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Abstract—This paper finds the capacity of single-user dis-
crete-time channels subject to both frequency-selective and
time-selective fading, where the channel output is observed in
additive Gaussian noise. A coherent model is assumed where
the fading coefficients are known at the receiver. Capacity de-
pends on the first-order distributions of the fading processes in
frequency and in time, which are assumed to be independent of
each other, and a simple formula is given when one of the pro-
cesses is independent identically distributed (i.i.d.) and the other
one is sufficiently mixing. When the frequency-selective fading
coefficients are known also to the transmitter, we show that the
optimum normalized power spectral density is the waterfilling
power allocation for a reduced signal-to-noise ratio (SNR), where
the gap to the actual SNR depends on the fading distributions.
Asymptotic expressions for high/low SNR and easily computable
bounds on capacity are also provided.

Index Terms—Additive Gaussian noise, channel capacity, co-
herent communications, frequency-flat fading, frequency-selective
fading, orthogonal frequency-division multiplexing (OFDM),
random matrices, waterfilling.

I. INTRODUCTION

HE simplest discrete-time additive-noise channel subject
to fading is the time-selective coherent model

T

yi= A Awi v, i=1...n (1)

where the complex-valued input codeword x = (21, ...,z,) €
C™ is subject to a unit average power constraint, {n; € C} is a
unit variance independent identically distributed (i.i.d.) complex
Gaussian random process, {A; € C} is a stationary ergodic
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fading process known at the receiver and ~y stands for signal-to-
noise ratio (SNR). In vector form, (1) becomes

y=V7Ax+n 2
where A = diag{A4, ..., A, }. If the decoder (but not the en-

coder) knows the actual fading realization, the capacity of (1) is
equal to [1]

C(v) = E [log (1 +~|A]*)] (3)

where the expectation is with respect to the random variable A
distributed according to the first-order marginal distribution of
the fading process {A;}.

Another important model is the discrete-time frequency-se-
lective fading channel, given by

y = V7FGF'x + n 4)

where F' is an n x n unitary Fourier matrix with coefficients

Fip = e 22G=D0-1)
n

®)

The columns of F form an n-dimensional unitary discrete-time
Fourier basis, and the fading coefficients affecting the
transmitted signal frequency components are denoted by
G = diag{Gy,...,G,}. Note that the random channel matrix
FGFT is circulant.

The model in (4) encompasses the random linear time-in-
variant channel

L
yi:ﬁth_Hzi, i=1,...,n (6)
=0

where {h,} denotes the (random) channel impulse response,
under the assumption of cyclic prefix precoding and L < n
[2].

In most physically meaningful frequency-selective models
(see [1] and references therein) the diagonal coefficients of G
are identically distributed. If, moreover, they are cyclically sta-
tionary (the joint distribution is invariant to cyclic shifts), then
the impulse response coefficients are uncorrelated, which is a
common assumption. Using the fact that F is unitary and under
ergodicity and stationarity assumptions on the fading coeffi-
cients, the capacity of (4) is given by (again, assuming knowl-
edge of G at the decoder but not at the encoder)

C(y) =E [log (1 ++|G]*)] . ©)

Both (3) and (7) are achieved by Gaussian i.i.d. input vectors Xx.
When the encoder knows G, then it allocates power according
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to the waterfilling formula [3]. In fact, in the familiar case of a
deterministic linear time-invariant system with transfer function
H(f), —1/2 < f < 1/2, the mutual information achieved by
a stationary Gaussian input process with power spectral density
S, (f) is equal to the right side of (7) with G = S,.(U)|H (U)|?
and U uniformly distributed on [—1, 1].

A general discrete-time coherent fading model is given by the
noisy version of the output of a linear time-varying system with

random impulse response {h; (} known at the receiver
L
yizﬁzhi,wi—rl'% 1=1,...,n (8
£=0

or, equivalently, in vector form

y=y7Hx+n ©)
where H is the matrix representation of the convolution operator
in (8). Subject to suitable stationarity and ergodicity assump-
tions on {h; ¢} the capacity is given by [1]

1 .
lim sup —E [log det (I +~yHY . H' )] .
n —> oo 2.>0:tr(2;)<n n
(10)

A general closed-form formula for (10) in terms of the statistics
of {h; ¢} has not been found yet either with or without knowl-
edge of H at the transmitter.

Since most mobile wireless systems are subject to both fre-
quency-selective fading (e.g., due to multipath) and to time-se-
lective fading (e.g., due to shadowing), it is of interest to con-
sider a channel model that incorporates both effects. In this
paper, we consider the following model (Fig. 1):

Cly) =

y = VJAFGF'x + n (1)
obtained by concatenating a random circulant matrix FGF',
with a time-domain diagonal fading matrix, where, as defined
before, A and G are random diagonal matrices modeling the
time-selective and frequency-selective fading coefficients, re-
spectively. Note that (11) is a special case of (8), which cap-
tures some interesting features of time and frequency selectivity.
For example, we may consider a case where signaling takes
place over a set of orthogonal carriers [as in orthogonal fre-
quency-division multiplexing (OFDM)], each attenuated by a
random coefficient, with the whole signal then subject to a form
of time-selective fading. Examples of time-selective (frequency-
flat) fading include shadowing, impulsive noise/jamming that
saturates the receiver input thereby erasing some of the received
values [4], and satellite communication with the presence of a
line-of-sight path modeled as a Markov chain [5].

Throughout this paper, we assume that the fading random pro-
cesses {A; : ¢ € Z} and {G; : ¢ € Z} are mutually independent,
stationary, and ergodic. Furthermore, either the time-domain
fading or the frequency-domain fading is assumed to be i.i.d.,
while the other is strong mixing (Definition 12 in Appendix IV).
We denote by A and G two independent random variables with
the same first-order marginal distributions of {A;} and {G; }, re-
spectively. Notice that A and G may have different distributions.

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 56, NO. 3, MARCH 2010

frequency-selective fading time-selective fading

Tj —

ﬁAi n;

Fig. 1. Frequency-selective time-selective fading channel.

These are assumed to be sufficiently well behaved, such that all
moments exist.

The main technical advance required to solve the capacity
of the channel model (11) is the asymptotic spectral distribu-
tion of the matrix AXAT, when ¥ is a random symmetric non-
negative definite circulant matrix independent of A. When the
fading is known to the receiver only, the capacity is given by
Theorem 1, which represents the main result of this paper. In
Theorem 2, we show that when the frequency-domain fading is
known also to the transmitter, the capacity achieving power allo-
cation on the channel frequency components takes on the form
of the well-known “waterfilling” solution for a scaled channel
SNR, where the scaling coefficient can be characterized as the
solution of a fixed-point equation. We also provide a number
of easily computable upper and lower bounds to capacity, and
simple formulas for the asymptotic behavior of capacity in the
limits of small and large SNR are also presented.

The rest of this paper is organized as follows. Section II states
the main results on capacity with fading coefficients known
at the receiver only; on capacity when the frequency-selective
fading is known also to the transmitter; on the bounds to ca-
pacity and on the low/high SNR asymptotic regimes. Section III
presents some auxiliary results and the proofs of our main re-
sults, except those particularly technical, which are relegated to
Appendixes I-IX. Finally, Section IV summarizes our conclu-
sions.

II. CHANNEL CAPACITY RESULTS

A. Main Results

Theorem 1: The capacity of the channel model (11) with
fading unknown to the transmitter is given by

C(v) = E [log (1 4+ a|G|*)] + E [log (1 + vy|A]?)]

—log(1+ avy) (12)

where
0<a<E[AP] (13)
0<v <E[|G]] (14)

are coefficients that depend on -y and on the fading distributions,
and are defined by the solution to

1 1 1
E = =E . 15
[1 +a7|G|2} I+ arm [1 +V7|A|2} (1
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Proof: See Section III-F. O

Notice the interesting duality between the frequency and time
domains: the distributions of the random variables |A|? and |G|?
play exactly the same role in the evaluation of capacity. In that
respect, note that if ¥, in (10) is a multiple of the identity,
the determinant is the same whether H = AFGF' or H =
GTFTATF. In the absence of time-domain fading (|A|? deter-
ministic) the solution to (15) satisfies « = |A|%. In the ab-
sence of frequency-domain fading (|G|? deterministic) the solu-
tion to (15) satisfies v = |G|?. Intuitively, v captures the effect
of time-domain fading variations, and v captures the effect of
frequency-domain fading variations. Furthermore, (15) can be
written as the pair of equations

G? v
= 16
{l-l-oz’y|G|2 1+ avy (16)
and
A% a
E = . 17
|:1+V’}/|A|2 1+ avy a7

The left-hand side of (16) is the minimum mean square error
(MMSE) for estimating a nonstationary independent Gaussian
process {w;} with variance |G;|?> from the observation of
{Gi;yi = Jayw; +n; : i € Z}. Hence, v can be interpreted as
the variance of a white Gaussian process {w}} that, if observed
through the same additive white Gaussian noise (AWGN)
channel, yields the same MMSE as {w;}. The same observa-
tion holds for (17), exchanging v with « and G; with A;.

Consider the following special cases of the setup in Section I.

* Frequency-selective fading. In the absence of time-do-
main fading (|A|> = 1), the solution to (15) satisfies o = 1
and the second and third terms in (12) cancel, recovering
).

* Time-selective fading. For a deterministic frequency-flat
channel, |G|> = 1. Thus, (15) is solved by v = |G|? = 1,
in which case the first and third terms in (12) cancel and
we obtain (3).

* Frequency-selective fading with on—off time-selective
fading. In the special case where |A|? takes on the values
0 or 1 with probability e and 1 — e, we obtain

Ce(7) = E [log (1 + (1 — &)y[G]*)] +d(elle)  (18)
where the binary divergence is defined as
d(al|b) = alog% +(1-a)log —; (19)
and é > e is the (y-dependent) solution to
e 1
- =E|— . 20
= o] 20

Note that in the special case in which the frequency selec-
tive fading is also ON—OFF, i.e., |G| takes values 0 and 1,
(20) becomes a quadratic equation and é admits a closed-
form solution [4].

* Independent Rayleigh fading and Markov-correlated
shadowing. Here we have i.i.d. Rayleigh fading in the fre-
quency domain and a two-state Markov shadowing process

1189

Capacity (bit/symbol)

1 .
0 2 4 6 8 10 12 14 16 18 20

0 L L L I

Channel SNR y (dB)

Fig. 2. Rayleigh frequency-selective fading and two-state Markov shadowing
with ag = 0.1, a; = 1 and with transition probabilities Pla, — a1] =
0.3 and Pla; — ao] = 0.7. Solid line: solution to Theorem 1. Dotted line:
Monte Carlo evaluation of (24) for n = 64. The clouds of points correspond to
realizations of the random variable inside the expectation in (24). (1000 points
per cluster).

in the time domain. In particular, |G;|? is a sequence of in-
dependent exponential random variables with mean 1, and
|A;|? is a Markov chain with two states ag and a; with sta-
tionary distribution (7o, ). In order to solve (15) for «
and v as a function of v, we proceed as follows. For any
given i) € [0, 1], let « be the solution of the equation

1
1 eve [ et
|:1+’705|G|2:| Yo /1/(1')/ t K ( )
and let v be the solution of the equation
1 o 1
= = 22
{1—}—71/|A|2] 1+ yrag + 1+ yraq K (22)

Then, using the second equality in (15), we find (e.g., using
the bisection method) the value of n that satisfies
avyn=1-mn. (23)

Finally, using the values of « and v and 7 so obtained,
calculate C(v) using (12). Fig. 2 shows the comparison
between C(y) and Monte Carlo simulation of the finite-
dimensional mutual information formula

1

“E [log det (I +YAFGGIFIAT )} (24)

n
for n = 64. We also show the realization of the normalized
log—det without the expectation, in order to give an idea of
the spread of the finite-dimensional mutual information for
given (random) realization of the fading processes. We no-
tice that the agreement between simulation and the result of

Theorem 1 is remarkable for even a relatively small value
of n.
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B. Optimality of Waterfilling With Power Penalty

If the transmitter knows the frequency-domain fading coef-
ficients, then it can choose the input covariance matrix X, as
a function of G in order to maximize the mutual information.
It is sufficient to consider a circulant input covariance in the
form £, = FYFT. In the absence of time-domain fading, maxi-
mizing the mutual information of the frequency-selective fading
channel given in (6) and (4) with respect to the input power spec-
tral density yields (e.g., [6]) the well-known waterfilling for-
mula

C("}/) =E [IOg (1 + ’Ygx(ryv |G|2)|G|2)]
= [[log (¢116P)] "]

(25)
(26)

where S,.(7, -) is the waterfilling power allocation function

_ 11t
SI(FYZ) = |:<'y - _:| ) ze R+ (27)

vz

and the water level 1 < (, < oo is chosen in order to satisfy the
transmit power constraint, i.e., such that

[l -

The input power spectral density is implicitly given by the
function S, (7,-) and by the realization of the frequency-se-
lective fading (|G1]?,-..,|Gnr|?). In particular, for any given
blocklength n and discrete Fourier transform (DFT) frequen-
cies {fi = (i — 1)/n : i = 1,...,n}, the input energy
associated with the ith frequency component is given by
S.(fi) = Sz(7,]Gi|?) and satisfies

(28)

% Y E[S.(fi)] = 1. (29)
=1

Letting n — oo yields the power spectral density defined on the
discrete-time frequency domain, that without loss of generality
can be taken to be the interval [0, 1].!

In the presence of time-domain fading, the capacity-
achieving input power spectral density is defined by the optimal
power allocation function S% (v,-), given implicitly by the
following result.

Theorem 2: For all v > 0 and z > 0, the capacity-achieving
input power spectral density is given by

S; (’77 Z) = gm ('7/7 Z) (30)

where S,.(-,-) is the waterfilling power allocation in (27) and
~v = u(y")y" with (+") > 1 being the solution of the equation

Gy } —
El——7F—| =1
|:C'y’ -1+ /1'|A|2

IRecall that the Fourier transform of discrete-time signals is periodic of period
1.

(€29}
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where (. is the fading-free water level in (27) for the reduced
SNR «'.
Proof: See Section I1I-H. O

We notice that the power allocation function S%(-,-) coin-
cides with the waterfilling power allocation function S,.(-,-)
for the case without time-domain fading, calculated for a lower
value of the SNR parameter: namely, v’ instead of . In order to
evaluate the capacity C(~y) when the frequency-domain fading
is known to the transmitter, we search for the value 7' € (0, ]

such that v = u(y’)y'. Then, C(v) is equal to (12) with the

+
modified fading random variable given by |G|? [Cﬁ,/ - |1G‘2}

C. Bounds

Theorem 3: The capacity (12) is lower bounded by

C(y) > E [log (1 +~]A]®|G]*)] . (32)
Proof: See Section III-1. O
Theorem 4: The capacity in (12) is lower bounded by

C(v) > E [log (1 + av|G|?)] (33)

C(y) 2 E [log (1 + v7]A[%)] (34)

C(v) 2 log(1 + vay) 35)

where («, v) are given in Theorem 1.

Proof: See Section III-J. O

The following result yields upper bounds to capacity and
shows that in the presence of one type of fading, the fading in
the other domain is deleterious.

Theorem 5: The capacity in (12) is upper bounded by

C(v) <E [log (1 +~E[|GI’]|A[*)] (36)
C(v) <E [log (1 +|GPE[AP’])] . (37)
Proof: See Section ITI-K. O

D. Asymptotics

1) Low SNR Asymptotics: In this section, we characterize the
behavior of capacity for vanishing y. We define the kurtosis of
a real random variable Z as

E[Z%]

Theorem 6: When the frequency-selective fading is known to
the transmitter, the minimum energy per bit and the wideband
slope Sp [7] of the spectral efficiency of channel (11) are given
as follows. In the case of no channel state information at the
transmitter

(ﬂ) B In2
No) min  ElAPE[IG]

2
0= 6D + (A -1

(39)

(40)



TULINO et al.: CAPACITY OF CHANNELS WITH FREQUENCY-SELECTIVE AND TIME-SELECTIVE FADING

When the transmitter knows the frequency-domain fading coef-
ficients, then

Eb - In2
No min B [E[|A|2]Gmax

2
So =
s(IAD + 5o

(41)

— 42)

where G ax is the essential supremum of the frequency-selec-
tive fading, defined as

Gmax = SuP{Z : |]:D(|G|2 S Z) < 1} (43)

and Bpax = P(|G|? = Guax) is the probability mass at G ax.2
Proof: See Section III-L. O

We notice that G .« takes on the meaning of the “peak”
of the frequency-domain channel fading transfer function and
Bax corresponds to the “bandwidth” (i.e., the probability mea-
sure of the set of frequencies) over which the fading takes on
its maximum value. When the transmitter has knowledge of the
frequency-domain fading channel, the optimal power allocation
of Theorem 2 puts constant power 1/By,.x over the frequency
components f; = (i — 1)/n for which |G;|? = Guax and
zero power elsewhere. This explains the quite different behavior
of (Ep/No)min and Sy in the cases of unknown or known fre-
quency-domain fading at the transmitter.

2) High-SNR Asymptotics: The following result finds the
high-SNR slope S, and the high-SNR decibel offset £, (see
[8]). For the sake of brevity, we give the results in the case of no
fading knowledge at the transmitter, for which the optimal input
is i.i.d.

Theorem 7: Let ug = P(|G]? = 0) and vy = P(|A]*> = 0)
denote the masses at 0 of the two fading distributions. If uy >
Vg, define ¢ by

1
ug = E [71 n <|A|2] . (44)
If uwg < wp, define ¥ by
1
=E|—]. 4
®=E | Ty @

For large SNR, the capacity (in bits/complex dimension), when
the transmitter has no knowledge of the fading realization, be-
haves like

1191

where

Soo = 1 — max{ug, vo} 47)
and where (48), shown at the bottom of the page, holds, where
h(-) is the binary entropy function (in bits) and the high-SNR
offsets in the absence of time-domain and frequency-domain
fading are given by, respectively

£ = — E [log, |G| |G]* > 0] (49)
L2074 = —E [log, |A?| |A]* > 0] . (50)
Proof: See Section I1I-L. (|

Looking at the channel model (11), it is expected that the
high-SNR slope S, also referred to as “multiplexing gain,” or
“pre-log” factor of capacity, is given by the asymptotic normal-
ized rank of the matrix AFGFT . In fact, the asymptotic normal-
ized rank is given by X min{rank(A), rank(G)}, which con-
verges almost surely to (47).

III. PROOFS AND AUXILIARY RESULTS

In this section, we recall some useful definitions in random
matrix theory and we give several analytical properties of the
solution in Theorem 1, as well as an alternative representation.
Then, we proceed to the proofs of the main results. In particular,
the main technical result is given in Theorem 11 and Lemma 1
of Section III-G.

A. Transforms in Random Matrix Theory [9]

Definition 1: The n-transform of a nonnegative random vari-
able X is

1
nx) =€ | ] G1)

with v > 0.

Note that

P(X =0) <nx(y) <1 (52)

with the lower bound asymptotically tight as v — oo.

Definition 2: The Shannon transform of a nonnegative
random variable X is defined as

C(7) = Seo (logy v — Loo) + 0(1) (46)
2Notice that, depending on the distribution of |G|2, G'max may be equal to Vx(7) = Ellog(1 +7.X)] (53)
+00. Also, Bpax = 0 if the cumulative density function (cdf) of |G|2 has no
probability mass at G max. with v > 0.
h(u
L1074 4 LICR logy ¢ — E [logy(1+<|AP)], uo > v
1-— (N — Up
Lo = ¢ Lro~tdf 4 pro=fdf 4 7o) wy = Vo (48)
1-— Uuo
h(’Uo)

1
cro—fdt 4 0 4 1og, p — ——E [log, (14 9|G[2)] o < vo
1— g 1 -
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Assuming that the logarithm in (53) is natural, the n and
Shannon transforms are related through

)= 1_"7X('7). (54)

d
—Vx (v
dy ( gl
Also, it is useful to recall here the definition of the S-transform
of free probability (see [9] and references therein), which is used
in some of the proofs that follow.

Definition 3: The S-transform of a nonnegative random vari-
able X is defined as

z+1 4

Yx(z) = Nx

(z+1) (55)

where 77;(1 (+) denotes the inverse function of the 7-transform.

It is common to denote the n-transform, the Shannon trans-
form and the S-transform of the spectral distribution of a se-
quence of nonnegative-definite n X n random matrices B, for
n— 00, by nB(+), VB(-), and Xg(+), respectively. In this case,
the lower bound in (52) corresponds to the limiting fraction of
zero eigenvalues of B.

B. Properties of the Solution in Theorem 1

* Fix v, and denote the right-hand side of (12) by I(«, v).
Then, the solution to (15) is a stationary point of I(c, v).

* Letug, vg, 1, and ¢ be defined as in Theorem 7. As v — oo,
the solution to (15) becomes

S ey — maxtuo, vo} (56)
Case ug > vg
lim v =g 57
~— oo
1—
lim o=-—20 (58)
vy — oo SUQ
Case ug < vg
lim ~vya =1 (59)
Yy — o0
1—
lim v=-—22 (60)
v — oo g
Case ug = g
lim = lim ya=oc. 61)
y— 00 y— 00
* As vy — 0, the solution to (15) converges to
: _ 2
lim a(y) =E[A 62)
: _ 2
lim v(7) =E(G). 63)

» Applying Jensen’s inequality to both identities in (15), we
obtain the right inequalities in (13) and (14).
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C. Alternative Characterization

We give an alternative characterization of capacity that hinges
on the positive function Jo(y,7), 0 < y < 1, defined as the
solution of the fixed-point equation

1 1
=[E 64
T+ 30(0,7) {1+ PR RN (RN | R

Theorem 8: The capacity of (12) can be written in the alter-
native form

() = / log (1 + Jo(y 7())) dy (65)

where, for given v and y, J(y) is the value of ¥ that solves the
equation

L _ [ 7 (66)
1+30(y,7) ¥+ 3oy, )V —y) +yylA2) |
Proof: See Section III-D. O

While in Theorem 1 the time-domain and frequency-domain
fading play symmetric roles, in Theorem 8 their role is asym-
metric. Of course, a completely equivalent formulation of The-
orem 8 can be obtained by exchanging the roles of |G|? and |A|2.
The two alternative forms of Theorem 8 may facilitate compu-
tation depending on the distributions of |G|? and |A|?.

The following general auxiliary result is quite useful in the
proof of Theorem 8.

Theorem 9: Let X be a nonnegative random variable and let
U be uniformly distributed on [0, 1]. For each u € (0,1], let
g(u) € [0,00) be the solution to

1 1
T+g(u) [T+ (1—u)g(u)+uX]’ (©7)
Then
E [log(1 + g(U))] = E [log(1 + X)]. (68)
Proof: See Section III-D. O

« It is not difficult to show that Jo(y,~) is monotonically
decreasing with y for fixed -y and monotonically increasing
with ~y for fixed y.

* Applying Jensen’s inequality to (66) yields that

3(y,v) < AVE[APL. (69)

* Theorem 9 can be stated alternatively as the following re-

sult of independent interest tying the Shannon transform
and the n-transform.

Theorem 10: The Shannon transform of a nonnegative
random variable X, defined in (2), is given by

Vx(v) :/0 log (1 + 3(y, 7)) dy (70)
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where 1 is defined by the fixed-point equation

1 1
T3 LT+ A=) + wX} a
_ 1 , ( vy )
T+ 1 =93y~ \1+0 =)y )
(72)

Proof: Using the definition of Shannon transform (see Def-
inition 2) and simply replacing in Theorem 9 g(u) with J(y, )
and X with vX, we obtain (71). Finally, (72) is obtained via
straightforward manipulation of the definition of the n-trans-
form (see Definition 1). O

» Straightforward algebra reveals that (64) is equivalent to
the fixed-point equation
G
=E . (73)
1+ y7IG]2 + (1 = y)do(y,7)
Using (73), accounting for the monotonicity of Jg(-,7) and
taking the limit as y — 0, we obtain that for any v > 0

Jo(y,7)
1+ Jo(y,7)

Jo(y,7) < 30(0,7) = ~E[IG]]. (74)
D. Proof of Theorem 9
Let Dx = diag(Xy, ..., X,) denote an n X n diagonal ma-

trix with random 1i.i.d. diagonal entries distributed as the non-
negative random variable X, and let U be an arbitrary unitary
1

matrix (i.e., UUT = U'U = I). Let B = D% U and let b;
denote the sth column of B. For an arbitrary n, we have

E [log(1 + X)]

_ % z: E [log(1 + X;)] (75)

= " [log (det (1 + D)) (76)

_ %IE [log (et (T+ DL UUDL,) )] (77)

_ %[E [log <det <I + 2:; bibj> )] (78)
) o =

:%Z[E log | 1+bl [T+> bbl] bi|| (79

=1 7j=1

where (79) follows from the chain-rule of mutual information
of an appropriate Gaussian vector model.?

Assume now that U is uniformly distributed on the set of
7 X n unitary matrices (i.e., it is a Haar matrix); then, as n — oo

3In fact, (79) can be shown from purely matrix-theoretic arguments. However,
it is nice to see it in terms of the chain-rule decomposition of the following
mutual information. Consider the vector Gaussian model y = Bs + z, where
z ~ CN(0,I),s ~ CN(0,1), and B is fixed. Then, I(s;y) = log det(I +
S bibl), I(sisylsipr, .y sn) =log(1+bl(I+ 312 bbl)~'b;)
and the chain rule yields I(s;y) = Y7, I(s:;¥|8i41. - - -, 5x), from which
the identity follows.
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the quadratic form in (79) converges almost surely to a deter-
ministic quantity that can be computed via a fixed-point equa-
tion. Specifically, using the result in [9, eq. 3.112], we have that

-1

i 1_
: T T _ n
lim b, [ I+ E b;b; b; = "

(80)
n — 0o
j=1
where 7) is the solution of
u—1+
n=nx (T") (81)

and where u € [0, 1] is such that ¢ = [nu]. Using the matrix
inversion lemma [10], we can write

-1
) i—1
-1 b} <I+ijb}> b;
. t _ j=1
bl [T+) b;bl] b, =
j=1

1 .
i—1
1+b] (I+ > bjb}) b;
j=
(82)
Hence, as n — oo, we have that the quadratic form bI(I +
Z;;ll b; b;)_lbi converges to a deterministic limit g(u), that
satisfies

L—n  g(u)
u  1+g(u) (83)
Eliminating 7 from (81) and (83), we obtain
_uglw) o w
T+ g(w) ™ (1 - u>g<u>> ®

which is equivalent to (67). Using the limit g(u) in (79), we
obtain (68) as desired.
E. Proof of Theorem 8

When the transmitter has no knowledge of the fading realiza-
tion, the optimal input covariance is ¥, = I (see Appendix I,
Theorem 13). It follows that

1
C(y)= lim —I(x;y|A,G)
n—oo N

1

= lim —E [logdet (I+~yAFGG'FTAT)] (86)
n—oo N

=Varcairiai(7) 87)

= /0 log (1 + 3(y,7)) dy

(85)

(88)

where according to Theorem 10, J(y, v) is defined by the fixed-
point equation

Ay,v)

Yy
e - /A I .
T30, TAFGGIFIAL (1 (1= )3y, 7) )(89)

The 7-transform 7} po FTAT(y) is given in Theorem 11 in
Section III-G. Fix y and ~ and consider the result of Theorem
11 for

r= Y (90)

L+ (1 =)y, )
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and denote the corresponding « therein by «(y,~). Further-
more, define

oD
92)

V(. v) =valy,v)
Jo(y,v(y:7) =3y, 7)-
The remaining task is to show that both fixed-point equations

(64) and (66) are satisfied by (91) and (92). To that end, putting
together (89) and (105), we obtain (dropping the arguments of

)
1+ (1 B y)JO(y7 :7) —
1+ JO(yaﬁ)

Jo(y77y)
- y—,
1+ Jo(y,7)

93)

Jy
~flea <1 +(1- yﬂo(:t/ﬂ)) oY
[ 1+ (1 —y)3(y,7) ]
L+ (1 =y)do(y,7) +7yIG|?
95

which is equivalent to (64) since J(y, -) is a one-to-one mapping
of the positive real line.

Using (89) and (108) and (107), we can write the product 7v,
argument of the n-transform in (106) as

1-n _ 1 ylo.7) g
a(y,)n  a(y,y) 1+ (1 —y)do(y,7)
Thus, (89) and (106) lead to
A -9W6:9) _, < 1 yJo(y,7) )
o7
1
=
1+IA]2 1 ydo(y,7)
(98)

which upon dividing both sides by 14 (1 —)Jo(y, 7) is readily
be seen to be equivalent to (66) in view of (91).

FE. Proof of Theorem 1

Theorem 11 yields narggiFtat- In order to find the cor-
responding Shannon transform in terms of the solution of a
fixed-point equation, we follow an idea originated in [8]: for any
differentiable function f, the definition of the Shannon trans-
form of an arbitrary nonnegative random variable X leads to

f(@)X + f(0)X
L+ 2/ (@)X

%Vk(xf(m)) =E

] . 99)

Since both sides of (12) are equal to zero at v = 0, it is sufficient
to show that the derivatives with respect to v of both sides of (12)
coincide. The derivative of the right side minus the left-hand
side of (12) is equal to

£ [(@r+@IGE] | o [ + AP
1+ av|GJ? 1+ vy|AJ?
av+avy+avy  1—nargaiFiai(7)
1+ avy vy
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ay+a vy+v
= (1 =nggt(ay))+ (1—=naat(v7))
ary v
v+ avy + avy . 1 —narcairiat(y) (100)
14 avy Y
ay+a vy +v
- (1—n)+ (L—=n)
(e% 1%
_av—I—ozzM—l—dvv_l—n (101)
14+ avy Y
1 _
= (av + avy + dvy) <—77 - 77) (102)
avry
—0 (103)

where in addition to (99), we have used the fact that C(v) is
given by (87) to write the left-hand side of (100); the right-hand
side of (100) follows from the definition of the 7-transform;
(101) follows from Theorem 11 applied at 7 = -y and the fact
that (15) is equivalent to (105) and (106) if

n+nray=1 (104)

which is also responsible for (103).

G. Asymptotic Spectrum of AFGGTFTAT

Theorems 1 and 8 hinge on the following characterization of
the asymptotic distribution of the singular values of a random
circulant matrix (as defined in this paper) premultiplied by an
independent random diagonal matrix.

Theorem 11: Let G = diag(Gy,...,G,) and A =
diag(A1,...,A,) be mutually independent random diagonal
matrices according to the assumptions of Section I. For 7 > 0,
let (1, a, v) be the solution of the system of equations

n=ncp (T (105)
n=mnap (Tv) (106)
1
= 107
" 14+ avr (107
Then, the 7-transform of AFGGTFTAT is given by
NAFGGiFiAi(T) =1 (108)

Proof: The key technical result from which the proof of
Theorem 11 follows as a corollary is Lemma 1.

Lemma 1: Let G = diag(Gy,...,G,) and A =
diag(Ay,...,A,) be mutually independent random diag-
onal matrices according to the assumptions of Section I, and
let F denote a unitary Fourier n X n matrix. Then, ATA and
FGGTFT are asymptotically free, for n — oo.

Proof: The proof is given in Appendix VII where the def-
inition of freeness (see [9] and references therein) is also re-
called. O

For two asymptotically free sequences of n X n nonnegative
definite matrices B and C, the 7)-transform of their product sat-
isfies [9, eq. 2.209]

nes(T) = nc ( (109)

¥B (7701;(7) - 1))
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where Yg(z) denotes the S-transform of B (see [9, Sec.
2.2.6], and references therein), already introduced in (55).
By exchanging the role of C and B in (109), we obtain the
symmetric expression

nce(T) = 1B <Ec (rom () = 1)> : (110)

Letting 7 = nargairiat(7) denote the desired n-transform
computed at the argument 7, and applying (109) and (110) to
B = ATA and C = FGG'FT, we obtain

77:77|G|2(TOJ) :77|A\2(7_V) (111)
where we defined
1
a= ——— (112)
Yiap(n—1)
and
1
(113)

V= _—7——.
igp(n—1)

Using the expression of the S-transform in terms of the corre-
sponding n-transform and the equalities in (111), we have

Yigp(n—1) = -

Yiap(n —1) = -

n
— 114
T—1 e (114)

n o _
ﬁﬂwlz (77) = -

ilw. (115)

Eliminating X2 (n — 1) and Xjz2(n — 1) from the system of
equations given by (112)—(114), we obtain (107). O

H. Proof of Theorem 2

Consider the case without time-domain fading, given in
(25) with waterfilling power allocation S, (-, -) defined by (27)
and (28). The following lemma shows an interesting relation
between the “water level” in the waterfilling solution and the
n-transform of the modified fading distribution obtained by
concatenating the actual fading with the optimal frequency-do-
main “power controller.”

Lemma 2: Consider the waterfilling power allocation S, (-, -)
defined by

_ 177"
Se(,2) = [Q — %] , z>0 (116)
with “water level” 1 < ¢, < oo solution of
1 17t
E {Cﬂ, - W} ] = 117)

Define the mod{ﬁed fading coefficients P;, identically dis-
tributed as P = S,.(7,|G|?)|G|?. Then

1

= L—np(v)

(118)
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Proof: Noticing that P = 0 if |G|? < 7%, we can write
Y

1
np(y) =E [1 +VP} (119)
1 1
=P (|G < > |F><G2 —)
<| | _'7C"/ * | | >'7<~/
1 1

E 2> — . 120
LCVIGP ] >’YCJ (120

From (117), we can write

~(r-r(er=:t)
! (1 P(|G| S’YCW “

1 1
P (|G]? > —) E {
(' "> ) ELee

Dividing both sides of (121) by ¢, and comparing with (119),
we obtain the result. (|

IG|? > %} . (121)
Y

Lemma 2 is instrumental in proving the form of the optimal
power allocation function given by Theorem 2. Consider the
case where the transmitter knows the realization of the fre-
quency-domain fading, and multiplies each :th signal frequency
component by the factor \/S#*(v,|G;|?), where the function
S*(7y, -) is defined in Theorem 2. It is clear that the mutual infor-
mation achieved in this case is equal to the mutual information
of an equivalent channel where the frequency-domain power
controller is seen as a part of the channel, and the transmitter
has no channel state information and, because of symmetry,
transmits a white Gaussian input. Let P; = |G;|?S%(, |Gi|?)
denote the resulting modified fading process. Since the function
S*(~,-) is a memoryless stationary deterministic mapping
and, by construction, E[S*(v,|G;|?)] = 1, it follows that
{P;} inherits the same stationarity and ergodicity properties
of the original fading process {G;}. Therefore, Theorem 11
and Lemma 1 apply verbatim also for the modified fading
distribution. Letting P denote a random variable with the same
first-order marginal distribution of {P;}, we notice also that
the modified fading distribution satisfies the compatibility
condition E[P/|G|?] < 1, that reflects the original channel
input power constraint.

The proof of Theorem 2 is obtained in two steps. First, we find
an optimality condition for the best possible modified fading
distribution, subject to the compatibility condition given above,
even allowing the new fading to be dependent of the whole
A and G and without any requirement of stationarity and er-
godicity. Then, we will show that in fact this condition is met,
asymptotically for n — oo, by P; = |G;|2S% (v, |Gi|?).

Let Q = AF = [qi, - .., 4,] and consider the optimization

problem
max l1ogdet (I+~yQdiag(Ds....,D,)Q)
D;>0 n P
1w D;
subjectto  — S (122)
n i
i=1

4Here we let % = 0 by continuity.
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The above problem is solved for each realization of the fading
matrices A and G, and therefore, the solution {D;} is a new
fading process possibly dependent on the whole A and G.

The convexity of (122) enables us to appeal to the
Karush—Kuhn-Tucker (KKT) conditions [11] to characterize
necessary and sufficient conditions for the solution. Letting
D = diag(D;, ..., D,), the Lagrangian function is given by

L£(D,)\) = logdet(I+7QDQT ( Z|G ti )

(123)
After straightforward algebra, obtain the KKT conditions in the
form

1 1 +
Di =G | T - =3
Gl L\ 'YZi|Gi|2:|

-1
al (I+ D i qjq;r-Dj) q; and where )\ is
chosen such that

(124)

where Z; =

n

Ly LR T A
n A yZidGiP]

i=1

(125)

Then, letting n — oo, the solution (124) and (125) defines the
modified the frequency-domain fading process {D;} that max-
imizes the mutual information per symbol subject to the com-
patibility condltlon L3 Di/ |G | = 1 for all n, which ob-
viously implies & 2_1 D,/|Gi|?> — 1 with probability 1.

Now, consider a fading distribution P; = |G;|?¢g(|G;|?), for
some fixed function g : R4 — R.. In this case, following a
rather involved moment calculation sketched in Appendix VIII,
the following convergence result can be proved:

-1

(126)

a.s.
q; —

Zi=q [T+ q;qP,
J#i

where « is the positive solution of the fixed-point equation in
Theorem 11.
Using (105)—(108), we have
n 2 narpriai(7) = np(ay) (127)
where we let P = diag(Py,...,P,).
For such fading distribution, we can rewrite (125) in the limit

of large n as
+
A yelGif?

This is formally identical to the solution for the “water level”
in the case of no time-domain fading, for a modified SNR v/ =
ay. For consistency with the notation introduced in (27) and
(28) and in Lemma 2, we let the solution of (128) be denoted
by 1/A = (. Using the notation introduced in Theorem 2,
we define u(v') = 1/a, so that the modified SNR ~' satisfies

v = p')Y.

(128)
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Choosing the function g(-) in the definition of {P;} to be
equal to the waterfilling solution S, (v, -), Lemma 2 combined
with (127) yields

1 1

C/: = .
T l-me(y)  1-7

(129)

Finally, we can eliminate 7 from the system of resulting equa-
tions and state the power allocation directly in terms of the mod-
ified SNR +’. Using (129) and the expression of « in terms of 7
given in (112), we can write

(130)

(131)

Finally, using the definition of the S-transform and after
straightforward algebra it is easy to see that (130) is equivalent
to (31).

Notice that the statistics of the modified fading process {P;}
was defined using the function g(-) = S.(7,-) = S*(v,").
In view of the above derivation, the modified fading process
{P;} satisfies both the KKT conditions (124) and the compati-
bility condition (125) in the limit of n — oo. Therefore, this is
the asymptotically optimal frequency-domain fading distribu-
tion for the equivalent channel with no state information at the
transmitter, with fading subject to the compatibility condition in
(122). For the argument said at the beginning, this implies that
S*(~,-) is the optimal power allocation function for the orig-
inal channel, when the transmitter knows the frequency-domain
fading. At this point, Theorem 2 is proved.

We conclude this section by showing that Z; in (126) con-
verges to the factor « in the equality nappriai(7) = e ().
Let again AF = Q with sth column denoted by q;, define
B, =1+ 72#1. ijjq;, so that 7; = q}LB;lqi. Recalling
the definition of the 7-transform, we can write

1_"7AFPFTAT('7)

= lim —[E [tr {I— (I+7QPQ") '}] (132)
n—oon
= lim LE [tr {yQPQ'(I++QPQ")™'}] (133)
n—oon
1 - '
_ . - . T fy—1
= nh_r)noo n[E|:ar { (z; 'yP,Lqul) (I+~+QPQ") }‘|
(134)
1 n P,'B4_1 . ’!LB,_I
_ . - ) ) T 4—1_7 ) qtql i
(135)
L 1 YPiZ;
= lm —E ZVP jtr {qtql } (1 - m)
(136)
) 1 "\ P, Z;
= him L[S P 137
nl—r)noo n = 1 +7PiZi (137)
YPa
—E | 138
[1 + vPa (138)
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1
=1-E [m] (139)

=1-—np(ay) (140)
where in (135) we applied the matrix inversion lemma and in
(138) we have used Lemma 12 (see Appendix VIII) which
proves the a.s. convergence of Z; to some constant « indepen-
dent of the normalized index i/n.

1. Proof of Theorem 3

Fix v > 0. For the purposes of this proof it is convenient to
temporarily switch notation and let (a*, v*) denote the solution
of (15). In addition, we denote the right-hand side of (12) eval-
uated at « = a* by I(a*,v), i.e., for fixed v and o = o, we
consider this as a function of a dummy variable v € R_.. This
function is continuous and differentiable for all v € R, with
derivative that satisfies

120(00) | 4

|A|2 at
v  Ov

T+ u]AR2| 1T+ vyar

Because of the first property in Section III-B, or simply from
the second equality in (15), we have that

ol(a*,v)

5 (142)

*

v=v

We now show that not only is * a stationary point of I(«a*, )
but that it is in fact a global maximum. To that end, it is enough
to show that

MZQ USVSV* (143)
v

Me™v) o ooy, (144)
ov

We recognize that each of terms in the right-hand side of (141)
can be interpreted as a MMSE. The first term is the MMSE
for estimating X from the observation of (/77X + Z, |A[?)
with Z ~ CN(0,1), where X ~ CN(0,a?) when condi-
tioned on |A|?> = a?. The second term in the right-hand side
of (141) is the MMSE for estimating X' from /vy X' + Z,
when X' ~ CN (0, o*). The single crossing-point property [12,
Proposition 12], of MMSEs in additive white Gaussian noise
dictates that since the MMSE terms in (141) coincide at yv*,
one of them must be strictly higher for lower SNRs, and strictly
lower for higher SNRs. Then, to see that (143) and (144) is in-
deed satisfied it is enough to verify the behavior of w at
v = 0. From (141), we get

ol(a*,v)

£y (145)

B =v (IE [|A|2] - a*) >0

where (145) holds [see(13)] whenever |A|? is not determin-
istic (if |A?| is deterministic, Theorem 3 trivially holds with
equality).
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Since v* attains the global maximum, it follows that for any
nonnegative random variable P, we have

C(y) =1(a*,v*) > E[I(a”,P)]. (146)
In particular, by choosing P = |G|2, we find
C(v) > Ell(a*,G]2)] = E [log (1+1/AG]2)] (147

as we wanted to show.
Notice that in this proof we could have taken a dual approach

considering the function I(«,v*) as a function of « for fixed

v*.

J. Proof of Theorem 4

Following identical steps as in Section III-I and choosing P =
0, we find

C(y) > I(a,0) = E [log (1 + va|G|?)] (148)

which coincides with (33). Repeating the same steps while ex-
changing the role of v and «, we find (34).

To show (35), we add and subtract log(1 + va+y) from (12),
yielding

1+ v9|A]?
= log(1 E |log ( —/— 171
C(y) = log(1 + vay) + {og( T+ o

1+ av|G|?

Then, notice both the second and thirds term in the right side of
(149) are nonnegative. For the second term, by using convexity
of —log(+) and applying Jensen’s inequality, we have

14+ avy 1+ avy

= [_10g<1+wlAl2>} 2 ~log (E LwﬂAPD =0
(150)

where the identity follows from the second equality in (15). A
similar argument holds for the third term in (149).

K. Proof of Theorem 5

In order to show (36) and (37), we write

lim ~E [log det (I+yAFGG'FTAT)] (151)

n—oo N

Cly) =

and use Jensen’s inequality with respect to G and A, respec-
tively.

L. Proof of Theorem 6

In order to obtain the low-SNR behavior of channel capacity,
we use the general results in [7, eq. (35)] and [7, Th. 9] and write

(%), "0

(152)

(153)
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where C/(y) is the capacity as a function of the SNR ~y expregsé)d
in nats per symbol.

We start by considering the case where the transmitter has no
knowledge of the frequency-domain fading, and therefore, the
optimal input is white and stationary. The relevant expression
for C(7) is given in (12) where & = a(y) and v = v(y) are the
solution of (15). It is straightforward to check that the functions
satisfy

where we define C/(0) = % . and C/(0) = “')QBLV(J) ,
Y=

(154)
(155)

E [IGI?] Var(|A[*)y + o(7)

a(y) =
v E [|A]?] Var(|G]*)y + o(7).

[IA]%]
(7) = ?

[1GI*]

Furthermore, taking a Taylor series expansion of the expressions
(12) in nats, we have

E
E

C(v) = E [log (1 + ay|G|?)] +E [log (1 + vv|A]?)]
—log(1 + avy)
=7 (0;(7)[E [IGI?] + v(ME [|AP’] = a()v(v))
- 2 (PME (1G]] +12(E [IA]*] —a(1)(7))
+0(7%) (157)
=E[IAP]EIGP] v

(156)

— B2 [|A12) E2 (|G (<(IG)+R(IAD ~1)+o(+?).
(158)

Therefore

C(0) =E [|A] E[I6P] (159)

C(0) =E2 [JAP] B [|G]’] (s(IG) + s(JA]) — 1) (160)

where the kurtosis x(7) is defined in (38). Thus, (39) follows
by using (159) and (160) in (152) and in (153).

When G is known at the transmitter, from Theorem 2 and
the proof in Section III-H, we know that the capacity formula
(12) holds after replacing |G|?> with the modified fading P =
|G|2S% (7, |G|?), where the modified “waterfilling” power allo-
cation function S (v, -) is provided by Theorem 2.

Suppose for the time being that there exists some value
Gmax < oo such that P(|G|?> < Gmax) = 1, and such that
Buax = P(|G|? = Gmax) > 0. In this case, it is simple to show
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that in the limit of very small v the power allocation function
becomes

1
S¥(v,2) = B 1{z = Gmax}- (161)
In this case, it is immediate to see that E[P] = Gmax and
w(VP) = EP[P} = Bnlm' Hence, (41) follows in the same way
as before.

In order to handle the general case where the distribution of
|G| may have unbounded support (i.e., Gyax = +00) or no mass
point at its essential supremum (i.e., Byhax = 0), we operate
as follows. For some arbitrary value G' < 0, the actual fading
distribution |G|? can be approximated by a truncated distribution

G for |G| > G. (162)

G2 = { IG]?, for|G]* <G
We can choose G such that, for the truncated fading distribution,
we have Gy = G < 00 and Buax = P(|G]2 > G) > 0.
Then, from what said before Theorem 6 holds for the truncated
fading distribution. Finally, the result is seen to hold in general
by a continuity argument, letting G’ — oco.

M. Proof of Theorem 7

Throughout this section, we assume a white stationary input
with covariance matrix ¥, = I. From property (56) of the so-
lution of (15), and using the fact that the limit for v — oo of
the n-transform yields the fraction of zero eigenvalues, we ob-
tain that the asymptotic normalized rank of the channel matrix
AFGG'FTAT is equal to So, = 1 — max{ug,vo}.

Then, we consider the high-SNR offset £.. In the absence
of time-domain fading, it is easy to see (cf. [8, (33)]) that L, =
Lot oiven in (49). Similarly, in the absence of frequency-
domain fading, we obtain £, = £~ given in (49).

Consider now the case where both fadings are present, and
ug > vg. We have (163)—(166), shown at the bottom of the
page, where (164) follows from (12), and (165) follows from
the limits in (57) and (58). In a completely symmetric way, using
the limits in (59) and (60) we obtain the expression for the case
ug < vp. Finally, for the case vy = wvg, we use the fact that
[cf. (61)] Yo and v both diverge to infinity as v — oo, while
~yav — 1 — ug/ug. Therefore, we have (167)—(170), shown at
the bottom of the next page.

. C(v)
Loo= 1 1 - — 163
L (ng7 Se ) (163)
. 1
= ryh—1>nc>o (log2 L [E [logs(1 4+ ay|G[*)] + E [log, (1 + vy|A]*)] — logy(1 + ozwy)]) (164)
I log L log L - +logs — ;[E [logy (1 + <|A]*)] — E [log, |G*| IG]* > 0] (165)
1-— (N 2 U 2 U 1-— U 2 2
h 1
= Lro—uf 4 hluo) +logy ¢ — ——E [log,(1 + ¢ |A]%)] (166)
1 — Up 1 — Ug
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IV. CONCLUDING REMARKS

We obtained the channel capacity of a channel model that
captures the effect of fading in both the time domain and the
frequency domain. The central technical result of this paper is
the asymptotic freeness of the random diagonal matrix AA T and
the random circulant matrix FGG'FT, when the coefficients in
G are i.i.d. independent of those of A which satisfy relatively
mild assumptions (or vice versa). This allows us to obtain the
asymptotic eigenvalue distribution of AFGGTFTAT in terms
of its n-transform, which yields the channel capacity in the case
where the transmitter has no information about the realization
of the fading, but only knows its statistics and the channel SNR.
Along the way, we obtained new and relevant auxiliary results
that have interest on their own. For example, Theorems 9 and 10
offer a novel general characterization of the Shannon transform
of a nonnegative random variable.

For the case when the frequency-domain fading is known to
the transmitter, we found the optimal frequency-domain power
allocation function that takes on the form of a modified water-
filling power allocation for an SNR value lower than the actual
channel SNR. This means that in the presence of time-selective
fading it is preferable to focus the signal energy on a subset of
favorable frequency bands, thereby extending the correlation in
the time domain to cope with the time selectivity of the channel
more effectively. Appendix IX deals with the case where the fre-
quency selectivity originates from a deterministic linear time-in-
variant filter; there is considerable evidence that such a case can
also be encompassed by the main result of this paper.

The capacity formulas of Theorems 1 and 8 are given in terms
of the solution of coupled fixed-point equations. Although the
numerical computation of such formulas is quite straightfor-
ward, we have also provided simple upper and lower bounds that
can be computed from their closed-form expressions. Finally,
we have provided simple and closed-form expressions for the
low-SNR and the high-SNR capacity approximation in terms of
the fundamental asymptotic parameters (Ep/No)min, Sos Soos
and L.

As illustrated numerically, and typical in random matrix
theory, the convergence of the average mutual information rate

%[E [log det (I + 'yAFGFT)]

is very fast. Just like with multiantenna systems where large-size
asymptotic formulas are useful proxies for even small arrays, in
the present case, the main result is an accurate approximation to
the capacity of standardized OFDM [number of carriers ranging
from 52 (IEEE802.11a) to 6817 (DVB)].
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APPENDIX |
OPTIMALITY OF STATIONARY INPUTS

Theorem 12: Suppose that both {A;,7 € Z} and {G;,7 €
Z} are stationary processes; the receiver knows both A and G,
while the transmitter has no knowledge of the A other than its
probability distribution. Then, the maximization in

Cly) = fim =

x max E [logdet (I + YAFGF'S, FG'FTAT)] (171

can be restricted to circulant input covariance ¥, regardless of
whether G is known at the transmitter.

Proof: Let II denote the elementary circulant permutation
matrix, defined as

0 1 0 0
0 0 1 0
II= R 172)
0 0 1
1 0 0
and denote for an arbitrary X,
2 = ‘s, m". (173)

Invoking Jensen’s inequality

1 n
log det (I +YAFGF' (— > z:;”) FGTFTAT)]
" =0

> % :2:; E [log det (I + VAFGFT]]ZEQC[[“F(;TFTAT)}

E

(174)
n—1
_ %Z[E [log det(I+fyA1'I“ FGFTnfzxn“FGTFTH"AT)]
=0
(175)
= E [logdet (I + YAFGF'E,FG'FTAT)] (176)

where (175) holds under the assumption that the diagonal ele-
ments of A are circularly stationary, while in (176) we have used
the fact that FGF is circulant thus I FGF'II' = FGF'.
Therefore, the objective function achieved by an arbitrary
Y. can only be improved by substituting with the circulant
%E?:o 25_!’) with identical trace. To drop the assumption

C(v)

Lo = i logyy — 4= 167
V;moo<0gzv Soo> (167)
1
= li_>m <log2 T T [E [logy (1 + ay|G|*)] + E [logy (1 + vv]A]*)] — logy(1 + au’y)]) (168)
v — o0 — U
1 1 1-— 1 GIH(1 Al?

= log, — —log, LU T = {log2 (1 +74(6| 2>( +vIAl) IG]* > 0,|A]” > 0} (169)

1—ug Ug vy — o0 yeav
= Lro-tdf 4 pro—fdf | h(uo) (170)
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of circularly stationary A, it is necessary to go to the limit:
because of stationarity, the matrix inversion lemma leads to

lim l[E [log det (I + 'yAEAT)]
oo T

n—

~ lim 1E [logdet (I+WAHTEHAT)} (177)

n—oo N

for positive definite ¥ for which the limit exists. O

We proceed to the case in which neither G nor A are known
at the transmitter but only their statistics are available.

Theorem 13: In addition to the setup and assumptions of
Theorem 12 suppose that {A;,7 € Z} is iid., {G;,i € Z} is
strongly mixing and are both unknown to the transmitter. Then,
the maximization in (171) is achieved by ¥, = 1.

Proof: Theorem 12 shows that the capacity of the channel
defined in (11) is achieved by complex circularly symmetric
Gaussian stationary inputs with covariance £, = FYF', where
T is a diagonal matrix. Then, (171) can be rewritten as

C(v)
— lim L maxE [log det (I+~YAFGYG'FTAT)] (178)

n—oon T
= lim 1 max E [logdet (I—i—’yAFG(k)T(k)GT(k)FTAT)}
n—oon T
(179)

where T®) is the k-circularly shifted version of the diag-
onal matrix Y. Note that (179) follows from the fact that
AFD®FtAT and AFDFTAT have the same eigenvalues.

If we were to assume that {G; : 7 € Z} is an i.i.d. process,
the result would easily follow, since for an arbitrary diagonal Y
such that 2tr(Y) = 1, we can write the identity as the average
of all circular shifts of T and

E [logdet (I+~vAFGG'FTAT)]

>y E [1og det (I +AFGYHGIFTAT )} (180)
k=1

=E [logdet (I+yAFGYG'F'AT)] (181)

where (180) follows due to concavity of the log determinant and

(181) follows from the fact that {G; : i € Z} is an i.i.d. process.
For the case of {G; : ¢ € Z} with memory, we will use the

following general finite-dimensional result which is of indepen-

dent interest.

Theorem 14 [13]: Let ® be an m x n complex valued
random matrix whose ith column is denoted by ¢;. Consider
the optimization problem

max E [log det (I + 7<I>D<I>T)} (182)

where the maximum is over all diagonal matrices whose trace is
equal to aconstant&. Then, fori = 1,...,n, d}, the +th diagonal
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element of the diagonal matrix D* that achieves the maximum
in (182) is the positive solution to

Z; 1

E|l—————| =— 183

{1—{—7de1} vy (183)
-1

Zi=o¢! [T+7) dig;6l | ¢ (184)

J#i

if it exists (i.e., if vyE [Z;] > 1); otherwise, df = 0. The pa-
rameter v is chosen so that Y., d¥ = &.

‘We make use of Theorem 14 with

E=n (185)
P =QG (186)
Q=AF =[qi,...,qn] (187)
D=T (188)
and (184) takes the form
-1
Zi =GP} | T+ |Gi’djqq] | ai.  (189)

i

Taking the limit of (189) as n — oo, Lemma 12 (see
Appendix VIII) implies that almost surely

-1

: T 12¢.0f C—
lim gl [T+ 16 Pqjaf | ai=a.  (190)
J#i
Thus, the KKT condition in (183) becomes in the limit
av|G|? 1
—_— | = - 191
{1+oz’yd;-*|G|2 v (19

implying that the optimal d} must be a constant for all ¢, which
in turns yields that D* = I is the unique maximizer in (182), in
the limit of large n. O

APPENDIX 11
COMBINATORIAL DEFINITIONS AND FACTS

Definition 4 [14], [15]: Let X denote the index set

{1,...,]|X|}. An {-partition of X is a set p[f] = {V1,...,Vs}
of subsets V; C X such that
V; £ 0 Vi=1,...,4
V:ny; =0 Vi#£j
¢
Yvi=x (192)
i=1

The elements V; of p[¢] are called the blocks of the partition.

Definition 5: Let m = [my, ..., mg] be an {-dimensional
vector whose entries are positive integers such that

my +mo+ -+ my = |X|
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and0 < my < --- < my. An (m, £)-partition of X, denoted by
plm, ], is an £-partition with blocks of cardinality m, . .., mg.5

Let z = (21,...,2x|) wWith components indexed by X'. A
partition p[m, £] of X’ induces a corresponding partition of z into
subvectors, or “multisets,” {z; : j € V;}. Adopting a Matlab-
like notation, we will indicate these subvectors as z(V;). We
denote the set of all partitions of X’ as P(X'), and the set of all

{-partitions as P (X'). Obviously, P(X) = Ul[ill Poe(X).

A. Lattice of Partitions and the Degree of Inclusion

The natural partial order relation on (X) is the refinement
order p < o defined as follows.

Definition 6: Given two partitions p[¢] = {V1, ..., V,} and
olw] = {Us, ..., Uy} of X, we say that p[/] is a refinement of
than o[w], or, equivalently, that o[w] is coarser than p[¢], if for
every¢=1,...,/ there exists j = 1, ..., w such that V; C Uf;.

In other words, every block of p[¢] is a subset of some block of
o[w]. In this case, we write p[{] < o[w].

When p[f] < o[w], but p[f] # o[w] (this condition is equiv-
alent to £ > w), then we write p[{] < o[w]. If p[¢] < ofw],
but there does not exist any partition 7 € JB(X) such that
plf] < m < ofw], then we say that p[€] covers o[w], and write
p[¢] < ow]. In this case, o[w] is an immediate successor to p[/]
in the hierarchy imposed by the ordering relation.

The coarsest element of B (X') is the 1-partition { X'} and the
finest element of P(X') is the | X|-partition {{1},...,{|X]|}}.

The set P(X) is a partially ordered set under the refinement
ordering defined above. Furthermore, we can define two oper-
ations V and A such that p V o is the finest partition m such
that # > p and m > o (least upper bound), and p A o is the
coarsest partition 7 such that 7 < p and 7 < o (largest lower
bound). B(X) is closed under V and A. The refinement ordering
relation < is reflexive (p < p), antisymmetric (if p < o and
o < p, then p = o) and transitive (if p < ¢ and ¢ < 7 then
p < 7). Also, for any p,o € P(X), pV o, and p A o are
uniquely determined (that is, V and A are properly defined oper-
ators P(X) x P(X') — P(X)). Under these conditions, P(X)
is a lattice (or algebra) with respect to the operations V and A.

The lattice of B(X") admits a graphical representation given
by a graph called Hasse diagram, obtained as follows: for { =
1,2,...,|X]|, draw layers of nodes such that each layer £ has a
node for each partition in ,(X’). Then, an edge (p, o) in the
graph exists if and only if p < o. Fig. 3 shows an example
of Hasse diagram for the set of partitions of X = {1,2,3,4},
which we use as a running example to illustrate various defini-
tions and facts in the sequel.

Next, we introduce a function ¢ : P(X) x P(X) — Z, re-
ferred to as degree of inclusion, that plays an important role in
some computations needed in the proofs of our main results in
the following.

51t is customary to indicate the “type” of the partition by specifying m as an
ordered set. For example, the partitions {{1,2,3},{4}} and {{2},{1,3,4}}
of the set X = {1,2,3.4} are both of type [1,3]: they are both ([1, 3], 2)
partitions.
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1/2/3/4

Fig. 3. Hasse diagram of the partially ordered set B({1,2,3,4}).

Definition 7: Consider two partitions p[¢] < o[w] in [X].

For any integer w < ¢ < /£, define the set of ¢-partitions “in
between” p[¢] and o[w], i.e.,

[p,0]lg ={mr e P,(X):p<m <o} (193)

The degree of inclusion ( of the pairs p[¢], o[w] is defined as

0,  plf] £ ofw]
Cpll] = ofw)) =91, plf] = olw]
-1, w=/{-1andp[{] < o[w]
(194)
and for w < £ — 1 with p[{] < o]w]
-1
Cpll—olwD) = D | o), olw]l]
a=w+1
+ ai: (=1)*"
b=w+1
xS molelll| -1
w€[p[l],o[w]]p41
(195)

The degree of inclusion can be easily computed from
the Hasse diagram. In fact, interpreting the diagram as a
directed graph where edges point upward, we notice that
Zf;}ﬂ 41 1[plf]; o[w]]a] is equal to the total number of nodes
in the subgraph formed by all (directed) paths joining p[/]
with o[w]. Furthermore, for any ¢ € {w + 2,...,¢ — 1}, and
befw+1....a=1}% 3 cipe ol [T olwls] is given
by the total number of edges pointing upward of the (b + 1)th
layer in the subgraph of the paths joining p with o.

The degree of inclusion ( satisfies the following additive de-
composition:

(oll=o) =~ Y cla—oful).  (196)

a=w xe[p[t],o[w]]a
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Example 1: Referring to the diagram of Fig. 3

({1} {Z}L{S}; {4}} — {1, 2;3:4}})

p o

3 a—1
=> leolal+ D> (=D > ol | -1
a=2 b=2 w€[p,olbt1
(197)
3
=Y llpolal = D w0l -1 (198)
a=2 w€lp,ola
=6+7-6-3—1= —6. (199)

Next, we wish to check the validity of (196). We have
one partition at layer 1, namely {{1,2,3,4}}. At layer
2, we have seven partitions [2], with degree of inclu-
sion ((7[2] —{{1,2,3,4}}) = —1. Then, we have six
partitions 7[3] at layer 3. Their degree of inclusion is
¢(m[3] —={{1,2,3,4}}) = 2. In order to see this, notice
that the subgraph of partitions 7[3] < 7 < {{1,2,3,4}}
consists has three intermediate nodes 7[2] and one top node.
Hence, ((7[3] —{{1,2,3,4}}) = —(1 — 3) = 2. Eventually,
using (196), we have

{1} {23, {3}, {4}} —{{1,2,3,4}})
=—(1+7-(-1)46-2)=—6 (200)

which coincides with the previous direct calculation.

If the refinement of o to p < o involves the partition of a
single block of ¢ into d blocks of p, then {(p — o) is uniquely
determined by d. For example, any two-way partition (d = 2)
has ( = —1 (this corresponds to a single block of ¢ split into
two blocks of p). Any three-way partition has ( = 2 (this corre-
sponds to a single block of ¢ split into three blocks of p). Any
four-way partition has ( = —6 (this corresponds to a single
block of o split into four blocks of p). It should be remarked
that the graph corresponding to a d-way partition of a single
block depends only on d (e.g., a four-way partition has always
the graph given in Fig. 3), no matter how many other blocks
(that do not split) p and o have, and what the cardinality of the
blocks is.

For refinements that involve the splitting of more than one
block of the top partition, the corresponding graph is obtained
as the Cartesian product graph of single-block partitions. For
example, consider the subgraph of Fig. 3 of all paths joining
{1}, {2}, {3}, {4}} (bottom) with {{1,2},{3,4}} (top). In
this case, the two blocks {1,2} and {3, 4} of the top partition
are split into two subblocks, and the corresponding graph is
given by the Cartesian product of the graphs of the two two-way
partitions, as shown in Fig. 4.

In general, consider two nested partitions p[¢] < o[w] such
that each ith block of o[w] is partitioned into d; blocks of p[¢].
It can be shown that ( satisfies the following multiplicative de-
composition:

w

cwm—wwn=11«m> (201)
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12/34
12 34

X

1/2/ 3/4

1/2 3/4

1/2/3/4

Fig. 4. Hasse diagram of the 2 X 2-way partition refinement from

{{1,2}, {3, 4} } o {{1},{2}, {3}, {4} }.

where, with some notational abuse, we denote by ((d) the value
of the degree of inclusion for a d-way partition that depends only
on d as noticed before.

The sum and product rules (196) and (201) allow very simple
recursive computation of the inclusion index.

Example 2: Referring to the diagram of Fig. 4, direct cal-
culation shows that

L 120, 131, {41 —{{L, 21, (3,4} =2 — 1 = 1.

Using the product rule, we have

CCH{LE {2}, {31 {41} —{{1, 2}, {3, 4}})
= ({1} {21} = {1 213} {43} = {{3,4}})
=(-D)(-1)=1.

A more involved example is given in Fig. 5. Consider partitions

{1}, {2}, (3}, {4}, {53} < {{1,2,3}, {4,5}}-

The first is obtained by a three-way partition of the block
{1,2,3} and a two-way partition of the block {1,2} of
the second. Hence, the inclusion index is readily given by
¢(3)¢(2) = 2(—1) = —2. The corresponding Hasse diagram
of Fig. 5 is obtained as the Cartesian product of a three-way
and a two-way partition. One can check by direct calculation
that, indeed

CC{{nh {2} 31, {41, {51} —{{1, 2,3}, {4,5}}) = -2

B. Good Partitions

In some calculations in Appendixes I-1X, we will work with
vectors z of k components defined on the ring Z,, of integer
residues modulo-n. In this section, we consider the index set
X = {1,...,k} and the corresponding partitions in P(X), in-
ducing the partition of a vector z into subvectors as said before.

Definition 8: Fix z € ZF. We say that p[m,/] =
W1,...,Ve}of {1,..., k} is a good partition for z if

’ ’

sum[z(V;)]=0 Vi=1,...,¢ (202)

where sum[-] denotes the sum modulo-n (i.e., in the ring Z,,) of
the components of the argument vector.

The condition that p[m, /] is a good partition of z € ZF is
equivalently expressed by saying that z belongs to the solu-
tion space of a linear equation over Z,,. In particular, a partition
p[m, ] is associated to the incidence matrix A , with k rows and
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45

123
1/%12 3\g/‘13 >< I — 1/23&54
4/5

1/2/3

Fig. 5. Hasse diagram of the 3 x 2-way partition refinement from {{1,2,3},{4,5}} to {{1},{2},{3},{4}.{5}}.

£ columns, such that the ith column of A , contains 1s for all po-
sitions j € V; and Os elsewhere. p[m, {] is a good partition for
z if and only if z is a solution of the linear equation zA, = 0.
Therefore, by definition, the set of the vectors z € ZfL for which
p[m, ¢] is good is given by Ker(A,) (the kernel of the linear
map ZF — 7! defined by A ,. The kernel of a linear transfor-
mation over the ring Z,, is a Z,,-module. Rather than using this
standard algebraic term, we will use a more familiar coding the-
oretic terminology: Ker(A ) is a linear code of length k over
Z,,, with parity-check equation given by zA , = 0.

Notice that the columns of A, contain only elements () and
1. Therefore, there is no column which greatest common divisor
that is a divisor of zero in Z,,. It follows that the solution space
of each rth parity-check equation defining Ker(A ) is isomor-
phic® to A Furthermore, by definition of partition it fol-
lows that the columns of A, are mutually orthogonal (in fact,
they have disjoint support corresponding to the disjoint blocks
{V» : r =1,...,4} of the partition p[m, ¢]). This implies that

Ker(A,) is isomorphic to the Cartesian product

7t gl oozt (203)
It follows that [Ker(A )| = n*~¢ depends on the partition only
through the number of blocks 2.

Lemma 3: Consider the partitions, p[m, ¢] and o[v, w] of
X = {1,...,k}, then Ker(A,) C Ker(A,) if an only if
plm, ?] < ofv,w].

Proof: Suppose that plm, ¢] < o[v, w]. Hence, each block
o is partitioned into blocks of p. Consider a block U; of o and,
without loss of generality, let V;, , ..., Virj denote the blocks of

p that partition U{;. For any z € Ker(A,), it follows that
sum[x(U;)] = Z sum[x(V;, )] = 0.
h=1

Hence, z € Ker(A,). This shows sufficiency. In order to
show necessity, without loss of generality suppose that £ > w,
plm,€] £ o[v,w]. There must exist a block V of p with
nonempty intersection with at least two blocks of ¢ (otherwise,
p would be a refinement of o). Denote these blocks as ¢/ and
U’'. We choose a vector z € Ker(A,) such that all components

SNotice that while this would be a trivial conclusion if Z,, were a field, the
condition that the coefficients of the equation are relatively prime with n is im-
portant in a ring that has divisors of zero, as in the case where n is not a prime.
For example, if n = 8, the equation = 4 y = 0 has eight solutions, but the
equation 42 + 2y = 0 has 16 solutions.
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are equal to zero but two nonzero components, z; = 1 for

1€ VNUandzy = —1fori’ € VNU'. Clearly, z ¢ Ker(A,).
This shows that Ker(A,) Z Ker(A,). O

APPENDIX III
SUMMING FUNCTIONS f : ZF — C

A partition p of the index set X = {1,...,k} induces an
equivalence relation on the elements of X. In particular, we say
that two indices 7,7 € X are equivalent with respect to the
partition p (and write ¢ £ 7) if they belong to the same block of

p.

Definition 9: We define S(p) to be the subset of Z¥ of all
vectors that are constant over the blocks of p[/], i.e.,

g(p):{zezﬁ;zi:zj ifz'ﬁj}. (204)

Lemma 4: Consider two partitions p[¢] and o[w] of X’ with
w < L. Then, S(o[w]) C S(p[¢]) if and only if o[w] > p[¢].

Definition 10: We define S~ (p) C ZF of all vectors that
are constant over the blocks of p and take on distinct values in
different blocks, i.e.,

$7(p) = {z €7k .z =z ifi & j, otherwise z; # z; ¢ .
(205)
It is easy to see that

S~(pl) =Slh - U

o[t=1]>p[f]

—1
=S -1J U S (o). o7

w=1 olw]>p[(]

S(a[t—1])  (206)

For all 1 < /,w < k and corresponding distinct partitions
olf] # ofu]
S (pl)) NS~ (fw]) = 0. (208)

Furthermore, the union of such sets over all the partitions ex-
hausts the whole 7, i.e.,

i=J s ().

PEP(X)

(209)

Therefore, the set {S™(p) : p € P(X)} is a partition Z¥.
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Lemma 5: Consider a function f : Z¥ — C, and a partition
p[¢] € P(X). Then

> f(z)=

z€S~(pl4])

S ol — olw))

o[w]=plf]

Y [

L
w=1 2€8 (o [w])
(210)

where ((p[f]—o[w]) is the degree of inclusion, defined in Def-
inition 7.

Proof: The proof is by induction. For ¢ = 1, (210) follows
from the facts that ST (p[1]) is the set of constant vectors {z =
(z,2,...,2) : z € 1,}, ((p— p) = 1, and the sum over o
contains only the term o[1] = p[1].

Now let us assume that (210) holds forall 1 < h < / — 1.
We wish to show that it holds also for £. Using (207) and (208),
we have (211)—(217), shown at the bottom of the page, where
(214) follows by changing the summation order, (216) follows
from (196), and (217) follows from the definition of (. O

APPENDIX IV
STRONG MIXING PROCESSES

Definition 11: Let (Q, F,P) be a probability space. For
any o-fields A C F and B C F, define the following measure
of dependence, which we refer to as the strong mixing coeffi-
cient:

p(A, B) = sup{[P(B|4) — P(B)[}

(218)
where B € B, A€ Aand P(4) > 0
For oo < J < L < oo, the o-field generated by X,,, p =
J,..., L is denoted by
Fh=oXpp=1J,...

L), (219)
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Definition 12: Let {X,;p € Z} be a stationary random real
process with E[X,] = p and E[X2] = 02 + p*. {X,;p € Z} is
a strong mixing process if

lim sup p(F* (220)

nT7 oo jez

Furthermore, we say that {X,; p € Z} is a strong mixing process
with polynomial convergence rate if

|$‘€1§ P(F s F53n) < v(n) (221)
J
with 7(n) = —55 with 3 > 0.

= (n— )

Example 3: Irreducible and aperiodic chains, either with a
countable state space or a finite state space are strong mixing
processes with polynomial convergence rate.

Proposition 1: Let {X,; p € Z} be a strong mixing process
with polynomial convergence rate as in Definition 12. For any
polynomials py . .. px and indices ry ... 7

im E[pu(Xe) -0k (X )po (X))
= Elpr(Xp)) (X))l lim Efpo(Xn)]

where the convergence rate is polynomial in the sense specified
in Definition 12.

(222)

A special case of strong mixing processes is the stationary
process where {X,;p € Z,} are independent identically dis-
tributed.

APPENDIX V
FOURIER COEFFICIENTS OF STATIONARY PROCESSES

‘We summarize some of the statistical properties of the Fourier
coefficients ¢, of a stationary process. Let {X,;p € Z} be a

Y 3

Yo fm= > f(= > f=) (211)
€S (p[0]) 7€S(p[f]) h=1 o[h]>p[f] z€S— (o [h])
—1 h
= > f@=-> > > > Lehl—r) > f(=) (212)
z€S(p[l]) h=1 o[h]>p[t] w=1 r[w]>0c[h] zeS(r[w])
—1 £—1
= > f@=Y00 > > Cehl=Tw) D> f(=) (213)
z€S(p[l]) h=1w=1g[h]>p[l] T[w]>c[h] z€S(r[w])
—1 £—1
= > -3 3 Yoo le—=T)) > f(2) (214)
z€S(ple]) h=1w=1r[w]>p[f] o €[p[€],7[w]]n z€S(7[w])
—1 —1
= > f@=-> > > > le=rwh] > f(2) (215)
z€S(p[¢]) w=1r[w]>p[l] \h=1ac€[p[t],7[w]]n z€S(r[w])
—1
= > f@+>. > -] D> f(z) (216)
z€S(p[¢]) w=17[w]>p[(] z€S(r[w])
J4
= Y =) Y f(=) (217)

w=1r[w]>p[(]

z€S(r[w])
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stationary real-valued random process with E[X,] = p and
E[X2] = 0% + p*.
Denote the DFT coefficients of {X,;p =0,...,n — 1} by
1 n—1 ‘
== XeTiTrt 223
o= Xpe (223)

p=0

As usual, the index set / = 0,1,...,n — 1 is identified with
the ring Z,,, with the corresponding modulo-n ring operations.
Since {X,} is real-valued, it follows that

€ = C_yg = Cp—y- (224)

Furthermore, both ¢o and (if n is even) ¢y, are real.
The expectations of the Fourier coefficients of a stationary
process depend on whether £ = 0 or £ # 0

n—1
1
IE = — =
[eo] = — > EX] (225)
p=0
[ n—1
Eleg) =5 Y emi%0t = :
[c] - Z e 0, (#0 (226)
p=0
Lemma 6 [16]: For any integer £ = 1,2,... and

{0 < o < 2}, such that o # «j if i # j, let

{laan],..., axn]|}. As n— oo, the joint distribu-

tion of the Fourier coefficients (223) of a stationary process
with variance o

{Vnee,

ltel (227)

converges to a proper-complex Gaussian product distribution
with zero mean and variances o2. Furthermore, /n(co — i) and
(if n is even) \/ﬁc% are real valued with variance o2, asymptot-
ically jointly Gaussian with (227).

The mixed moments play an important role in our analysis.
The following result easily follows from the definition of the
Fourier coefficients.

Lemma 7: For any integer k > 0, consider an index vector

i =1[j1,J2,---,5%] € ZF, such that sum[j] # 0. Then
[E[le Cjy """ Cjk] =0. (228)
Lemma 8: For any integer k > 0, letj = [j1,j2...,7k] €

Z* be such that sum[j] = 0. Let {X,;p € Z,} be independent
identically distributed and let ¢, with ¢ € Z,, be the Fourier
coefficient defined in (223). Then

]=%§j§:gmﬁmxp

¢=1 7[m,(]

P>

pES(r[m,f])

Elcj ¢ - cjy

e b

(229)
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where j-p = Zle jrpr and where

Qk, 7[m, {]) =

> ¥ (I~
w={ o[v,w]<7[m,l] \i=1

x((o[v,w] — 7[m,£]). (230)
with p; = E[X], with 7[m, ¢] and o[v, w] denoting partitions
of the index set {1,...,k}, and where S(7[m, ¢]) is given in
Definition 9 (see Appendix III) and denotes the set of all vec-
tors z € ZF with constant values on the blocks of the partition
7[m, ¢]. Finally, v; with ¢ = 1...,w denotes the cardinalities
of the blocks V1, ..., V,, of the partltlon ol[v,w].
Proof: We can write

_izm;.
CJA]__kZ "'Xl’k]eJ"Jp'

pPEZL

(231)

[le Cjy

Recalling the decomposition (209) of Zﬁ, we have (232)—(236),
shown at the bottom of the next page, where (236) coincides
with the desired result, (232) follows from the definition of the
set S~ (o[v,w]), and from the fact that the process is stationary,
(233) follows by denoting E[XY] = w, , (234) is an application
of Lemma 5, and (235) and (236) follow by rearranging the
terms in the summations. O

Given a polynomial ¢,.(-) and a stationary random process
{Xp;p =0,...,n — 1}, let us now denote by ¢, 4, the Fourier
coefficients of the new stationary random process {g.(X,);p =
0,...,m — 1} by

(237)

n—1
1
Clar = Z gr(Xp)e™
p=0
Following in the footsteps of the proof of Lemma 8, we can show
the following.

Lemma 9: For any integer k > 0, letj = [j1,72..-,7k] €
Z% be such that sum[j] = 0 and let q;(-), ..., qx(-) denote k
polynomials. Let {X,;p € Z,,} bei.i.d.andletc, , with/ € Z,,
and » = 1,...,k be the Fourier coefficient defined in (237).
Then

lE[ch:QI Cja,qa """ Cjk:Qk]
k
1 _i2ms
=22 > Puealborim ) Y e
£=1 7[m, ] PES(7[m,(])
(238)

where

w=L o[v,w]<7[m,f] \i=1

x ((o[v,w] — 7[m,{])
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and where
py, (g1, .- ax) = E [H ar(X1) (240)
r€Vi
where V1, ..., V,, denoting the blocks of the partition o[v, w].
Notice that for g1 (z) = - - - qr.(x) = =z, we get back the result
of Lemma 8.

APPENDIX VI
ON THE MOMENTS OF THE PRODUCTS OF RANDOM DIAGONAL
MATRICES WITH CIRCULANT MATRICES

In this Appendix, we prove some auxiliary results on the mo-
ments of products of diagonal random matrices with random
circulant matrices that we are going to use in the proof of our
main result. Since it is useful to exploit the structure of the ring
Z,, for the indices of the DFT coefficients, we will index the el-
ements of n X n matrices from 0 to n — 1 instead of from 1 to n.

Let X = diag{Xy,...X,—1} be a semidefinite random di-
agonal matrix whose diagonal elements X; are i.i.d. random
variables. As introduced before, we will use the notation p; =
[E[X] ] in order to indicate the jth moment of the diagonal ele-
ments of X.

Let F be the unitary DFT matrix as defined in (5) and let A be
areal diagonal matrix with diagonal elements [A];; = A;. Then

Z)\ff'

¥ = FAF' = (241)

is a circulant matrix.
For an n X n Hermitian random matrix V, we define the
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Theorem 15: For X and W defined as above and for any
positive integer k

Q(k,T[m, {])

nk—+1

> (1)
z€G(7[m,(])

(243)
where Q(k,7[m,¢]) is defined in (230) of Lemma 8 with
7[m, £] denoting a the partition of the index set {1,..., %} and
where G(7[m, £]) is the linear code over Z,, defined by

G(r[m, () = {z € Z) : zBA, = 0} (244)
with B denoting the matrix of dimension k X k
-1 0 .- 0 1
1 =1 0 0
B=|o0 1 . . (245)
0o .o —1 0
0 0o 1 -1

and A, denoting the incidence matrix of 7[m, ¢], of dimension
kx L.
Proof: Note that

= XZfAf)

=¢ Z Xf., A £ XL XS, )\Zlfn)

15002

normalized expected trace operator ¢(V) as =¢ ( Ao f XN FT XL LN, f] XE, )
$(V) = ~E[trV]. (242) o
=¢ H A, | £ X£ £5 XE. L f] XE
We have the following results. Z1, Z1
Lk
_j2m;.
[E[lecjz"'cjk]:n_kz Z Z [E[Xpl"'xpk]e I
w=1o[v,w] pe€S~ (o[v,w])
— Z > (H E [X¥] ) ST i (232)
n
w=1o[v,w] PES~ (o[v,w))
X (] ¥ e o3
w=lolv,uw] PES~ (o[v,w))
1 , w w o s
== S>> u) Yo > Lleviw]l—rm ) Y emi5iP (234)
w=1o[v,w] \i=1 £=1 7[m, (] >0o[v,w] pPES(T[m,{])
L
-
= WZ > > (H /LUZ> (olv,w]—rlm,f)) > eI (235)
=1 w=1o[v,w] 7[m,l]>0[v,w] PES(7[m,(])
k k
1 coms
=— Z Z Z (H Nm) o[v,w] — 7[mf]) Z e—i%Eip (236)
21 rmt] w=t o[v,w)<r[m, 0] pES([m, )
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¢ < Z <H )‘zw> Cap—21Ca3—25 - - ~Czl—z;\,>
Z1,...2 \r=1

)‘zr> Elcey—z,Coqmzg - Caymzy] - (246)

I
S|
(]
-

Define the indices v € ZF such that

U1 =22 — 21

Us = Zs41 — Zs
Vi =21 — Zk- (247)
In vector form, we have that v = zB where B is defined in
(245). Furthermore, by construction, Zle v, = 0 over Z, and
therefore also over Z,, (i.e., with respect to the modulo-n sum).
Using a notation already introduced, we have that sum[v] = 0.
By Lemma 8

co] = %Z S Q(k, 7m, 1))

£=1 7[m,(]

>

pES(r[m,{])

IE [cvl CUQ e

eIZEVP

(248)

Q(k,7[m,{]) is defined in (230) and where S(7[m, ¢]) is de-
fined in Appendix III and indicates the set of k-vectors over Z,,
with constant values over the blocks of the partition 7[m, ¢]. De-
noting these blocks by Vy,...,V, for any p € S(7[m, ¢]), the
subvector p(V,.) has the form

p(V:) = (hpyhpy oo hy)
—_———

[Vr| times

for some value h,. € Z,,, forallr =1, ...

Z e—iZEvp
PES(7[m,(])

n—1

= 2

hi,....,hg=0

L [n—1
—i2Z hsum[v(V;.)]
g(ie )

h=0
J— n£7
0,

ifsumv(V,)]=0Vr=1,...,¢
otherwise.
It follows that this term is not identically zero only if 7[m., ] is
a good partition for the vector of indices v (see Definition 8),
ie.,if vA, = 0.

Now, we examine the set of index vectors z € Zf; in the sum
(246) that correspond to nonzero terms. Noticing that v = zB
and that the nonzero terms correspond to index vectors v such
that vA . = 0, it follows that z must satisfy the linear equation
zBA, = 0.1t follows that the sum over all z € Z¥ asin (246) is
equivalent to summing over z € G(7[m, £]) as defined in (244).
This concludes the proof. O

,£. Then

iYL

| hrsumlv (V)]

Following in the footsteps of the proof of Theorem 15, the
following result can be also proved.
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Theorem 16: Let X and ¥ be defined as in Theorem 15.
For any integer k& > 0, and polynomials {p;,q; : i = 1,...,k}

</>(P1(‘I’) q1(X) -+, pr(P) gx(X))
Por.oqn (b, 7[m, £
_le [Zq L [H[ )

x Y (Hm ) (250)
z€G(7[m,(])

where Py, 4. (k,7[m, £]) is defined as in (239) of Lemma 9
with 7[m, £] denoting a the partition of the index set {1,. .., k}
and where G(7[m, ¢]) is defined in (244).

Next, we examine the structure of the linear code G(7[¢])
defined in (244), for some arbitrary partition 7[¢] of {1, ..., k}.
All “codewords” z € G(7[{]) satisfy the parity-check equation
zBA, = 0. This is a set of / linear equations in k variables.
However, the rank of BA ;. is only £ — 1, in fact, by construction,
the sum of the columns of BA ; is equal to 0. It follows that the
linear code G(7[¢]) over Z,, defined by the (redundant) parity-
check equation zBA.; is isomorphic to Z¥~¢*! and has size
nk—t+1

Given the above algebraic structure, G(7[¢]) after a suitable
permutation of its components can be given in systematic form.
In particular, there exists a matrix, K, € Z(k Er)x(Ee-1) , such
that

G(r[l]) = {[zzK,] : z € Z;~ "'} . (251)
As a consequence, the sum with respect to z € G(7[¢]) in (250)
can be more conveniently written as a sum with respect to the in-
dependent variables z1, . . ., 2r—¢41, referred to in the following
as the “information symbols,” with reference to the systematic
form of G(7[¢]). The “parity symbols” corresponding to the last
¢ —1 components zK - in (251) are obtained as linear combina-
tion of the information symbols. For future use, we define the el-
ements i, s = [K], s of the matrix K, in (251). Therefore, the
sth parity symbol of G(7[{]) is given by Zk o+l Zrky,s (Where
operations are in the ring Z,,).

APPENDIX VII
FREENESS OF ATA anD FGGTFt

In this section, we recall the definition of freeness and we
provide the proof of Lemma 1, which is at the heart of our main
results.

Definition 13: The Hermitian random matrices C and B
are asymptotically free if for all k£ and for all polynomials p;(-)
and ¢;(-) with 1 < ¢ < k such that”

lim ¢(pi(C)) = lim ¢(gi(B)) =0 (252)
we have
im ¢(pi(C) q1(B)---pr(C) g (B)) = 0 (253)

with ¢(-) defined in (242).

TThis includes polynomials with constant (zero-order) terms.
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For the sake of the proof of Lemma 1 it is convenient to make
the following assumptions: A is a random diagonal matrix
A = diag{A,... A} (254)
with i.i.d. diagonal elements [A];; = A;; F is the unitary DFT
matrix defined as in (5); and G is a random diagonal matrix

G = diag{Gy,...G,}, (255)
whose diagonal elements [G];; = G; are either i.i.d., or dis-
tributed according to a strong mixing process with polynomial
convergence rate (see Definition 12). It is immediate to see that
the role of A and G can be exchanged, so that the statement of
Lemma 1 follows.

Then, considering the random circulant matrix

¥ = FGG'Ff = Z G2 £,

1=1

(256)

we wish to show that ATA and FGGTFT are asymptotically
free.
We define the polynomials

q;(ATA) = ¢;(ATA) — E[q;(JA[)]T (257)
and
7i(¥) = p;(FGG'F) —E[p;(|GP)]L.  (258)
It follows that
$(7;(ATA)) = ¢(p;(P)) = 0. (259)

Thus, from Definition 13, in order to prove freeness, it is suffi-
cient to prove that, for all k£ and for all polynomials p;(-) and
g;(-) with 1 < j < k, we have

lim ¢(p1(¥) 71 (ATA)...pr(¥) Gu(ATA)) = 0.

n — oo

(260)

For notational convenience, from now on, we let \; = |G,L-|2 and
X; = |A;|?. Using Theorem 16, we have

¢(]51(‘1’) B(ATA) .. pe(¥) g(ATA))
Par....q. (b, 7[m, £
—Z > .t e+1[ )
¢=1 r[m,¢]
k
x Y E lH m(m] : (261)
z€G(7[m,{]) r=1

In order to prove (260), we will show that forall £/ = 1,...,k
and for all 7[m, /] either P;, 7 (x,7[m,¢]) = 0 or

m ﬁ S E[[n0-] =0

lim (262)
z€G(r[m,]) r=1
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In order to prove this result, we examine the structure of the
linear code G(7[m,¢]) in the systematic form (251) and con-
sider separately the following cases.

* Category 1. There exists at least one information symbol
that does not appear in any parity check equation, i.e., there
exist a position 1 < r < k — £ + 1 such that the rth row
of K. is formed by all Os.

e Category 2. There exists at least one parity symbol whose
parity-check equation contains more than one information
symbol, and this linear equation is unique, i.e., there exist
a position 1 < s < £ — 1 such that the sth column of K.
has at least two nonzero elements, and there are no other
columns of K equal to the sth column.

» Category 3. There exists at least one information symbol
that does not uniquely determine any parity symbol, i.e.,
there exist a position 1 < r < k — £ + 1 such that for any
1 < s <{—1such that s, # 0, then there exists some
’ such that also k,/ , # 0.

* Category 4. This case includes all the cases not in Cate-
gories 1, 2, or 3. In particular, this includes the case where
all the information variables uniquely determine a parity
variable, i.e., foreach 1 < r < k — £ + 1 there exist some
1 <'s <4 — 1 such that &, 5 is the only nonzero element
in the sth column of K.

Notice that Categories 1, 2, and 3 are not necessarily mutually
exclusive. The proof of Lemma 1 follows from the following
lemmas, the proof of which is given in the following subsec-
tions.

Lemma 10: If G(7[m, ¢]) belongs to Category 1, 2, or 3,
then (262) holds.

Lemma 11: If G(7[m,{]) belongs to Category 4, then
7)7117---71?k(,<’7T[m7 ) =0.

A. Proof of Lemma 10

From the expression of G(7[m, £]) in systematic form (251),
we can write

k—e+1

> I »-)

zezk—t+1 r=1

k
> e =

z€G(7[m,(]) r=1

prk z+1+<< S ) (263)

We examine the various cases separately.

Category 1 (i.i.d. Case). Without loss of generality, assume
that the first row of K is all zero. Then, the sum in (263) can
be separated into two sum, over the domains S and S¢ such that

S = {(21-,-~-7Zk—1+1) S ZZ_Z—H :

k—(+1

k—(+1
ﬂ {zﬂézr}ﬂ{zl# Z n}} (264)
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and S¢ is the complement of S in ZE~+1, We notice that S¢ is
given as the union of linear subcodes of G(7[m, £]) that satisfy
one additional linear equation of the type z; = z, for some

r=2...,k—f¢+1orz = Zf;f"’lzrﬁr,s for some s =
1,...,¢ — 1. There are at most k such linear subcodes of size

n*~*. Using (263) and taking expectation, we have

> E lf[ ﬁr(Azr)]

z€G(7[m,{]) r=1
k—0+1
= Z [El H Dr(A Hpk f+1+€< D KM)]
AS S r=1 r=1 "
(265)
since

ZZ;[E[MAZI)]
rﬁrlm 2 Hpk f+1+<( Z““z,nmﬂ

r=1

=0

due to the fact that E[p,.(\

, k by assumption. Dividing by n
the term in the right-hand side of (265) is O(n*
we have that (262) holds.

Category 1 (Strong Mixing Case). Again, without loss of
generality, assume that the first row of K is all zero. In the
strong mixing case with polynomial rate, since independence
does not hold any longer, we have to replace the notion of com-
ponents “different from” with the notion of components “suffi-
ciently far apart.” For some fixed ng, we define the set

-

(266)

2)] = O0forany z € Z, and r =
k=41 and noticing that
) as n — oo,

Sno = {(Zl, . ,Zk_g+1) € Zﬁiz+1 :

k—0+1
ﬂ {lz1 = 2] > no} m {

k—0+1

§ ZrRr s
r=1

and S°¢ is the complement of S in Z5~+!, We notice that S° is
given as the union of linear subcodes of G(7[m, ¢]) and a finite
number O(ng) of cosets of these. It follows that the size of S°
is O(non*=*).

For any € > 0, fix ng = ng(e) such that

k k
E [ [I7-(x-0)
r=1 r=2

Iz
for some finite constant /C and all z € S, where the existence of
such ng(¢€) is guaranteed by Proposition 1 in Appendix IV and
by the fact that E[|p(A.)|] = 0 for all z € Z,.
Then, using (263), separating the summation into the contri-
bution of all z € S,,(c) and the contribution of all z € S;O(E)
and taking expectation, we have (for sufficiently large n)

> E[ﬁpr(h

z€G(7[m,(]) r=1

<eE =k

(267)

= eO(nF =)+ 0(ng(e)n*=*).
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Dividing by n*~**! and letting n — 0o, we have that the term

in (262) is (in absolute value) dominated by some quantity é(¢)
that is vanishing as € | 0, so that the limit in (262) holds.
Category 2. In this case, there exists a parity symbol that is
not identically equal to an information symbol (its parity equa-
tion contains at least two nonzero coefficients) and it is not
identically equal to another parity symbol (it parity equation
is unique). Without loss of generality, we can assume that this
symbol is zj. Hence, for the i.i.d. case, we define the set

S = {<Z17---72k5+1) c Zﬁ—f—i—l .

k—0+1 k—0+1
X ﬂ zr # Z Zrbor
r=1 =1
k—0+1

. m{ S o m,:«)#o}}

= r=1

and 8¢ is the complement of S in ZF~“+1, Again, we notice that
&€ is the union of linear subcodes of G(7[m, ¢]) defined by one
additional linear equation, and therefore, it has size O(n*~*).
At this point, the proof for the i.i.d. case follows from the same
argument used before for Category 1. The proof for the strong
mixing case follows along the same lines, by replacing “dif-
ferent from” with the “sufficiently separated” condition in the
definition of the summation sets. Details are omitted for the sake
of brevity.

Category 3. By now, the argument that leads to the proof
of Lemma 10 should be clear: we separate the sum over all
G(7[m,{]) in (262) into two terms. One term contains code-
words z € G(7[m,¢]) that have one symbol distinct from all
other symbols, and the other term is the complement. The first
term is identically zero when taking expectation, since the term
corresponding to the distinct symbol factors out of the product
and it is, by construction, equal to zero. It turns out that for Cat-
egories 1 and 2 we can show that the complement set of code-
words S€ is formed by the union of a small (i.e., constant in n)
number of linear subcodes of size at most n*~* that is vanishing
with respect to n*~‘*! when we take the limit for n — oco. For
the strong mixing case, term by term independence cannot be
invoked. However, we can identify a subset of codewords for
which one symbol is sufficiently separated by the others by more
than ng(e) modulo n, such that the expectation of the product
of polynomials “almost factors out” in the sense of Proposition
1 in Appendix IV.

This proof pattern applies also for Category 3. In this case,
there exists an information symbol (say, z1 ) that is not replicated
into any parity symbol, i.e., there is no parity equation of the
type zZr—¢+1+4s = Z151,s. Therefore, in this case, the sets S and
Sno(g) take on the same form of (264) and (266), respectively.

B. Proof of Lemma 11

This lemma follows immediately by noticing that if
G(7[m,/]) belongs to Category 4, then all the informa-
tion symbols are replicated into some parity symbols (up to a
multiplicative coefficient), that is, forevery 1 <r < k—/+1,
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there exists some 1 < s < £ — 1 suchthat 21145 = 2Ky s
with k.., # 0. This is possible only for partitions 7[m, ¢] with
{—12>k—1/{+1, implying £ > [%] + 1. However, this
condition implies that 7[m, ¢] must have a block of size 1. In
fact, if all blocks of 7[m, ¢] were of size at least 2, we would
have 2/ < k, which is a contradiction.

Lemma 11 follows by showing that if 7[m, ¢] has a block of
size 1, then the coefficient Py, g, (k, 7[m, £]) defined in (239)
is identically zero. Recalling the expression

P@h---ﬂk (kv T[m7 l])

- Ek: > <ﬁuvi(§17---7§k))

w=L o[v,w]<T[m,f] \i=1

x ((o[v,w] — 7[m, £])

where
Hy; (QI‘, e qk) =E [H q'r(xl)
reV;
and where V1, ..., V,, are the blocks of the partition o[v, w] <

7[¢], we notice that all such partitions o[v,w] in the above for-
mula are refinements of 7[m, ¢]. If 7[m, ] has a block of size
1, then all such o[v, w] have also a block of size 1. Without loss
of generality, let this block be V; = {r1} for some 1 <y < k.
Therefore, for all o[v, w] < 7[m, ¢], we have

.U’V1(q IR /(jk) =E [(j'f'l(xl)] =0
by definition of the polynomials {g.}. Since
Pay...g.(k,7lm,¢]) is a weighted sum of products

each of which contains a zero term, it must be equal to zero.

APPENDIX VIII
PROOF OF THE LIMIT (126)

The a.s. limit (126) is formally stated by the following.

Lemma 12: Let P = diag(Py, ..., P,) with diagonal el-
ements either i.i.d. or distributed according to a strong mixing
process with polynomial convergence rate (Definition 12). Let
A = diag(A,...,A,) with i.i.d. diagonal elements, and let F
denote the unitary DFT matrix as defined in (5). Let Q = AF
and let g; denote the ith column of Q. For any fixed v € [0, 1],
as n — 0o, we have

-1

J#lvn]

(268)

a.s.
Qvn] — &

where « depends on the asymptotic distribution of A and P but
it does not depend on v.

The proof of this result is based on calculations that are sim-
ilar (in the spirit) but more involved than those presented before
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for the proof of freeness. In the following, we outline the main
ideas of the proof.

Proof (Sketch): Again, it is convenient to use indices in Z,, .
Therefore, the matrix and vector components will be numbered
from 0 to n — 1 instead of from 1 to n. Fix i = |vn |, and define

A(l) :dia‘g{P(): Pl: R P’i—l: 1, Pi-i—l-, ) Pn—l}
1
ai=q [T+7Y 2Waqal |
pox

(269)

where /\y’) denotes the jth diagonal element of A(i), proving
Lemma 12 is equivalent to proving that 3; = 3, where

T14 Yoy

Bi
-1

=q [ T+yqa +7> MWaal |«
i#i

(270)

where (270) follows from the matrix inversion lemma.
Using the series expansion of the matrix inverse and writing
q; = Af;, we obtain

-1

At OPF AN ,
Bi =fJAT [ T+yA | Y A6 A Af;
JELn
=t <Z(—v>k<X¢i)kx) f;
k=0
= > (=) . Q71)
k=0

where we defined the n x n diagonal matrix X = AAT with
ii.d. diagonal elements X; = |A;|2, and the n x n circulant
matrix ®; = FA”)FT and in (271), we defined

O = ] (X®;)*Xf;. (272)
It follows that it is sufficient for our purposes to show that the
random variables 6, ;, where i = |vn| and v € [0, 1] converges

almost surely to some limit g5 independent of v. The proof pro-
ceeds through a sequence of lemmas.

Lemma 13: The limit g, = lim,, — o0 E [0, |4 ] exists
and does not depend on v but only on the asymptotic distribution
of A and P.

Lemma 14: The central moments of £, ; of order 2 and 4
satisfy

(273)

(274)

Var{0,:} =0 (%)
(

E [|9,m» - E[ekﬂ.]ﬂ ~-0 %)



TULINO et al.: CAPACITY OF CHANNELS WITH FREQUENCY-SELECTIVE AND TIME-SELECTIVE FADING

The last step of the proof of Lemma 12 follows as an appli-
cation of Markov’s inequality and of the Borel-Cantelli lemma.
For ¢ > 0, we have

E (16, — El0]/"]

P (|9kz — |E[0k71]| > 6) < .

()

where we used (274). This, combined with Lemma 13, shows
that 65 ; — o, in probability. Furthermore, since the sequence
of probabilities {P(|0x,; — E[0k,:]| > €) n = 1,2,...} is sum-
mable for all € > 0, we have that 6, ; — o, almost surely.

We conclude this section by proving Lemma 13 in details.
The proof of Lemma 14 follows along the same lines but it is
considerably longer. For the sake of space limitation, we omit
this rather technical and tedious proof here.

We wish to compute E[6}, ;] where 6}, ; is defined in (272).
Following similar steps as in the proof of Theorem 15, we arrive
at the expression

Ef6r:]= > E [ﬁ AS’)]

z€Zk r=1

(275)

(276)

(277)

xE [Czl—iczQ—zl o Crp—zg Ci—zk]

where, as usual, ¢, denotes the ¢th DFT coefficient of

(Xoy+ vy Xn—1)-
Noticing that the indices of the DFT coefficients, 21 — 7, 25 —
Z1,...,t— 2} have zero sum, we can use Lemma 8 and algebraic

manipulation similar to what done in the proof of Theorem 15
in order to arrive at the expression

k+1

Elfid = gy 9. D0 Q(k+ 17lm, ()

¢=1 7[m,(]

x D

(4,215,221 ) EG(7[m, (]

k
E [H AQ’)] . (278)
)

r=1

where 7[m, ¢] denotes an (m,¢)-partition of the index set
{1,...,k + 1}, where Q(k + 1, 7[m, ¢]) is defined in (230) of
Lemma 8 (see Appendix V), and where G(7[m, /]) is a linear
code of length k£ + 1 over Z,, defined by

G(r[m, /) ={z € Z:™' : zBA, = 0} (279)

with B denoting the matrix of dimension (k + 1) X (k+ 1)

-1 0 0 1
1 -1 0 -+ 0
B=|0 1 . . . (280)
0 . . —1 0
0 0 1 -1

and A, denoting the incidence matrix of 7[m, £], of dimension
(k+1) x £
Notice that the (k+1)-tuple (¢, 21, . . ., zx) € G(7[m, ¢]) be-

longs to a coset of the linear subcode Go(7[m, £]) C G(7[m, ¢])
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formed by all codewords z € G(7[m, £]) with first component
equal to 0. In particular, since the constant vector (7,4, ...,%) is
a codeword of G(7[m, £]) but is not a codeword of G (7[m, £]),
this coset is given by

Go(r[m, f]) + (4,4,...,1%). (281)
Consider the code of length £ obtained by eliminating the iden-
tically zero first component of Go(7[m, £]). This operation is
known as “shortening” in coding theory and, with some abuse
of notation, the shortened code is also denoted by G¢(7[m, /).
We will adopt this notation here. Notice that G (7[m, ¢]) is de-
fined by the parity-check equation

zBA, =0 (282)

where

1 -1 0 - 0
(283)
o --- 0 1 -1

has dimension & x (k + 1). Furthermore, the parity-check (282)
is redundant (the sum of the columns of the matrix B A ; is equal
to zero), so that Go(7[m, £]) has dimension k — £ + 1 over Z,,
(i.e., size nF—t+1),

We can write (278) by summing over z € Gg(7[m, ¢]) and,
using (281), we arrive at

k+1
E[fh] = ﬁ 3% QU+ 1,7[m, )
¢=1 7[m,(]
k .
x Y E lH A +] . (284)
zEGy(7[m,0]) r=1

Up to irrelevant component permutation, we can Wwrite
Go(7[m, £]) in systematic form as

Go(r[m, {]) = {[z|zK,] : z € ZE~H}. (285)
As a consequence, the sum with respect to z € Go(7[m, ¢])
in (284) can be more conveniently written as a sum with re-
spect to the information symbols (i.e., independent variables)
Z1,. .., Zk—e+1. Without loss of generality, we choose K such
that its identically zero columns (if any) are placed in the last
p positions, for some p (which may be equal to zero) that gen-
erally depends on the specific code Go(7[m, ¢]). In general, a
codeword of Gg(7[m, £]) in systematic form is given by

k—(+1 k—f+1

Zlyewey Rk—0+1y E ZrRel 5.4, E ZrRerm
r=1 r=1

0,...,0
——

P
where m+p = £—1 and where, by construction, we assume that
the first m columns of K. have at least one nonzero element.

Recall that, by definition, we have

o P.yi, for z#0
z+i T 1,

for z = 0. (286)
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Using this and the systematic form of Go(7[m, ¢]) in (284), we

obtain
k41
Elfril = ZZQ’““”“D kt/+1
£=1 7[m,0]
k—0+1
<3 e T D, | e
Z€Z£*£+1 1 rRr.s

The proof proceeds by showing that for all partitions 7[m, ],
we have

k—t+ m
1 (2)
Jim | D [E[ H Mer +n]

zezh e

k—0+1
—E [ H P,+ZTHP+Zk = ]

(288)

=0.

In order to see this, it is useful to split the above sum over z €
7%=+ into two contributions defined by the sets

_— k—0+1 m (k—l+1
S=qz€el, ﬂ {zryéO}ﬂ Z Zrkrs £ 0
s=1 r=1

and its complement S¢. The contribution of all terms z € S in
the sum in (288) is zero because of (286). Furthermore, notice
that |S¢| < (k — p)n*~¢, in fact, S¢ is given by the union
of all linear subcodes of Gg(7[m, ¢]) with one component in
positions 1, ...,k — p fixed to zero. These subcodes have size
at most n*~ ‘, , and there are at most k£ — p such subcodes. From
the above argument, it follows that the term in the limit (288) is
upper bounded by

1 o 17,6
nk—t+1 Z E [ H Aits, HAi+Zk_C+lzrnr.s]

AR r=1 s=1 r=1
k—C+1
[ H PL+Zr H P +Z" [+1z K/rs‘|
nk—K
< ik (289)

where K denotes some positive constant independent of 7, so
that the limit (288) follows.
Finally, we observe that for any partition 7[m, ¢] and fixed
€ [0,1] it holds

lim
n — oo nk Z+1

k k
X Z E [H Pzr+LynJ‘| —E [H Pzr] =0 (290)
r=1

z€G( (7[m,{]) r=1

where equality follows by the fact that { P, } is stationary strong-

mixing with polynomial convergence rate (details are omitted).
Limits (288) and (290) imply that the limit of (284) for

n — oo is indeed independent of v, and Lemma 13 is proved.
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Fig. 6. Deterministic intersymbol interference with memoryless fading and
Gaussian noise.
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APPENDIX IX
DETERMINISTIC INTERSYMBOL INTERFERENCE WITH
TIME-SELECTIVE FADING

In this Appendix, we deal with the model in Fig. 6 which
incorporates both deterministic intersymbol interference and
time-selective (frequency-flat) fading [17]. Through rather
routine approximation of Toeplitz matrices with circulant
matrices, the analysis of this model corresponds to the case
where the diagonal matrix G is deterministic. We conjecture
that the solution is equivalent to that in Theorem 1, with
|G|? = S,.(U)|H(U)|?> where U is uniformly distributed on
[-1/2,1/2], namely, the following.8

Conjecture 1: The mutual information achieved by a sta-
tionary Gaussian input with power spectral density S, (f) is

10) = [ log(1+ ans() d
+E [log (1 4+ vv|A*)] — log(1 + ary) (291)

where S(f) = S.(f)|H(f)|? and «, and v are defined by the
solution to

Wl

1 1 1
/_; Transn® = -F [1+ V7|A|2} S

The optimization of S,.(f) proceeds in the same way as in The-
orem 2, i.e., it is the waterfilling solution for the same transfer
function (and no time-selective fading) but computed for a re-
duced SNR given by Theorem 2 where S, is now given by

amﬁ=%‘ﬁ%ﬁr

1/2 1 +
- df = 1.
/mkyﬂMMJ r=1

We proceed to outline a possible path to prove Con-
jecture 1. The objective is to obtain an expression for
lim,, — o %[E [log det (I + WAZA*)] where ¥ = HY,Hf
and H is a deterministic Toeplitz channel matrix describing the
linear time-invariant discrete-time linear system with transfer
function {H(f) : f € [0,1]}, and ¥, is the Toeplitz input
covariance matrix.

The first step consists of showing that the asymptotic eigen-
value distribution of AX AT is the same as if ¥ is replaced by
a circulant matrix. The sufficient condition in the following
lemma is satisfied because of the conventional asymptotic

1+ avy

(293)
with

(294)

8The result in [17] is analogous to Theorem 8, but the proof (omitted in [17])
turns out to have a gap.
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equivalence of products of Toeplitz matrices to circulant ma-
trices (see [18, Th. 5.3]).

Lemma 15: Let ¥ be Toeplitz with convergent eigenvalue
distribution and let

A = diag{)1,... A} (295)

denote the diagonal matrix of the eigenvalues of X. Further, de-
note the circulant matrix

¥ = FAF' (296)
with F the unitary DFT matrix as given in (5). For all v > 0

(297)
(298)

nasa(v) =nawa(v)
Vaza(y) =Vawa(7)-

The conjecture would be proved by showing that, in the limit
of large n

nawai(7) = narcairiat () (299)

where narggiriat 1S given in Theorem 11 in Section II-G
and where {|G;|?} is a frequency-domain fading process such

that, for each = = 1,...,n, the term |G;|? is obtained by
sampling independently with uniform probability a value from
{/\17 te )‘n}

As an intermediate step, it is not too difficult to show that, as

n — 00
Naga: (V) = Narcairiai(7) (300)

where ¥ = FIIAIL' F', and I is a random permutation matrix,
equiprobably distributed over the set of all permutations of n
elements (i.e., over the symmetric group S,,).

The claim (300) follows by noticing that, according to the
definition of 7-transform, it is sufficient to show that

lim LE [tr (I+YAFGG'FTAT)]

n—oo N

= lim
n—o00 NN

S E [tr (I+ yAFHAHTFTA*)} . 301)

n

In order to show (301), we choose to follow a discrete approx-
imation route. First, note that if we can prove the sought-after
result when the empirical distribution of A only has a finite
number of masses, the result will follow from continuity.
Second, the possible realizations of G are partitioned ac-
cording to the equivalence relationship of permutation, or, in
information theoretic language, into types. Because of the i.i.d.
assumption, all members of each equivalence class have the
same likelihood. Furthermore, the method of types, ensures
that we can safely neglect all atypical types (i.e., all those that
are not very similar to the empirical distribution of A.) Thus,
(301) is established by including a further averaging in the
right-hand side with respect to types that are close to that of A.
However, that is unnecessary since the right-hand side of (301)
is continuous with respect to the type of A.

At this point, (299) follows if we can show that
lim,, — oo ~E[tr(IT + ~YAFIAII'FTAT)] (for any given
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sequence of permutations {II}) is independent of {II}. Let
X = AAT be a diagonal matrix whose diagonal elements
{Xp :p=0,...,n— 1} are i.i.d. with a common distribution
all whose moments exist. The empirical distribution of the
deterministic diagonal matrix A is assumed to converge. The
invariance to permutations of A of the n-transform follows
from the invariance of all limiting kth moments, i.e.,

lim LE [tr (XFAFH)")]

n—oo N

~ lim LE [tr ((XFHAHTFT )k)} . (302)
n—oon

Fix k£ and let cg,...,c,—1 denote the DFT coefficients of
{Xp;p =0,...,n — 1}, as defined in (223). Denote the mean
and variance of X; by ; and o2, respectively. A key observation
is that thanks to Lemma 6 and to the expression in (246),
asymptotically as n — oo the kth moments in (302) not depend
on the distribution of X; except through its mean and variance.
Therefore, as far dealing with the limit in (302), we are free to
assume that X; is i.i.d. Gaussian. We obtain

E [tr ((XFHAHTFT)’“)}
—E [tr ((FTXFHAIIT)’“)}
—E [tr (((c + MI)HAHT)’C)]

(303)

(304)

where we have defined the n x n complex Gaussian circulant
matrix C whose first row consists of cg, . .., ¢,_1 where:

e g ~ N(0,0%/n);

* ¢ ~CN(0,0%/n)for £ =1,....[%];

® Cp—r = C;;

* clzj41 ~ N(0,0%/n) if n is odd.
Applying Newton’s formula to the right-hand side of (304), all
ensuing terms have the form of the expectation of the trace of a
power of the product of a circulant matrix and a diagonal matrix.

Then, Conjecture 1 would follow by proving that

1 k

L fir (cmAm)]
is invariant with respect to II (at least in the limit as n — 00).
This is supported by extensive Monte Carlo simulation, al-
though the proof of this invariance remains open.

Further evidence of the correctness of our conjecture is pro-
vided by the following special case, for which a direct calcu-
lation of the mutual information rate is possible using a com-
pletely different approach. Consider an ISI channel with two
consecutive nonzero coefficients, denoted by hq, h1, and mul-
tiplicative i.i.d. time-domain “erasure” fading, i.e., such that
A € {0,1} with P[A = 0] = e € [0, 1]. The corresponding
time-domain channel model is given by

¥i = Ai/Y(hoxi + hixi—y) + 2z, 1=1,...,n (305)

where we assume hg,h; € R for the sake of notational sim-
plicity. We are interested in computing the mutual informa-
tion rate when the input is Gaussian i.i.d. Since the channel
memory length is equal to one, every null fading components
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splits the received signal into noninterfering segments. Let the
two-band Toeplitz (or, equivalently, its circulant approximation,
cf. Lemma 15) be denoted by H. Then, after neglecting an ini-
tial transient that is irrelevant in the limit for n — oo, we have
that
D logdet (T + Y AHHI A 1N(n)l det (B
~logdet (I+7 )—ngoge(wkﬂ)

(306)
where {wy} are ii.d. geometrically distributed intererasure
times, taking values in the positive integers 1,2,3,... with
probability P[w = £] = (1 —e)*~'e, N(n) denotes the number
of runs of 1s in a sequence of length 7, and we have introduced
the £ x £ Jacobi tridiagonal matrix

a b 0 --- 0

b a b :
B:=|o

: b

o --- 0 b a

where a = 1+ y(h3 + h?) and b = ~yhohi. (By convention,
we take By = 1.) The determinant of the block B, satisfies the
difference equation

A[ = (],A[_l — bQA(_Q

with initial conditions Ag = 1 and A1 = a. This can be solved
explicitly and yields

S+ _ gt
Ag=3_—F%2 307
¢ e (307)
with
1
s12.= 3 (a +va?2 - 4b2) . (308)

Eventually, we arrive at the following expression for the ca-
pacity of this channel: taking expectation with respect to the
erasure fading process and the limit for n — oo, we find

[N(n)
1
Cly)= lim —E | > logA,,_ (309)
n oo N
k=1
1 [ [N
= lim —E |E log Ay,y—1| N(n) (310)
n—>o00 M =1
e [ S et — o 1o (272557
= fim_F N(m;e(l‘e) log | ~=—1%
(311)
2 ‘ it —sott
=e 1—e)"lo 312
Z( ) &) a2 4b2 ( )

where we used the bounded convergence theorem and the fact
that, by the strong law of large numbers, @ — e almost
surely.
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Fig.7. Two-tap time-invariant channel (ho = 1, by = 0.5), withi.i.d. erasure
fading; solid lines correspond to (291) and * correspond to (312).

Fig. 7 illustrates the comparison of (312) with the result in
Conjecture 1 particularized to the case H(f) = ho+hie™927f;
perfect agreement up to any desired numerical precision is ob-
tained.
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