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A Relationship Between Linear Complexity and -Error
Linear Complexity

Kaoru Kurosawa, Member, IEEE, Fumio Sato, Takahiro Sakata, and
Wataru Kishimoto

Abstract—The -error linear complexity of a periodic sequence of pe-
riod is defined as the smallest linear complexity that can be obtained by
changing or fewer bits of the sequence per period. This correspondence
shows a relationship between the linear complexity and the minimum value

for which the -error linear complexity is strictly less than the linear
complexity.

Index Terms—Cryptology, linear complexity, stream cipher.

I. INTRODUCTION

Linear complexity is an important cryptographic criterion of stream
ciphers [5]. The linear complexity of a sequence(Y ), denoted by
LC (Y ), is defined as the length of the shortest linear feedback
shift register (LFSR ) that generates(Y ): In a stream cipher, a
keystream sequence(K) must have large linear complexityL because
Berlekamp-Massey algorithm [3] can efficiently find the LFSR that
generates(K) after examining at most2L consecutive bits of(K):

However, a high linear complexity does not necessarily ensure that
a sequence is cryptographically secure. For example, the sequence

(K) = (0; � � � ; 0; 1

N

; 0; � � � ; 0; 1

N

; � � � ; )

has the maximum possible linear complexityN , but it is obviously
cryptographically weak. After changing everyN th bit of the original
sequence, its linear complexity decreases to zero. This shows that se-
quences with high linear complexity may be well approximated by se-
quences with very low linear complexity.

From this observation, Ding, Xiao, and Shan introduced the notion
of k-error linear complexity [1]. (Actually, they called it sphere com-
plexity.) Thek-error linear complexity of a periodic sequence(Y ) of
periodN , denoted by LCk(Y ), is defined as the smallest linear com-
plexity that can be obtained by changingk or fewer bits of the sequence
per period. They showed some bounds onk-error linear complexity
for several sequences [1]. Independently, Stamp and Martin showed a
polynomial time algorithm which computesk-error linear complexity
LCk(Y ) for periodN = 2n [6].

This correspondence shows a relationship between the linear com-
plexity and the minimum valuek for which thek-error linear com-
plexity is strictly less than the linear complexity. For a periodic se-
quence(Y ) of periodN , we defineminerror (Y ) as the minimum
value ofk such that

LCk(Y ) < LC (Y ):
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In other words,minerror (Y ) is the smallest Hamming weight of an
error vectorEN such that

LC (Y + E) < LC (Y )

whereEN denotes one period of(E):
We first prove that

minerror (Y ) = 2W (N�LC (Y ))

for binary sequences(Y ) with periodN = 2n, whereWH(N �

LC (Y )) denotes the Hamming weight of the binary representation of
N �LC (Y ): The conditionN = 2n implies that1�xN = (1�x)N

over GF(2), which makes our analysis easy. Massey, Costello, and
Justesen [4] derived a property of the weight of(1� x)sf(x) and ap-
plied this property to error-correcting code constructions. Our analysis
is based on this property.

Next, for k = minerror (Y ), we show a necessary and sufficient
condition for LCk(Y ) = 0; 1; 2 and LCk(Y ) > 2 in terms of the
Hamming weight of(Y ):We also present an upper bound on LCk(Y ):

The above results are easily generalized to nonbinary sequences(Y )
over GF(pr) with periodN = pn:

Finally, we completely determine thek-error linear complexities
LCk(Y ) of binary m-sequences(Y ) with the linear complexity
LC (Y ) = prime:

II. L INEAR COMPLEXITY AND k-ERRORLINEAR COMPLEXITY

For a sequenceY N = (y0; y1; � � � ; yN�1) of lengthN over GF(q);
let

yN (x)
�
= y0 + y1x + � � �+ yN�1x

N�1:

Let(Y ) denote the periodic sequence obtained by appending the copies
of Y N : For (Y ), let

y(x)
�
= yN (x) + yN (x)xN + yN (x)x2N + � � �

= yN (x)=(1� xN ):

For example, for a binary sequence

Y 21 = (111110101001100010000)

we have

y21(x) = 1 + x+ x2 + x3 + x4 + x6 + x8 + x11 + x12 + x16

y(x) = (1 + x + x2 + x3 + x4 + x6 + x8 + x11

+ x12 + x16)=(1� x21)

= 1=(1 + x+ x5):

Then it is known that

LC(Y ) = deg (1 + x+ x5) = 5:

Generally, the following proposition holds.

Proposition 2.1: (See, for example, [1].) Let

g(x)
�
= gcd (1� xN ; yN (x)):
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Then

LC(Y ) = N � deg g(x):

Lemma 2.1: For a binary sequence(Y );

(1) LC(Y ) = 1 if and only if (Y ) = (1; 1; 1; � � �):
(2) LC(Y ) = 2 if and only if (Y ) = (1; 0; 1; 0; � � �) or

(0; 1; 0; 1; � � �):
Proof: Note that

1=(1� x) = 1 + x+ x2 + � � � ;

1=(1� x2) = 1 + x2 + x4 + � � � ;

x=(1� x2) = x+ x3 + x5 + � � � : Q.E.D.

Next, for an error sequence

EN = (e0; e1; � � � ; eN�1)

letWH(E
N) denote the Hamming weight ofEN : Let (Y +E) denote

the periodic sequence obtained by appending the copies ofY N +EN :
Thek-error linear complexity of(Y ) is defined by [1], [6]

LCk(Y )
�
= min

W (E )�k
LC (Y + E):

For example, LC(Y ) = N for a binary sequenceY N =
(0; � � � ; 0; 1): However, LC1(Y ) = 0 because

Y N + (0; � � � ; 0; 1) = (0; � � � ; 0):

This shows that a high linear complexity does not ensure that a se-
quence is cryptographically secure. It also shows the importance of
k-error linear complexity.

ForEN = (e0; e1; � � � ; eN�1), let

eN(x)
�
= e0 + e1x+ � � �+ eN�1x

N�1:

We say thatEN is an error vector andeN(x) is an error polynomial.

III. POLYNOMIAL HAMMING WEIGHT [4]

For a nonnegative integers, letWH(s) denote the Hamming weight
of the binary representation ofs: For

e(x) = 1 + xa + � � �+ xa

define

W (e(x))
�
= q:

Massey, Costello, and Justesen proved the following propositions for
polynomials over GF(2):

Proposition 3.1 [4] :

W ((1� x)s) = 2W (s): (1)

Proposition 3.2 [4]: For any polynomialf(x) such thatf(1) = 1

W ((1� x)sf(x)) � 2W (s): (2)

IV. M INIMUM k OF k-ERRORLINEAR COMPLEXITY

We defineminerror (Y ) as the minimum value ofk such that

LCk(Y ) < LC (Y ):

In other words,minerror (Y ) is the smallest Hamming weight of an
error vectorEN such that

LC (Y + E) < LC (Y ):

In this section, we prove that

minerror (Y ) = 2W (N�LC (Y ))

for binary sequences(Y ) with periodN = 2n: SinceN = 2n, we
have

gcd (1� xN ; yN (x)) = gcd ((1� x)2 ; yN (x))

= (1� x)s

for somes: That is,

yN (x) = (1� x)sy1(x) (3)

for somey1(x) such thaty1(1) = 1(6= 0): Then from Proposition 2.1

LC (Y ) = N � s: (4)

Next, for an error vectorEN , suppose that

gcd ((1� x)2 ; yN (x) + eN(x)) = (1� x)z (5)

for somez: Then

LC (Y +E) = N � z

from Proposition 2.1. Therefore,

LCk(Y ) = min
W (E )

LC (Y + E)

= N � max
W (e (x))�k

z: (6)

From (4) and (6), we see that

LCk(Y ) < LC (Y )

if and only if there existseN(x) such thatz > s.

Lemma 4.1: LC (Y + E) < LC (Y ) if and only if

eN(x) = (1� x)se1(x) (7)

for somee1(x) such thate1(1) = 1(6= 0):
Proof: We prove thatz > s if and only if (7) holds, wheres and

z are defined by (3) and (5), respectively. Suppose that

eN(x) = (1� x)ce1(x)

for somec, wheree1(1) = 1(6= 0): If c > s, then

yN (x) + eN(x) = (1� x)s(y1(x) + (1� x)c�se1(x)):

Therefore,

gcd ((1� x)2 ; yN (x) + eN(x)) = (1� x)s
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andz = s: Similarly, if c < s; then we havez = c < s: Finally,
suppose thatc = s: Then

y
N (x) + e

N(x) = (1� x)s(y1(x) + e1(x)):

Sincef(1) + e1(1) = 1 + 1 = 0 we have

y1(x) + e1(x) = (1� x)g(x)

for someg(x): Therefore,

y
N (x) + e

N(x) = (1� x)s+1g(x):

Hence

z � s+ 1 > s: Q.E.D.

Theorem 4.1: If N = 2n, then

minerror (Y ) = 2W (N�LC (Y))
:

Proof: First, from Lemma 4.1, we have

minerror (Y ) = min
e (1)=1

W ((1� x)se1(x)):

Next, from Propositions 3.2 and 3.1, ife1(1) = 1, then

W ((1� x)se1(x)) �W ((1� x)s) = 2W (s)
: (8)

Finally,

s = N � LC; (Y )

from (4). Q.E.D.

Next we say thatEN (resp.,eN(x)) is a critical error vector (resp.,
polynomial) for(Y ) if

WH(E
N) = minerror (Y ) (9)

and

LC (Y + E) < LC (Y ): (10)

Note that fork = minerror (Y )

LCk(Y ) = min LC (Y +E)

where the minimum is taken over the critical error vectorsEN : From
the proof of Theorem 4.1, we have the following corollary.

Corollary 4.1: Suppose thatN = 2n: Let s = N � LC (Y ): Then
eN(x) is a critical error polynomial for(Y ) if and only if eN(x) =
(1� x)se1(x) for somee1(x) such thate1(1) = 1 and

W ((1� x)se1(x)) = W ((1� x)s) = 2W (s)
:

We show an example. Let

Y
16 = (1101010011100111):

Then

y
16(x) = 1 + x+ x

3 + x
5 + x

8

+ x
9 + x

10 + x
13 + x

14 + x
15

gcd (1� x
16
; y

16(x)) = (1� x)5 (s = 5)

LC (Y ) = 16� 5 = 11:

Now from Theorem 4.1, we see that

minerror (Y ) = 2W (16�11) = 2W (5) = 22 = 4:

This means that

11 = LC (Y ) = LC1(Y ) = LC2(Y ) = LC3(Y ) > LC4(Y ):

Further,eN(x) is a critical error polynomial for(Y ) if and only if

e
N(x) = (1� x)5e1(x)

for somee1(x) such thate1(1) = 1 and

W ((1� x)5e1(x)) = W ((1� x)5) = 2W (5) = 4:

V. LCk(Y ) FORk = minerror (Y )

Let k = minerror (Y ): In this section, we show a necessary and
sufficient condition for LCk(Y ) = 0; 1; 2 and LCk(Y ) > 2 in terms
of W (yN (x)) for binary sequences(Y ) with periodN = 2n: We also
present an upper bound on LCk(Y ):

Let s = N � LC (Y ): Remember that

y
N (x) = (1� x)sy1(x) (11)

for somey1(x) such thaty1(1) = 1 from (3).

Lemma 5.1: Suppose thatN = 2n: Let

a
N (x) = (1 + x

2 + x
2�2 + � � �+ x

2 �2 )a1(x)

wheredeg a1(x) < 2l: If

N � 2l > N � LC (Y ) (= s)

then

W (yN(x) + a
N (x)) � 2W (s)

:

Further, if the above equality holds, then

LCk(Y ) � LC (aN(x)):

(Note thataN (x) represents a repeated sequence ofa1(x) with period
2l:)

Proof:

(1� x
2 ) (1 + x

2 + � � �+ x
2 �2 ) = 1� x

2
:

Therefore,

1 + x
2 + � � �+ x

2 �2 =
(1� x)2

(1� x)2
= (1� x)2 �2

:

Let

f(x)
�
= y

N (x) + a
N (x):

Then

f(x) = (1� x)sy1(x) + (1� x)2 �2
a1(x)

= (1� x)sfy1(x) + (1� x)2 �2 �s
a1(x)g:

Note that2n � 2l � s > 0 from our assumption. Hence

y1(1) + (1� 1)2 �2 �s
a1(1) = y1(1) = 1:

Therefore,W (f(x)) � 2W (s) from Proposition 3.2.
Next, suppose thatW (f(x)) = 2W (s): Thenf(x) is a critical

error polynomial from Corollary 4.1. Therefore,

LCk(Y ) � LC (yN(x) + f(x)) = LC (aN(x)): Q.E.D.
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It is clear that LCk(Y ) = 0 if LC (Y ) = 1: Therefore, we consider
LCk(Y ) for LC (Y ) � 2:

Theorem 5.1: If LC (Y ) � 2, then

2W (s)
�W (yN(x)) � N � 2W (s)

: (12)

Further

(1) LCk(Y ) = 0 if and only ifW (yN(x)) = 2W (s).
(2) LCk(Y )=1 if and only ifW (yN (x))=N�2W (s)>2W (s):

(3) LCk(Y ) � 2 if and only if LC(Y ) � 3 and

2W (s)
< W (yN (x)) < N � 2W (s)

:

LCk(Y ) = 2 if and only if the following condition is satisfied
as well. Let

b(x)
�
= 1 + x

2 + x
4 + � � �+ x

N�2
:

Then

W (yN(x) + b(x)) = 2W (s) (13)

or

W (yN (x) + x � b(x)) = 2W (s)
: (14)

Proof: Equation (12) will be proved in the proof of (1) and (2).
(1) In lemma 5.1, leta1(x) = 0 andl = 0: Then we have

W (yN (x)) � 2W (s)
:

If W (yN (x)) = 2W (s) then

0 � LCk(Y ) � LC (aN(x)) = 0

from Lemma 5.1. Hence, LCk(Y ) = 0:
Conversely, suppose that LCk(Y ) = 0: Then there exists a critical

error polynomialeN(x) such that

y
N (x) + e

N(x) = 0:

Therefore,

W (yN(x)) = W (eN(x)) = 2W (s)

from Corollary 4.1.
(2) In Lemma 5.1, leta1(x) = 1 andl = 0: Then

a
N (x) = 1 + x+ x

2 + � � �+ x
N�1

:

Hence we have

N �W (yN (x)) = W (yN (x) + a
N (x)) � 2W (s)

:

Therefore,

W (yN (x)) � N � 2W (s)
:

If the above equality holds, then

LCk(Y ) � LC (aN(x)) = 1

from Lemmas 5.1 and 2.1. Suppose thatW (yN(x)) > 2W (s) as well.
Then LCk(Y ) � 1 from (1). Therefore,

LCk(Y ) = 1

if W (yN(x)) = N � 2W (s) > 2W (s):

Conversely, suppose that LCk(Y ) = 1: Then from Lemma 2.1, there
exists a critical error polynomialeN(x) such that

y
N (x) + e

N(x) = 1 + x+ x
2 + � � �+ x

N�1(= a
N(x)):

Therefore,

N �W (yN(x)) = W (yN (x) + a
N (x))

= W (eN(x)) = 2W (s)

from Corollary 4.1.
(3) From (1) and (2), LCk(Y ) � 2 if

2W (s)
< W (Y N (x)) < N � 2W (s)

: (15)

Next in Lemma 5.1, letl = 1 anda1(x) = 1 (that is,aN (x) = b(x))
or let l = 1 anda1(x) = x (that is,aN (x) = x � b(x)). In any case,
from Lemma 2.1, LC(aN(x)) = 2: Therefore, we have

LCk(Y ) � LC (aN(x)) = 2

if (13) or (14) holds. Therefore, LCk(Y ) = 2 if (13)–(15) hold.
Conversely, suppose that LCk(Y ) = 2: Then from Lemma 2.1, there

exists a critical error polynomialeN(x) such that

y
N (x) + e

N(x) = b(x) or x � b(x):

Therefore,

W (yN (x) + b(x)) = W (eN(x)) = 2W (s)

or

W (yN (x) + x � b(x)) = W (eN(x)) = 2W (s)

from Corollary 4.1. Q.E.D.

Next we show an upper bound on LCk(Y ): From Corollary 4.1,(1�
x)sxi is a critical error polynomial for0 � i < N � s = LC (Y ): In
this case,

y
N (x) + e

N(x) = (1� x)s(y1(x) + x
i):

Now let

Li
�
= gcd (1� x

N
; y1(x) + x

i):

That is,

y1(x) + x
i = (1� x)L gi(x)

for somegi(x) such thatgi(1) = 1:

Theorem 5.2:

LCk(Y ) � LC (Y )� max
0�i<LC (Y )

Li:

Proof: From Corollary 4.1,(1 � x)sxi is a critical error poly-
nomial for(Y ): Then from the definition ofk-error linear complexity
and Proposition 2.1

LCk(Y ) � N � max
0�i<LC (Y )

gcd (1� x
N
; y
N (x) + (1� x)sxi)

= N � max
0�i<LC (Y )

gcd (1� x
N
; (1� x)s(y1(x) + x

i))

= N � max
0�i<LC (Y )

gcd (1� x
N
; (1� x)s+Lgi(x))

= N � (s+ max
0�i<LC (Y )

Li)

= LC(Y )� max
0�i<LC(Y )

Li: Q.E.D.

VI. EXTENSION TO NONBINARY SEQUENCES

In this section, we generalize our results to nonbinary sequences(Y )
over GF(pr) with periodN = pn:

For a polynomiale(x) over GF(pr), letW (e(x)) denote the Ham-
ming weight ofe(x), i.e., the number of nonzero coefficients. Massey,
Costello, and Justesen extended Propositions 3.1 and 3.2 as follows [4].
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Proposition 6.1 [4]: If f(1) 6= 0, then

W ((1� x)Nf(x)) �W ((1� x)N):

Definition 6.1: For a nonnegative integeri which is written as

(im�1; � � � ; i1; i0)

in the radixp form, define

Prod (i)
�
=

m�1

j=0

(ij + 1):

Proposition 6.2 [4]:

W ((1� x)N) = Prod(N):

Then Theorem 4.1 is generalized as follows.

Theorem 6.1:minerror (Y ) = Prod (N � LC (Y )):

Next lets = N�LC (Y ): Then similarly to (3),yN (x) is written as

yN (x) = (1� x)sy1(x)

for somey1(x) such thaty1(1) 6= 1:

Theorem 6.2:eN(x) is a critical error polynomial for(Y ) if and
only if eN(x) = (1 � x)se1(x) for somee1(x) such thate1(1) =
�y1(1) and

W ((1� x)se1(x)) =W ((1� x)s) = Prod (N):

Theorems 5.1 and 5.2 are generalized as follows.

Theorem 6.3: If LC (Y ) � 2, then

W (yN(x)) � Prod (N):

Further, LCk(Y ) = 0 if and only ifW (yN(x)) = Prod (N):

Theorem 6.4: Let

Li
�
= gcd (1� xN ; y1(x)� y1(1)x

i):

Then

LCk(Y ) � LC (Y )� max
0�i<LC (Y )

Li:

VII. k-ERRORLINEAR COMPLEXITY OF BINARY m-SEQUENCES

In this section, we completely determinek-error linear complexi-
ties LCk(Y ) of binarym-sequences(Y ) with the linear complexity
LC (Y ) = prime:

Proposition 7.1 [2]: xp �x = product of all monic polynomials,
irreducible over GF(p), whose degree dividesm:

Corollary 7.1: Let p be a prime and letN = 2p � 1: Then

xN � 1 = (x� 1)
i

fi(x)

where fi(x) is an irreducible polynomial over GF(2) such that
deg fi(x) = p:

Theorem 7.1:Let (Y ) be a binarym-sequence with LC(Y ) = p =
prime: Then

LCk(Y ) =

LC(Y ) = p; for 0 � k � 2p�1 � 2

1; for k = 2p�1 � 1

0; for 2p�1 � k � 2p � 1:

Proof: Them-sequence(Y ) has a periodN = 2p � 1: Let Y N

denote one period of(Y ) andWH(Y
N) denote the Hamming weight

of Y N : Then it is known that [2]

WH(Y
n) = 2p�1:

Therefore,

LCk(Y ) = 1

if and only if

k = N �WH(Y
n) = 2p�1 � 1 (16)

from Lemma 2.1. This implies that

LCk(Y ) = 0; if k �WH(Y
N) = 2p�1:

Next for k � 2p�1 � 2; suppose thatLCk(Y ) is given byeN(x):
Then Corollary 7.1 implies that

(yN(x) + eN(x))=(1� xN ) = g(x)=f(x) or 1=(1� x) or 1

for someg(x) andf(x) such thatdeg g(x) < deg f(x) = p because
LCk(Y ) � LC (Y ) = p: In other words,

LCk(Y ) = p or 1 or 0:

However, from (16), we see that LCk(Y )=p if 0�k�2p�1�2.Q.E.D.

VIII. C ONCLUDING REMARKS

Stamp and Martin showed an efficient algorithm which computes
the k-error linear complexity LCk(Y ) of binary sequences with pe-
riod N = 2n for any k [6]. We can use this algorithm to obtain
minerror (Y ), which has been introduced in this correspondence.

Our contribution is that we have shown anexplicit expression of
minerror (Y ): It has been given to sequences(Y ) over GF(pr) with
periodN = pn: We have also derived some bounds on LCk(Y ) for
k = minerror (Y ): Finally, we have completely determined LCk(Y )
of binarym-sequences with LC(Y ) = prime:

It will be a further work to findminerror (Y ) for arbitrary period
N: It will also be interesting to find

(1) tighter bounds on LCk(Y ) and
(2) the second-minerror(Y ), that is, the minimum value ofk

such that

LC
k
(Y ) < LCk(Y )

wherek = minerror (Y ):
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Abstract—Recently, Albaneseet al. introduced priority encoding trans-
mission (PET) for sending hierarchically organized messages over lossy
packet-based computer networks [1]. In a PET system, each symbol in the
message is assigned a priority which determines the minimal number of
codeword symbols that is required to recover that symbol. This note re-
visits the PET approach using tools from network information theory. We
first outline that priority encoding transmission is intimately related with
the broadcast erasure channel with degraded message set. Using the infor-
mation spectrum approach, we provide an informational characterization
of the capacity region of general broadcast channels with degraded message
set. We show that the PET inequality has an information-theoretical coun-
terpart: The inequality defining the capacity region of the broadcast era-
sure channel with degraded message sets. Hence the PET approach which
consists in time-sharing and interleaving classical erasure-resilient codes
achieves the capacity region of this channel. Moreover, we show that the
PET approach may achieve the sphere packing exponents. Finally, we ob-
serve that on some simple nonstationary broadcast channels, time-sharing
may be outperformed. The impact of memory on the optimality of the PET
approach remains elusive.

Index Terms—Broadcast channels, coding exponents, erasure-resilient
codes, information spectrum, priority encoding transmission.

I. INTRODUCTION

The quality of packet voice and image on the Internet has been
mediocre due, in part, to congestion-induced packet losses. From the
end-user viewpoint, the Internet can actually be modeled as an erasure
channel acting over the large input alphabet formed by IP packets. On
an erasure channel, each input symbol is either faithfully transmitted
or erased, independently from its value. The output alphabet contains
the input alphabet plus a special symbol denoting erasure. Although
retransmission upon request, automatic repeat request (ARQ) has
traditionally been the way to turn computer networks into reliable
channels, the delay requirement of multimedia applications eliminates
the possibility of retransmission and renews the interest for forward
error correcting (FEC) [2]. Potential users of FEC also have to take
into account that standard multimedia compression techniques [4]
introduce a hierarchical structure in the information source.

The priority encoding transmission (PET) approach has been moti-
vated by the search for robust multicasting of digital video sequences
conforming to the MPEG standard [1]. In a first approximation, the
different sorts of frames constituting a GOP (group of pictures in the
MPEG methodology [4]) are assumed to form independent sources
(this would be true if compression were perfect). When using PET, the
source information is protected in such a way that even receivers under-
going high loss rates can reconstruct essential parts of the source flow
(for example, I-frames), while receivers undergoing lower loss rates
can reconstruct most of the flow.

This note outlines the connection between the pragmatically
motivated PET approach and thebroadcast channel with degraded
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message setdescribed in multiuser information theory [5]. In such
a broadcast channel, one transmitter tries to sendkkk independent
messagesm0; � � �mkkk�1 (corresponding to different priority levels)
to kkk receivers (enjoying different reception conditions). The messages
are multiplexed by a channel encoder into a sequence of input symbols
x, x = f(m0 � � �mkkk�1). The iiith receiver(0 � iii < kkk) gets a
corrupted versionyiii of the inputx, and tries to reconstruct messages
m0 � � �miii. At least from an intuitive viewpoint, the task faced by
priority encoding transmission and coping with broadcast channels
are similar. To elaborate further, let us recall more precisely the PET
code description.

A PET code over alphabetX , with message lengthm, code lengthn,
and nondecreasing priority function� is a pair of mappingsf (encoder)
fromXm toX n and� (decoder) from(X [ feg)n toXm [ frejectg
such that ifw0 is obtained fromf(w) by erasing at mostn � �(i)
symbols, then�(w0) coincides withw at least on the firsti symbols.
The values in the range of a priority function are called the priority
levels. In the sequel, theiiith level of the priority function is denoted by
�iii for 0 � iii < kkk.

The rate (resp., normalized rate) of a code represents the fraction
of information bits (resp., symbols) per symbol. Formally, the rateR
(resp., normalized rate~R) of a code of lengthn, withM codewords over
alphabetX is 1

n
log M (resp.,1

n
logjXj M), all logarithms being given

in base2. Following [1], a tuple of normalized rates( ~R0; � � � ~Rk�1) is
achieved by a PET system if and only if there are exactlyn~Ri symbols
from the message that are protected at leveli. Though PET was not
presented in a Shannon-theoretical perspective, the following relevant
inequality is proved in [1, Theorems 3.3, 5.4]. For any PET system

k�1

0=i

n~Ri

�i
� 1: (1)

Inequality (1) puts combinatorial limits on finite sets of fixed-length
words. When restricted, for example, to the case of one priority level,
it coincides with the Singleton bound:~R0 � �0=n. Note that the latter
bound cannot be achieved by codes of arbitrary length (cf., for example,
[1, Theorem 6.1]). On a given alphabet, arbitrarily long codes satisfying
the PET inequality do not exist and thus cannot be used to achieve
arbitrarily reliable transmission on lossy broadcast channels.

Moreover, the PET approach advocates a very simple method to
design broadcast codes. Packets are divided into slots, each slot size
defining an alphabet. For each priority level, apply a good point-to-
point erasure-resilient code over the small alphabet corresponding to
the slot size and then interleave the resulting codewords in the packets.
This is a version of the engineering approach called time-sharing in [6].
This approach is known to be nonoptimal on many broadcast channels.
Assessing the PET approach from an information-theoretical viewpoint
amounts to first checking whether the capacity region of broadcast era-
sure channels with degraded message sets can be exhausted using pri-
ority encoding transmission. In the affirmative, the second natural ques-
tion is: Does error probability decline as fast as possible when PET is
used?

We first use theinformation spectrum approach[7] to provide an in-
formational characterization of the capacity region of general broadcast
channels with degraded message set (DMS) in Section II. This charac-
terization illustrates the relevance to general broadcast channels with
memory of superposition codes as introduced in [6]. Then we show in
Section III that the PET approach achieves the capacity region of mem-
oryless broadcast erasure channels with DMS and, moreover, that it
may achieve the sphere-packing exponent of this channel. The last sec-
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tion shows that on some simple nonstationary broadcast erasure chan-
nels, time-sharing may be outperformed.

II. BROADCAST CHANNEL WITH DEGRADEDMESSAGESET

A. General Definitions

In the sequelXXX; YYY denote families of input processes and their cor-
responding output through a channelWWW . For eachn, Xn denotes a
random variable overXn andY n is distributed overYn according to
Wn(:jXn).Xn(i); Y n(i) denotes theith element ofXn; Y n.

The entropy of a random variableX, H(X) is defined by

H(X) = �
i

Pr fX = ig log Pr fX = ig:

The mutual information betweenX andY is defined by

I(X; Y )
�
= �

x; y

PrfX = xY = yg

� log
PrfX = x Y = yg

PrfX = xg PrfX = yg
:

The information spectrum approachhas been proposed recently to
handle systems with general dependencies [7]. It relies on the notion of
liminf in probability: p� lim infn!1 Xn is defined as the supremum
of � such thatlim supn!1 PrfXn < �g = 0. Given two random
processes(XXX; YYY ); the mutualinformation spectrum-infis defined by

I(XXX;YYY )
�
= p� lim inf

n!1

1

n

� log
PrfXn = xn Y n = yng

PrfXn = xng � PrfY n = yng
:

B. Broadcast Channels

To avoid confusion, sources (corresponding to requested priority
levels) and component channels (corresponding to different levels
of transmission reliability) will be indexed using boldface indices
iii; � � � ; kkk.

Definition 1: A k-ary broadcast channelWWW consists of a sequence
of joint probability transitionsWn(Y n

0 � � �Y n
kkk�1jX

n) fromXn toward
Yn�k. The marginal probability transitionsWiii(Y

n
iii jX

n) are called the
component channels.

A degraded message setcan be transmitted at rate(R0; � � �Rk�k�k�1)
overWWW with error probability� if and only if there exists a family of
(broadcast) codes

fn(m0; � � �mk�k�k�1) 7! x

and

�niii (yiii) = (m̂0; � � � m̂iii)

such that for almost all block lengthn, lim inf (log jMiiij=n) � Riii

and for alliii < kkk, the error probability experienced by theith receiver
satisfies

lim sup eiii(fn; �ni )
�
= max

m ; ���m

W [�niii (yiii) 6= (m000 � � �miii)jf
n(m0; � � �mkkk�1)] � �:

The rate-tuple(Riii) is than said to be�-achievable overWWW . A broadcast
code with block lengthn, rates(Riii), and error rate smaller than� for
all receivers on channelWWW is called an(n; R0 � � �Rkkk�1; �)-code over
WWW . A tuple of rates is achievable if it is�-achievable for all� > 0.

Remarks:

1) From the definition, it is immediate that the set of achievable
(resp.,�-achievable) rates is closed.

2) For broadcast channels, achievable rates do not depend on
whether we consider average (over codewords) or worst case
error probability (cf. [5], where no assumption on channel

memory is made). In the sequel, we will adopt the most conve-
nient viewpoint depending on the situation.

The memoryless broadcast channel with degraded message set has
received a single letter characterization [5, Theorems III.4.1 and 3], [8].
The information spectrum approach allows to give an informational
(though not computational) characterization of operationally defined
achievable rates over general broadcast channels.

Let us now define the class of families of input processesS as
UUU0; � � �UUUk�k�k�2; UUUk�k�k�1 with UUUk�k�k�1

�
= XXX and corresponding output

families YYY k�1
iii=0 as follows. For every block lengthn, Un

iii is inde-
pendent fromUn

i+i+i+2 � � �X
n; Y n conditionally onUn

i+i+i+1, and Y n
iii is

distributed according toWn
iii (:jX

n). Let us insist on the fact that the
variablesUn

iii (iii < k � 1k � 1k � 1) do not necessarily live in ann–dimensional
product space. Such families of input processes are general since no
consistency constraint between processes with different indicesn and
m is imposed. The structure of input families is inspired from the
superposition codes construction [6].

RWWW (UUUiii<kkk) is the set of tuple of rates(R0 � � �Rkkk�1) satisfying

0 �Riii � I(UUUiii;YYY iii jUUU iii�1; ���0); for iii < kkk

0 �
jjj�iii

Rjjj � I(UUUiii;YYY i); for iii < kkk:

Proposition 1: The set of achievable rates(R0; R1; � � �Rkkk�1)
over a broadcast channelWWW with degraded message set is the closure
of

UUU ; ���UUUkkk 2S

RWWW (UUU iii<kkk):

Proposition 1 can be completed by the determination of the region of
�-achievable rate tuples and by the characterization of those broadcast
channels that have the strong converse property.

RWWW (�; UUU iii<kkk) is the set of tuple of rates(R0 � � �Rkkk�1)
satisfying

lim sup
n!1

Pr _iii
1

n
log

PrfY n
iii ; U

n
iii jU

n
0 ; � � � ; U

n
iii�1g

Pr fY n
iii jU0; � � � ; U

n
iii�1g

�Riii:

_

_iii
1

n
log

PrfY n
iii ; U

n
iii g

Pr fY n
iii g

�
jjj�iii

Rjjj � �: (2)

This set is closed.

Proposition 2: The set of�-achievable rates(R0; R1; � � � ; Rkkk�1)
over a broadcast channelWWW with degraded message set is the closure
of

UUU ; ���UUUkkk 2S

RWWW (�; UUUi<ki<ki<k):

As \�>0RWWW (�; UUU iii<kkk) equalsRWWW (UUUiii<kkk), this could serve as a defi-
nition of RWWW (UUUiii<kkk). Proposition 2 has an intuitive interpretation: for
a tuple of rates to be�-achievable it is essential that the probability that
the amount of transmitted information is less than the corresponding
rate, is smaller than�. The statement of the two technical Lemmas 1
and 2 that are used to prove Propositions 1 and 2 reveals that this intu-
ition is quantitative.

A broadcast channel has thestrong converse propertyif for any
tuple of rates(R0; R1; � � � ; Rkkk�1), either (R000; R1; � � � ; Rkkk�1)
is �-achievable for all � or any sequence of codes with rates
(R000; R1; � � � ; Rkkk�1) has error probability converging toward1.
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Let R�
WWW (UUUi<ki<ki<k) be the set of rate-tuples defined by

lim inf
n!1

Pr _iii
1

n
log

PrfY n
iii ; U

n
iii jU

n
0 ; � � �U

n
iii�1g

PrfY n
iii jU0; � � �U

n
iii�1g

�Riii

_

_iii
1

n
log

PrfY n
iii ; U

n
iii g

Pr fY n
iii g

�
jjj�iii

Rjjj < 1: (3)

The broadcast channels that have the strong converse properties may
be characterized by the following condition.

Proposition 3: A broadcast channel with degraded message set has
the strong converse property if and only if

closure[[UUUiiiR
�
WWW (UUUi<ki<ki<k)] = closure[[UUUiiiRWWW (UUUi<ki<ki<k)]:

The proof of Propositions 1, 2, and 3 is an exercise ininformation
spectrum calculus. It relies on aninformation spectrumversion of Fe-
instein’s lemma (for direct parts) and of its dual (for converse parts).
To alleviate notations, we assumekkk = 2.

Lemma 1: Let UUU andXXX be any input sequence, then for any pos-
itive integer(R0; R1), for any positive
, there exists a broadcast
(n; R0; R1; en)-code satisfying

en � Pr
1

n
log

x

PrX jU (xnjun)Wn
0 (y

n
0 jx

n)

PrY fyn
0
g

� R0 + 


or
1

n
log

Wn
1 (y

n
1 jx

n)

PrY jU fyn
1
jung

� R1 + 


or
1

n
log

Wn
1 (y

n
1 jx

n)

PrY fyn
1
g
� R0 + R1 + 
 + 3 e�n
 :

Lemma 2: For everyn, any(n; R0; R1; en) broadcast code sat-
isfies

en � Pr
1

n
log x

PrX jU (xnjun)Wn
0 (y

n
0 jx

n)

PrY fyn
0
g

� R0 � 


or
1

n
log

Wn
1 (y

n
1 jx

n)

PrY jU fyn
1
jung

� R1 � 


or
1

n
log

Wn
1 (y

n
1 jx

n)

PrY jUUU fyn
1
g
� R0 + R1 � 
 � 3 e�n


whereUUUn is uniformly distributed on a set ofM0 = 2nR disjoint sets
(clouds) of codewords andPrX jU places probability2�nR over
each codeword in a cloud.

A sketch of the proof of those two lemmas is given in the Appendix.

Remarks on the Proof of Propositions 1 and 2:The proof of the
direct part is an application of Lemma 1 and of the definition of the
mutual information spectrum-inf, as in [9, pp. 2782–2784]. The proof
of the converse part is an application of Lemma 2 and of the definition
of the mutual information spectrum-inf, as in [9, p. 2783–2784].

Remarks on the Proof of Proposition 3:As

closure [UUUi<ki<ki<k
RWWW (UUUi<ki<ki<k) � closure [UUUi<ki<ki<k

R�
WWW (UUUi<ki<ki<k)

always holds, the proof amounts to showing that the strong converse
property is equivalent to

closure [UUUi<ki<ki<k
R�
WWW (UUUi<ki<ki<k) � closure [UUUi<ki<ki<k

RWWW (UUUi<ki<ki<k):

Proving that the strong converse property implies the inclusion is based
on Lemma 1 and simple closure properties. Proving that the proper
inclusion implies the strong converse property is based on Lemma 2 and
again on simple closure properties. Indeed, if the last inclusion holds,
the limiting probability that the amount of transmitted information is
below a certain value is either1 or 0.

Thus even though the superposition codes idea was first motivated
by memoryless broadcast channels, the information spectrum approach
shows that it remains fully relevant in face of memory. Indeed, for the
broadcast channel, the characterization of the capacity region described
in Lemma 1 is closer to the memoryless characterization than in the
case of the multiple-access channel (cf. [9]). And it is natural to ask
whether something is lost when using the PET method. In the next
section, we show that almost nothing is lost in the memoryless case,
while in the last section, a simple example shows it may be false in
face of memory.

III. L OSSYBROADCAST CHANNELS

A. General Characterization

When specialized to lossy channels, the information spectrum ap-
proach provides a simple characterization of the capacity of single-user
lossy channels. Let us first introduce another notation. The loss process
(ZZZ) is defined asZn(i) = 1 if Y n(i) is a loss,0 otherwise. The loss
process completely defines the erasure channel.ZZZ is assumed to be in-
dependent from channel inputs. LetXn(zn) denote the subsequence
of random variablesXn(i), such thatzn(i) = 0.

Proposition 4: The capacity of the erasure channel defined by the
loss processZZZ is

~C = 1� p- lim sup
1

n
i�n

Z
n(i):

Remark: An erasure channel has the strong converse property if and
only if 1

n i�n Zn(i) converges in probability toward a fixed value.
For stationary ergodic channels, the capacity only depends on the sta-
tionary loss probability, but dependence may dramatically change the
reliability function of the channel. Let

H(XXX)
�
= p- lim inf

n
�

1

n
log PrfXng:

Proposition 1 can be specialized to lossy broadcast channels.
RWWW (UUUi<ki<ki<k) is now the set of tuple of rates(R0 � � �Rkkk�1) satisfying

0 � Riii � I(UUUiii;XXX(ZZZiii) jUUUiii�1; ���0)

0 � Rkkk�1 � H(XXX(ZZZkkk�1) jUUUkkk�2; ���0)

0 �
jjj�iii

Rjjj � I(UUUiii;XXX(ZZZiii)); for iii < kkk�1

0 �
i<ki<ki<k

Riii � H(XXX(ZZZkkk�1)): (4)

Remark: If a broadcast erasure channel has exchangeable compo-
nent loss processes, it is said to be exchangeable. Such broadcast chan-
nels provide simple examples of stationary broadcast channels failing
to have to strong converse property.

B. Memoryless Broadcast Erasure Channels

1) Capacity Region:The structure of memoryless broadcast era-
sure channels is almost captured by Han’s inequalities [10] or the fol-
lowing theorem due to Shearer [11]

Theorem 1: LetXn be a collection ofn random variables andZn

be a collection ofn Boolean random variables, such that for eachi;

1 � i � n, Zi = 1 � ~C.
H(Xn(Zn)) � ~CH(Xn): (5)
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This theorem was a key ingredient in the derivation of inequality (1),
it enables here a direct derivation of the capacity region of the memo-
ryless broadcast erasure channel without resorting to the single-letter
characterization. It could as well have been used to derive the strong
converse for memoryless lossy broadcast channels without resorting to
the single-letter characterization, since it allows to use directly [5, Ch.
III.3, Lemmas 4.2 and 4.3] in the proof of the strong converse for lossy
broadcast channels [5, Theorem 4.3, Ch. III.4]. The following propo-
sition was independently pointed out in [12] and in [13], its proof par-
allels the proof of [1, Inequality 1].

Proposition 5: A tuple of rates(Rbf0; R1; � � �Rkkk�1) is achievable
over a memoryless broadcast erasure channel with degraded message
set if and only if

kkk�1

iii=1

Riii

Ciii

< 1: (6)

Thus achievable rates may always be achieved by time-sharing.
Proof of Proposition 5: Since time-sharing is always feasible

over stationary ergodic broadcast channels, only the converse part
needs to be proved. We prove it whenkkk = 2. Let (R0; R1) be an
achievable rate pair, then by [7, Proposition 1 and Theorem 8], there
exists a family of input processes(UUU; XXX) such that for any
 > 0,
there exists ann such that

R0 �
1
n
(H[Xn(Zn

0 )]�H[Xn(Zn
0 )jU

n]) + 


R1 �
1
n
H[Xn(Zn

1 )jU
n] + 
: (7)

Now

H[Xn(Zn
0 )] �

~C0

j�n

H[Xn(j)]:

On the other hand, since losses on each channel are assumed to be inde-
pendent, we may consider that the broadcast channel is stochastically
or even physically degraded: any symbol lost onWWW 1 is lost overWWW 0,
other symbols are lost overWWW 0 with probability1� ( ~C0=

~C1). Then
conditionally onZn

1 , the sequence of random variablesXn(Zn
0 ) is a

subsequence ofXn(Zn
1 ), a conditional use of Shearer’s theorem im-

plies

(H[Xn(Zn
0 )]jU

n; Zn
1 = zn1 ) �

~C0

~C1

H[Xn(zn1 )jU
n]:

Deconditioning with respect tozn1 , we get

H([Xn(Zn
0 )]jU

n) �
~C0

~C1

H[Xn(Zn
1 )jU

n]:

Substituting in (7) and adding the two inequalities, we get for arbitrary

 > 0

R0

~C0

+
R1

~C1

� log jX j + 2
:

Remark: The essential ingredient in the proof is the conditional ap-
plication of Shearer’s theorem (or Han inequalities). It is still rele-
vant to the analysis of exchangeable channels: The capacity region of
exchangeable broadcast erasure channels is also described by (6), al-
though those channels do not have the strong converse property.

2) Error Exponents: For good families of codes, error probabili-
ties of memoryless broadcast channels are known to decline exponen-
tially fast with block lengthn, provided the rate vector is in the ca-
pacity region of the channel [14], [15].E is called an attainable error
exponent if there exists a sequence of codes such that for any� >

0, for almost all block lengthn: maxiii eiii(n; R0; � � �Rkkk�1; W ) <
e�n(E��): The best error exponent is upper-bounded by the sphere-
packing boundEsp(:; W ) and lower-bounded by the random coding
boundErc(:; W ), informational characterizations of those quantities
are known [14], [15]. We are not aware of the existence of a gen-
eral algorithm capable of computing the value of the exponents for
broadcast channels but, fortunately, the broadcast erasure channel is
simple enough so that those two quantities can be determined. A refined
assessment of the PET approach consists in comparing the random
coding exponent for PET codes with the sphere-packing exponent for
memoryless broadcast erasure channels. Let us first recall the form of
the sphere-packing and random-coding exponent for the single-user
erasure channel. Gallager’s approach [16] provides a closed form for
single-user erasure channel exponents. Let

h(x; y)
�
= x log

x

y
+ (1� x) log

1� x

1� y
denote the relative entropy between two Bernoulli random variables
with parametersx andy, then

Esp(R; W ) = h(~R; ~C):

Let now the critical rate be
~Rcr

�
= ~C=(~C + jX j(1� ~C))

then the random coding exponent satisfies

Erc( ~R; W ) =Esp(~R; W ); if ~Rcr � ~R < ~C (8)

=Esp(~Rcr; W ) + ~Rcr �R; if ~R � ~Rcr: (9)

Remarks: For erasure channels, the random coding exponent only
depends on~R, ~C, andjX j. It will be denotedErc( ~R; ~C; X ). For large
alphabets, the sphere-packing exponent and the random-coding expo-
nents coincide over a wide range of rates. Inspection of the derivation
of the coding exponents of erasure channels (cf. [5]) shows that if we
considerkkk erasure channels with capacitiesC0 < � � �Ckkk�111, it is al-
ways possible to find a family of codes that realizes simultaneously the
kkk random coding exponents for thekkk channels.

The multiplexing strategy described here encompasses the partition
refinement idea described in [1]. It is parameterized by the block length
n, the bit lengthl of a packet(jX j = 2l), the number of priority levels
kkk (kkk � l), the ratesRiii at which the different priority levels should be
encoded for0 � iii < kkk, and the capacities of the component channels
(Wiii): (Ciii). We assume that

iii<kkk

(Riii=Ciii) < 1:

In a PET code, for alliii < kkk, liii bits from each packet will be dedicated
to encoding of messagemiii at normalized rate~R

0

iii. We will have to
satisfy the constraints

iii
liii = l andliii ~R

0

iii = l~Riii.
The total bit length of a codeword will benl, andnliii bits will be

dedicated to the encoding of theiiith priority level. The PET code de-
signer still has to tradeliii’s and ~R

0

iii’s. And one may wonder whether
this is the best way to minimize the error probabilities experienced by
the different receivers, i.e., whether spreading information from theith
priority level over the whole packet would not improve the error expo-
nents. The following propositions constitute a partial answer to those
questions. In the sequel,� denotes the set of vectors fromkkk such that

kkk

iii=0 �iii = 1 and�iii � 0.

Proposition 6: For a broadcast erasure channelW , with capacities
(Ci)i<k, and degraded message set, the sphere packing exponent is at
most

inf
�2�

max
iii

h
~Riii

�iii
; ~Ciii :
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Proposition 7: For a broadcast erasure channelW , with degraded
message set, the random coding exponent achieved by juxtaposing and
interleaving single-user erasure codes is

sup
�2�

min
iii

Erc

~Riii

�iii
; ~Ciii; jX j

�iii :

Remarks: The supremum in both propositions is attained for a tuple
� where all terms in the minimization (or maximization) are equal.

Notice that if all ~Riii=�iii are larger than the critical rate of the era-
sure channel with normalized capacity~Ciii and alphabet sizejX j�iii , the
upper bound stated in Proposition 7 is achieved. The combination of
the two propositions seriously backs the following separation principle:
First design good single-erasure codes with the required rates and al-
phabets, second, multiplex them in the simplest way using juxtaposi-
tion and interleaving.

Proof of Proposition 6: The arguments use the change of channel
trick and a good guess of the twisted broadcast channel (cf. [5, Ch. II.5,
p. 167] or [14]). We will consider the case of two sources that are to
be transmitted at ratesR0 andR1 over a broadcast erasure channel
(W0, W1). (R0; R1) is assumed to be achievable. Now consider a
twisted memoryless broadcast erasure channel(Wn

0
0; Wn

1
0) with pair

of capacities

( ~C
0

0;
~C
0

1) = (1� �)( ~R0=�; ~R1=(1� �))

with � 2 (0; 1) and� > 0. The pair( ~R0; ~R1) is not achievable over
this twisted channel. Hence as the strong converse property holds for
memoryless broadcast channels [5], for any sequence of block broad-
cast codes, forn large enoughmaxi2f0; 1g ei(fn; �ni ) > 1 � �=2.
This means that for some pair of messages(m0; m1), the events
S0

�
= fy;�n0 (y) 6= m0g andS1

�
= fy;�n1 (y) 6= hm0; m1ig satisfy

max
iii

Wn
iii
0
(Siiijf

n(m0; m1)) > 1� �=2:

Notice that on a fixed input, the distributions of outputs through chan-
nelsWiii andW 0

iii have relative entropiesn� h(~C
0

iii;
~Ciii). Thus we have

[5, Ch. II.5]

h[Wn
iii
0
(Siiijf

n(m0; m1)); W
n
iii (Siiijf

n(m0; m1))] � n:h( ~C
0

iii;
~Ciii)

which implies:

max
iii

Wn
iii (Siiijf

n(m0; m1))

� min
iii

exp �
n h(~C

0

iii;
~Ciii)� h(�=2)

1� �=2
:

As � may be arbitrarily small, by continuity ofh, this in turn implies
that the sphere-packing exponent for the memoryless broadcast era-
sure channel is smaller thanmaxiii (h(~Riii=�iii;

~Ciii)) where�0 = � and
�1 = 1� �.

Proof of Proposition 7: Let �jjj denoteljjj=l for jjj 2 f0; 1g.
Let multiplexed single-user codes realize simultaneously the
random-coding exponents for the relevant erasure channels, for alli

eiii �
jjj�iii

e
�nE ( ~R

jjj
; ~Ciii; jXj jjj )

� (iii+ 1) max
jjj�iii

e
�nE ( ~R

jjj
; ~Ciii; jXj

jjj )
: (10)

Thus by monotonicity of the random-coding exponent with respect to
capacity

max
iii<kkk

eiii �kkk max
jjj�iii<kkk

e
�nE ( ~R

jjj
; ~Ciii; jXj

jjj )

�kkk max
iii<kkk

e�nE ( ~R
iii
; ~Ciii; jXj iii ): (11)

We get

Erc(R0 � � �Rkkk�1; W ) = sup
�2�

min
iii

Erc( ~Riii=�iii;
~Ciii; jX j

�iii):

IV. GENERAL BROADCAST ERASURECHANNELS

The engineering solution, i.e., time sharing and interleaving,
provides a good method to design broadcast codes over memoryless
broadcast erasure channels. It would be nice if it were also the case
over erasure channels with memory. Unfortunately, it is possible
to design asymptotically memoryless broadcast erasure channels
for which time sharing does not exhaust the capacity region. Let
(W0; W1) be defined in the following way. For every sequence
of six symbolsx6i � � � x6i+5 for i = 0 � � �1 either the first three
symbols x6i � � � x6i+2, or last three symbolsx6i+3 � � � x6i+5 are
erased by the powerful component channelW1, and four symbols,
either x6i � � � x6i+3, x6i; x6i+1; x6i+4; x6i+5, or x6i+2 � � � x6i+5
are erased. Blocksx6i � � � x6i+5 and x6j � � � x6j+5 are handled
independently by both component channels. This broadcast channel
is not stationary, although it is block-stationary and loss probability
is shift-invariant over both component channels. It does not have
long memory: Channel memory vanishes after six steps. Component
channels have capacities~C0 = 1=3 and ~C1 = 1=2, nevertheless
( ~R0; ~R1) = (1=6; 1=3) is an achievable rate pair: The channel
alphabet is assumed to be provided with a group structure, one symbol
of common informationm0 and two symbols of private information
(m1; m2) are encoded in six symbolsx0 � � � x5, in the following way:
x0 = x5 = m1, x2 = m2, x1 = x4 = m0 �m1, x3 = m0 �m2.
The common information can always be recovered from theWWW 0

output, the private information can always be recovered fromWWW 1

output. And
~R
~C

+
~R
~C

= 7=6 > 1. Notice that because losses are

not exchangeable, for the input sequence defined by this encoding,
the conditional entropy rates per variableH[XXX(ZZZ0)jUUU ] is 1=2 while
H[XXX(ZZZ1)jUUU ] is 2=3.

Hence the class of broadcast erasure channels over which time
sharing does not exhaust the capacity region, has still to be determined.

APPENDIX

Sketch of Proof of Lemma 1:Let(UUU; XXX) be a family of input pro-
cesses.M0 = 2bnR c elementsu1; � � � ; uM are generated according
to Un, then for eachui, M1 = 2bnR c codewordsxi; j are drawn
according toPrX jU . The message(i; j) is encoded byxi; j . To de-
scribe decoding let us define as in [9] the following information-spec-
trum typical sets.

Tn1 = (u; y
0
):

1

n
log x

PrX jU (xnju)Wn
0 (y0jx

n)

PrY fy
0
g

> R0 + 


Tn2 = (x; y
1
):

1

n
log

Wn
1 (y1jx)

PrY fy
1
g
> R0 + R1 + 


Tn3 = (u; x; y
1
):

1

n
log

Wn
1 (y1jx)

PrY jU fy
1
jug

> R1 + 
 :

Let Fi andEi; j denote the following sets:
Fi = f(ui; y

0
) 2 Tn1 g

Ei; j = f(ui; xi; j ; y
1
) 2 Tn2 \ Tn3 g:
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On receiving y
0

overWn
0 the decoder�0 reproducesi if and only if

there exists a uniquei such that(ui; y
0
) 2 Fi. On receiving an output

y
1

overWn
1 the decoder�1 reproduces(i; j) if and only if there exists

a unique(i; j) such that(ui; xi; j ; y
1
) 2 Ei; j .

Averaging the decoding error probability forWn
0 over the random

codes, using the exchangeability of messages, and the union bound, we
get for the average error probability on channelW0

e000 � Pr fu111; x1; 11; 11; 1; y000: (u1; y0) 62 T
n
1 g

+M0 �
u ; x1; 11; 11; 1; y

Pr fu1; y0g
u :(u ; y )2T

Prfu0g: (12)

But by definition ofTn
1 for any(u0; y0) 2 Tn

1

x

Prfx0ju0gWn
0 (y0jx

0) > M0 � e

 n � Prfy0g

hence for anyy0

u : (u ; y )2T

Prfu0g �
e�
n

M0
: (13)

Plugging (13) into (12) gives

e0 � Pr fTn; c
1 g+ e

�
n
: (14)

A similar argument is developed for the decoding error probability over
Wn

1 .

e1 � PrfTn; c
2 or T

n; c
3 g

+M1M0

u ; x ;1; y

Prfu1; x1;1; y1g

�
u ; x ; (x ; y )2T

Prfu0; x0g

+M1

u ; x ; y

Prfu1; x1;1; y1g

�
x ; (u ; x ; y )2T

Prfx0ju1g: (15)

But by definition ofTn
2 andTn

3 for anyy1 for anyu0; x0, if

(x0; y1) 2 T
n
2 :Wn

1 (y1jx
0) > e


 n
M0M1 Prfy1g

and if

(u1; x
0
; y1) 2 T

n
3 ;W

n
1 (y1jx

0) > e

 n

M1 Prfy1ju1g

hence

u ; x (x ; y )2T

Prfx0; u0g �
e�
n

M0M1
(16)

and

x (u ; x ; y )2T

Prfx0ju1g �
e�
n

M1
: (17)

Plugging (16) and (17) into (15)

e1 � PrfTn; c
2 or Tn; c

3 g+ 2:e�
 n: (18)

This terminates the proof of Lemma 1.

Proof of Lemma 2:Let the broadcast code and input process be
defined as in the statement of Lemma 2. Then let

L
1
n

�
= f(u; y0): Prfy0; ug � e

�
n Prfy0gg

L
2
n

�
= f(x; y1): Prfx; y1g � e

�
n Prfy1gg

L
3
n

�
= f(u; x; y1): Prfx; y1jug � e

�
n Pr fy1jugg:

Notice thatL1
n [L

2
n [L

3
n is the event described in the lemma’s state-

ment. By the union bound

PrfL1
n [ L

2
n [ L

3
ng � en

+
y

M

i=1

Prf(ui; y0) 2 L
1
n and�n0 (y0) = ig

+
y

M ;M

i=1; j=1

Prf(ui; xj ; y1) 2 L
2
n and�n1 (y1) = (i; j)g

+
y

M ;M

i=1; j=1

Prf(ui; xj ; y1) 2 L
3
n and�n1 (y1) = (i; j)g:

Now, using first the definition ofL1
n, then the fact that eachy0 belongs

to at most one decoding set

y

M

i=1

Prf(ui; y0) 2 L
1
n and�n0 (y0) = ig

=

M

i=1 y : � (y )=i

Prf(ui; y0) 2 L
1
ng

�

M

i=1 y : � (y )=i

Prfy0g e
�n


�
y

Prfy0g e
�n


:

Similar arguments are applied to the second and third summand, com-
pleting the proof of the lemma.
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Sequential Decoding for the Exponential Server Timing
Channel

Rajesh Sundaresan, Student Member, IEEE,and
Sergio Verdú, Fellow, IEEE

Abstract—We show the existence of a good tree code with a sequential
decoder for the exponential server timing channel. The expected number
of computations before moving one step ahead is upper-bounded by a finite
number. The rate of information transfer for this code is (2 ) nats per
second, i.e., one half of the capacity. The cutoff rate for the exponential
server queue is therefore at least (2 ) nats per second.

Index Terms—Computation, decoding metric, sequential decoder, single-
server queue, timing channel, tree codes.

I. INTRODUCTION

Sequential decoding of convolutional codes and tree codes ([1]–[5],
etc.) is a useful decoding technique wherein the average number of
computations performed is linear in block length as compared to an
exponential number of computations for the maximum-likelihood de-
coder. A vast majority of the literature on sequential decoding deals
with memoryless channels. A few papers, (for example, [6], [7]) extend
the sequential decoding technique to a class of channels with memory,
namely, finite-state channels. In this work we show that the sequential
decoding technique can be used on timing channels (for example, [8]
and [9]). Interestingly, this timing channel is a channel with memory
and cannot be described within the class of finite-state channels.

Specifically, we want to transmit information reliably through a
single-server queue [8], [9], at rates belowhalf the capacity, but with
manageable decoding complexity. In [8]–[10], a decoding technique
for block codes was described where the number of computations is
exponential inn, the number of packets. By imposing a tree structure
on the codes and using the sequential decoding technique, we save
on computations at the expense of the rate at which information is
reliably transmitted. This work is perhaps a first step in the direction
of finding good codes for communication over timing channels.

There are many versions of the sequential decoding technique. The
basic idea behind the Fano algorithm [3] is to move forward in the de-
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coding tree so long as we seem to be (based on a metric) on the right
track. Once the metric falls below a certain threshold, we backtrack
and explore other paths, possibly changing the value of the threshold
to account for the changed circumstances. The stack algorithm [4], [5],
extends the node with the highest metric at each stage, until the end of
the tree is reached. There is a relation between the number of compu-
tations in both these algorithms.

We are interested in finding bounds on the average number of com-
putations before proceeding one step forward in the correct path. The
difficulty with analyzing the performance of the sequential decoding
technique for communication systems with memory is the following.
When comparing two paths that are the same up to a certain node, the
choice of one or the other depends on the branches common to both
paths in a way that is typically difficult to handle. For memoryless chan-
nels, however, the metric that determines this choice can be selected so
that the choice does not depend on the common branches.

We can also get over this difficulty for timing channels. We show
that the firstmbranches can be summed up by one quantity that lends
itself to a simple analysis. Our proof is based on the proof in [2] for
multiple-access channels, restricted to single-user channels. Burke’s
output theorem for anM=M=1 queue plays an important role in deter-
mining a suitable metric. The main contributions of this work are the
choice of this metric, and a simple analytical artifice (used earlier in [8]
in a different context) that shows how the elegant technique in [2] can
be modified to prove the existence of a good tree code for this system
with memory.

Section II introduces the problem in the appropriate notation and
states the result. Section III contains the proof. We conclude with a
brief discussion in Section IV.

II. TREE CODES FORSINGLE-SERVER QUEUE

Before describing the tree code and our result, we briefly describe
the channel. The queue is initially empty. The encoder inputs a certain
(nonzero) number of packets at timet = 0: The last packet input at
time t = 0 is called thezerothpacket. Lety0 be the time at which the
zeroth packet exits the queue after service. The quantityy0 is therefore
the amount of unfinished work at timet = 0: Depending on the mes-
sage to be transmitted, the encoder then sends the first packet at time
x1 seconds, the second packet at timex2 after the first packet, and so
on. Thus the interarrival times of packets arex1; x2; � � � : The receiver
observes the interdeparture times,y1; y2; � � � ; following the departure
of the zeroth packet. LetR+ = [0;1): Let e�(s) = �e��s, s 2 R+:
The conditional probability density of the outputyn = (y1; � � � ; yn)
givenxn andy0 is

f�(y
njxn; y0) =

n

i=1

e�(yi � wi) (1)

where

wi = max 0;

i

j=1

xj �

i�1

j=0

yj (2)

is the server’s idling time before serving theith packet.
We now describe the tree code. We follow the notation in [2] with

a few modifications. At each instant of timet, the source generates a
letterut 2 f0; 1; � � � ;M � 1g; and the sequenceuuu = (u1; u2; � � �)
is encoded by a tree codeggg: The treeggg is such thatM edges leave
each node of the code tree. Each edge is labeled by anN -tuple of
nonnegative real numbers. The root node is labeled by the number of

S0018–9448/00$10.00 © 2000 IEEE
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packets input at timet = 0 including the zeroth packet. We denote by
ut = (u1; u2; � � � ; ut) the path leading from the root node to thetth
level. The code corresponding to the source sequenceut is given by
xNt ut 2 RNt

+ , where

xNt ut = x1 u1 ; � � � ; xN u1 ; xN+1 u2 ; � � � ; xNt ut

is the sequence of interarrival times of theNt packets for message se-
quenceut: Furthermore, we denote the entire codeword corresponding
to the source sequenceuuu by

xxx(uuu) = x1 u1 ; � � � ; xN u1 ; xN+1 u2 ; � � � :

The source sequence fromm to l is defined to be

ulm = (um; um+1; � � � ; ul):

Similarly, we define

xNl
Nm+1 ul = xNm+1 um+1 ; � � � ; xNl ul :

The set of all paths inggg that diverge fromuuu at themth level is called
themth incorrect subtree for the pathuuu, i.e.,

Um(uuu) = fûuu = (u1; � � � ; um�1; ûm; ûm+1; � � �): ûm 6= umg:

Let ggg be a tree code. We characterize the source as follows. The
source sequenceUUU = (U1; U2; � � �) is an independent and identically
distributed (i.i.d.) sequence of random variables where each source
letterUt is uniformly distributed on the setf0; 1; � � � ;M � 1g: The
tree codeggg then transmits information at a rateR nats per unit time,
where

R = lim
t!1

logM t

E
Nt

i=0

Yi

(3)

if the limit exists. All logarithms in this work are taken to be natural
logarithms. The quantityE Nt

i=0 Yi is the average time to receive
theNt packets, when the tree code isggg: This rate can also be written as

R =
logM

N
lim
t!1

E
1

Nt

Nt

i=0

Yi :

The quantityr = (logM)=N depends only on the structure of the
tree, and is a measure of the number nats of information transmitted
per packet.

We now define the metric. This metric depends on the quantityr:
Fix 0 < � < �=2 = �0: We take

� utjy0; y
Nt = M xNt ut jy0; y

Nt (4)

where

M(xnjy0; y
n)

�
= log

f� (ynjxn; y0)
n

i=1

e�(yi)
� nr(1 + "): (5)

The bias termnr(1 + ") in (5) is to make a fair comparison between
paths of different lengths.M(�j�; �) in (5) is similar to the metric in [2].
Note the dependence on the quantity�0 rather than�. This is because
the quantity f�(�j�; �) which determines the metric [2, eq. (4.4)] nor-
malizes tof� (�j�; �):

The functionM in (5) is further related to [2, eq. (4.4)] due to the
following special case of Burke’s output theorem [11]. Let� < �0: Let
the number of packetsQ0 at timet = 0, excluding the zeroth packet,
be distributed according to

Pr fQ0 = kg = 1� �=�0 1� �=�0
k
; k 2 Z+:

In addition to these packets, the zeroth packet is sent. Thus the zeroth
packet sees the queue in steady state upon arrival. Let the arrivals there-
after form a Poisson process of rate�. The zeroth packet departs the
queue at timeY0, whose probability density ise� ��: Furthermore, at
the moment of its departure, the queue is in equilibrium. The output
starting from timeY0 is then a Poisson process of rate� [11 Fact 2.8.2,
p. 60]. In other words,

E [f� (ynjXn; Y0)] =

n

i=1

e�(yi) (6)

where the expectation is with respect toXn andY0: Xn is a random
vector of i.i.d. exponential random variables with mean1=� seconds,
Y0 is independent ofXn, and is exponentially distributed with mean
1=(�0� �): The right-hand side of (6) is the normalizing denominator
within the log function in (5).

The decoder follows the stack algorithm. From a stack containing
some paths inggg, the decoder selects a path with the largest metric, ex-
tends it to the next level inM possible ways, and stores theM new
paths in the stack. A sorting is done as soon as the new paths are added.
The stack algorithm terminates for a tree code with finite depth as soon
as the last level of the tree reaches the stack top. As mentioned in [1],
we shall consider only infinite trees because the average complexity of
sequential decoding is most cleanly formalized and conservatively es-
timated in the framework of infinite trees. For finite trees, we also need
to evaluate the probability of error, which occurs when the last level of
the tree to reach the stack top is not the correct message sequence. The
proof in Section III applies to finite tree codes with simple modifica-
tions.

Using (1), the first term in the right-hand side of (5) can be expanded
as

log
f� (ynjxn; y0)

n

i=1

e�(yi)

=
n log �

�
�(�0 � �)

n

i=1

yi + �0
n

i=1

wi;

if yi � wi; for i = 1; � � � ; n

�1; otherwise

(7)

wherewi is the idling time defined in (2).
We now make the following important observation. Suppose we

compare two paths of lengthsj and l, respectively, that are identical
for the firstm � 1 nodes and diverge at themth node. The past up to
the firstm� 1 nodes can be summarized by one quantity

~ym�1 =

N(m�1)

i=0

yi �

N(m�1)

i=1

xi:

This quantity~ym�1 is the amount of unfinished work at the instant
when theN(m�1)st packet arrives. To decide which of the two paths is
placed higher on the stack, we can simply treat the(m�1)st node as the
root node with~ym�1 playing the role ofy0: The terms in (7) common
to both paths are the same up to the(m� 1)st node. Furthermore, the
wi’s for branches from nodem and beyond are unchanged with~ym�1
in place ofy0: This is because, fork > N(m� 1), we can rewrite (2)
as

wk = max 0;

k

i=N(m�1)+1

xi �

k�1

i=N(m�1)+1

yi � ~ym�1 :
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Thus the path metric depends on the common nodes only through the
unfinished work at the instant of the arrival of the last common packet.
This observation is summarized by

� uj jy0; y
Nj =� um�1jy0; y

N(m�1)

+ � ujmj~ym�1; y
Nj

N(m�1)+1 (8)

if j � m: Of course,� for the root node is taken to be0. Comparing
� uj jy0; y

Nj and� uljy0; y
Nl , wherel; j � m; and when the

two source sequences have identical initialm�1 branches, is therefore
equivalent to comparing

� ujmj~ym�1; y
Nj

N(m�1)+1 and � ulmj~ym�1; y
Nl
N(m�1)+1 :

Let Cm(ggg; uuu; yyy) denote the number of nodes inUm(uuu) that reach
the top of the stack for a given tree codeggg and a received sequenceyyy:
This is precisely the number of computations made in themth incorrect
subtree. Let

Cm(ggg) = E [Cm(ggg; UUU;YYY )]

be the average number of computations (averaged over the source se-
quence and output of the channel). The random variables over which
the expectation is taken are indicated in upper case letters. For each
L � 1, let

DL(ggg)
�
=
C1(ggg) + � � �+ CL(ggg)

L
:

DL(ggg) is, therefore, a measure of the average number of computations
required to move one step ahead on the correct path [1].

Theorem 1: For every� > 0, there exists a tree codeggg and a con-
stantA < 1 such that the rate of information transfer isR nats per
second whereR(1 + �) > �=(2e), andDL(ggg) � A for everyL � 1:

III. PROOF

A. Main Steps

Our proof technique to show the existence of a good tree code with
sequential decoding is the well-known random coding technique. A tree
is characterized by the number of packets at timet = 0, and the labels
for all the branches. A suitable distribution on these quantities induces
a distribution on the set of infinite trees (using extension theorems in
probability theory). We state some bounds over this ensemble of trees
and thence argue the existence of a good tree. We then prove the stated
bounds in the following subsection.

Choose" > 0 so that(1+�) > (1+")3: Fix � = e�1�0 = �=(2e):
Fix M andN so thatr = (logM)=N satisfies

r(1 + ") < log(�0=�) = 1 < r(1 + ")2:

Each realizationggg is a tree of infinite depth havingM branches per
node, the root node is labeled by a positive integerQ0 + 1, and every
branch of the tree is labeled by anN -tuple inRN

+ : Q0+1 is the number
of arrivals (including the zeroth packet) at timet = 0: The distribution
GGG on the set of infinite trees is described as follows.Q0 is selected
independent of the other branch labelings according to the distribution

Pr fQ0 = kg = (1� �=�)(�=�)k; for k 2 Z+:

Furthermore, eachN -tuple is i.i.d., and such that each component of
theN -tuple is independent and has densitye�: This induces a distri-
butionGGG on the set of infinite trees.

Let

TL(ggg; u
L; yNL) =

1

NL

NL

i=1

yi

denote the average time for a packet to exit, given the input message is
uL, and the output stream isyNL: Let TL(ggg) = ETL(ggg; U

L; Y NL):
Consider the random variableTL(GGG): The queue is in equilibrium at
time t = 0, and the arrivals thereafter are Poisson with rate�. By
Burke’s output theorem, the departures are also Poisson with rate�.
Hence, for everyL � 1

ETL(GGG) = 1=� (9)

where the expectation in (9) is with respect to the distributionGGG:
From the argument in Section I, while finding the expected number

of computations in themth incorrect subtree, the past up tom � 1
nodes can be summarized by one quantity~ym�1: Equilibrium att = 0
and Poisson arrivals thereafter ensures that theN(m�1)st packet (the
last common packet to the paths under consideration) sees the queue
in equilibrium upon arrival.~Ym�1 therefore has the same distribution
asY0: Consequently, the random variablesCm(GGG);m � 1; are iden-
tically distributed. Recall that

DL(GGG) = (C1(GGG) + � � �+ CL(GGG))=L:

In Section III-B we show the following result.

Proposition 1: If r(1 + ") < log(�0=�), there is a finiteK such
thatEC1(GGG) � K:

Stationarity and the ergodic theorem [12, p. 374] imply that, as
L ! 1, bothTL(GGG) andDL(GGG) converge almost surely to random
variablesT 0(GGG) andD(GGG), respectively, such thatET 0(GGG) = 1=�,
andED(GGG) = EC1(GGG) � K: Furthermore, becauseY0(GGG) has a
finite expectation, dominated convergence theorem implies that

E lim
L!1

1

NL
Y0(GGG) = 0:

Hence, with

T (GGG) = T 0(GGG) + lim
L!1

(Y0(GGG)=(NL))

we getET (GGG) = 1=�:
From Chebyshev’s inequality and the union bound on probabilities,

we obtain

P T (GGG) >
1 + "

�
[ D(GGG) >

2K(1 + ")

"
�

1 + "=2

1 + "

which implies that

P T (GGG) �
1 + "

�
\ D(GGG) �

2K(1 + ")

"
�

"=2

1 + "
> 0:

Hence, there exists a tree codeggg such thatT (ggg) � (1 + ")=� and
D(ggg) � 2K(1 + ")=":

Following the argument in [1], we then get

lim supDL(ggg) � 2K(1 + ")="

and, therefore,supfDL(ggg)A :L � 1g < A for some finiteA: More-
over, becauser(1 + ")2 > 1; we get

R(1 + ")3 = r(1 + ")3=T (ggg) � �r(1 + ")2 > �=(2e):

This concludes the proof of the Theorem.
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B. Expected Number of Computations Over the Tree Ensemble

In this subsection, we prove Proposition 1. Fix the first incorrect
subtreeU1(uuu): The number of computations in this subtree is upper-
bounded by (cf. [2, eq. (3.1)])

C1(ggg; uuu; yyy) �
l�0 j�1 û 2U (uuu)

� exp � ûj jy0; y
Nj � � uljy0; y

Nl :

Our aim is to find the expected value of this upper bound over the code
ensemble and the output. Clearly, this average value does not depend
on the source sequence due to symmetry.

We now look at âuj in the first incorrect subtree. The distribution of
GGG is such that the choice ofx1(û1); � � � ; xNj(û

j); is independent of
the choice ofxxx(uuu): Consequently, taking the expectation with respect
to the choice ofx1(û1); � � � ; xNj(û

j); and denoting that expectation
by Ê[�] as in [2], we get

ÊC1(GGG;uuu; yyy) �
l�0 j�1

exp �� uljy0; y
Nl

�

û 2U (uuu)

Ê exp � ûj jy0; y
Nj : (10)

The last summation in (10) can be upper-bounded as follows. This
would have been straightforward if it were not for the memory rep-
resented byy0:

Lemma 1:

û 2U (uuu)

Ê exp � ûj jy0; y
Nj � e�Njr" �

e(� ��)y

(1� �=�0)
:

Proof: There areexpfjNrg nodes at depthj in the setU1(uuu):
The left-hand side is, therefore, equal to

ejNr � e�jNr(1+") � Ê
f� yNj jXNj; y0

Nj

i=1

e�(yi)

(11)

where the expectation̂E[�] is with respect toXNj , which represents
the branch labelings for a generic path in the first incorrect subtree.

We now introduce an auxiliary random variableZ which denotes the
number of packets in the system when the zeroth packet departs after
service. The conditional distribution ofZ givenY0 = y0 is

P 0ZjY (zjy0) =
(�y0)

ze��y

z!

for z 2 Z+: The marginal ofZ when the service times are independent
and have densitye� is given by

P 0Z(z) = 1�
�

�0
�

�0

z

for z 2 Z+: The prime indicates that the service times have density
e� : Observe that

P 0ZjY (zjy0) =P 0Z(z)
e(� ��)y

(1� �=�0)

(�0y0)
ze�� y

z!

�P 0Z(z)
e(� ��)y

(1� �=�0)
(12)

where (12) follows from(�0y0)ze�� y =z! � 1 for everyz 2 Z+ and
y0 2 R+: Let

P 0Y jX ;Y ; P 0Y jY ; P 0Y jY ;Z ; P
0
Y

denote the conditional densities ofY Nj given the indicated random
variables. We then have the following sequence of inequalities:

Ê f� yNj jXNj ; y0

= Ê P 0Y jX ;Y yNj jXNj ; y0

= P 0Y jY yNj jy0

=
z2Z

P 0ZjY (zjy0)P
0
Y jY ;Z yNj jy0; z

a)
=

z2Z

P 0ZjY (zjy0)P
0
Y jZ yNj jz

b)

�
z2Z

P 0Z(z)P
0
Y jZ yNj jz

e(� ��)y

(1� �=�0)

c)
= P 0Y yNj e(� ��)y

(1� �=�0)
;

=
e(� ��)y

(1� �=�0)

Nj

i=1

e�(yi) (13)

wherea) follows becauseY0 andY Nj are conditionally independent
givenZ, a consequence of the memoryless property of the interarrival
times;b) follows from (12); in equalityc), the dependence ony0 has
been successfully separated; equality (13) follows from (6).

Substitution of (13) in (11) yields the lemma.

We continue with the proof of Proposition 1. Observe that the
random variables in the right-hand side of (10) areY0 and(XXX(uuu); YYY ):
Substitution of (5) and the result of Lemma 1 in (10), followed by the
expectation operation with respect toY0 and(XXX(uuu); YYY ); yields

EC1(GGG;uuu;YYY ) �
l�0 j�1

e�jNr"e�lNr(1+")

�
R

dy0 PY (y0)
e(� ��)y

(1� �=�0)

�
R

dyNl E f� yNljXNl; y0

Nl

i=1

e�(yi)

f� (yNljXNl; y0)

(14)

where the expectation in the innermost integral in (14) is with respect
to XNl: Observe that

E
f� yNljXNl; y0

f� (yNljXNl; y0)
=E f� yNljXNl; y0

4

�

Nl

�

Nl

i=1

e�(yi)
e(� ��)y

(1��=�0)

4

�

Nl

(15)

where (15) follows from (13). Furthermore, because2�0 = � and
PY (y0) = e���(y0), we obtain

R

dy0 PY (y0)
e2(� ��)y

(1� �=�0)2
=

(�=�� 1)

(1� �=�0)2
(16)
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and

R
dyNl

Nl

i=1

e�(yi)

2

=
R

dy �2e�2�y

Nl

= (�=2)Nl : (17)

Substitution of (15)–(17) in (14) yields

EC1(GGG;uuu;YYY ) �
l�0 j�1

e�jNr" � (�=�� 1)

(1� �=�0)2

� exp lN r(1 + ")� log
�

2�
:

The summation overj is finite. The summation overl is finite because
r(1 + ") < log(�=(2�)): Consequently,EC1(GGG) � K, for some
finite K:

IV. DISCUSSION

We have shown that for every� > 0, there is a tree code such that the
rate of information transferR, using the sequential decoding technique,
satisfiesR(1 + �) > �=(2e) nats per second, and the average number
of computations to move one step forward in the correct direction is
upper-bounded by a finite number. The quantity�=(2e)nats per second
is one half of the capacity, and is a lower bound on the cutoff rate for
sequential decoding. Some open questions remain. For example, we do
not know the cutoff rate for this exponential server timing channel.

Although we have not dealt with discrete-time timing channels [9]
in this work, analogous results follow straightforwardly. However, we
do not know a closed-form expression for the rate achievable using se-
quential decoding with an analogous metric. For the geometric service
time distributionP (S = k) = �(1��)k�1; k � 1; the corresponding
achievable rate in nats per slot is

max
�2[0;1�p1��)

� log
1�p1� �

1 +
p
1� �

+ log
2� �

�
:

Let�� be the maximizing�. To remove the dependence onY0 as in the
continuous-time case (cf. (13)), �� should satisfy

(1� (�� ��)) � 2� �� + 1� �
2

< 1:

Although we have not proved that this holds for all� 2 (0; 1), numer-
ical evidence indicates that this is so.

In practice, we need trees with finite depth having extra terminating
branches. These tail branches ensure that the last few source symbols
can also be decoded correctly with high probability. While this causes
a loss in rate, the loss is negligible if the number of additional branches
is small in comparison to the block length of the code. In this case,
we can easily show that the number of computations in each incorrect
subtree is upper-bounded by a constant that is independent of the code
length. Furthermore, the probability of error, when one of the other
terminating leaves reaches the top of the stack, can be made small by
choosing a sufficiently long tail [4]. We omit proofs for the rationale
of these simple modifications.

If all terminating leaves have the sameNt

i=1 xi, wheret is the max-
imum depth of the tree, then the state represented by~yt is the same
for all terminating leaves, given a sequence of received interdeparture
times. All states have therefore merged into a single one. Transmission
can then begin afresh, with a decision up to deptht not affecting future
decisions.

We finally remark that�, the net throughput in packets per second,
should be smaller than�=2 for the sequential decoding scheme to work
with finite per-branch computational complexity. Therefore, in already

existing systems, information can be piggy-backed through timing in
the above tree-code form only if the system is lightly loaded. Moreover,
unlike convolutional codes, we need to store the labels for the entire tree
at the decoder. Despite these drawbacks, this work is a positive step
in the direction of finding good codes for communication over timing
channels.
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Distributions
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Abstract—Analytical formulas for the entropy and the mutual informa-
tion of multivariate continuous probability distributions are presented.

Index Terms—Differential entropy, mutual information.

I. INTRODUCTION

The differential entropy of a random vectorXXX taking its values in
IRn with probability density functionp(xxx) is defined by

h(XXX) = �
IR

dxxx p(xxx) ln p(xxx)
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provided that the integral exists. Analytical expressions for the entropy
of univariate continuous distributions are known [12], [6]. For multi-
variate distributions very few formulas appear to be available. A list of
such formulas did appear in [2], where, besides the well-known expres-
sions for the normal and log-normal distributions, five other formulas
are given. Amazingly enough, out of these five expressions, four are
utterly wrong, namely, the formulas for the logistic, Pareto, exponen-
tial, and Weinman exponential distributions.

In this short communication we give a series of analytical expres-
sions for the entropy and the mutual information of continuous mul-
tivariate distributions. Space constraints having forced us to be very
concise, we refer to [8] for more details on the calculations, as well
as for additional expressions. It is worth remarking that for the distri-
butions considered in this correspondence the entropy and the mutual
information are defined for all values of the distribution parameters.
This is not always the case for the variances and the covariances, or
even the means [8].

Several nonparametric estimators for the differential entropy have
been developed, a review of which may be found in [4]. To our knowl-
edge, the bias of these estimators on finite samples has never been
tested on distributions other than the normal. This is clearly very re-
strictive and the entropy formulas below offer new possibilities, e.g.,
[7], [9]. It would be very interesting to study how some estimators
which have been proved to be consistent perform on finite samples.
Furthermore, from the formulas given hereafter, it is possible to con-
struct parametric entropy estimators.

Two mathematical functions will often appear, the gamma func-
tion �(z) and the digamma function	(z) = d[ln �(z)]=dz =
�0(z)=�(z). More information on them may be found in [1]. The
determinant of a matrix will be denoted bydet (�).

II. M ULTIVARIATE DIFFERENTIAL ENTROPIES

Unlike the entropy of discrete random variables, the entropy of con-
tinuous random variables, i.e., the differential entropy, is not invariant
under an invertible transformation of the variables. It will thus come as
no surprise that the following well-known lemma will indeed be very
useful. Its proof may be found in, e.g., [10].

Lemma 1: Let XXX andYYY be two vectors of random variables with
values inIRn, such thatYYY = f(XXX) wheref is a one-to-one differen-
tiable transformation fromIRn onto itself. Then

h(YYY ) = h(XXX)�
IR

dxxx p(xxx) ln jJ(f(xxx))j (1)

wherep(xxx) is the probability density ofXXX and

J(yyy) = det
@f�1i (yyy)

@yj 1�i;j�n

(2)

is the Jacobian of the inverse transformationf�1 (with the notation
f�1i � (f�1)i).

For densities belonging to the exponential family [5], it is possible
to simplify the calculation of the entropy by using the formula in
Lemma 2. Such densities take the form

p(xxx) =
1

C(���)
e��
��T (xxx) (3)

where��� 2 IRn is a vector of parameters,T is a transformation from
IRn onto itself, and

C(���) = dxxx e��
��T (xxx) (4)

is a normalizing constant. The� denotes the scalar product inIRn.

Lemma 2: The entropy of a random variableXXX, whose densityp(xxx)
belongs to the exponential family as defined by (3), is given by

h(XXX) = lnC(���)� ��� � rrr���[lnC(���)]: (5)

Proof:

h(XXX) = � dxxx p(xxx) ln p(xxx)

= lnC(���)� ��� � dxxx p(xxx)T (xxx):

But since

rrr���C(���) = dxxxT (xxx)e��
��T (xxx)

we obtain

h(XXX) = lnC(���)�
��� � rrr���C(���)

C(���)
:

We now present a list of differential entropies. In each case we give
the density, the entropy formula, and a short explanation on how the
formula was derived.

• An n-dimensionalPareto distribution of type IV has the density

p(xxx) =

n

i=1

�+ i� 1


i�i

xi � �i
�i

�1

� 1 +

n

j=1

xj � �j
�j

�(�+n)

(6)

wherexi > �i; � > 0; 
i > 0; �i > 0 for i = 1; � � � ; n. A Pareto
distribution of type III is obtained by setting� = 1. A Pareto dis-
tribution of type II is obtained by setting
i = 1, for i = 1; � � � ; n.
If one sets
i = 1 and�i = �i for i = 1; � � � ; n, then one gets a
Pareto distribution of type I. The joint density of any subset of the
components of a Pareto random vector is again of the form (6) [3].

The entropy is

�

n

i=1

ln
�+ i� 1

�i
+ (�+ n)

n

i=1

1

�+ i� 1

+

n

i=1

ln 
i � [	(1)�	(�)] n�

n

i=1


i : (7)

It is obtained by direct integration for a Pareto random vector of
type II, sayXXX , and for a Pareto random vector of type IV, sayYYY ,
from Lemma 1 and the relationsYi = �i(Xi � �i=�i)


 + �i for
i = 1; � � � ; n.

• The density of then-dimensionallogistic distribution is

p(yyy) =

n

i=1

�+ i� 1

�i
e
�

1 +

n

j=1

e
�

�(�+n)

(8)

with yyy 2 IRn; �i > 0 for i = 1; � � � ; n and� > 0. The joint
density of any subset of the components of a logistic random vector
YYY is again of the form (8) [11].

The entropy is

�

n

i=1

ln
�+i�1

�i
+(�+n)

n

i=1

1

�+i�1
+n[	(�)�	(1)]: (9)

This formula is derived from Lemma 1 and the fact that a logistic
random vectorYYY may be obtained by transforming a Pareto random
vectorXXX of type II according to

(Xi � �i)=�i = exp(�(Yi � �i)=�i)

with i = 1; � � � ; n.
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• Then-dimensionalBurr distribution has the density

p(yyy) =

n

i=1

(�+ i� 1)diciy
c �1
i 1 +

n

j=1

djy
c

j

�(�+n)

(10)

with yi > 0; ci > 0; di > 0 for i = 1; � � � ; n and� > 0. The joint
density of any subset of the components of a Burr random vectorYYY

is again of the form (10) [11].
The entropy is

�

n

i=1

ln(�+ i� 1) + (�+ n)

n

i=1

1

�+ i� 1

�

n

i=1

ln ci d
1=c
i + [	(1)�	(�)]

n

i=1

ci � 1

ci
: (11)

This expression is obtained from Lemma 1 and the relations
(Xi��i)=�i = diY

c
i for i = 1; � � � ; n and whereXXX is a Pareto II

random vector.

• Then-dimensionalexponential distribution has the density

p(yyy) =

n

i=1

�+ i� 1

�i
e

n

j=1

e � n+ 1

�(�+n)

(12)
with yi > �i; �i > 0 for i = 1; � � � ; n and� > 0. The joint density
of any subset of the components of a exponential random vectorYYY

is again of the form (10) [11].
The entropy is

�

n

i=1

ln
�+ i� 1

�i
+ (�+ n)

n

i=1

1

�+ i� 1
�

n

�
: (13)

It is obtained from Lemma 1 and the transformation

Xi=�i = exp((Yi � �i)=�i)

for i = 1; � � � ; n and whereXXX is a Pareto I random vector.

• The density of then-dimensionalWeibull distribution is

p(yyy) =

n

i=1

�+ i� 1

�i
ci

yi � �i
�i

c �1

� e

n

j=1

e � n+ 1

�(�+n)

(14)

whereyi > �i; ci > 0; �i > 0 for i = 1; � � � ; n and� > 0. The
joint density of any subset of the components of a Weibull random
vectorYYY is again of the form (14) [11].

The entropy is

�

n

i=1

ln
�+ i� 1

�i
+ (�+ n)

n

i=1

1

�+ i� 1
�

n

�

�

n

i=1

ln ci + [	(1) + ln�]

n

i=1

ci � 1

ci
: (15)

This expression is obtained from Lemma 1 and the transformation
of variables

(Xi � �i)=�i = exp([(Yi � �i)=�i]
c )� 1

for i = 1; � � � ; n; XXX being a Pareto II random vector.

• The density of then-dimensionalWeinman exponential distribu-
tion is

p(xxx) =

n�1

j=0

1

�j
e

(x �x )
(16)

where thexj > 0 are arranged in increasing order of magnitude,
with �j > 0 for j = 0; � � � ; n � 1 [11].

The entropy is

n�1

j=0

ln �j + n: (17)

It is obtained through direct integration.

• Then-dimensionalOrdered Weinman exponential distribution
has the density

p(yyy) = n!

n�1

j=0

1

�j
e
� (y �y )

(18)

whereyn � yn�1 � � � � � y1 > x0 = 0. Its entropy is
n�1

j=0

ln �j + n� ln(n!): (19)

This formula is derived from Lemma 1 and expression (17).

• The two-dimensionalGamma-exponential distribution has the
density

p(x1; x2) =
��1 �3
�(�2)

x�1 e�� x �� x x : (20)

It is defined forx1; x2 > 0, with the parameters�1; �2; �3 > 0.
The entropy is

1 + �2 � �2	(�2) + ln �(�2)� ln �3: (21)

This expression is derived from Lemma 2 since (20) may be written
in the form (3).

III. M UTUAL INFORMATIONS

The mutual information between two random subvectorsXXXa and
XXXb of ann-dimensional vectorXXX = (XXXa;XXXb) is the difference of
entropies

I(XXXa;XXXb) = h(XXXa) + h(XXXb)� h(XXXa;XXXb): (22)

We will denote the dimension ofXXXa asna, and that ofXXXb asnb. Of
coursena + nb = n. Some formulas for the mutual information are
given below. The following lemma will be helpful in understand most
of them. This lemma is a consequence of the data processing inequality
(e.g. [6]).

Lemma 3: Let fa : IRn
! IRn and fb : IRn

! IRn be
invertible functions andYYY a = fa(XXXa); YYY b = fb(XXXb). Then

I(YYY a; YYY b) = I(XXXa;XXXb): (23)

We now give some analytical expressions.

• For thePareto, logistic, Burr, exponential, and Weibull distribu-
tions the mutual information is given by

I(XXXa;XXXb) = ln

n

j=n +1

(�+ j � 1)

n

j=1

(� + j � 1)

+ (�+ na)

n

j=1

1

�+ j � 1

+ (�+ nb)

n

j=n +1

1

�+ j � na � 1

� (�+ n)

n

j=1

1

�+ j � 1
: (24)

The formula (24) is derived from Section II and (22). These five
distributions being related by one-to-one transformations, it follows
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from Lemma 3 that they have the same mutual information. Lemma
3 also implies that, besides the dimensions, the mutual information
can only depend on one of the distribution parameters, namely�.

• For the two-dimensionalordered Weinman exponential distribu-
tion the mutual information is

I(X1; X2) =

ln
1

�1

�0
2
� �1 +	

�0
�0 � 2�1

+	(1); if �1 <
�0
2

	(1); if �0 =
�0
2

ln
1

�1
�1 �

�0
2

+ 	
2�1

2�1 � �0
+	(1); if �1 >

�0
2
:

(25)

It is obtained through direct integration.
• The mutual information of theGamma-exponential distribution

is

I(X1; X2) = 	(�2)� ln �2 +
1

�2
: (26)

It is derived through direct integration. Note that it depends only on
the parameter�2. This is a consequence of Lemma 3.
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Source Code with Cost as a Nonuniform Random Number
Generator

Te Sun Han, Fellow, IEEE,and Osamu Uchida, Student Member, IEEE

Abstract—We show that an optimal source code with a cost function for
code symbols can be regarded as a random number generator generating
a random sequence (not necessarily a sequence offair coin bits) as the
target distribution in the sense that the normalized conditional divergence
between the distribution of the generated codeword distribution and the
target distribution vanishes as the block length tends to infinity.

Index Terms—Cost function, general source, normalized conditional di-
vergence, random number generation, source code with cost.

I. INTRODUCTION

In the problem of random number generation, the purpose is in gen-
eral to simulate the sourceYYY with a prescribed distributionqqq (called
the target distribution) by using the sourceXXX with a given proba-
bility ppp (called thecoin distribution). von Neumann [1] has initially
addressed this problem. He has considered the problem of simulating
a fair random bit by repeatedly using a biased coin with an unknown
distribution. Elias [2] has clarified that the optimal expected number
of generated fair random bits per coin toss is equal asymptotically to
the entropy rate of the sourceXXX . Moreover, Vembu and Verdú [3]
have shown that the optimal rate at which we can generate fair random
bits from a general sourceXXX with arbitrary accuracy in the sense of
some vanishing distance (e.g., the variational distance, the d-bar dis-
tance, and the normalized divergence) between the distribution of the
generated codeword process and the uniform distribution is equal to
lim infn!1(1=n)H(Xn). On the other hand, it was conjectured for
a long time on the basis of the folklore that an output sequence from
an optimal source code is auniform random sequence, because any
incompressible sequence seemingly looks like a uniform random se-
quence. Visweswariahet al. [4] and Han [5] have independently made
clear that this folklore is in fact true, that is, they have shown that an op-
timal variable-length source code can be regarded as a variable-length
random number generator in the sense that the normalized divergence
distance between the distribution of the generated codeword process
and theuniformdistribution actually vanishes as the block length tends
to infinity.

On the other hand, as is well known, if we imposeunequal costson
code symbols, it is no longer optimal to use the code which minimizes
the average codeword length. It is instead required to use the codes
which minimize the average codeword cost. Several studies have been
made on the source coding problem in this interesting setting. Karp [6]
has given an algorithm for constructing minimum-redundancy prefix
codes with unequal cost symbols. Iwataet al. [7] have proposed a uni-
versal lossless coding algorithm for minimizing the average codeword
cost for stationary sources based on the Lempel-Ziv (LZ78) code. Here-
after, we shall call the code constructed in the case with unequal cost
symbols thesource code with cost. Naturally, there would exist a bias
in the frequency of code symbols generated by an optimal source code
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with cost. Can we then consider the optimal variable-length source code
with cost as a variable-lengthnonuniformrandom number generator?
The purpose of this correspondence is to demonstrate that the answer
to this question is “yes.”

II. V ARIABLE-LENGTH SOURCECODING WITH COST

In order to state our problem in a more formal manner, letX be a
countably infinitesource alphabet andY be afinite code alphabet, re-
spectively. In the sequel all the logarithms are taken to the baseK �
jYj, wherejYj denotes the cardinality ofY . We denote the set of all
nonnull finite-length sequences taken fromY byY�. In this correspon-
dence, we consider quite general sources as follows. Let us define a
general sourceas an infinite sequence

XXX = fXn = (X
(n)
1 ; � � �X(n)

n
)g1
n=1

ofn-dimensional random variablesXn where each component random
variableX(n)

i (1 � i � n) takes values inX . It should be noted here
that each component ofXn may change depending on block length
n. This implies that the sequenceXXX is quite general in the sense that
it may not satisfy even the consistency condition as usual processes.
The class of sources thus defined covers a very wide range of source
including all nonstationary and/or nonergodic sources.

We define thecost functionc :Y� ! R
+ � (0;+1] as follows:

First, each symboly 2 Y is assigned the corresponding costc(y) such
that0 < c(y) � +1 (8y 2 Y), and then theadditivecostc(yyy) of
yyy = (y1; y2; � � � ; yk) 2 Yk is defined by

c(yyy) �

k

i=1

c(yi): (1)

Definition 1: R is called anachievable variable-length source
coding cost-ratefor the sourceXXX if there exists a variable-length
prefix encoder'n :Xn ! Y� given the cost functionc :Y� ! R

+

such that

lim sup
n!1

1

n
Efc('n(X

n))g � R

and the infimum ofR that are achievable variable-length source coding
cost-rates is denoted byRc

v(XXX), which we call theinfimum achievable
variable-length source coding cost-rate.

Then, we have the following variable-length source coding theorem
with cost1 for the general sourceXXX.

Theorem 1:

Rc
v(XXX) =

1

�c
lim sup
n!1

1

n
H(Xn) (2)

where thecost capacity�c is the positive unique rootα of the equation

y2Y

K��c(y) = 1

and

H(Xn) � �
xxx2X

PX (xxx) logPX (xxx):

Proof: See the Appendix.

1This kind of theorem has first been shown by Krause [8] for independent and
identically distributed (i.i.d.) finite alphabet sources.

III. SOURCECODE WITH COST AS ANONUNIFORM RANDOM NUMBER

GENERATOR

In this section we address the relationship between source codes
with cost and nonuniform independent and identically distributed
(i.i.d.) random number generators. Given a variable-length prefix
encoder'n :Xn ! Y�, we define for any positive integerm as

Dm � fxxx 2 Xn j l('n(xxx)) = mg

wherel(�) denotes the length of a string and we put

J ('n) � fmjPr fXn 2 Dmg > 0g:

For anym 2 J ('n), we defineXn
m as the random variable taking

values inDm with the distribution given by

PX (xxx) �
PX (xxx)

Pr fXn 2 Dmg
(xxx 2 Dm):

For any positive integerm, V (m) indicates an i.i.d. sequence
of length m. Let us now define the conditional divergence
D('n(X

n)kV (I )jIn) by

D('n(X
n)kV (I )jIn) �

m2J (' )

PrfIn=mgD('n(X
n
m)kV (m))

whereIn is the random variable such thatIn = m for Xn 2 Dm.
Then, the following theorem shows that, with the cost function

c :Y� ! R
+, the optimal variable-length source code with cost

can be considered as a variable-length random number generator
generating the variable-length i.i.d. random sequence subject to the
distributionqqqc corresponding to the cost functionc :Y� ! R

+, in
the sense that the normalized conditional divergence between the
distribution of the generated codeword process and the i.i.d. target
distribution vanishes as block lengthn tends to infinity.

Theorem 2: We assume that the entropy rate of the general source
XXX has the limitlimn!1(1=n)H(Xn).2 Let 'n :Xn ! Y� be any
optimalvariable-length prefix encoder in the sense that

lim
n!1

1

n
Efc('n(X

n))g= Rc
v(XXX): (3)

If we define the probability distributionqqqc = fqc(y)gy2Y corre-
sponding to the cost functionc by

qc(y) = K
�� c(y) (y 2 Y) (4)

then we have

lim
n!1

1

n
D('n(X

n)kV (I )jIn) = 0 (5)

whereV (m) stands for the i.i.d. sequence of lengthm subject to the
distributionqqqc.

Proof: Let yyy � (y1; y2; � � � ; ym) 2 Ym. From (4) we have

PrfV (m) = yyyg =

m

i=1

qc(yi)

=

m

i=1

K
�� c(y )

= K
�� c(yyy)

2The sources satisfying this assumption are not limited only to stationary
sources.
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for all m 2 J ('n). Then

D('n(X
n

m)kV (m))=
yyy2Y

Prf'n(X
n
m)=yyyg log

Prf'n(X
n
m)=yyyg

PrfV (m)=yyyg

=�c
yyy2Y

Prf'n(X
n
m)=yyygc(yyy)�H('n(X

n
m))

=�c
yyy2Y

Prf'n(X
n
m)=yyygc(yyy)�H(Xn

m)

where the last equality follows from the fact that'n is the one-to-one
mapping. Thus we have

�n �
1

n
m2J (' )

PrfIn = mgD('n(X
n
m)kV (m))

=
�c
n

m2J (' ) yyy2Y

PrfIn = mgPrf'n(X
n
m) = yyygc(yyy)

�
1

n
m2J (' )

PrfIn = mgH(Xn
m)

=
�c
n
Efc('n(X

n))g�
1

n
H(XnjIn)

=
�c
n
Efc('n(X

n))g�
1

n
H(Xn) +

1

n
H(In): (6)

Let

cmin � min
y2Y

c(y) > 0

then it follows fromcminIn � c('n(X
n)) that

E(In) �
Efc('n(X

n))g

cmin

which, together with (6) and the inequality (cf. [9])

H(In) � log[e(E(In))]

yields

�n �
�c
n
Efc('n(X

n))g�
1

n
H(Xn)

+
1

n
log e

Efc('n(X
n))g

cmin
: (7)

We see from (3) that

lim
n!1

1

n
log e

Efc('n(X
n))g

cmin
= 0:

On the other hand, a consequence of Theorem 1 is

Rc
v(XXX) =

1

�c
lim
n!1

1

n
H(Xn): (8)

Thus by (3), (7), and (8) we conclude that

lim sup
n!1

�n � �cR
c
v(XXX)� �cR

c
v(XXX) = 0

which proves (5).

Remark 1: We point out that Iwataet al.’s universal code [7] satis-
fies the condition (3) for any stationary sourceXXX, and, therefore, their
code can be regarded as providing auniversalalgorithm for nonuni-
form i.i.d. random number generation in the sense of (5), although it
works only when the source alphabetX is finite.

IV. COMPARISON WITH PREVIOUS RESULTS

Han [5] has earlier established the following result on theoptimal
variable-length prefix code withequal costc(y) = 1 (8y 2 Y), i.e.,
c(yyy) = l(yyy) (8yyy 2 Y�).

Theorem 3 [5]: We assume that the entropy rate of the general
sourceXXX has the limitlimn!1(1=n)H(Xn). Let'n :Xn ! Y� be
anyoptimalvariable-length prefix encoder satisfying

lim
n!1

1

n
Efl('n(X

n))g= Rv(XXX) (9)

whereRv(XXX) is the infimum of achievable variable-length source
coding rates. Then, we have

lim
n!1

1

n
D('n(X

n)kU (I )jIn) = 0 (10)

whereU (m) is the i.i.d. sequence subject touniform distribution on
Ym.

We notice here (cf. [5]) that, under the assumption of Theorem 3,
Rv(XXX) is given by

Rv(XXX) = lim
n!1

1

n
H(Xn):

It is easy to check that Theorem 3 is a special case of Theorem 2, be-
cause, in the case where all code symbols have equal costc(y) = 1, the
cost capacity�c = 1 and henceRc

v(XXX) = Rv(XXX). Our proof of The-
orem 2 is just paralleling the original proof of Theorem 3, and hence
Theorem 2 is a straightforward generalization of Theorem 3. On the
other hand, Visweswariahet al. [4] have also shown a variant of The-
orem 3, i.e., they have shown that theoptimal variable-length source
code with equal costc(y) = 1 can be considered as a random number
generator in the following sense.

Theorem 4: Let 'n :Xn ! Y� be any variable-length prefix en-
coder satisfying the condition (9), where the source alphabetX is finite,
unlike in Theorems 2 and 3. Then, there exists a sequence of setsGn

of positive integers such that

lim
n!1

PrfIn 2 Gng = 1

lim
n!1

max
m2G

1

m
D('n(X

n
m)kU (m)) = 0:

However, it does not seem to be easy to generalize Theorem 4 to be
valid also in the case with unequal costsc(y). One reason is that the
rather intractable setGn intervenes in Theorem 4 but not in Theorem 3.
It should be noted that the proof demonstrated in this correspondence
does not need the assumption that the source alphabetX is finite and
also that either of Theorems 3 or 4 does not imply one another because
Gn 6= J ('n) in general.

Remark 2: The existence of the limitlimn!1(1=n)H(Xn) for the
sourceXXX is the necessary and sufficient condition for (10) to hold under
the condition (9). To see this, we need the following theorem on the
variable-length random number generation. First, we callR anachiev-
able variable-length intrinsic randomness ratefor the sourceXXX if there
exists a variable-length mapping'n :Xn ! Y� such that

lim inf
n!1

1

n
Efl('n(X

n))g � R

and

lim
n!1

1

n
D('n(X

n)kU(I )jIn) = 0:

Moreover, the supremum ofR that are achievable variable-length
intrinsic randomness rates is denoted byS�v (XXX), which we call the
supremum achievable variable-length intrinsic randomness rate.
Then, we have
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Theorem 5 (Han [5], [10]): For any general sourceXXX with acount-
ably infinitesource alphabetX

S�v (XXX) = lim inf
n!1

1

n
H(Xn):

Since the sufficiency is implied by Theorem 3, it suffices to show the
necessity. Suppose that (10) holds. Then, from (10) and Theorem 5, we
have

lim inf
n!1

1

n
Efl('n(X

n))g � S�v (XXX) = lim inf
n!1

1

n
H(Xn):

Moreover, by means of Theorem 1 withc(y) = 1 (8y 2 Y)

lim sup
n!1

1

n
Efl('n(X

n))g � Rv(XXX) = lim sup
n!1

1

n
H(Xn):

As a consequence, since (9) implies

lim sup
n!1

1

n
Efl('n(X

n))g= lim inf
n!1

1

n
Efl('n(X

n))g

it follows that

lim inf
n!1

1

n
H(Xn) � lim sup

n!1

1

n
H(Xn)

which claims that the sourceXXX must have the limit

lim
n!1

(1=n)H(Xn)

V. VARIABLE-LENGTH CODING WITH GENERAL COSTFUNCTION

In Section III, we have shown that the optimal variable-length source
code with theadditivecost functionc :Y� ! R

+ defined by (1) can be
regarded as a variable-length random number generator generating the
variable-lengthi.i.d. random sequenceV (I ) subject to the distribution
qqqc depending on the cost functionc. In the same spirit, we may consider
the problem of generating a more general stochastic process instead of
V (I ). To do so, what kind of cost function should we introduce? In
the following, we consider the generation of an arbitrarily prescribed
general stochastic process (which may be nonstationary or nonergodic)
satisfying the consistency condition

q(yyy) =
y2Y

q(yyyy) (yyy 2 Y�) (11)

whereq denotes the probability measure. We denote the conditional
probability ofyi 2 Y given the sequenceyi�11 � (y1; y2; � � � ; yi�1) 2
Yi�1 by q(yijyi�11 ) and we assume that there exist some constants
qmin; qmax such that

0 � q(yijy
i�1
1 ) � qmax < 1 (8i; 8yi 2 Y; 8y

i�1
1 2 Yi�1) (12)

0 < qmin � inf
i; y ; y : q(y jy )> 0

q(yijy
i�1
1 ): (13)

Using this conditional probability, the probabilityq(yyy) of yyy 2 Y l is
written as

q(yyy) =

l

i=1

q(yijy
i�1
1 ) (yyy 2 Y l):

Let us now define thegeneral cost functionc :Y� ! R
+ as

c(yyy) � � log q(yyy) = �

l

i=1

log q(yijy
i�1
1 ) (yyy 2 Y l): (14)

Define theconditional costc(yijyi�11 ) of yi 2 Y given the sequence
yi�11 2 Yi�1 by

c(yijy
i�1
1 ) � � log q(yijy

i�1
1 )

and call the root� = �c of the equation

y 2Y

K��c(y jy ) = 1

thecost capacity�c of the general cost functionc. It is then obvious that
�c = 1 for all yi�11 2 Yi�1. Then, as a general version of Theorem
1, we have the following variable-length source coding theorem with
the general cost function (14) for the general sourceX. First, let us call
R anachievable variable-length source coding cost-ratefor the source
XXX if there exists a variable-length prefix encoder'n :Xn ! Y� with
the general cost function (14) such that

lim sup
n!1

1

n
Efc('n(X

n))g � R

and the infimum ofR that are achievable variable-length source coding
cost-rates is denoted byRc

v(XXX), which we call theinfimum achievable
variable-length source coding cost-rate.

Theorem 6:

Rc
v(XXX) =

1

�c
lim sup
n!1

1

n
H(Xn) (�c = 1):

Proof: On the basis of the assumption (13), we see that there ex-
ists a constantcmax such that

sup
i; y ; y : c(y jy )<1

c(yijy
i�1
1 ) � cmax <1

Then, Theorem 6 follows in entirely the same manner as in the proof
of Theorem 1, provided that the additive costc(yi) is replaced by the
conditional costc(yijyi�11 ), and accordinglyq(yi) = K�� c(y ) by
q(yijy

i�1
1 ) = K�� c(y jy ).

Finally, we have the following main theorem of this section which
says that the optimal variable-length source code with the general
cost functionc defined by (14) can be considered as a variable-length
random number generator generating the random sequence subject to
the given probability measureq.

Theorem 7: We assume that the entropy rate of the general source
XXX has the limitlimn!1(1=n)H(Xn). Given an arbitrary probability
measureq satisfying (11)–(13), we define the cost functionc :Y� !
R

+ by (14) and let'n :Xn ! Y� be anyoptimal variable-length
prefix encoder such that

lim
n!1

1

n
Efc('n(X

n))g= Rc
v(XXX):

Then, we have

lim
n!1

1

n
D('n(X

n)kV (I )
q jIn) = 0

whereV (m)
q is the random variable subject to the marginal distribution

onYm of the probability measureq.
Proof: From the assumption (12) we see that there exists a con-

stantcmin such that

0 < cmin � c(yijy
i�1
1 ) (8i;8yi 2 Y; 8y

i�1
1 2 Yi�1):

Using this property, we can show Theorem 7 in entirely the same
manner as in the proof of Theorem 2, provided thatc(yi), q(yi) are
replaced byc(yijyi�11 ), q(yijyi�11 ), respectively.
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Example: With a finite code alphabetY let us consider a Markov
process subject to transition probabilitiesq(yjy ) such thatq(yjy ) <

1 (8y; y 2 Y): Denoting the initial distribution byq(y), set

c(y) = � log q(y) c(yjy ) = � log q(yjy )

and define the costc(yyy) of a sequenceyyy = (y1; y2; � � � ; yn) 2 Y
� by

c(yyy) = c(y1) + c(y2jy1) + c(y3jy2) + � � �+ c(ynjyn�1): (15)

Then, Theorem 7 tells us that theoptimalvariable-length prefix coding
for any general sourceXXX with the cost function (15) asymptotically
generates the Markov process subject to the transition probabilities
q(yjy ):

APPENDIX

Proof of Theorem 1

1) Direct Part: Without loss of generality we may assume that
0 < c(y) < 1 (8y 2 Y). Let Y � f1; 2; � � � ; Kg and set
q(i)�K�� c(i) (i=1; 2; � � � ; K). For anyyyy=(y1; y2; � � � ; yl)2Y

�,
we define

�(yyy) =

yyy : yyy �yyy

q(yyy )

�(yyy) =

yyy : yyy �yyy

q(yyy ) � �(yyy) + q(yyy)

where�,� indicate the lexicographic order on the setY l and we have
put for zzz = (z1; z2; � � � ; zl) 2 Y

l

q(zzz) = q(z1)q(z2) � � � q(zl):

Let the interval[�(yyy); �(yyy)) be denoted byI(yyy). Obviously,I(yyy) �
[0; 1) andjI(yyy)j = K�� c(yyy) (the width ofI(yyy)). Then, we first have
the following trivial lemma.

Lemma 1: A codeC � fyyy1; yyy2; � � �g (yyyi 2 Y
�) is prefix if and only

if all intervalsI(yyy1); I(yyy2); � � � � [0; 1) are mutually disjoint.

Let all the elements ofXn be ordered asXn � fxxx1; xxx2; � � �g and
define

Pi �

i�1

j=1

PX (xxxj) (i = 1; 2; � � �)

Qi � Pi +
1
2 PX (xxxi) (i = 1; 2; � � �)

whereP1 � 0. Now, to eachxxxi we uniquely assignyyyi as

yyyi � arg min
yyy2K(yyy)

jyyyj

whereK(yyy) is the set ofyyy 2 Y� such thatI(yyy) includesQi but does not
include eitherPi orPi+1. It then follows fromI(yyyi) � [Pi; Pi+1) that
each intervalI(yyy1); I(yyy2); � � � is disjoint. Then, from Lemma 1, the
codeC = fyyy1; yyy2; � � �g is prefix. Therefore, we can define the encoder
'n :Xn ! Y� by

'n(xxxi) � yyyi:

Now, set yyyi � (y1; y2; � � � ; yl�1) for each sequenceyyyi =
(y1; y2; � � � ; yl�1; yl). SinceI(yyyi) � I(yyyi) we haveQi 2 I(yyyi).
Moreover, we see from the definition ofI(yyyi) that Pi 2 I(yyyi) or
Pi+1 2 I(yyyi). Then, the widthjI(yyyi)j of the intervalI(yyyi) must be
larger thanPX (xxxi)=2, so that

jI(yyyi)j = K�� c(yyy ) >
PX (xxxi)

2

from which it follows that

c(yyyi) � c(yyyi) + cmax

<
� logPX (xxxi)

�c
+

log 2

�c
+ cmax

wherecmax � maxy2Y c(y) < 1. Then, we have

Efc('n(X
n))g < �

xxx2X

PX (xxx)
logPX (xxx)

�c
+

log 2

�c
+ cmax

which concludes that

lim sup
n!1

1

n
Efc('n(X

n))g �
1

�c
lim sup
n!1

H(Xn):

2) Converse Part:
Let'n :Xn ! Y� be any variable-length prefix encoder and put

ci � c('n(xxxi)) (i = 1; 2; � � �)

and defineqi � K�� c . Then, from Lemma 1, we have

q �

1

i=1

qi � 1:

Setpi � PX (xxxi) andp � 1
i=1 pi = 1. From the log-sum in-

equality [9], we have

1

i=1

pi log
pi
qi
� p log

p

q

= log
1

q
� 0: (16)

On the other hand,
1

i=1

pi log
pi
qi

= �

1

i=1

pi log qi +

1

i=1

pi log pi

= �c

1

i=1

pici +

1

i=1

pi log pi

= �cEfc('n(X
n))g�H(Xn)

which together with (16) implies that

Efc('n(X
n))g �

1

�c
H(Xn):

Then, we conclude that

lim sup
n!1

1

n
Efc('n(X

n))g �
1

�c
lim sup
n!1

H(Xn):
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A New Recursive Universal Code of the Positive Integers

Hirosuke Yamamoto, Member, IEEE

Abstract—A new recursive universal code of the positive integers is pro-
posed, in which any given sequence can be used as a delimiter of codeword
while bit “ 0” is used as a delimiter in known universal codes, e.g., Leven-
shtein code, Elias code, Even–Rodeh code, Stout code, Bentley–Yao code,
etc. The codeword length of the proposed code is shorter thanlog in
almost all of sufficiently large positive integers although the known codes
are longer than log for any positive integer .

Index Terms—Elias code, log-star function, universal code of positive
integers, universal coding.

I. INTRODUCTION

Many researchers have treated the universal coding of the positive
integers that satisfy

P (n) � P (n+ 1); for anyn 2 N ; (1)

whereP (n) is a probability distribution on the set of positive integers
N = f1; 2; 3; � � �g [1]–[7]. These codes can be used practically in
various adaptive dictionary codes [8]. Besides the practical uses, it is an
interesting coding problem to consider how efficiently we can encode
the positive integers under the prefix condition.

Let logk2 n be thek-fold composition of the functionlog2 n and let
log�2 n be

log�2 n = log2 n+ log22 n+ � � �+ log
w (n)
2 n (2)

wherew�(n) is the largest integerwwhich satisfieslogw2 n � 0. Then,
it is shown theoretically that any positive integern can be represented
with log�2 n � �w�(n) bits if � < log2 log2 e [2], [3].

On the other hand, many researchers, e.g., Levenshtein [2],1 Elias
[4], Bentley–Yao [5], Even–Rodeh [6], Stout [7], etc., have proposed
log� n-type codes with a recursive structure to attain high performance
in largen. But, in their codes, codeword lengthl(n) cannot become
shorter thanlog�

2
n although it satisfiesl(n) � log�

2
n + w�(n) + c

wherec is a constant.
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In this correspondence, we propose a newlog� n-type code with a
recursive structure, which satisfies that

l(n) � log�
2
n� log

2
(1� 2�f )w�

f(n) + cf

even in the worst cases and

l(n) � log�
2
n� (1 + log

2
(1� 2�f))w�

f(n) + cf

in the best cases. Here,f is a parameter of the code andcf is a constant
which depends onf . w�

f (n) is a similar function tow�(n), which sat-
isfiesw�

f(n) � w�(n).
Since the best and worst cases occur at infinitely manyn’s, and,

roughly speaking,l(n) is distributed uniformly between two extreme
cases,l(n) can become shorter thanlog�

2
n in large parts of integers.

In Section II, we review Elias! code, which is a typical one of the
known log� n-type codes, and we show the reason why the codeword
length cannot become shorter thanlog�

2
n in the known codes. To over-

come this defect, we devise a new representation of binary numbers
that never has a given sequence as a prefix. In Section III, we propose a
new recursive universal code of the positive integers based on the new
binary number representation and we evaluate the performance of the
proposed code theoretically. It is shown that the codeword length of the
proposed code is shorter thanlog�

2
n in almost all of sufficiently large

positive integers. The case ofr-ary universal codes are treated in Sec-
tion IV.

We use the following notation in this correspondence.

• [n]r is the ordinaryr-ary number of positive integern such that
the most significant digit of[n]r is nonzero.

• [n]ir is the ordinaryr-ary number ofn with i digits.

• btc is the largest integer not exceedingt.

Examples:[14]2=1110; [14]52=01110; [14]3=112; [14]53=00112;
blog

2
14c= 3.

II. NEW BINARY NUMBER REPRESENTATIONEXCLUDING A

FORBIDDEN PREFIX

Elias! codeCE(n) has the following recursive structure [4]:

CE(n0) = [nK ]2[nK�1]2 � � � [n1]2[n0]20 (3)

where[n]2 is the ordinary binary number ofn, the most significant bit
(MSB) of which is always one. Eachnk in (3) is determined recursively
bynk = blog

2
nk�1c. In other words,nk+1 represents the bit length

of [nk�1]2. The recursion in (3) stops when the length of[nK ]2 is two.
Finally, bit “0” is attached as a delimiter to indicate the end ofCE(n0).2

In the decoding,nK is obtained from the first two bits ofCE(n0), and
the length of[nk�1]2 is recursively obtained fromnk. Since the MSB
of every [nk]2 is “1,” delimiter “0” can stop the recursion and[n0]2
can easily be found.

LevenshteinW2 code [2], Even–Rodeh code [6], and Stout code [7]
have similar structures and their codes also use bit “0” as a delim-
iter in the same way as Elias! code. LevenshteinW 0

2 code [2] and
Bentley–Yao search-tree code [5] have a little different structure. How-
ever, it is known that their code can be derived from Elias! like code
by gathering the MSB’s of all[nk]2 and delimiter “0” as a prefix.

1Levenshtein code is the firstlog n-type code although Elias! code is fa-
mous.

2“n = 1” is the exception case, for which the codeword is defined as
“C (1) = 0.”

0018–9448/00$10.00 © 2000 IEEE
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We note that the MSB of each[nk]2 is always “1.” This means that
the MSB has no information, or it is a redundant bit. But this redun-
dant bit cannot be omitted because the MSB is used to distinguish the
delimiter “0.” Since each length of[nk]2 is given byblog2 nkc + 1
that is larger thanlog2 nk, the codeword length cannot become shorter
thanlog�2 n in the known recursive codes of the positive integers.

The above note suggests that if we use some sequence with length
f > 1, instead of “0,” as a delimiter, then some of the redundant bits
may be saved from a codeword. When “0” is used as a delimiter, the
prefix, i.e., the MSB “1,” of each[nk]2 does not coincide with the de-
limiter “0.” Hence, if we use a sequence[a]f2 , which is the ordinary
binary number of integera with f bits, as a delimiter, then we must de-
vise a new binary number representation of the integers, sayBa; f(n),
such that the prefix ofBa; f(n) does not coincide with delimiter[a]f2 .

Consider binary sequences whose length is less thanj bits. Then, the
total number of such binary sequences is given by21+22 � � �+2j�1 =
2j � 2 while the number of the binary sequences with prefix[a]f2 is
given by20 + 21 + 22 + � � �+ 2j�1�f = 2j�f � 1 if j � 1 � f or 0
if j � f . This means that the number of binary sequences not having
prefix [a]f2 is given by2j � 2(j�f) � 1 for anyj � 1 andf � 1,
where(t)+ is defined as

(t)+ = maxft; 0g: (4)

Hence,Ba; f (n) can be represented by the following formula:

Ba; f (n) =

[n �M2(j; f)]
j
2;

if M2(j; f) � n < M2(j; f) +N2(j; f; a);

[n �M2(j; f � 1)]j2;

if M2(j; f) +N2(j; f; a) � n < M2(j + 1; f)
(5)

where

M2(j; f) = 2j � 2(j�f) (6)

N2(j; f; a) = b2j�fca =
2j�fa; if j � f

0; if j < f:
(7)

Especially, ifa = 0, i.e.,[a]f2 = 00 � � � 0, then (5) can be simplified as
follows:

B0; f (n) = [n�M2(j; f � 1)]j2;

if M2(j; f) � n < M2(j + 1; f): (8)

We note that letting�f (n) be the length ofBa; f (n), then�f (n) is
given by

�f (n) = j; if M2(j; f) � n < M2(j + 1; f): (9)

Some examples ofBa; f(n) are shown in Table I. AnyBa; f(n)
does not have[a]f2 as a prefix. But,[a]f2 may appear as a prefix when
Ba; f(n) with length�f (n) < f is concatenated by anotherBa; f(n).
For instance, whenf = 3 and [a]f2 = 100, “Ba; f(5) = 10” and
“Ba; f (7) = 000” makes “Ba; f (5) Ba; f(7) = 10000.” In order
to prevent such cases, we remove the sequences that coincide with a
prefix of [a]f2 from fBa; f(n)g. Since one sequence is removed for
each lengthj if j < f , the obtained binary number~Ba; f (n) is given
by

~Ba; f(n) =

[n �M2(j; f) + L(j; f)]j2;

if M2(j; f)� L(j; f) � n < M2(j; f)

�L(j; f) + ~N2(j; f; a)

[n �M2(j; f � 1) + L(j + 1; f)]j2;

if M2(j; f)� L(j; f) + ~N2(j; f; a) � n

< M2(j + 1; f)� L(j + 1; f)

(10)

TABLE I
EXAMPLES OF B (n) AND

~B (n)

where

L(j; f) = (f � 1)� (f � j)+; (11)

~N2(j; f; a) = b2j�fac: (12)

If [a]f2 = 00 � � � 0, then ~Ba; f(n) becomes

~B0; f (n) = [n�M2(j; f � 1) + L(j + 1; f)]j2;

if M2(j; f)� L(j; f) � n

< M2(j + 1; f)� L(j + 1; f): (13)

The length~�f (n) of ~Ba; f (n) is given by

~�f (n) = j;

if M2(j; f)� L(j; f) � n < M2(j + 1; f)� L(j + 1; f): (14)

Some examples of~Ba; f(n) are also shown in Table I.

III. N EW RECURSIVEUNIVERSAL CODE OFPOSITIVE INTEGERS

Using ~Ba; f(n) defined by (10), a new recursive universal code of
the positive integers can be defined similarly to (3) as follows:

Ca; f(n0)

= ~Ba; f(nK) ~Ba; f (nK�1) � � � ~Ba; f(n1) ~Ba; f (n0)[a]
f
2 (15)
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where eachnk is given by

nk = ~�f (nk�1)� 1 (16)

andK is the integerk that satisfiesnk = 1. Ca; f (n) can also be
represented recursively as follows:

Ca; f(n) = ~Ca; f (n)[a]
f
2 (17)

~Ca; f (n) =
~Ba; f (n); if n = 1
~Ca; f (~�f (n)� 1) ~Ba; f(n); if n > 2.

(18)

We note that since~Ba; f(1) is always equal to “0” or “ 1,” the first
segment~Ba; f (1) can be omitted in the binary case. Some examples of
Ca; f (n) are shown in Table II. Since a prefix of any~Ba; f (nk) does
not coincide with[a]f2 , [a]f2 can delimit the codeword.

We now derive upper bounds on the codeword lengthla; f (n) of
codeCa; f (n) defined by (15) (or (17) and (18)). Letw�f (n) beK +1
or the integerk that satisfiesnk = 0 for nk recursively defined by
(16). Note thatw�f (n) is a monotonically increasing function ofn and
w�f (n) � w�(n). Then, the following theorem holds.

Theorem 1: la; f (n) satisfies for anyn that

la; f (n) � log�2 n+ F2(f)w
�

f (n) + cf + �2(n) (19)

andla; f(n) satisfies for infinitely manyn that

la; f (n) � log�2 n� (1� F2(f))w
�

f(n) + cf + 2�2(n) (20)

where

F2(f) = � log2 (1� 2�f) (21)

cf = 5(f � 2)+ + f + 5F2(f) (22)

�2(n)�
log2 e

n
1+

(w�(n)�1)(log2 e)
w (n)�1

log2 n
�

4:7

n
: (23)

Proof: We note from (14) that in integersn with ~�(n) = j, the
smallest and largest ones are given byn = M2(j; f) � L(j; f) and
n = M2(j+1; f)�L(j+1; f)� 1, respectively. Hence, from (16),
la; f (n)� log� n has a local maximum at the followingn:

nK = 1 (24)

nk�1 = M2(nk + 1; f)� L(nk + 1; f) (25)

n = n0 (26)

while it has a local minimum at the followingn:

nk�1 = M2(nk + 2; f)� L(nk + 2; f)� 1: (27)

In the following, we derive an upper bound ofla; f(n) for these two
extreme cases. We first consider the former case, i.e., the worst case.
Fornk � f � 1, (25) becomes

nk�1 = 2n +1
� 2n +1�f

� (f � 1): (28)

Furthermore, fornk � f � 2, nk satisfies

nk�1 =2n +1
� 1� (f � 1) + (f � nk � 1)

� 2n +1
� 2n +1�f

� (f � 1)

=2n +1(1� 2�f)� (f � 1): (29)

TABLE II
EXAMPLES OFC (n)

Hence, for anyk = 1; 2; � � �, we have

nk + 1 � log2(nk�1 + (f � 1)) + F2(f): (30)

From (30),n1 is upper-bounded by

n1 + 1 � log2(n+ (f � 1)) + F2(f)

= log2 n+ log2 1 +
f � 1

n
+ F2(f)

� log2 n+
log2 e

n
(f � 1) + F2(f): (31)

From (30) and (31), n2 + 1 is bounded by

n2 + 1

� log2(n1 + (f � 1)) + F2(f)

� log2 log2 n+
log2 e

n
(f � 1) + F2(f) + (f � 2)

+ F2(f)

= log22 n+ log2 1 +
log e

n
(f � 1) + F2(f) + (f � 2)

log2 n

+ F2(f)

� log22 n+
log2 e

log2 n

log2 e

n
(f � 1) + F2(f) + (f � 2)

+ F2(f): (32)
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Repeating such procedure, we obtain

nk+1� logk2 n+
log2 e

logk�12 n
+

(log2 e)
2

(logk�12 n)(logk�22 n)

+ � � �+
(log2 e)

k�1

(logk�12 n)(logk�22 n) � � � (log2 n)

� (F2(f)+(f�2))

+
(log2 e)

k

(logk�12 n)(logk�22 n) � � � (log2 n)n
(f�1)+F2(f)

= logk2 n+(1+Ak(n))F2(f)+Ak+1(2
n)(f�2)+Bk(n)

(33)

whereAk(n) andBK(n) are defined as

A1(n) = 0 (34)

Ak(n) =

k�2

j=0

(log2 e)
j+1

(logk�12 n)(logk�22 n) � � � (logk�1�j2 n)
(35)

Bk(n) =
(log2 e)

k

(logk�12 n)(logk�22 n) � � � (log2 n)n
: (36)

The codeword length in the local maximum (or worst) cases, say
l
(W )
a; f (n), has the following upper-bound from (16) and (33)

l
(W )
a; f (n) =

w (n)�1

k=0

~�(nk) + f

=

w (n)�1

k=0

(nk+1 + 1) + f

=

w (n)

k=1

(nk + 1) + f (37)

�

w (n)

k=1

(logk2 n+ (1 +Ak(n))F2(f)

+ Ak+1(2
n)(f � 2) +Bk(n)) + f

� log�2 n+ w
�

f(n)F2(f) +

w (n)

k=1

Ak(n)F2(f)

+

w (n)

k=1

Ak+1(2
n)(f � 2) +

w (n)

k=1

Bk(n) + f: (38)

We note from [3, eq. (A-12)] that inequality

w (n)�2

k=1

Ak(n) �
4b

3(4� b)
(39)

holds forb = log2 e. Furthermore,Aw (n)�1(n) andAw (n)(n) can
be bounded above as follows:

Aw (n)�1(n) =
b

log
w (n)�2
2 n

+
b2

(log
w (n)�2
2 )(log

w (n)�3
2 )

+ � � �+
bw (n)�2

(log
w (n)�2
2 )(log

w (n)�3
2 ) � � � log2 n

�
�
b

2
+

b2

2 exp2(2)
+

b3

2 exp2(2) exp
2
2(2)

+ � � �+
bw (n)�2

2 exp2(2) � � � exp
w (n)�3
2 (2)

�
b

2
1 +

b

4
+

b2

42
+ � � �+

bw (n)�3

4w (n)�3

�
b

2

1

i=0

b

4

i

=
2b

4� b
(40)

Aw (n)(n) �
�

b+
b2

2
+

b3

2 exp2(2)
+ � � �

= b 1 +
b

2
+

b2

2 exp2(2)
+ � � �

= b 1 +
2b

4� b
=

b(4 + b)

4� b
(41)

where inequality�� holds because of

logw (n)�1
n � 1

logw (n)�2
n � 2

and

logw (n)�k
n � expk�22 (2)

for k � 3. Hence, we have

w (n)

k=1

Ak(n) �
4b

3(4� b)
+

2b

4� b
+

b(4 + b)

4� b

=
b

4� b

22

3
+ b � G2: (42)

On the other hand,

w (n)

k=1

Ak+1(2
n) =

w (n)+1

k=2

Ak(2
n)

=

w (2 )

k=1

Ak(2
n) (43)

becausew�(2n) = w�(n) + 1 andA1(2
n) = 0 by the definition.

Therefore, (43) is also bounded by

w (n)

k=1

Ak+1(2
n) � G2: (44)
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Furthermore, the sum ofBk(n), say�2(n), can be bounded by3

�2(n) =

w (n)

k=1

Bk(n)

=
log2 e

n

� 1 +

w (n)

k=2

(log2 e)
k�1

(logk�12 n)(logk�22 n) � � � (log2 n)

(45)

�
log2 e

n
1 +

(w�(n)� 1)(log2 e)
w (n)�1

log2 n
(46)

�
4:7

n
(47)

where the last inequality holds because the second term in the bracket
of (46) has the maximum atn = 16.

From (38), (42), and(44), l(W )
a; f (n) can be bounded by

l
(W )
a; f (n) � log�2 n+ w�f (n)F2(f)

+G2F2(f) +G2(f � 2)+ + f + �2(n): (48)

Next we treat the local minimum (or best) case given by (27). In this
case, we have fornk � f � 2

nk�1 = 2n +2 � 2n +2�f � (f � 1)� 1 (49)

and fornk � f � 3

nk�1 =2n +2 � 1� (f � 1) + (f � nk � 2)� 1

� 2n +2 � 2n +2�f � (f � 1)� 1

= 2n +2(1� 2�f)� f: (50)

This means that, for anyk, nk + 2 can be bounded by

nk + 2 � log2 (nk�1 + f) + F2(f): (51)

Hence, in the same way as (33), we have

nk+2� logk2 n+(1+Ak(n))F2(f)+Ak+1(2
n)(f � 2)+2Bk(n):

(52)

Furthermore, from (37), (42), (44), and (52),l
(B)
a; f (n) can be bounded

by

l
(B)
a; f(n) =

w (n)

k=1

(nk + 1) + f

=

w (n)

k=1

(nk + 2)� w�f (n) + f

�

w (n)

k=1

(logk2 n+ (1 + Ak(n))F2(f)

+ Ak+1(2
n)(f � 2) + 2Bk(n))� w�f(n) + f

� log�2 n� (1� F2(f))w
�

f(n) +G2F2(f)

+G2(f � 2)+ + f + 2�2(n): (53)

3A tight bound� (n) � 4=n can be obtained by directly calculating(45),
where the second term in the bracket has the maximum atn = 4.

G2 is bounded byG2 = 4:95 � � � < 5 becauseb = log2 e =
1:4427 � � �. Hence, we have from(48)and (53) that

l
(W )
a; f (n)� log�2 n+F2(f)w

�

f(n)+5(f � 2)++f+5F2(f)+�2(n)

(54)

l
(B)
a; f(n) � log� n� (1� F2(f))w

�

f(n) + 5(f � 2)+

+ f + 5F2(f) + 2�2(n): (55)

Finally, note that anyn satisfies

nk�1 �M2(nk + 1; f)� L(nk + 1; f) (56)

instead of (25). But (56) also induces the same inequality (30) as (25).
Hence (54) holds for anyn. On the other hand, (55) holds for infinite
manyn’s that satisfy (27). Q.E.D.

We note from (21), (54), and (55) thatF2(f) can be approximated as
F2(f) � (log2 e)=2

f , and by settingf large, the coefficient ofw�f (n)
in the worst case becomes very small while the one in the best case
becomes almost�1. Hence, we can conjecture thatla; f (n) is shorter
than log� n in large parts of the positive integers. In the remainder
of this section, we show that this conjecture is true by considering a
general case instead of the best and worst cases.

For a givennk, nk�1 must be included in a regionR(nk) defined as

R(nk) = fnk�1: M2(nk + 1; f)� L(nk + 1; f) � nk�1

< M2(nk + 2; f)� L(nk + 2; f)g: (57)

We divide this regionR(nk) into two regions, the worse region
R(W )(nk) and the better regionR(B)(nk), which are defined as

R(W )(nk) = fnk�1: M2(nk + 1; f)� L(nk + 1; f) � nk�1

< 1:5M2(nk + 1; f)� L(nk + 1; f)g (58)

R(B)(nk) = fnk�1: 1:5M2(nk + 1; f)� L(nk + 1; f)

� nk�1 < M2(nk + 2; f)� L(nk + 2; f)g: (59)

Since the cardinality ofR(nk), jR(nk)j, is equal toM2(nk + 1; f)
for nk � f , the following relation holds:

jR(W )(nk)j

jR(nk)j
=
jR(B)(nk)j

jR(nk)j
=

1

2
: (60)

Whennk�1 2 R(W )(nk), it satisfies

nk�1 �M2(nk + 1; f)� L(nk + 1; f): (61)

Hence, in this case, we have from (30) that

nk + 1 � log2 (nk�1 + (f � 1)) + F2(f): (62)

Whennk�1 2 R(B)(nk), it satisfies

nk�1 � 1:5M2(nk + 1; f)� L(nk + 1; f) (63)

=M2(nk + 1 + log2 1:5; f)� L(nk + 1; f): (64)

Therefore, we can obtain similarly that

nk + 1 + log2 1:5 � log2 (nk�1 + (f � 1)) + F2(f): (65)
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For a given n, letting K(B)(n) be the set of k such that
nk 2 R

(B)(nk+1) and letting�(n) be the ratio defined as

�(n) =
jK(B)(n)j

w�

f (n)
(66)

then the codeword length ofn satisfies from (37), (62), and (65) that

la; f(n) =

w (n)

k=1

(nk + 1) + f

=

k 62K (n)

(nk + 1)

+

k2K (n)

((nk + 1 + log2 1:5)� log2 1:5) + f

� log�2 n� (�(n) log2 1:5� F2(f))w
�
f(n)

+G2F2(f) +G2(f � 2)+ + f + �2(n): (67)

Hence, whenn is sufficiently large, the codeword lengthla; f (n) be-
comes shorter thanlog�2 n if �(n) log2 1:5� F2(f) > 0, i.e.,

�(n) >
� log2(1� 2�f)

log2 1:5
�

log2 e

log2 1:5
2�f � 2:5 � 2�f (68)

where the approximation holds for2�f � 1.
We now show that (68) holds for almost all positive integers. As-

sume thatn is uniformly distributed over the set of integersn satisfying
w�f (n) = w for a given integerw, and a random variableXk is defined
as

Xk =
0; if nk 2 R(W )(nk+1)

1; if nk 2 R(B)(nk+1)
(69)

for such probability distribution. Then, from the definition of
R(W )(nk+1) andR(B)(nk+1), we have

PrfXK = 0g = 1 (70)

whereK = w � 1. Furthermore, since

jR(W )(nk+1)j = jR(B)(nk+1)j

holds for anynk+1 � f and any integer included inR(B)(nk+1) is
larger than integers inR(W )(nk+1), we can easily show that forw � 3
and1 � k � K � 1

PrfXk=0jXK=0; XK�1=xk�1; � � � ; Xk+1=xk+1g<
1

4
(71)

PrfX0=0jXK=0; XK�1=xk�1; � � � ; X2=x2; X1=x1g=
1

2
(72)

hold for anyxK�1xK�2 � � � xk+1 andxK�1xK�2 � � � x2x1, respec-
tively.4 Obviously,

PrfXk = 1jXK = 0; XK�1 = xk�1; � � � ; Xk+1 = xk+1g � 1

(73)

4For simplicity, a rough upper bound1=4 is used in (71) although
PrfX = 1jX = 0; X = x ; � � � ; X = x g � 1=4 holds.

also holds for anyk.
Hence, a sequencexxxK�1xK�2 � � � x1x0 with m= K

k=0xk<w=2
occurs with probabilityPr (xxx) bounded above by

Pr(xxx) <
1

2

1

4

w�1�m

1m

=
1

2

1

4

w�1�2m
1

4

m

1m

�
1

2

w�2m
1

2

2m

=
1

2

w

: (74)

Therefore, we have

Pr �(N) =
m

w
= Pr

K

k=0

Xk = m <
w

m
2�w (75)

whereN is the random variable ofn. This means from the law of the
large number for the binomial distribution that for any fixed�0 < 1=2

lim
w!1

Prf�(N) < �0g = 0: (76)

Since it holds that� log2 (1 � 2�f)= log2 1:5 < 1=2 for f � 3, we
can conclude that

lim
w!1

Prfla; f(N) > log�2 Ng

� lim
w!1

Pr �(N) <
� log2 (1� 2�f)

log2 1:5
= 0: (77)

Theorem 2: In case off � 3, the codeword length of code
Ca; f(n) is shorter thanlog�2 n in almost all of sufficiently large posi-
tive integers in the sense of (77).

IV. CONCLUDING REMARKS

We proposed a new recursive universal code of the positive integers,
the codeword length of which is shorter thanlog�2 n in almost all of
sufficiently large positive integers.

Although we treated the binary case in the previous sections, the
results can easily be extended tor-ary code by usinglogr n, [n]jr, [a]fr ,

Mr(j; f) =
rj � r(j�f)

r � 1
(78)

~Nr(j; f; a) = brj�fac (79)

instead oflog2 n, [n]j2, [a]f2 ,M2(j; f), ~N2(j; f; a), respectively. For
this case, we can show, in the same way as the binary case, thatl

(W )
a; f (n)

andl(B)
a; f(n) are bounded as follows:

l
(W )
a; f (n) � log�r n+ Fr(f)w

�

f (n) +Gr(f � 2)+ + f

+GrFr(f) + �r(n) (80)

l
(B)
a; f(n) � log�r n� (1� Fr(f))w

�

f(n) +Gr(f � 2)+ + f

+GrFr(f) + 2�r(n) (81)
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where

Fr(f) = � logr
1� r�f

r � 1
(82)

Gr =
rr logr e

(rr � 1)(rr � logr e)
+

rr logr e

r(rr � logr e)

+
(rrr + (rr � r) logr e) logr e

r(rr � logr e)

=
logr e

rr � logr e

(rr)2

rr � 1
+
rr + (rr � r) logr e

r
(83)

�r(n) �
logr e

n
1 +

w�(n)� 1

logr n
: (84)

Gr goes tologr e asr becomes large. We also note that, asf becomes
large,Fr(f) goes tologr(r � 1), instead of zero, which is approxi-
mately equal to one whenr is large. This corresponds to the fact that in
ther-ary case, the optimal code length is given bylog�r n � �w�(n)
with � < logr logr e < 0 [2], [3]. This means that the codeword
length cannot become shorter thanlog�r n for all largen.5

Since functionw�

f (n) andw�(n) are monotonically increasing func-
tions ofn, the term ofw�

f(n) in (19) and (20) becomes significant com-
pared with constant terms for largen. But, the rate of increase is very
slow. Hence, the overhead of delimiter lengthf is more severe than the
effect ofw�

f (n) in moderaten, and the performance of the proposed
codeCa; f (n) is no better than the known codes in practical use. We
note thatCa; f(n) can be improved in the same way as Stout code [7].
But even such modified code is not suited for practical use.

As we noted in Section II, LevenshteinW 0

2 code [2] or Bentley–Yao
code [5] have a code structure such that

C0(n0) = 1K 0[nK ]�2 [nK �1]
�

2 � � � [n1]
�

2 [n0]
�

2 (85)

where1K is a sequence of1’s with lengthK0 and[nk]2 = 1[nk]
�

2
,

i.e.,[nk]�2 is obtained by deleting the MSB from[nk]2. Compared with
CE(n0) given by (3), the MSB’s and delimiter “0” are gathered as the
prefix 1K 0, which is the unary code denoting the recurrence number
K0. Since the unary code is inefficient for largeK0, we can use the

5l (n) is a little shorter thanlog n in (81). But this is attained by the loss
of (80) which is larger thanlog n � �w (n).

same codeC0(K0) to representK0 instead of1K 0 [9]. Then the code
have the following structure:

C1(n0) = 1S 0[KS ]�2 [KS �1]
�

2 � � � [K1]
�

2 [K0]
�

2 [nK ]�2 [nK �1]
�

2

� � � [n1]
�

2 [n0]
�

2 : (86)

Furthermore,S0 in (86) can be represented byC0(S0) instead of1S 0.
By repeating such recurrence arbitrarily fixed timest, codeCt(n0)
can be defined. But note thatCt(n0) is a doubly recursive code while
our codeCa; f (n0) is a simple recursive code. The evaluation of the
asymptotic performance forCt(n0) is an open problem.

Finally, we note that LevenshteinW 0

2 code and Bentley–Yao code
satisfy the lexicographic property. Recently, Nakamura and Murashima
[10] showed that if their devised codeCNM(K0) is used instead of
unary code1K 0 in (85), the length of the code satisfies

l(n) � log�
2
n+

w�

2(n)

m
+ log

2
m+ c (87)

for any given integerm > 0, and the lexicographic property also holds
in their code.
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