)o
where the expectatioR[] is with respect taX¥/, which represents /R+ dyo Py (yo) (1=X/p')
the branch labelings for a generic path in the first incorrect subtree.

We now introduce an auxiliary random varialilavhich denotes the .

number of packets in the system when the zeroth packet departs after / dy™" E | fu (le|XN’., yg)
service. The conditional distribution &f givenY, = yo is RN

Proof: There areexp{jNr} nodes at depth in the set/; (u).
The left-hand side is, therefore, equal to

. NiivNj
ejl\/‘r i 6—]1\‘7'(1-‘,—5) i E f}l, (:U . ]|‘X 1791/0)

Nl
IT extwi)
=1

Fur (7 TXN o)

, o Ve e~ Mo (14)
Py, (zlyo) = %

where the expectation in the innermost integral in (14) is with respect
forz € Z,. The marginal o when the service times are independeniy X!, Observe that
I\ N1
=E [fm (y’\rllXN'., ?/0)] <i)
I

and have density,, is given by ;
fu (ylVl|X1\ [‘/ yO)
N1 el =Nwa g\
for = € Z4. The prime indicates that the service times have density < H ex(yi) (I=X\/u') (15)

Fur (VXN o)

A A\
re=(1-2) ()
=1 ;
e,r. Observe that

where (15) follows from (13). Furthermore, becaigé = u and

(1" =) 1Nz —p .
et vo (ﬂ Z/O) e o PVO (:ll()) = EH,,\(yo), we obtain

Pyivy(2lyo) = P4 (2)

(1—=X\/u") z!
e’ =Nvo ' e’ =Nvo (n/A-1)
n dyo Py, - 16
ST 12 f, Pt = = 09
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and existing systems, information can be piggy-backed through timing in
. NI 2 . N1 the above tree-code form only if the system is lightly loaded. Moreover,
/ dy™! (H 6,\(3/,7)) (/ dy Aze“y> unlike convolutional codes, we need to store the labels for the entire tree
R i=1 Ry at the decoder. Despite these drawbacks, this work is a positive step
= ()\/Q)Nl . (17) inthe direction of finding good codes for communication over timing
channels.

Substitution of (15117) in (14) yields

: —jnve (/A =1)
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provided that the integral exists. Analytical expressions for the entropyLemma 2: The entropy of a random variah®¥, whose density(z)
of univariate continuous distributions are known [12], [6]. For multibelongs to the exponential family as defined by (3), is given by
variate dlstrlbutl_ons very fgw formulas appear to be available. A list of WMX)=InC(#) — 8- V[ln C(8)]. (5)
such formulas did appear in [2], where, besides the well-known expres-

sions for the normal and log-normal distributions, five other formulas ~ ProOf: _

are given. Amazingly enough, out of these fiV(_a gxpressions, four are hX) = — / de p(z) lnp(z)

utterly wrong, namely, the formulas for the logistic, Pareto, exponen-

tial, angl Weinman expopen_tlal dlstnt_)utlons. . _ =InC@)—-0- / dep(z)T(x)
In this short communication we give a series of analytical expres-

sions for the entropy and the mutual information of continuous muBut since
tivariate distributions. Space constraints having forced us to be very .
concise, we refer to [8] for more details on the calculations, as well VoC(8) = /cla‘? T(z)e? "
as for additional expressions. It is worth remarking that for the distri-
butions considered in this correspondence the entropy and the mutualobtain
information are defined for all values of the distribution parameters. 9-VoC(0)
.. . . o
This is not always the case for the variances and the covariances, or WX)=1nC(6) - W U
even the means [8]. i

Several nonparametric estimators for the differential entropy have
P by We now present a list of differential entropies. In each case we give

been developed, a review of which may be found in [4]. To our I(r1()\,\4he den5|ty, the entropy formula, and a short explanation on how the
edge, the bias of these estimators on finite samples has never ﬁ%rmula was derived.

tested on distributions other than the normal. This is clearly very re-
strictive and the entropy formulas below offer new possibilities, e.9.s An n-dimensionaPareto distribution of type IV has the density
[71, [9]. It would be very interesting to study how some estimators n . 11
. R . . a+i—1 P — A;
which have been proved to be consistent perform on finite samples. p(e) = H 7 < ) )
Furthermore, from the formulas given hereafter, it is possible to con- i=1 12V t
struct parametric entropy estimators. —(a+n)
Two mathematical functions will often appear, the gamma func- 1+ Z < ) } (6)
tion T'(z) and the digamma functio®@(z) = d[InT(z)]/dz =
I'(z)/T(z). More information on them may be found in [1]. The wherex; > X\;, @ >0, > 0,6; >0fori =1,---,n. A Pareto

determinant of a matrix will be denoted kiyt (-). distribution of type Ill is obtained by setting = 1. A Pareto dis-
tribution of type 1l is obtained by setting = 1,fori =1,---,n
II. MULTIVARIATE DIFFERENTIAL ENTROPIES If one setsy; = 1 and\; = §; fori = 1,---,n, then one gets a

Pareto distribution of type I. The joint density of any subset of the
components of a Pareto random vector is again of the form (6) [3].
The entropy is

Unlike the entropy of discrete random variables, the entropy of con-
tinuous random variables, i.e., the differential entropy, is not invariant
under an invertible transformation of the variables. It willthus come as
no surprise that the following well-known lemma will indeed be very _ Zl <a +i- ) + (a+n) Z

useful. Its proof may be found in, e.g., [10]. — a+i—-1
Lemma 1: Let X andY be two vectors of random variables with
values inIR", such that” = f(X) wheref is a one-to-one differen- + Zln i = [2() = ¥(e)] (” h Zl ”) Y

tiable transformation frorii™ onto itself. Then It is obtained by direct integration for a Pareto random vector of

hY) =h(X) - / dzp(z)In | J(f(z))| (1) type I, sayX, and for a Pareto random vector of type IV, S8y
R™ from Lemma 1 and the relatio§ = 6;(X; — X;/8:)" + \; for
wherep(z) is the probability density oKX and i=1,-
9! e The denS|ty of thex-dimensionalogistic distribution is
_ i ()
J(y) = det | ———— 2 , _ —(atn)
dy; 1<i,j<n at+i—1 w2

s = [[ 2=t 1+z ®)
is the Jacobian of the inverse transformatjbn' (with the notation =1 :

=N, withy € R”,6;, > 0fori = L---,n anda > 0. The joint
density of any subset of the components of a logistic random vector
Y is again of the form (8) [11].

The entropy is

For densities belonging to the exponential family [5], it is possible
to simplify the calculation of the entropy by using the formula in
Lemma 2. Such densities take the form

pla) = —L 0T - In <a+l ) + g +n[¥(a)—=T(1)]. (9
P@) = e ©) Z (0t} gt )~ ¥ (L )
where# € IR" is a vector of parameter3, is a transformation from Th|s formula is derived from Lemma 1 and the fact that a logistic
TR" onto itself, and random vectok” may be obtained by transforming a Pareto random
- 0.1(z) vectorX of type Il according to
C(6) = / dze (4) (Xi = \i)/6: = exp(— (Vi — \i)/6:)

is a normalizing constant. Thelenotes the scalar productIi™. withi =1,---,n
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* Then-dimensionaBurr distribution has the density The entropy is
n —(a+n)
X n—1
p(y) = H(a+z—1>d ey 1+Zd.jy;} (10) S e, + . (17)
i=1 —
7=0

withy; >0, ¢; > 0, d; > 0fori =1,---,n anda > 0. The joint ) ) ) ) )
density of any subset of the components of a Burr random v&ctor It is obtained through direct integration.

is again of the form (10) [11]. » Then-dimensionalOrdered Weinman exponential distribution
The entropy is has the density
i R - 1 n—l ,";-7'( 1—y)
—Eln(a—l—z—l)—l—((}z—l—n);m p(y) = nl! H o; Wit17Y; (18)
— Z]n (c d}/cf) +[T(1) — T(a)) Z (’: 1. (11) wherey, > yn—1 > - > y1 > xo = 0. Its entropy is
i=1 i=1 “ n-
This expression is obtained from Lemma 1 and the relations Z lué;j +n —ln(nl). (19)
7=0

(Xi=Xi)/0;, =d; Y/ fori =1,---,n and whereX is a Pareto Il ) ) / )
random vector. This formula is derived from Lemma 1 and expression (17).
« Then-dimensionakxponential distribution has the density » The two-dimensionalGamma-exponential distribution has the
density
—(a4n)

n yi—N;

a4 — 1 micN LA 05
v =g [Ze Co NERSEUERSSSS (20)
=1 ¢ Jj=1 f(@ )

(12)
withy; > X\, §; > 0fori = 1,---,n anda > 0. The joint density
of any subset of the components of a exponential random vEctor
is again of the form (10) [11]. 1462 — 620 (62) + InT(f2) — In 5. (21)

The entropy is This expression is derived from Lemma 2 since (20) may be written

in the form (3).
_21 <a+z ) a-i-n)za_i_l —;—l (13)

Itis obtalned from Lemma 1 and the transformation
X;/0; = exp((Yi — \s)/8:)

It is defined forzq, 22 > 0, with the parameter,, 6., ;s > 0.
The entropy is

IIl. M UTUAL INFORMATIONS

The mutual information between two random subvect§ts and
X, of ann-dimensional vectoX = (X., X,) is the difference of

fori =1,---,n and whereX is a Pareto | random vector. entropies
» The density of the:-dimensionaWeibull distribution is I(Xa. X0) = h(Xa) + h(Xy) = h(Xa X0). (22)
n . c;—1
ply) = H ati— 1&, <yi - Ai) We will denote the dimension oYX, asn., and that ofX;, asn;. Of
Pl b 0 coursen, + n, = n. Some formulas for the mutual information are
N v\ —(a+n) given below. The following lemma will be helpful in understand most
X e(yie_; L) [Ze( e; ) —n+1 (14) of them. This lemma is a consequence of the data processing inequality
= (e.9. [6)).

wherey; > A, ¢i > 0,8, > 0fori =1,---,n anda > 0. The Lemma 3: Let f, : R"* — R" andf, : R™ — R™ be
joint density of any subset of the components of a Weibull randofiyertible functions and ., = .(X.).Y, = £,(X,). Then
vectorY is again of the form (14) [11].

The entropy is 1Yo, Yy) = I(Xa, Xp). (23)
o _|_ i n 1 n We now give some analytical expressions.
- Zl + (a+n) Z ati-1 a « ForthePareto, logistic, Burr, exponential, and Weibull distribu-
=1 tions the mutual information is given by
-1 n
— Zln ¢ + . (15) M (a+j-1)
_ J=na+1
This expression is obtalned from Lemma 1 and the transformation I(Xa, Xp) =1In ng P
of variables ].1;[1(“ +i=1)
(Xi = Xi)/0i = exp([(Yi — Xi)/60:]7) — 1 e 1
. . + (4 na) Z —_—
fori = 1,---,n, X being a Pareto Il random vector. i +j5-1
¢ The density of the:.-dimensionalWeinman exponential distribu- n 1
tion is +latm) Y P —
B _ et XTI @
]. T (zip1—my) i
= H — e (16) 1
—(a+1 _ 24
5 9 (a n);aﬁ_]_l (24)

where ther; > 0 are arranged in increasing order of magnitude, The formula (24) is derived from Section Il and (22). These five
with 4; > O forj = 0,---,n — 1 [11]. distributions being related by one-to-one transformations, it follows
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from Lemma 3 that they have the same mutual information. Lemnfaource Code with Cost as a Nonuniform Random Number
3 also implies that, besides the dimensions, the mutual information Generator
can only depend on one of the distribution parameters, namely

« For the two-dimensionalrdered Weinman exponential distribu-

Te Sun HanFellow, IEEE,and Osamu Uchida&tudent Member, IEEE

tion the mutual information is

Abstract—We show that an optimal source code with a cost function for

- code symbols can be regarded as a random number generator generating
I(X1,Xs) =

a random sequence (not necessarily a sequence fafr coin bits) as the
ln< ! <9—0 - (7’1>> + U < fo ) + (1), if6r < fo target distribution in the sense that the normalized conditional divergence

g1\ 2 fo — 264 2 between the distribution of the generated codeword distribution and the
w(1) it 0 8o target distribution vanishes as the block length tends to infinity.
’ Tty = ——
2 Index Terms—Cost function, general source, normalized conditional di-
In i 9, — 9_0 L 260, +(1), if6 > 9_0. vergence, random number generation, source code with cost.
(91 2 2601 — 90 " 2
(25)
|. INTRODUCTION
It is obtained through direct integration. In the problem of random number generation, the purpose is in gen-

* The mutual information of th&amma-exponential distribution eral to simulate the sour@ with a prescribed distributiog (called

IS

Itis derived through direct integration. Note that it depends only oq]'{
the paramete#.,. This is a consequence of Lemma 3. 0

(1
[2

(3]
(4]

(5]
(6]
(71

(8]

(9]
[10]
[11]

(12]

the target distribution) by using the sourc& with a given proba-

bility p (called thecoin distribution). von Neumann [1] has initially
(26) addressed this problem. He has considered the problem of simulating

a fair random bit by repeatedly using a biased coin with an unknown
istribution. Elias [2] has clarified that the optimal expected number
generated fair random bits per coin toss is equal asymptotically to
the entropy rate of the sourck¥. Moreover, Vembu and Verdu [3]
have shown that the optimal rate at which we can generate fair random

REFERENCES bits from a general sourck¥ with arbitrary accuracy in the sense of

M. Abramowitz and |. Stegurjandbook of Mathematical Functioé ~ some vanishing distance (e.g., the variational distance, the d-bar dis-
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1

I(Xl,Xz) = ‘I/(tgz) —Infs + 9
2
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with cost. Can we then consider the optimal variable-length source cdtle SOURCE CODE WITH COST AS ANONUNIFORM RANDOM NUMBER
with cost as a variable-lengtionuniformrandom number generator? GENERATOR
The purpose of this correspondence is to demonstrate that the answ

! T N M this section we address the relationship between source codes
to this question is “yes.

with cost and nonuniform independent and identically distributed
(i.i.d.) random number generators. Given a variable-length prefix
Il. VARIABLE-LENGTH SOURCE CODING WITH COST encoderp, : X" — V*, we define for any positive integet as

In order to state our problem in a more formal mannerebe a
countably infinitesource alphabet ard be afinite code alphabet, re-
spectively. In the sequel all the logarithms are taken to the hase
|Y|, where|Y| denotes the cardinality @f. We denote the set of alll

Dm={x € X" | l{pn(x)) =m}

wherel(-) denotes the length of a string and we put

nonnull finite-length sequences taken frphby ). In this correspon- T(pn) = {m[Pr{X" € D,.} > 0}.
dence, we consider quite general sources as follows. Let us define a ’ ’
general sourcas an infinite sequence For anym € J(¢.), we defineX,, as the random variable taking

. () (m)\q 00 values inD,,, with the distribution given by
X:{‘X :(‘Xl *AXn ')}nvzl
PXn (1‘)

Pxn =
5 )= 5 X e Doy

. . . _ x € Dyp).
of n-dimensional random variablé§™ where each component random (z € D)

variableX(™) (1 < i < n) takes values . It should be noted here

that each component 6t may change depending on block lengttFor any positive integern, V") indicates an ii.d. sequence

n. This implies that the sequendé is quite general in the sense thatof length +». Let us now define the conditional divergence

it may not satisfy even the consistency condition as usual process@ée. (X ™)V |I,,) by

The class of sources thus defined covers a very wide range of source . _ . (m)

including all nonstationary and/or nonergodic sources. D(n(X"IVIL) = Y Pr{Li=m}D(pan(X;)|[V™)
We define thecost function:: Y* — R* = (0, +oc] as follows: mET (¢n)

First, each symba} € ) is assigned the corresponding cegf) such

that0 < c(y) < 4+oo (Vy € V), and then thedditivecostc(y) of

¥ = (y1.92.---,yr) € Y* is defined by

wherel, is the random variable such thigt = m for X" € D,,.
Then, the following theorem shows that, with the cost function
c:Y* — RT, the optimal variable-length source code with cost
k can be considered as a variable-length random number generator
cy) = Zc(yi)' (1) generating the variable-length i.i.d. random sequence subject to the
=1 distributiong,. corresponding to the cost functieny* — R™, in
the sense that the normalized conditional divergence between the
Definition 1: R is called anachievable variable-length source distribution of the generated codeword process and the i.i.d. target
coding cost-ratefor the sourceX if there exists a variable-length distribution vanishes as block lengthtends to infinity.

s . yn bR H H RR YL =+
prefix encoderp, : A — V" given the cost function: )™ — R Theorem 2: We assume that the entropy rate of the general source

such that X has the limitlim, o (1/n)H(X").2Let ¢, : X" — Y* be any
Jim sup lE{c(%(Xn < R optimalvariable-length prefix encoder in the sense that
n—o0 n
o ] ] ) lim lE{c(pn (X™")} = Ry(X). 3)
and the infimum ofR that are achievable variable-length source coding n—co N
cost-rates is denoted @y, (X), which we call theénfimum achievable |t e define the probability distributiony. = {q¢.(y)},ecy corre-
variable-length source coding cost-rate O sponding to the cost functianby §
Then, we have the following variable-length source coding theorem  —aee(y)
with cost for the general sourcX . ¢-y) = Ik (v €y) )
Theorem 1: then we have
1 1 n 7lin
RY(X) = L limsup L H(X") @) Jim - D(pn (X VU1, =0 (5)
Qe npn—oo n

where thecost capacityr. is the positive unique roat of the equation WhereV' ™ stands for the i.i.d. sequence of lengthsubject to the
distributiong...

Z KW — 1 Proof: Lety = (y1,y2,---.ym) € V™. From (4) we have
yeY m
o Pr{V(m) =y} = Hqc(yi)
=1
H(X")=— Y Pxn(z)log Px»(z). _ ﬁK_n,w(yi)
zEXT 4
Proof: See the Appendix. O = KW

1This kind of theorem has first been shown by Krause [8] for independent and?The sources satisfying this assumption are not limited only to stationary
identically distributed (i.i.d.) finite alphabet sources. sources.
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forall m € J(¢n). Then

Dla(XIVO) = 3 Pr{pn (X0 =) log Loben (L) =4)

yeym™ Pr{VOU =y}
=ac Y Pr{pa(X])=yle(y)— H(wn(X])
yeym
=ac y Pr{pn(Xn)=yte(y) - H(X))
yeym

where the last equality follows from the fact that is the one-to-one
mapping. Thus we have

1
Pn E; Z

meT (¢n)

D) Pr{l. = m}Pr{va(X) = yle(y)

n
meT (¢n) YEY™

1
- = Z Pr{l, = m}H(X,)
n

Pr{ln = m}D(en (XIIVE™)

e

meJ (¢n)
(a7 n ]- n
= “B{e(pn (X))} = S H(X"|L)
(a7 n ]- n ]-
= S B{e(en (X"} = SH(X") + ~H(L,). ©)
Let
Crnin = min c(y) >0
then it follows fromemin I, < (@, (X™)) that
B(1,) < PAcon (X))}
Cmin
which, together with (6) and the inequality (cf. [9])
H(I,) < logle(E(1n))]
yields
1 k23
pu < SEB{e(pn (X))} = —H(X")
+ Llog |:e <7E{c( n(X ))}ﬂ_ (7)
n Cmin
We see from (3) that
lim L log {n <7E{c(¢"(}‘ 7))})} =0.
n—oo 1 Cmin
On the other hand, a consequence of Theorem 1 is
R (X) = f lim fH(AX ). (8)
Thus by (3), (7), and (8) we conclude that
lim sup pn, < aRBy(X) — a. Ry (X) =0
which proves (5). O

Remark 1: We point out that Iwat@t al’s universal code [7] satis-
fies the condition (3) for any stationary sout¥e and, therefore, their

code can be regarded as providingraversalalgorithm for nonuni-

form i.i.d. random number generation in the sense of (5), although it

works only when the source alphalétis finite.
IV. COMPARISON WITH PREVIOUS RESULTS

Han [5] has earlier established the following result on @p&mal
variable-length prefix code withqual cost(y) = 1 (Vy € V), i.e
cly) =Uy) (Vy € V7).
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Theorem 3 [5]: We assume that the entropy rate of the general
sourceX has the limilim,, - (1/n)H(X"). Lety, : X — Y™ be
any optimalvariable-length prefix encoder satisfying

lim —E{l(&/n X"} =R (X)

n— 00

9)

where R, (X)) is the infimum of achievable variable-length source
coding rates Then, we have

lim_ —D(y XU\,

n—

(10)

whereU(™) is the i.i.d. sequence subject tmiform distribution on
ym. D

We notice here (cf. [5]) that, under the assumption of Theorem 3,

R,(X) is given by
R, (X) = 121; %H(X").

It is easy to check that Theorem 3 is a special case of Theorem 2, be-
cause, in the case where all code symbols have equal(gost 1, the
cost capacityr. = 1 and hence?;,(X) = R.(X). Our proof of The-
orem 2 is just paralleling the original proof of Theorem 3, and hence
Theorem 2 is a straightforward generalization of Theorem 3. On the
other hand, Visweswariadt al.[4] have also shown a variant of The-
orem 3, i.e., they have shown that tbptimal variable-length source
code with equal cost(y) = 1 can be considered as a random number
generator in the following sense.

Theorem 4: Let ¢, : X" — Y™ be any variable-length prefix en-
coder satisfying the condition (9), where the source alph&hsfinite,
unlike in Theorems 2 and 3. Then, there exists a sequence dfisets
of positive integers such that

lim Pr{I, € Gu} =1

lim max ’—D(g,n(‘( )||U('”)):(), O

n—oom€EeG,, M

However, it does not seem to be easy to generalize Theorem 4 to be
valid also in the case with unequal costg). One reason is that the
rather intractable sét,, intervenes in Theorem 4 but notin Theorem 3.

It should be noted that the proof demonstrated in this correspondence
does not need the assumption that the source alptalefinite and

also that either of Theorems 3 or 4 does not imply one another because
Gr # J(pn) in general.

Remark 2: The existence of the limitm,, —.(1/n) H(X™) for the
sourceX is the necessary and sufficient condition for (10) to hold under
the condition (9). To see this, we need the following theorem on the
variable-length random number generation. First, we Rahachiev-
able variable-length intrinsic randomness réite the sourceX if there
exists a variable-length mappigg, : Y™ — Y™ such that

lim inf —E{l(ﬁn(’("))} >R

n—oo

and

.1 P

lim —D(pn (XM UYL, =
n—oo N
Moreover, the supremum oR that are achievable variable-length
intrinsic randomness rates is denoted 35 X ), which we call the
supremum achievable variable-length intrinsic randomness. rate
Then, we have
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Theorem 5 (Han [5], [10]): For any general sourcE with acount-  Define theconditional cost:(yily'™") of y; € Y given the sequence
ably infinite source alphabet’ yi"t € Y~ by

S7(X) = liminf lH(X“). O c(yilyi™") = —log a(uilyi™")

n—00 n

and call the rootv = «. of the equation
Since the sufficiency is implied by Theorem 3, it suffices to show the

i—1
necessity. Suppose that {1fblds. Then, from (10) and Theorem 5, we Z Kt =
have Yy, €Y
| n « o0 1 N thecost capacityy. of the general cost function Itis then obvious that
liminf —E{l(en(X"))} <50(X) = liminf —H(X"). a. = 1forallyi~! € Y. Then, as a general version of Theorem

1, we have the following variable-length source coding theorem with
the general cost function (14) for the general soXcéirst, let us call

R anachievable variable-length source coding cost-fatethe source

X if there exists a variable-length prefix encodsgy: X" — )™ with

the general cost function (14) such that

Moreover, by means of Theorem 1 witty) = 1 (Vy € V)
limsup ~E{I(p, (X")} 2 R,(X) = limsup ~H(X").
n—eo n—oo N

As a consequence, since (9) implies )
limsup —E{c(p.(X"))} <R
n

lim sup lE{l(/pn (X™))} = liminf lE{I(',pn(X"))} n—oo
n—00 n n—oo 1 .o . . .
) and the infimum ofR that are achievable variable-length source coding
it follows that cost-rates is denoted by (X), which we call thénfimum achievable

L1 " . 1 " variable-length source coding cost-rate
liminf —H(X") > limsup —H(X")
n—oco 1 n—oo N

Theorem 6:
which claims that the sourc¥ must have the limit )
R,(X) = 1 lim sup lH(X") (e = 1).

QXe pooc N
lim (1/n)H(X") O
nree Proof: On the basis of the assumption (13), we see that there ex-
ists a constant,,x such that

V. VARIABLE-LENGTH CODING WITH GENERAL COST FUNCTION i—1
sup c(yilyr ) < Cmax < 0

In Section Il, we have shown that the optimal variable-length source gyl tielyily] T <oo

. ” i Fastie
code with theadditivecost function: J* — R™ defined by (1) canbe o Theorem 6 follows in entirely the same manner as in the proof

regarded as a variable-length random number generator generating the, . ), 1, provided that the additive cosy;) is replaced by the
variable-length.i.d. random sequendé‘/*) subject to the distribution conditional cost:(y:|yi~"), and accordingly/(y:) = K~ by
-\ Y2 Y1 I Y -

q. depending on the cost functienin the same spirit, we may consider wlyi=1) = Kot i~ O

the problem of generating a more general stochastic process instea%( ikl '

vU»)_ To do so, what kind of cost function should we introduce? In Finally, we have the following main theorem of this section which
the following, we consider the generation of an arbitrarily prescribeghys that the optimal variable-length source code with the general
general stochastic process (which may be nonstationary or nonergodisst functionc defined by (14) can be considered as a variable-length

satisfying the consistency condition random number generator generating the random sequence subject to
; o the given probability measure
gy => alyy) (e (11)
= Theorem 7: We assume that the entropy rate of the general source

X has the limitlim,, ... (1/n)H (X™). Given an arbitrary probability
r}ﬁbasurej satisfying (11)—(13), we define the cost functiony” —
R* by (14) and letp, : X* — Y™ be anyoptimal variable-length
rH?efix encoder such that

whereq denotes the probability measure. We denote the conditio
probability ofy; € Y giventhe sequengg ™ = (y1,y2, -+, ¥i—1) €
Y1 by ¢(y:|yi™") and we assume that there exist some consta
(min, gmax SUCh that

S
0< gyl ) <max <1 (Vi,Vy, € Y, Vy7 €Y7 (12) Jim S E{e(n(X7))} = B (X).

0 < inf I 13 Then, we have
< dmin S . yi—ltzl(ly_‘yifl)>Dq(y2|y1 ) ( ) 1 /
Yir Yy 191 lim —D(Lpn(Xn)HV:]( ”)|[n) =0

n

Using this conditional probability, the probabiligfy) of y € V' is

written as whereV,™ is the random variable subject to the marginal distribution

onY™ of the probability measure.

i1 ¥ Proof: From the assumption (12) we see that there exists a con-
o) = [Jawiln™) (el stantcmin such that

=1

{

. . 0 < comin < c(yilyi™)  (Vi,Vy € Y.yt €Y.
Let us now define thgeneral cost function: Y* — R™ as emin < clyilyi ) (Vi Vi €, 9 Yoo

Using this property, we can show Theorem 7 in entirely the same

I . .
c(y) = —log qly) = — Zlogq(yzwi*l‘) (y € yx)' (14y Mmanner asin thei_plroof of Tih_elorem 2, pr_owded that), ¢(y;) are
= replaced by:(y:|yi™ "), ¢(y:lyi™ "), respectively. O
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Example: With afinite code alphabey Iet/us consider a Markov from which it follows that
process subject to transition probabilitigg|y ) such thagy(yly ) <

1(Vy,y € Y). Denoting the initial distribution by(y), set ¢(y;) < c(¥;) + Cmax
—log Pxn(x;) n log 2 n
N ’ ’ - Cmax
c(y) = —logq(y)  clyly ) = —logyglyly ) @ @,
and define the cost(y) of a sequencg = (y1,y2, -+, yn) € V" by  Wherecn.x = max,ey ¢(y) < oo. Then, we have
c(y) = (7(y1)+L7(y2|y1)+C(y3|y2)+"'+C(yn|ynfl). (15) E{C(Q,,(}&”) } < - Z Py» (z ) IOgP/\/n( ) + log 2 + o
Qe (03]
Then, Theorem 7 tells us that tbptimalvariable-length prefix coding zeX™
for any general sourcX with the cost function (15) asymptotically which concludes that
generates the Markov process subject to the transition probabilities
a(yly). O lim sup fE{c(p,L()& N< — hm sup H(X"). O

n—oo Qe n—oo

2) Converse Part:
Lety, : X™ — Y™ be any variable-length prefix encoder and put

APPENDIX

Proof of Theorem 1

1) Direct Part: Without loss of generality we may assume that _ -
0 < cly) < o (Vy € y)_ Lety = {1.2,---,K} and set anddefing; = K'~"“. Then, from Lemma 1, we have

g(i) =K (i=1,2,--- K). Foranyy=(yi, ys,- -, y) €V, o0
we define q= Z(ﬁ <1
T =1
aly) = a(y \ :
( ,_2,4 w) Setp; = Pxn»(x;) andp = >, p; = 1. From the log-sum in-
e equality [9], we have
By = > aly)=a@) +ay)
vy 2y Zp,log—>]]10g—
where<, < indicate the lexicographic order on the 3étand we have =1 & 1
putforz = (z1,22,---,2) € V' = log =
, q
q(2) = q(z1)q(22) - - - q(z1). > 0. (16)

Let the intervalla(y), 3(y)) be denoted by (y). Obviously,I(y) C  On the other hand,
[0,1) and|I(y)| = K~ *<°¥ (the width ofI(y)). Then, we first have -
the following trivial lemma. Zpi log Pi

o0 oo
— sz‘ log ¢; + Zl)i log p;
=1 =1

Lemmal: AcodeC = {y,,¥,. -} (y; € V") is prefixif and only

if all intervalsI(y, ), I(y,), -+ C [0,1) are mutually disjoint. O — Zp,:c,: n Zp’? Jog pi
Let all the elements oft” be ordered a&™ = {x,z3.---} and ‘ - .,
define = aE{c(p (X")}— H(X™)

1—1 . . . .
which together with (16) implies that
Pi= Y Pyn(;) (i=12,-") 9 (16) imp 1
>~ E{c(eon(X")N} > —H(X").

Qi = Pi+ % Pxn(x:) (i=1,2,--") el o

whereP, = 0. Now, to eache; we uniquely assig®g, as Then, we conclude that

y, = arg min |y lim sup — E{ (on (X))} > > — limsup H(X"). O
T YEK(y) n— oo c n—oo
whereK(y) isthe setofy € Y* suchthaf (y) includes); but does not
include eitherP; or P; 1. It then follows froml(y,) C [P;, Pi41) that REFERENCES
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in the best cases. Hergjs a parameter of the code angis a constant
which depends oif.. w}(n) is a similar function tav™(n), which sat-
isfiesw}(n) < w*(n).
Since the best and worst cases occur at infinitely maisy and,
) _ N roughly speakingi(n) is distributed uniformly between two extreme
A New Recursive Universal Code of the Positive Integers cases|(n) can become shorter thasg} » in large parts of integers.
] In Section Il, we review Elias' code, which is a typical one of the
Hirosuke YamamotoMember, IEEE knownlog™ n-type codes, and we show the reason why the codeword
length cannot become shorter thag; » in the known codes. To over-
Abstract—A new recursive universal code of the positive integers is pro- come this defect,.we devise a new repre.sentatlon. of binary numbers
posed, in which any given sequence can be used as a delimiter of codewordthat never has a given sequence as a prefix. In Section I1l, we propose a
while bit “ 0” is used as a delimiter in known universal codes, e.g., Leven- new recursive universal code of the positive integers based on the new
shtein code, Eliasw code, Even—Rodeh code, Stout code, Bentley—Yao code pinary number representation and we evaluate the performance of the
etc. The codeword length of the proposed code is shorter thalog, nin o056 code theoretically. It is shown that the codeword length of the
almost all of sufficiently large positive integers although the known codes . . .
are longer thanlog”, n for any positive integer . propese_d code is shorter thag; n in almost all of sufficiently Ierge
positive integers. The case ofary universal codes are treated in Sec-
tion IV.
We use the following notation in this correspondence.

Index Terms—Elias w code, log-star function, universal code of positive
integers, universal coding.

* [n]. is the ordinary--ary number of positive integer such that
the most significant digit ofn],. is nonzero.

_ Many researchers have treated the universal coding of the positive, [n]'. is the ordinary:-ary number of: with i digits.

integers that satisfy

|. INTRODUCTION

* |t] is the largest integer not exceedihg

Pn)>P 1), for an N, 1 - .

(n) 2 Pn+1). yn € @D xamplesiias = 1110, [14]; = 01110, [14]s = 112, [14]3 = 00112,
whereP(n) is a probability distribution on the set of positive integerdlog, 14] = 3.
N = {1, 2,3, ---} [1]-[7]. These codes can be used practically in
various adaptive dictionary codes [8]. Besides the practical uses, itisan 1l. NEw BINARY NUMBER REPRESENTATIONEXCLUDING A
interesting coding problem to consider how efficiently we can encode FORBIDDEN PREFIX
the positive integers under the prefix condition.

Letlogh n be thek-fold composition of the functiotvg, » and let
log; n be CE(HQ) = [’HJ{]Q[??,]{_l]Q e [nl]g[’no]go (3)

Eliasw codeCr(n) has the following recursive structure [4]:

logl n = log, n +log2 n + ---—|—log';”*(“) n @) where[n], is the ordinary binary number af, the most significant bit
(MSB) of which is always one. Eagh; in (3) is determined recursively
wherew” (n) is the largest integer which satisfiegog’y » > 0.Then, byny = [log, ns_1]. In other wordspy + 1 represents the bit length
it is shown theoretically that any positive integecan be represented of [z —1]z. The recursion in (3) stops when the lengtlief | is two.
with log3 n — aw™(n) bits if « < log, log, e [2], [3]. Finally, bit“0”is attached as a delimiter to indicate the end'ef(n¢ ).2
On the other hand, many researchers, e.g., LevenshterH2}s In the decodingp x is obtained from the first two bits @'z (n,), and
[4], Bentley—Yao [5], Even—Rodeh [6], Stout [7], etc., have proposdtie length ofn._:]> is recursively obtained from,.. Since the MSB
log* n-type codes with a recursive structure to attain high performaneéevery[n.]» is “1,” delimiter “0” can stop the recursion arjdo]»
in largen. But, in their codes, codeword lengttn) cannot become can easily be found.
shorter thariog} n although it satisfied(n) < log; n + w*(n) + ¢ Levenshteiri¥, code [2], Even—Rodeh code [6], and Stout code [7]
wherec is a constant. have similar structures and their codes also use (itas a delim-
iter in the same way as Elias code. Levenshteiil’; code [2] and
Bentley—Yao search-tree code [5] have a little different structure. How-

Manuscript received June 4, 1998; revised July 23, 1999. The materlalerar}r?rv it is known that their code can be derived from Elidike code

this paper was presented in part at the 1998 IEEE International Symposium . , o ) -
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We note that the MSB of eadh.]. is always 1.” This means that TABLE |
the MSB has no information, or it is a redundant bit. But this redun- EXAMPLES OF B., /(1) AND
dant bit cannot be omitted because the MSB is used to distinguish the Ba. r(n)
delimiter “0.” Since each length df.]. is given by|log, nk| + 1 _
that is larger thaibg,, ny, the codeword length cannot become shorter n Ba.s(n) B (1)
thanlog; n in the known recursive codes of the positive integers. [a]3 = 00 | [u]3 = 100 | [a]3 = 00 | [a]3 = 100

0 0 | 0
| ] 0] (00
01 00 [0 01
10 01 Il Il
1 10 (010 (000

The above note suggests that if we use some sequence with length i
f > 1, instead of 0,” as a delimiter, then some of the redundant bits 9
may be saved from a codeword. WheN {s used as a delimiter, the 3
prefix, i.e., the MSB 1,” of each[n.]. does not coincide with the de-
limiter “0.” Hence, if we use a sequengd!, which is the ordinary 1
binary number of integer with f bits, as a delimiter, then we must de- ’

vise a new binary number representation of the integersBsay(n), 6 U L 0Ll 001
such that the prefix 0B, s(n) does not coincide with delimitéu]? . 7 011 000 100 010

Consider binary sequences whose length is lessjtbéa. Then, the 8 100 001 101 011
total number of such binary sequences is give'by 2% - - -+2/ "1 = 9 10] 010 10 01
27 — 2 while the number of the binary sequences with préfi is 10 10 011 L L0

givenby2® +2' 422 4 ... 42971 =927/ _1ifj—1> for0
if j < f. This means that the number of binary sequences not having
prefix [a]} is given by2? — 20=1+ _ 1 foranyj > 1andf > 1,

11 111 101 0100 11
12 0100 110 0101 0000

where(), is defined as 13 0101 5y 0110 0001
1 0110 0000 0111 0010
(t)+ = max{t, 0}. 4) 15 0111 0001 1000 0011
Hence,B., r(n) can be represented by the following formula: L6 10O 0010 1001 0100
Vi POV 17 1001 0011 1010 0101
[nif_ifz(*j’ff) ]<7 < Ml )+ Mol £, ) IR 1010 0100 1011 0110
Ba, r(n) = RS 2 B 19 1011 0101 F100 0111
[n = Ma(j, f =D, 20 1100 0110 1101 1010
if Mo(j, £)+ No(j, fya) <n < Mo(j+1,
s £+ Na(s £ ) < g ’]?5) 21 1101 0111 110 1011
where 22 1110 1010 J1]1 {100
. - 23 1] 1011 01000 0]
Ao (7 — 9 _oli=N+
MG, f) =2 =2 it . (6) 24 01000 1100 01001 1H10
No(jy foa)= 12" Ja= {0 “ :f J 2; 7 25| 01001 Lol | 01010 L1
’ A 26 01010 1110 01011 00000
Especially, ifa = 0, i.e.,[a]] = 00- -0, then (5) can be simplified as
follows:
_ where
Bo,]‘(n) = [”’ - -’VL-/[Z(J f - 1)]]2
0L, f)<n<M(j+1 f). (8 LG )= =D = (F =i+ (1)
We note that letting\ s () be the length ofB,, ;(n), then);(n) is No(j. fra)=12"""a). (12)
given by If [a]] = 00---0, thenB, ;(n) becomes
Af(?l) =17, |f A[Q(] f) S n < :\/[2(] =+ 1, f) (9) BO f(" — [77 _ J[Q(], _ 1) + L(] _|_ 1 f ])7
Some examples aB., y(n) are shown in Table I. AnyB,, ;(n) if My(j, f)— L(j, f) <n
does not havén]/ as a prefix. But[a]] may appear as a prefix when <M+ 1, )= L(j+1, f). (13)

B., s(n) with lengthA s (n) < f is concatenated by anothBr,, ¢(n).
For instance, wherf = 3 and [a]d = 100, “B,, ;(5) = 10" and  The length\;(n) of B, ;(n) is given by
“Bq, #(7) = 000" makes ‘B, (5) Bq, #(7) = 10000.” In order
to prevent such cases, we remove the sequences that coincide wﬁﬁgl) =
prefix of [a]] from {B.. ;(n)}. Since one sequence is removed for if M2(j. ) — L{j, f) <n < Mz(j+1. f) = L(j+1, f). (14)

each lengtly if j < f, the obtained binary numbé?, s(n) is given Some examples aB... ;(n) are also shown in Table I.

by
[n— Ma(j. f) + L(j. ]S IIl. NEW RECURSIVEUNIVERSAL CODE OFPOSITIVE INTEGERS
if M (4. f) = Lf-j* f) <n < Ma(j, f) Using B(,J(n) defined by (10), a new recursive universal code of
B j(n) = —L(j'./ )+ Na(j, fj a) . (10) the positive integers can be defined similarly to (3) as follows:
[n— Ma(j, f—1)+ L(j + 1. )l
it Ma(j, £) = L. )+ Na(j, f. a) < Ca,5(mo)

<My(j+1, f) - L(J +1, f) = Ba, r(nx)Ba, p(nx 1)+ Ba (n1)Ba, p(no)lall  (15)
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where eachy,. is given by TABLE I
: EXAMPLES OF C., r(n)
ne = Ap(np—1) — 1 (16)
- . - n | [a) =00 [0]3 = 100
and I is the integerk that satisfies:;, = 1. C,, ¢(n) can also be BEEN 0100
represented recursively as follows: a1 10100 0 00 100
Co ¢(n) = Ca f(n)[al} 7 3111000 001 100
4111100 011 100
. B, 1(n), ifn=1 5 10101000 | 000000 100
Co (n) =23 20" N : 18 ;
cr(n) {Ca’f@f(n) CO)B. sn), 2. (18) 6] 10101100 | 000001 100
. 7110110000 0 00 010 100
We note that sinceB., (1) is always equal to” or “1,” the first 101 101 00 0 00 011 100
segment3,, s (1) can be omitted in the binary case. Some examples of 910111000 | 000101 100
Ca, f(n) are shown in Table II. Since a prefix of al;,, s(n:.) does 101101 111 00 000 110 100
not coincide withja]Z, [a] can delimit the codeword. i 10 010000 1000 111 100
We now derive upper bounds on the codeword lerigth(n) of 191110010100 | 0oL o000 Loo
codeC,, y(n) defined by (15) (or (17) and (18)). Let;(n) be K 4 1 T 0 L 100
or the integert that satisfies:. = 0 for n;. recursively defined by "‘3 1100110 00 oL 009 u
(16). Note thatn}(n) is a monotonically increasing function efand l‘_‘ 110011100 | 001 0010 100
wf(n) < w*(n). Then, the following theorem holds. 151 110 100000 | 0 01 0011 100
) L 16 | 1 10 1001 00 | 0 01 0100 100
Theorem 1: 1, ;(n) satisfies for any: that 171110101000 | 0 0L 0101 100
Lo, 1(n) <logh n+ Fo(f)ws(n) + cr + b62(n) (19) 18 | 1101011 00 | 0 0L 0110 100
o o 19 1 10 116000 | 001 OL11 100
andl,, y(n) satisfies for infinitely many: that 20| 110 110100 | 0 0L 1010 100
* . * s 20 110111000 | 001 1011 100
la, s(n) <logy n — (1 — Fa(f))wi(n)+ cy+ 262(n) 20
s 82 ) »(£)) ! ) ! 2( (20) 22 | 110 1111 00 | 0 01 L1100 100
where 23 11 1101000 00 | 0 01 1101 100
P — “loe. (1— 27 21 24 1111 0100L 000001 L1110 100
2(f) = —loga (1=277) (1) 25 | 11101010 00 | 0 01 1111 100
cr=5(f=2)s + f+5F(f) (22) 26 | 11101011 00 | 0 11 00000 100
: *(n)— o)W (m)—1 7 Hence, for anyt = 1, 2, -- -, we have
52(n) < log, e 1+ (w*(n)—1)(log, ¢) < ﬂ 23) Ve s 2,
n log, n n
) ik +1 < logy (ni—i + (f — 1)) + Fa(f). (30)
Proof: We note from (13that in integers: with A\(n) = j, the
smallest and largest ones are giverwby= M>(j, f) — L(j, f) and From (30),n; is upper-bounded by
n=M(j+1, f)—L(j+1, f) — 1, respectively. Hence, from (16),
la, y(n) —log™ n has alocal maximum at the following ny+1 < logy(n+ (f = 1)) + Fa(f)
nig =1 (24) = log, n + log, <1 + u) + F>(f)
"
ng—1=Ma(np+1, f) — L(nxg+1, f) (25) < log, n+ log, e (F=1) + Ba(f). (31)
n = ng (26) "
o o ) From (30) and (3}, > + 1 is bounded by
while it has a local minimum at the following:
nh_1 = Ma(ng +2, f) — L(ng + 2, f) — 1. (27) nz +1

In the following, we derive an upper boundiof ;(n) for these two

<logy(ni +(f = 1)) + F2(f)

! . . log.
extreme cases. We first consider the former case, i.e., the worst case. < log, <log2 n + % (f—D+F(f)+(f - 2))

Forn, > f — 1, (25) becomes

oy = 2" —gme el p ), (28)
Furthermore, fon, < f — 2, n, satisfies
g1 =2 1 (f =D+ (f—np—1)
22— (1)
=2m 127y —(f—1). (29)

+ B2 (f)

logg e _ ¢ .
zlogi n + log, <1_|_ Tn (f-D+F(H+(f 2))

log, n
+ Fy(f)
log. log,, ) . .
< logz n + 125—;2 <%(7‘ -+ )+ (f - 2))

+ Fa(f). (32)
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Repeating such procedure, we obtain holds forb = log, e. FurthermoreA.,«y—1(n) andA,,«(,)(n) can
be bounded above as follows:
. . 2
1< 10g§ n+< 105,316 k_(llogg e) _ )
log; (logy™" n)(logy™" n) A - b b
- - b “’*(”)_1(”) - w*(n)—2 + w*(n)—2 w*(n)—3
k1 log, n (log, )(log, )
NI (log, ¢) ) pe (=2
k—1 k=2 o\ . +-- 4+ = oN T
(logh ™" n)(logh % n) -+~ (log, n) 1oa ™) (log® ™5 logs
(Fo(f)+(f~2)) b b’
. T 20 2expy(2) 2 expy(2) exp3(2)
(logz e) ¢ \ bw*(n)72
— = (f=D+E(f)
(logé ! ’n') (log’; ? 77’) e (logQ ’n')n + + 2 (\XPQ(Q) - pr;"*(77')_3(2)
n . 2 w*(n)—3
= log} (14 Ak (1) Fa(f) +Ars1 (27)(f = 2)+ Bi(n) PO UL A
2 4 42 4w (n)—3
(33)
b= (b
whereA,(n) and By (n) are defined as <3 ZO <1>
2b
Ai(n) =0 (34) =13 (40)
k-2 ; 2 3
(log, )t ) , " b b
A(n 2 : 35 Apry(n) <o+ 5+ 5o +
{00 = 2 o gt (o T O ( 27 2em)
S CPLAT
(log, e)¥ - 2 2 expy(2)
Bi(n) = — - (36) 2b b4+
(logh " m)(logh—2 n) -+~ (log, n)n _ (1 i b) - <4_+b> (41)
The codeword length in the local maximum (or worst) cases, say ) _
18" (n), has the following upper-bound from (16) and (33) where inequality<™ holds because of
‘ 11'7(77.)—1 logw*(n)71 n 2 1
li‘,‘)[f)(n) = Z Ang) + f log® (M=2 > 2
k=0
and
wi(n)—1 logw*(")_k n > exph™?(2)
= > (ent+D+f
k=0 for k > 3. Hence, we have
w;’(n)
w™(n)
= > (m+D+f (37) ) 4b 26 Db(4+b)
- ;A’“(") 3d—0) Ti-p " 4-p
wj(n) T1 : b <23£ * b) =G 42
< > (logy n+ (1+ Ax(n)) Fa(f)
k=1
On the other hand,
+ A1 (2")(f = 2) + Bi(n)) + f
w™(n) w* (n)+1
w*(n) AL (2n — A 2n
<logy, n+ wi(n)Fa(f Z Ap(n)EFx(f ,; (2" ; +2")
'LU*(Z”’)
w* (n) w* () - /; 4:(2%) (43)
+ D A @)=+ Y B+ f (39 )
k= k=
' ' becausev™(2") = w*(n) + 1 and A, (2™) = 0 by the definition.
We note from [3, eq. (A-12)] that inequality Therefore, (43) is also bounded by
*(n)—2 4b w*(n)
Z Ap(n) < D) (39) > Apa(2") < G (44)

k=1
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Furthermore, the sum dB,. (), sayé.(n), can be bounded By

w*(n)
82(n) = Y Bi(n)
k=1
_log, e
T oo
w™(n) log /)lcfl
1+ > 2
= (logk=" n)(logh=2 n)--- (log, n)
(45)
| an* _ e w*(n)—1
< log, ¢ + (w*(n) — 1)(log, e) :| (46)
n log, n
< (47)

n

where the last inequality holds because the second term in the bradR@pyn's that satisfy (27).

of (46) has the maximum at = 16.
From (38), (42), an¢44), 1"} (n) can be bounded by

(") (n) < logh n + wi(n)Fa(f)

+ GoFo(f) + Gaf —2)1 + f+62(n). (48)
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< 5 because
.. Hence, we have frord8) and (53) that

G, is bounded byG, = 4.95---
1.4427 . -

log, e

1) (1) < log net Fa(f)wf(m)+5(f = 2) 4+ f+5F(f)+82(n)

(54)
lg?}(n) <log" n—(1—=F(fMHwrn)+5(f—2)+
+ 1 SE(F) + 265(n). (55)
Finally, note that any: satisfies
ng—1 > Mo(nx + 1, f) = L(nk + 1, f) (56)

instead of (25). But (56) also induces the same inequality (30) as (25).
Hence (54) holds for any. On the other hand, (55) holds for infinite
Q.E.D.

We note from (21), (54), and (55) th&t ( f) can be approximated as
Fy(f) = (log, e)/2', and by settingf large, the coefficient of: 7 (n)
in the worst case becomes very small while the one in the best case
becomes almost 1. Hence, we can conjecture that ¢(n) is shorter
thanlog™ n in large parts of the positive integers. In the remainder
of this section, we show that this conjecture is true by considering a

Next we treat the local minimum (or best) case given by (27). In thigeneral case instead of the best and worst cases.

case, we have far, > f—2

np—y = 2" MR (p ) 1 (49)
and forn, < f —3
g1 =2 1 (f =D+ (f—np—2)—1
2 2”1"+2 _ 2n;\,+2—f _ (f _ 1) -1
=Mt 127y ¢ (50)
This means that, for anly, n;. + 2 can be bounded by
ng +2 <log, (nk—1 + f) + Fa(f). (51)

Hence, in the same way as (33), we have

n+2< log!zC n+(1+Ac(n) B (f)+ Ak (2")(f — 2)+2Bk(n).
(52)

Furthermore, from (37), (42), (44), and (525)?}(71) can be bounded
by

wjn)
lg’?}(n) = Z (ng+1)+f
k=1

wh(n)

Z (ne +2) —
k=1

wj(n)

> (logy n+ (1+ Ax(n))Fa(f)

k=1

+ App1 (2")(f = 2) +2Bi(n)) —wi(n) + f
logs n — (1 — Fa(f)wi(n) + G2 Fa(f)

+G2(f = 2)4 + f+202(n). (53)

3A tight boundé, (n) < 4/n can be obtained by directly calculatifg5),
where the second term in the bracket has the maximum=at4.

wi(n)+ f

IN

IN

For a givenny, ny—; must be included in aregidR(n;,) defined as

Rng) ={nk—1: Ma(ne + 1, f) = L(ng + 1, ) < np—1

< Ma(ng+2, f) = Lng + 2, f)}. (57)

We divide this regionR(nj) into two regions, the worse region
RM)(n,.) and the better regioR“’(n), which are defined as

R (ny) = {ne—1: Ma(n + 1, f) — L(ng + 1. f) < gy

< 15Mo(nk+1, f)—L(ne+ 1, f)} (58)
’R(B)(nk) ={ng—1: L5Mo(ne + 1, f) — L(ne + 1, f)

<npot < Ma(np+2, f) — L(nk + 2, f)}. (59)

Since the cardinality oR(n), [R(nx)|, is equal toMa(ny + 1, f)
for ni. > f, the following relation holds:

(R @ma)| _ R (i) _ 1 (60)
IR (1)l IR (ne)] 2
Whenn, ;€ R™")(ny), it satisfies
ni—1 > Ma(ni +1, f) = L(ng + 1, f). (61)
Hence, in this case, we have from (30) that
ne + 1 <log, (ne—1+ (f — 1)) + Fa(f). (62)
Whenn,_1 € R®) (n}), it satisfies
N1 >1.5Ma(ng + 1, f) — L(ng + 1, f) (63)
=My(ng +1+1og, 1.5, f) — L(ng + 1, f).  (64)
Therefore, we can obtain similarly that
ny +1+log, 1.5 <log, (ng—1+ (f — 1))+ Fa(f).  (65)
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For a given n, letiing KX'®)(n) be the set ofk such that
ny, € R (ny 1) and letting(n) be the ratio defined as

K ()]
wi(n)

then the codeword length of satisfies from (3}, (62), and (65) that

B(n) = (66)

w}(n)
lo, f(n) = Z (e + 1)+ f
k=1
= Z (nk +1)
kgK(B)(n)
+ > ((ne+1+1log, 1.5) —log, 1.5)+ f
ke}C(B>(n)

< logs n — (B(n) log, 1.5 — Fy(f))wi(n)

+ G (f) + Ga(f —2)4 + [+ b2(n). (67)

Hence, whem is sufficiently large, the codeword length ;(n) be-
comes shorter thaog’ n if 3(n) log, 1.5 — F2(f) > 0, i.e.,

—log,(1—271)
log, 1.5

log, e
“log, 1.5

B(n) > t~25.277 (68)

where the approximation holds for ¥ < 1.

We now show that (68) holds for almost all positive integers. As-

sume that: is uniformly distributed over the set of integersatisfying
w}(n) = w fora given integet, and a random variabl¥;, is defined
as

69
|f ne € R(B)(’ﬂ//c+1) ( )

for such probability distribution. Then, from the definition of

RM) (nyy1) andRP (1), we have
Pr{Xr=0}=1 (70)
where k" = w — 1. Furthermore, since
IR ()| = [RY ()|
holds for anynz41 > f and any integer included iR® (ny 1) is

larger than integers iR"") (n, ), we can easily show that far > 3
andl < k< K-1

1
X1 =apg1} < 1

(71)

PI‘{_X/C I()|XK =0, Xg_1=xp_1," -

- - - - 1
PI‘{AYQ IOLXKIO, AXK_l =Th—1,""" ,AXQI;L’QHXl I;l'l}I§

(72)

hold for anyx s 1wk —2---
tively.# Obviously,

Thgr ANy 1Ko - -~ 2221, FESPEC-

Pr{X;, =1|Xx =0, X1 =241, ++, Xpg1 = 2p41} < 1
(73)

4For simplicity, a rough upper bound/4 is used in (71) although
Pr{Xk = 1|XK =0, Xg_1 =@p_1, -, 4\vk+1 = :rk+1} < 1/4 holds.
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also holds for anyk.
Hence, a sequenag; _ zx_2 - - - x1xo With m =
occurs with probabilityPr (z bounded above by

< ()
e
ORo

0

Z}f:ofk <w/2

IN

(74)

Therefore, we have

Pr {za’(V)— w} {Z X, _m} <:;)2‘ (75)

whereN is the random variable of. This means from the law of the
large number for the binomial distribution that for any fixéd< 1,/2

lim Pr{8(N) < 8o} =0.

w—00

(76)

Since it holds that-log, (1 — 277)/log,
%an conclude that

5 < 1/2for f > 3, we

lim Pr{l, s(N)>logy N}

—log, (1—=277)

< lim Pr
=T log, 1.5

w—00

{,@(N) < } =0. (77)

Theorem 2:In case off > 3, the codeword length of code
Cq, ¢(n) is shorter thaog; » in almost all of sufficiently large posi-
tive integers in the sense of (77).

IV. CONCLUDING REMARKS

We proposed a new recursive universal code of the positive integers,
the codeword length of which is shorter thiag; » in almost all of
sufficiently large positive integers.

Although we treated the binary case in the previous sections, the

results can easily be extended-tary code by usintpg, n, [r]Z, [a]!,
IR B C S e
MG f) =" (78)
r—1
NG fra) = 17 al (79)

instead olog, n, [n]3, [a]}, Ma(j, ), N2(j. f, a), respectively. For
this case, we can show, in the same way as the binary casé V\(am
andlﬁ’f)(n) are bounded as follows:

L (n) < logl 4 ol fyuwf(n) +Go(f = 2)4 + f

+ G F(f) +6,(n) (80)

1P2(n) < logl m — (1= Fo(f)ywj(n) + G (f —2)+ + f

+ G Fe(f) + 26 (n) (81)
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where
F.(f)=-1lo 1=’ (82)
)= s T
_ r" log, e r" log, e
Gr = (rm = 1)(r" —log, ¢) + r(rm —log, e)
(rr” + (" —r) log, e) log, e
+ ,
r(rm —log, e)
log, e ("2 T+ (" —7) log, e
T —log, e |:r" -1 + r 83)
5u(n) < 08¢ {1 pun) = 1} . 84)
n log, n

G, goes tdog, e asr becomes large. We also note thatfesecomes
large, F,.(f) goes tolog, (r — 1), instead of zero, which is approxi-
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same cod€), (K ) to represeni(, instead of. ) [9]. Then the code
have the following structure:

Ci(no) =1%°0[Ks,]5 [Ksy—1ls -+ [K1]5 [Koly [nxo)s [nko—1l2

- [l [mol - (86)

FurthermoreS, in (86) can be represented 6% (S, ) instead ofl “°0.

By repeating such recurrence arbitrarily fixed timesodeC (o)
can be defined. But note thét, (no) is a doubly recursive code while
our codeC,, ¢(no) is a simple recursive code. The evaluation of the
asymptotic performance fdr:(no) is an open problem.

Finally, we note that Levenshteili’}; code and Bentley—Yao code
satisfy the lexicographic property. Recently, Nakamura and Murashima
[10] showed that if their devised cod&yv s (Ky) is used instead of
unary codel X0 in (85), the length of the code satisfies

w3(n)

I(n) <logy n+ Tn +log, m+ ¢ (87)

mately equal to one whenis large. This corresponds to the fact that in

ther-ary case, the optimal code length is givenlby: n — aw™(n)
with ¢ < log, log, e < 0 [2], [3]. This means that the codeword
length cannot become shorter tHag” » for all largen.5

Since functionu}(n) andw™ (n) are monotonically increasing func-
tions ofn, the term ofiw}(n) in (19) and (20) becomes significant com-
pared with constant terms for large But, the rate of increase is very
slow. Hence, the overhead of delimiter lengtts more severe than the

for any given integem > 0, and the lexicographic property also holds
in their code.
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