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Abstract— Quadrature Phase Shift Keying (QPSK) finds
ubiquitous use in coherent communication systems. In this
paper we show that in the low-power wideband regime,
QPSK is a capacity-maximizing strategy for additive-noise
Gaussian complex-valued channels subject to fading where
the receiver has full information about the channel realiza-
tion. The traditional asymptotic optimality criterion used
since Shannon (1948) is that the derivative at zero SNR be
optimal. However, this optimality criterion is not strong
enough to withstand the test of spectrally efficient finite-
bandwidth communication. In contrast, in this paper we
propose a new asymptotic optimality criterion where both
the first and second derivatives at zero SNR are required to
be optimal. The setting of this paper is general enough
to encompass multiantenna channels, frequency selectivity,
and multiaccess channels. We also illustrate the robustness
of QPSK in the absence of full receiver knowledge of the
channel.

I. OPTIMALITY CRITERION

As long as the receiver has full knowledge of the chan-
nel, it is well-known that even in the presence of fading,
the input signaling that maximizes the input-output mu-
tual information of additive Gaussian noise channels sub-
ject to a power constraint is Gaussian. The second-order
statistics of the optimum Gaussian distribution depend on
the knowledge of the channel available at the transmitter.
Furthermore, at any fixed signal-to-noise ratio any non-
Gaussian distribution is strictly suboptimal.

In practice, however, Gaussian-like inputs have the
shortcoming of dictating large transmitted peak-to-average
ratios which are prohibitive in battery-operated systems
with current amplifier technology. Starting with Shannon
[1] in 1948, and continuing, most notably, with Smith [2]
in 1971 and Shamai and Bar-David [3] in 1995 (see also [4],
[5], [6]), information theorists have studied the capacity
of amplitude (or, so-called, peak-power) constrained sys-
tems. The ensuing optimization problem is considerably
more involved than in the power-constrained case, and, in
particular, the optimizing distribution is discrete with a fi-
nite number of masses that grows with the signal-to-noise
ratio. Closed-form solutions for the location and weight of
each mass are not available and numerical optimization is
necessary.

Shannon [1] was the first to point out that as the signal-
to-noise ratio goes to zero, binary antipodal inputs incur
no asymptotic loss in capacity in the sense that the ratio of
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binary-input mutual information to Gaussian-input mutual
information goes to one, i.e.

I(Xsnr; Ysnr)

i C(sNR)

SNR—0

=1 (1)

where C(sNR) stands for the capacity at signal-to-noise ra-
tio sNrR. This result on the asymptotic optimality of bi-
nary phase-shift keying (BPSK), obtained in the context of
the real-valued channel, would seemingly lead one to con-
clude that in the complex-valued channel, and therefore in
carrier-modulated communication, QPSK is optimal.

The reason why this is not the end of the story is that
the asymptotic optimality criterion used by Shannon and
subsequent works (namely, ratio of mutual information to
capacity approaching one) is, surprisingly, too weak to be of
practical relevance. We can get an inkling of the weakness
of this “traditional” optimality criterion from the fact that
according to it, BPSK is asymptotically optimum not only
in the real-valued channel but in the complex-valued chan-
nel. Yet, BPSK requires twice the bandwidth of QPSK to
send the same data rate at the same power. Thus, unless
bandwidth is free, BPSK is a very poor signaling choice.

The ratio of mutual information (achieved with a par-
ticular input signaling format) to capacity approaches one
with vanishing signal-to-noise ratio if and only if the first
derivative with respect to signal-to-noise ratio (at zero
signal-to-noise ratio) of the mutual information coincides
with that of the capacity. The derivative at zero signal-to-
noise ratio of the mutual information (in bits) is equal to
the reciprocal of f,—gmi , the energy per bit normalized to
the white noise spectrgl level required for reliable commu-
nication using that particular signal strategy. In particular,
for the capacity-achieving input we have

Ep . SNR
Nowmin Sl\llergo C(sSNR) @)
log, 2
= = (3)
C(0)

where
C(0) = derivative at 0 of C'(SNR)

computed in nats/dimension.

Thus, the traditional low-power asymptotic optimality
criterion is equivalent to requiring that the signaling strat-
egy achieve the minimum energy per bit achievable with



the best signaling strategy. Several previous contributions
have noticed that it takes very little for the input signaling
to satisfy this optimality criterion. Golay [7] noticed that
the infinite-bandwidth limit of Shannon’s AWGN capacity
formula can be approached by on-off keying (pulse posi-
tion modulation) with very low duty cycle. For the AWGN
channel, Massey [8] and Lapidoth and Shamai [9] showed
that any signal constellation with zero mean achieves the
optimum derivative of the cutoff rate and capacity with re-
spect to signal-to-noise ratio. The necessary and sufficient
condition for the input signal to achieve minimum energy
per bit was recently been found in [10]: When the receiver
has perfect knowledge of the channel any input that wastes
negligible power in the mean achieves minimum energy per
bit. The basic problem with the traditional optimality cri-
terion of matching the slope at zero signal-to-noise ratio
of the capacity, or equivalently, achieving minimum en-
ergy per bit, is that it is only relevant in the zero spectral
efficiency infinite-bandwidth limit, and thus leads to the
practically useless conclusion that BPSK is asymptotically
optimal.

In this paper (which presents a subset of the results
reported in the upcoming journal publication [10])) we
show that the sensible optimality criterion in the wide-
band regime is that both the first and second derivatives
of the capacity C(SNR) at SNR = 0 are achieved by the input
signaling.

Suppose that the transmit power is fixed to P and the
information data rate is fixed to R the required bandwidth
is given by

¢ (#%)
where we have denoted
Ey .
C N )= spectral efficiency (b/s/Hz). (5)
0

We see from (4) that it makes sense to compare signal-
ing strategies by looking at the ratio of their respective
spectral efficiencies, since this determines their respective
bandwidth requirements for given R and P. As the power
vanishes so does the spectral efficiency, leading to the wide-
band regime. So, our focus will be the wideband slope of
the spectral efficiency function. Since each second x hertz
requires one complex dimension, the spectral efficiency is
equal to the conventional channel capacity measured in bits
per channel use:

C (%) — C(snR) (6)

where sNR is the solution to

Ey

—C'(SNR) = SNR. 7
Ol (7)
Our approach is to analyze the first-order behavior of the
spectral efficiency vs f,—’; function in the wideband limit.

The first-order Taylor series expansion of the inverse of (5)
is
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where —f,’; . denotes the minimum ﬁ—'{; required for reli-
min .
able communication, and Sy denotes the slope of spectral

efficiency in b/s/Hz/(3 dB) at the point ﬁ—gmm
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A general result from [10] gives the wideband slope in terms

of both the first and second derivatives of the capacity-snr
function:

Theorem 1: At %min’ the slope of the spectral efficiency

VS. f,—z in b/s/Hz/(3 dB) is given by

So = M (10)
—&(0)

with C and C, the first and second derivative, respectively,
of the function C(SNR) computed in nats.

Therefore, it makes sense to define an input distribution
to be first-order optimal if it achieves C(0), and second-
order optimal if it achieves both €'(0) and C(0), and con-
sequently, both ﬁ—gmin and the maximum wideband slope.

II. ADDITIVE WHITE (GAUSSIAN NOISE CHANNEL

Although we consider here the simplest channel, our re-
sult on the optimality of QPSK is new even in this setting.
Consider the complex-valued memoryless channel with ad-
ditive white Gaussian noise

y=x+n (11)
whose capacity is
C(sNR) = log,(1 + SnR) (12)

where
sNR = E[x|?]/E[n|?].
From (12), the transmitted % required to achieve a given
spectral efficiency is equal to:
Ey 2¢ -1
oy =
No (©) C

(13)

Figure 1 plots (13) and its affine approximation. Direct
computation shows that for the additive white Gaussian
noise channel, the wideband slope is

So =2 b/s/Hz/(3 dB), (14)
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Fig. 1. Spectral Efficiency of the Additive White Gaussian Noise

Channel and its wideband approximation.

which, in this case, is the highest slope achieved for any
%- Note that although convex for the AWGN channel, in

general, the function 10log, f,—Z(C) need not be convex.
Let us denote the mutual informations achieved by
BPSK and QPSK as a function of sNrR by Cpsk (SNR) and
Copsk (SNR), respectively. With QPSK at A(+1 + j) the
mutual information is equal to that achieved by two inde-
pendent channels with BPSK inputs £ A. Since the snr of
the latter channels is half of that of the original channel we

have the relationship:
Copsk(SNR) = 2Cppsk(SNR/2) (15)

Furthermore, the evaluation of the binary-input mutual in-
formation results in

Cppsk(SNR) = 2sNR log, e
e—SNR [

(&
VA

SNR log, e — sNR? log, € + o(sNR?)

- cosh(2v/sNRrz) log, (cosh(2+v/sNRz))dz

(16)

Figure 2 plots Cppsk (SNR), Copsk (SNR) and C(sNR) with
SNR in linear scale. Note that the derivative at the origin is
identical for all three curves. Thus, BPSK and QPSK are
first-order optimal.

From (16) we get the following derivatives

Cepsk(0) = 1 (17)
and )
Cppsk(0) = -2 (18)
Thus, according to (10) , the wideband slope of BPSK is
SBPSK =1 b/S/HZ/(3 dB) (19)

Moreover, it follows from (15) and (7) that the spectral
efficiencies are related by:

E E
Coprsk (ﬁ;) =2Cgpsk <Ff)> ; (20)
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Fig. 2. Capacity achieved by complex Gaussian inputs, QPSK and

BPSK in the additive white Gaussian noise channel.

and consequently the wideband slope of QPSK is twice that
of BPSK. Thus, QPSK is wideband optimal. Furthermore,
note that any signaling distribution that can be written as a
mixture of (rotated and scaled) QPSK distributions is also
wideband optimal because mutual information is concave
in the input distribution.

Figure 3 plots the spectral efficiencies as a function of %
achieved by optimum (complex Gaussian) signaling, QPSK
and BPSK. We can see that the wideband affine approxi-
mation is accurate for a fairly large range of f,—z
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Fig. 3. Spectral efficiencies achieved by complex Gaussian inputs,
QPSK and BPSK in the additive white Gaussian noise channel.

It is interesting to reexamine the interplay between
power, bandwidth and rate by defining the rates achiev-
able with a given bandwidth and power:

P
Rppsk(B,P) = BCgpsk (BN(]) (21)



P
Rgopsk(B,P) = BCgpsk <B—NO>

= 2BCppsk < (22)

P
29BN,
where we have used (15). It follows from (21) and (22) that

Rppsk (B, P) = Ropsk(B/2, P) (23)
for any P. Once again, we see that if we dictate the same
power P and the same rate R for a QPSK and a BPSK
system, the QPSK system requires half the bandwidth of
the BPSK system, not only in the wideband regime but for
arbitrary power and bandwidth.

If we dictate the same bandwidth and the same rate,
and the BPSK system requires power P, then the QPSK
requires reduced power a g (P)P determined as the solution
to the equation:

Rppsk (B, P) = Ropsk(B,ap(P)P) (24)
Since in this case the value of the spectral efficiency is iden-
tical, the f,—z required by QPSK is lower. As P — 0 the f,—z
required by BPSK behaves as (1—P/(BNy)) log, 2, whereas
the f,—z required by QPSK behaves as (1—P/(2BNy)) log, 2.

Thus,
1
lim ap(P) = -.

P—0 2 (25)

Let us suppose now that we dictate the same power and
the same bandwidth for both systems. Then, the ratio of
the achievable rates is

Ropsk(B,P)
Rppsk (B, P)

which is a monotonically increasing function of BLg,O tend-
ing to 2 in the high power limit and converging to 1 as
BLX,O — 0. Paradoxically, we now get no advantage for
QPSK over BPSK in the asymptotically low-power regime.
Again, the reason is that by focusing on the first-order
behavior of capacity as a function of sNR, we lose any con-

nection between rate and bandwidth. Indeed for any > 0

. Rppsk(B,P)
lim ————————— =1 27
P—0 RBPSK(’I]B,P) ( )
and
lim Rppsk(B,P) -1 (28)

B—oo RBPSK("?B, P)
for any B > 0 and P > 0 respectively, and analogously for
QPSK or for the (Gaussian-input) capacity.

III. MULTIDIMENSIONAL FADING CHANNEL MODEL
Consider the following discrete-time channel with m

complex dimensions:

y = Hx +n, (29)

where the real and imaginary parts of the noise components
are independent and satisfy

E[||n|[*] = mNo, (30)

H is an m x n complex matrix whose random coefficients
have finite second moments, independent real and imagi-
nary parts, and are independent of x and n.

Model (29) encompasses a variety of channels of inter-
est in communications subject to crosstalk (e.g. digital
subscriber lines), multiantenna wireless, frequency selec-
tive fading, and multiaccess channels. We assume that the
variation of the channel matrix from symbol to symbol is
ergodic, so that averaging capacity expressions over H has
operational significance.

The realization of H at each symbol is known at the
receiver. In contrast, knowledge of the channel at the
transmitter does not go beyond knowledge of the maximal-
eigenvalue eigenspaces of realizations of HYH.

Reference [10] shows the following result (also in the ab-
sence of channel information at the receiver)

Theorem 2: The required received energy per bit for re-
liable communication through (29) satisfies

By

Nowi =log,2 = —1.59 dB.

(31)
Furthermore, if the transmitter knows the maximal-
eigenvalue eigenspace of HH but not its maximal eigen-
value then the required transmitted energy per bit is equal
v E log, 2
0
b o DBt (32)

NO min E[Umax(H)]
with opax denoting the largest singular value; if the trans-
mitter only knows the a priori statistics of H, then the
required transmitted energy per bit is equal to

E log, 2

b — % (33)
NO min )\max (E[H H])
with Apnax denoting the largest eigenvalue. If the trans-
mitted components of x are constrained to be independent
(e.g. in multiaccess communications or in pragmatic mul-
tiantenna designs) the transmitted energy per bit is equal

to
Ey nlog, 2

Nomin Eltrace{HTH}] (34)

Regarding the wideband slope we have the following re-
sults [10].

Theorem 3: Suppose that the transmitter knows the
maximal eigenvalue eigenspace of HTH but not the maxi-
mal eigenvalue. Then

20
So = m K (Tmax (H)) (35)
with the kurtosis' of a random variable Z defined as
E[Z4]
k(Z) = W’ (36)

!The “amount of fading” defined in [11] is equal to the kurtosis
minus 1. See [11], [12] for tables of standard fading distributions.



Omax(H) denotes the maximal singular value of H, and ¢ is
equal to the multiplicity of omax(H). Furthermore, the op-
timum wideband slope is achieved by QPSK-modulating
with equal power the ¢ orthogonal dimensions of the
maximal-eigenvalue eigenspace of HTH.

The special case m = n = 1 of Theorem 3 was given
n [12]. Kurtosis is a measure of the randomness of a ran-
dom variable; its minimum value is 1, achieved uniquely
by a deterministic variable. The fading penalty on capac-
ity is due to the concavity of the log(1 + x) function. The
larger the “spread” of the fading distribution, the larger
is the penalty. Theorem 3 states that in the low spectral
efficiency region, the required bandwidth is proportional to
the kurtosis of the maximal singular value of the channel.
If the number of rows and columns of H grow, while keep-
ing a constant ratio, and its coefficients are independent
identically distributed, then the maximal singular value
converges to a deterministic constant [13], and its multi-
plicity goes to 1. Accordingly, if m represents the number
of receiving antennas and the transmitter knows the eigen-
structure of H, in the limit of many antennas at both trans-
mitter and receiver the slope is 2 b/s/Hz/(3 dB), i.e., the
same value obtained with one antenna but without fading.

But in the multiantenna literature it is much more com-
mon to assume that the transmitter has no knowledge
whatsoever of H. The following result applies to that case.

Theorem 4: Suppose that the transmitted components
are constrained to be independent and to have the same
power. Then

2 (tmce(E[HJfH]))2
m trace(E[(HtH)2])

In the multiantenna literature it is common to model the
entries of H as independent zero-mean Gaussian random
variables. In that case, it can be checked that (37) reduces
to twice the harmonic mean of the number of transmit and
receive antennas:

So = (37)

2nm
m-+n

So = b/s/Hz/(3 dB). (38)
Theorem 5: Under the conditions of Theorem 4, equal-
power QPSK on each component is second-order optimal.

Proof: For ease of notation and without loss of generality
we assume in the proof that Ny = 1. The input signaling

1S .
e]d)l

: (39)
citn

where the phases ¢; are independent and equally likely to
take the values {Z, 3% 2T Tr} Thus,

4404
E[||x]|*] = m snr (40)
and m SNR
E[xx'] = I (41)
n

This input distribution attains the following mutual infor-
mation

1 1
—I(X;HX+H) = —D(Py|X||Py‘X:0|PX)
m m

1
- ED(PYHPY\X:O) (42)
~ B[l Hx]|*] - —D(Py||Py x—o)
= — X _ —
- m YLy |x=0
(43)
Furthermore, it follows from (41) that
El|Hx|?2] = Rt race( E[HTH]). (44)

Therefore, from the result obtained in (37), the desired
second-order optimality is equivalent to showing that
D(Py||Py|x=0) _ m

—trace(E[(H'H)?)).

li =
im o2

SNR—0 (45)

m SNR2

To accomplish this, note that the divergence in (45) can be
expressed as

D(Py||Py|x=o) E[Z(n,H)log Z(n,H)]

= E[Z(n,H) -1]

+ Bl ) 1))

+ o(sNR?) (46)
where the expectation is with respect to the complex vec-

tor n distributed according to Py|x—o = N(0,I) and with
respect to H; and we have defined the likelihood ratio

M

dPy
5. = Z(0,H) = Elexp(~|[Hx—n|” +|[n|]*) | H,n]
Y|X=0
(47)
where the expectation is with respect to x. Note that
dP
E[Z(n,H)~1|H] = -1+ [ ———dPy|x_ =0 (48)
dPy|x—g

A Taylor series expansion of the exponential in (47) to-
gether with the fact that E[n] = 0 results in

Zn,H)-1 = -E[|Hx|*|H]

+ %E[(nTHx +x'H'n — ||Hx||*)? | H,n]
+ 0(sNR) (49)

where all the expectations are with respect to x. Let us
consider each term in the right side of (49) individually.
Using (41) we get

m SNR

E[|Hx|? | H] = trace(H'H) (50)

n
and
E[(n'Hx + x'H'n — |[Hx||?)? | H,n]
= E[|Hx||' |H]+ E[((n'Hx +x'H'n)? | H,n].
(51)



The second term in the right side of (51) is equal to
E[(n'Hx + x'H'n)? | H,n] = anﬂnTHHTn (52)
because
E[(n'Hx)? | H,n] = E[(x'H'n)? |H,n]=0  (53)

as can be seen using the QPSK nature of the independent
components of x. Using (49), (50), (51) and (52) we can
write

W2E[(Z(n,H) - 1)* | H]
m2sSNR?
= E [(trace(HTH) - anHHTn)2 | H]

+  o(snr?)
= E [(anHHan)2 | H] — trace?(H'H)

+  o(sNR?) (54)

In order to compute the expectation with respect to n fix
and arbitrary hermitian matrix M. Then, using the fact
that for all components

Bllni|"] =2 (55)
it is fairly straightforward to check that
E[(n"Mn)?] = trace®(M) + trace(M?) (56)

Applying formula (56) to (54) with M = HHT, the desired
result (45) follows. U

IV. RiCEAN CHANNEL

As a special case of the wideband slope formulas found
above we can analyze the Ricean channel in the wideband
regime assuming that the receiver knows both the specular
and the Rayleigh component.

Theorem 6: Consider the m = n = 1 Ricean fading
channel

y=(h+g)x+n (57)

where h is deterministic, g is zero-mean complex Gaussian
with variance 72, and the additive noise is Gaussian. If
the receiver (but not the transmitter) knows the Rayleigh
channel coefficients, then the wideband slope is equal to

1
1 ol
1-3 (14 43)
Proof: When the receiver knows the channel coefficients
we just need to specialize Theorems 3 or 4 (in the scalar
case) to the case m = n = 1 in which they lead to the same

result. Formula (58) follows from the kurtosis of the Rician
distribution which is equal to

So =

—. (58)

[h[*

(59)

O

It is shown in [10] that if the receiver does not know the
Rayleigh component the wideband slope is zero, regard-
less of the relative strength of the specular and Rayleigh
components. Thus, in noncoherent communication (or in
general, in the absence of perfect receiver knowledge) it

is very demanding in terms of bandwidth to achieve f,g i
close to -1.59dB in the Ricean channel, regardless of the rel-
ative strengths of the specular and Rayleigh components.
In many practical cases in which the specular component
is not negligible, QPSK is an attractive suboptimal alter-
native as the following result shows.

Theorem 7: Consider the Ricean channel (57) with h # 0
and a receiver that does not know the Rayleigh coefficients.
Then QPSK achieves

E _logye
NOmin_ |I_1|2

(60)

and

So =2, (61)

i.e., the same wideband performance as if the Rayleigh
component were absent.
Proof: With the Ricean channel,
Py x=x, = N(hxo, No +7*[x0[?), (62)

and the QPSK input distribution

1 1 1 1
P = Z(SA(lJrj) + Z(SA(lfj) + Z5A(71+]‘) + Z‘SA(flfj) (63)

we have
2|AP

SNR =
No

(64)
and we obtain (in nats)

(% + |h|?)sNR — log, (1 + ¥SNR)

1
= |h|%snR + %SNR2 + o(sNR?)

D(PY\X||PY|X:O|PX) =

(65)

From the formulas for f,—z . and So, both (60) and (61)
will follow upon showing that

D(Py||Py|x=0) 1

. _doa ke
SI\1|1RH—1>0 SNR2 - 2(7 +1h1%) (66)
where
1. .- 1 . _
Py = ZN(hA(l —+ ]), Oé2N0) + ZN(hA(l — ]), Oé2N0)

+ iN(ﬁA(—l +7),a*No) + %N(ﬁA(—l —j),a*Ny),
(67)

and

a® =1+ snry? (68)



The desired divergence is
D(Py||Py|x=o) = Eflogq(y)]
where the expectation is with respect to (67) and

dPy

qly) = m (y)

L (2ARPIARY P
= —ex - X _—
a? P a2N0 P N(]

[hlIA] [hlIA|
cosh <2a2—]\70§Ry cosh QQZ—JVU%

(69)

(@~ 1))
y).

where for convenience we have assumed hA to be real with-
out affecting the result. Taking the expectation of the log-
arithm of (70) we obtain

(70)

D(Py||Pyix—0) = ~°SNR—log,(1+ ZSNR)—M
vifyix=0) = 7 08 v 1+ ~2snR
[hl|A|
+ E |:10ge COSh <2a2—JVU§Ry
[hl|A|
+ E [loge cosh <2 22N, Sy
(71)

The random variables %y and Sy are Gaussian with mean
|h||A| and variance

No/2 + |AP** =

Oé2N0
R (72)

Thus, the second and fourth moments of the random vari-
ables in the argument of the hyperbolic cosines in (71) are

equal to
IAPIAPR (a®No o x0) _ [A[?SNR Ih[2snR
e (T A ) = B (1 B
(73)
and
16|h|*|Al* 302 N2 3|hl14snR2
Using (73) and (74), and
2?2 2t
log, (cosh(z)) = 3 T 1 + o(z*) (75)
each of the expectations in (71) satisfy
|h[|A] 1 |h|?snR |h|2snRr
E [loge cosh <2a2—NO§Ry = 33 1+ 5
+  o(sNR?) (76)
Thus,
h|2snR
D(Py||Pyjx=0) = ~*sNrR—log,(1+7°sNR) — HT
|h|?snr |h|2snR )
+ o2 I+ 22 ) T 0(SNR”)
1r?  Ihl4snR2
_ YTSWR +| |“snR +o(sne?), (7T)

2 2

thereby establishing (66). ]

[10]

(1]

(12]

(13]
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