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Abstract—This paper finds the capacity of single-user dis-
crete-time channels subject to both frequency-selective and
time-selective fading, where the channel output is observed in
additive Gaussian noise. A coherent model is assumed where
the fading coefficients are known at the receiver. Capacity de-
pends on the first-order distributions of the fading processes in
frequency and in time, which are assumed to be independent of
each other, and a simple formula is given when one of the pro-
cesses is independent identically distributed (i.i.d.) and the other
one is sufficiently mixing. When the frequency-selective fading
coefficients are known also to the transmitter, we show that the
optimum normalized power spectral density is the waterfilling
power allocation for a reduced signal-to-noise ratio (SNR), where
the gap to the actual SNR depends on the fading distributions.
Asymptotic expressions for high/low SNR and easily computable
bounds on capacity are also provided.

Index Terms—Additive Gaussian noise, channel capacity, co-
herent communications, frequency-flat fading, frequency-selective
fading, orthogonal frequency-division multiplexing (OFDM),
random matrices, waterfilling.

I. INTRODUCTION

T HE simplest discrete-time additive-noise channel subject
to fading is the time-selective coherent model

(1)

where the complex-valued input codeword
is subject to a unit average power constraint, is a

unit variance independent identically distributed (i.i.d.) complex
Gaussian random process, is a stationary ergodic
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fading process known at the receiver and stands for signal-to-
noise ratio (SNR). In vector form, (1) becomes

(2)

where . If the decoder (but not the en-
coder) knows the actual fading realization, the capacity of (1) is
equal to [1]

(3)

where the expectation is with respect to the random variable
distributed according to the first-order marginal distribution of
the fading process .

Another important model is the discrete-time frequency-se-
lective fading channel, given by

(4)

where is an unitary Fourier matrix with coefficients

(5)

The columns of form an -dimensional unitary discrete-time
Fourier basis, and the fading coefficients affecting the
transmitted signal frequency components are denoted by

. Note that the random channel matrix
is circulant.

The model in (4) encompasses the random linear time-in-
variant channel

(6)

where denotes the (random) channel impulse response,
under the assumption of cyclic prefix precoding and
[2].

In most physically meaningful frequency-selective models
(see [1] and references therein) the diagonal coefficients of
are identically distributed. If, moreover, they are cyclically sta-
tionary (the joint distribution is invariant to cyclic shifts), then
the impulse response coefficients are uncorrelated, which is a
common assumption. Using the fact that is unitary and under
ergodicity and stationarity assumptions on the fading coeffi-
cients, the capacity of (4) is given by (again, assuming knowl-
edge of at the decoder but not at the encoder)

(7)

Both (3) and (7) are achieved by Gaussian i.i.d. input vectors .
When the encoder knows , then it allocates power according
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to the waterfilling formula [3]. In fact, in the familiar case of a
deterministic linear time-invariant system with transfer function

, , the mutual information achieved by
a stationary Gaussian input process with power spectral density

is equal to the right side of (7) with
and uniformly distributed on .

A general discrete-time coherent fading model is given by the
noisy version of the output of a linear time-varying system with
random impulse response known at the receiver

(8)

or, equivalently, in vector form

(9)

where is the matrix representation of the convolution operator
in (8). Subject to suitable stationarity and ergodicity assump-
tions on the capacity is given by [1]

(10)
A general closed-form formula for (10) in terms of the statistics
of has not been found yet either with or without knowl-
edge of at the transmitter.

Since most mobile wireless systems are subject to both fre-
quency-selective fading (e.g., due to multipath) and to time-se-
lective fading (e.g., due to shadowing), it is of interest to con-
sider a channel model that incorporates both effects. In this
paper, we consider the following model (Fig. 1):

(11)

obtained by concatenating a random circulant matrix ,
with a time-domain diagonal fading matrix, where, as defined
before, and are random diagonal matrices modeling the
time-selective and frequency-selective fading coefficients, re-
spectively. Note that (11) is a special case of (8), which cap-
tures some interesting features of time and frequency selectivity.
For example, we may consider a case where signaling takes
place over a set of orthogonal carriers [as in orthogonal fre-
quency-division multiplexing (OFDM)], each attenuated by a
random coefficient, with the whole signal then subject to a form
of time-selective fading. Examples of time-selective (frequency-
flat) fading include shadowing, impulsive noise/jamming that
saturates the receiver input thereby erasing some of the received
values [4], and satellite communication with the presence of a
line-of-sight path modeled as a Markov chain [5].

Throughout this paper, we assume that the fading random pro-
cesses and are mutually independent,
stationary, and ergodic. Furthermore, either the time-domain
fading or the frequency-domain fading is assumed to be i.i.d.,
while the other is strong mixing (Definition 12 in Appendix IV).
We denote by and two independent random variables with
the same first-order marginal distributions of and , re-
spectively. Notice that and may have different distributions.

Fig. 1. Frequency-selective time-selective fading channel.

These are assumed to be sufficiently well behaved, such that all
moments exist.

The main technical advance required to solve the capacity
of the channel model (11) is the asymptotic spectral distribu-
tion of the matrix , when is a random symmetric non-
negative definite circulant matrix independent of . When the
fading is known to the receiver only, the capacity is given by
Theorem 1, which represents the main result of this paper. In
Theorem 2, we show that when the frequency-domain fading is
known also to the transmitter, the capacity achieving power allo-
cation on the channel frequency components takes on the form
of the well-known “waterfilling” solution for a scaled channel
SNR, where the scaling coefficient can be characterized as the
solution of a fixed-point equation. We also provide a number
of easily computable upper and lower bounds to capacity, and
simple formulas for the asymptotic behavior of capacity in the
limits of small and large SNR are also presented.

The rest of this paper is organized as follows. Section II states
the main results on capacity with fading coefficients known
at the receiver only; on capacity when the frequency-selective
fading is known also to the transmitter; on the bounds to ca-
pacity and on the low/high SNR asymptotic regimes. Section III
presents some auxiliary results and the proofs of our main re-
sults, except those particularly technical, which are relegated to
Appendixes I–IX. Finally, Section IV summarizes our conclu-
sions.

II. CHANNEL CAPACITY RESULTS

A. Main Results

Theorem 1: The capacity of the channel model (11) with
fading unknown to the transmitter is given by

(12)

where

(13)

(14)

are coefficients that depend on and on the fading distributions,
and are defined by the solution to

(15)
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Proof: See Section III-F.

Notice the interesting duality between the frequency and time
domains: the distributions of the random variables and
play exactly the same role in the evaluation of capacity. In that
respect, note that if in (10) is a multiple of the identity,
the determinant is the same whether or

. In the absence of time-domain fading ( deter-
ministic) the solution to (15) satisfies . In the ab-
sence of frequency-domain fading ( deterministic) the solu-
tion to (15) satisfies . Intuitively, captures the effect
of time-domain fading variations, and captures the effect of
frequency-domain fading variations. Furthermore, (15) can be
written as the pair of equations

(16)

and

(17)

The left-hand side of (16) is the minimum mean square error
(MMSE) for estimating a nonstationary independent Gaussian
process with variance from the observation of

. Hence, can be interpreted as
the variance of a white Gaussian process that, if observed
through the same additive white Gaussian noise (AWGN)
channel, yields the same MMSE as . The same observa-
tion holds for (17), exchanging with and with .

Consider the following special cases of the setup in Section I.
• Frequency-selective fading. In the absence of time-do-

main fading , the solution to (15) satisfies
and the second and third terms in (12) cancel, recovering
(7).

• Time-selective fading. For a deterministic frequency-flat
channel, . Thus, (15) is solved by ,
in which case the first and third terms in (12) cancel and
we obtain (3).

• Frequency-selective fading with on–off time-selective
fading. In the special case where takes on the values

or with probability and , we obtain

(18)

where the binary divergence is defined as

(19)

and is the ( -dependent) solution to

(20)

Note that in the special case in which the frequency selec-
tive fading is also ON–OFF, i.e., takes values and ,
(20) becomes a quadratic equation and admits a closed-
form solution [4].

• Independent Rayleigh fading and Markov-correlated
shadowing. Here we have i.i.d. Rayleigh fading in the fre-
quency domain and a two-state Markov shadowing process

Fig. 2. Rayleigh frequency-selective fading and two-state Markov shadowing
with , and with transition probabilities

and . Solid line: solution to Theorem 1. Dotted line:
Monte Carlo evaluation of (24) for . The clouds of points correspond to
realizations of the random variable inside the expectation in (24). (1000 points
per cluster).

in the time domain. In particular, is a sequence of in-
dependent exponential random variables with mean , and

is a Markov chain with two states and with sta-
tionary distribution . In order to solve (15) for
and as a function of , we proceed as follows. For any
given , let be the solution of the equation

(21)

and let be the solution of the equation

(22)

Then, using the second equality in (15), we find (e.g., using
the bisection method) the value of that satisfies

(23)

Finally, using the values of and and so obtained,
calculate using (12). Fig. 2 shows the comparison
between and Monte Carlo simulation of the finite-
dimensional mutual information formula

(24)

for . We also show the realization of the normalized
log–det without the expectation, in order to give an idea of
the spread of the finite-dimensional mutual information for
given (random) realization of the fading processes. We no-
tice that the agreement between simulation and the result of
Theorem 1 is remarkable for even a relatively small value
of .
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B. Optimality of Waterfilling With Power Penalty

If the transmitter knows the frequency-domain fading coef-
ficients, then it can choose the input covariance matrix as
a function of in order to maximize the mutual information.
It is sufficient to consider a circulant input covariance in the
form . In the absence of time-domain fading, maxi-
mizing the mutual information of the frequency-selective fading
channel given in (6) and (4) with respect to the input power spec-
tral density yields (e.g., [6]) the well-known waterfilling for-
mula

(25)

(26)

where is the waterfilling power allocation function

(27)

and the water level is chosen in order to satisfy the
transmit power constraint, i.e., such that

(28)

The input power spectral density is implicitly given by the
function and by the realization of the frequency-se-
lective fading . In particular, for any given
blocklength and discrete Fourier transform (DFT) frequen-
cies , the input energy
associated with the th frequency component is given by

and satisfies

(29)

Letting yields the power spectral density defined on the
discrete-time frequency domain, that without loss of generality
can be taken to be the interval .1

In the presence of time-domain fading, the capacity-
achieving input power spectral density is defined by the optimal
power allocation function , given implicitly by the
following result.

Theorem 2: For all and , the capacity-achieving
input power spectral density is given by

(30)

where is the waterfilling power allocation in (27) and
with being the solution of the equation

(31)

1Recall that the Fourier transform of discrete-time signals is periodic of period
.

where is the fading-free water level in (27) for the reduced
SNR .

Proof: See Section III-H.

We notice that the power allocation function coin-
cides with the waterfilling power allocation function
for the case without time-domain fading, calculated for a lower
value of the SNR parameter: namely, instead of . In order to
evaluate the capacity when the frequency-domain fading
is known to the transmitter, we search for the value
such that . Then, is equal to (12) with the

modified fading random variable given by .

C. Bounds

Theorem 3: The capacity (12) is lower bounded by

(32)

Proof: See Section III-I.

Theorem 4: The capacity in (12) is lower bounded by

(33)

(34)

(35)

where are given in Theorem 1.
Proof: See Section III-J.

The following result yields upper bounds to capacity and
shows that in the presence of one type of fading, the fading in
the other domain is deleterious.

Theorem 5: The capacity in (12) is upper bounded by

(36)

(37)

Proof: See Section III-K.

D. Asymptotics

1) Low SNR Asymptotics: In this section, we characterize the
behavior of capacity for vanishing . We define the kurtosis of
a real random variable as

(38)

Theorem 6: When the frequency-selective fading is known to
the transmitter, the minimum energy per bit and the wideband
slope [7] of the spectral efficiency of channel (11) are given
as follows. In the case of no channel state information at the
transmitter

(39)

(40)
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When the transmitter knows the frequency-domain fading coef-
ficients, then

(41)

(42)

where is the essential supremum of the frequency-selec-
tive fading, defined as

(43)

and is the probability mass at .2
Proof: See Section III-L.

We notice that takes on the meaning of the “peak”
of the frequency-domain channel fading transfer function and

corresponds to the “bandwidth” (i.e., the probability mea-
sure of the set of frequencies) over which the fading takes on
its maximum value. When the transmitter has knowledge of the
frequency-domain fading channel, the optimal power allocation
of Theorem 2 puts constant power over the frequency
components for which and
zero power elsewhere. This explains the quite different behavior
of and in the cases of unknown or known fre-
quency-domain fading at the transmitter.

2) High-SNR Asymptotics: The following result finds the
high-SNR slope and the high-SNR decibel offset (see
[8]). For the sake of brevity, we give the results in the case of no
fading knowledge at the transmitter, for which the optimal input
is i.i.d.

Theorem 7: Let and
denote the masses at of the two fading distributions. If

, define by

(44)

If , define by

(45)

For large SNR, the capacity (in bits/complex dimension), when
the transmitter has no knowledge of the fading realization, be-
haves like

(46)

2Notice that, depending on the distribution of , may be equal to
. Also, if the cumulative density function (cdf) of has no

probability mass at .

where

(47)

and where (48), shown at the bottom of the page, holds, where
is the binary entropy function (in bits) and the high-SNR

offsets in the absence of time-domain and frequency-domain
fading are given by, respectively

(49)

(50)

Proof: See Section III-L.

Looking at the channel model (11), it is expected that the
high-SNR slope , also referred to as “multiplexing gain,” or
“pre-log” factor of capacity, is given by the asymptotic normal-
ized rank of the matrix . In fact, the asymptotic normal-
ized rank is given by , which con-
verges almost surely to (47).

III. PROOFS AND AUXILIARY RESULTS

In this section, we recall some useful definitions in random
matrix theory and we give several analytical properties of the
solution in Theorem 1, as well as an alternative representation.
Then, we proceed to the proofs of the main results. In particular,
the main technical result is given in Theorem 11 and Lemma 1
of Section III-G.

A. Transforms in Random Matrix Theory [9]

Definition 1: The -transform of a nonnegative random vari-
able is

(51)

with .

Note that

(52)

with the lower bound asymptotically tight as .

Definition 2: The Shannon transform of a nonnegative
random variable is defined as

(53)

with .

(48)
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Assuming that the logarithm in (53) is natural, the and
Shannon transforms are related through

(54)

Also, it is useful to recall here the definition of the -transform
of free probability (see [9] and references therein), which is used
in some of the proofs that follow.

Definition 3: The -transform of a nonnegative random vari-
able is defined as

(55)

where denotes the inverse function of the -transform.

It is common to denote the -transform, the Shannon trans-
form and the -transform of the spectral distribution of a se-
quence of nonnegative-definite random matrices , for

, by , , and , respectively. In this case,
the lower bound in (52) corresponds to the limiting fraction of
zero eigenvalues of .

B. Properties of the Solution in Theorem 1

• Fix , and denote the right-hand side of (12) by .
Then, the solution to (15) is a stationary point of .

• Let , , , and be defined as in Theorem 7. As ,
the solution to (15) becomes

(56)

Case

(57)

(58)

Case

(59)

(60)

Case

(61)

• As , the solution to (15) converges to

(62)

(63)

• Applying Jensen’s inequality to both identities in (15), we
obtain the right inequalities in (13) and (14).

C. Alternative Characterization

We give an alternative characterization of capacity that hinges
on the positive function , , defined as the
solution of the fixed-point equation

(64)

Theorem 8: The capacity of (12) can be written in the alter-
native form

(65)

where, for given and , is the value of that solves the
equation

(66)

Proof: See Section III-D.

While in Theorem 1 the time-domain and frequency-domain
fading play symmetric roles, in Theorem 8 their role is asym-
metric. Of course, a completely equivalent formulation of The-
orem 8 can be obtained by exchanging the roles of and .
The two alternative forms of Theorem 8 may facilitate compu-
tation depending on the distributions of and .

The following general auxiliary result is quite useful in the
proof of Theorem 8.

Theorem 9: Let be a nonnegative random variable and let
be uniformly distributed on . For each , let

be the solution to

(67)

Then

(68)

Proof: See Section III-D.

• It is not difficult to show that is monotonically
decreasing with for fixed and monotonically increasing
with for fixed .

• Applying Jensen’s inequality to (66) yields that

(69)

• Theorem 9 can be stated alternatively as the following re-
sult of independent interest tying the Shannon transform
and the -transform.

Theorem 10: The Shannon transform of a nonnegative
random variable , defined in (2), is given by

(70)
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where is defined by the fixed-point equation

(71)

(72)

Proof: Using the definition of Shannon transform (see Def-
inition 2) and simply replacing in Theorem 9 with
and with , we obtain (71). Finally, (72) is obtained via
straightforward manipulation of the definition of the -trans-
form (see Definition 1).

• Straightforward algebra reveals that (64) is equivalent to
the fixed-point equation

(73)

Using (73), accounting for the monotonicity of and
taking the limit as , we obtain that for any

(74)

D. Proof of Theorem 9

Let denote an diagonal ma-
trix with random i.i.d. diagonal entries distributed as the non-
negative random variable , and let be an arbitrary unitary
matrix (i.e., ). Let and let
denote the th column of . For an arbitrary , we have

(75)

(76)

(77)

(78)

(79)

where (79) follows from the chain-rule of mutual information
of an appropriate Gaussian vector model.3

Assume now that is uniformly distributed on the set of
unitary matrices (i.e., it is a Haar matrix); then, as

3In fact, (79) can be shown from purely matrix-theoretic arguments. However,
it is nice to see it in terms of the chain-rule decomposition of the following
mutual information. Consider the vector Gaussian model , where

, , and is fixed. Then,
,

and the chain rule yields , from which
the identity follows.

the quadratic form in (79) converges almost surely to a deter-
ministic quantity that can be computed via a fixed-point equa-
tion. Specifically, using the result in [9, eq. 3.112], we have that

(80)

where is the solution of

(81)

and where is such that . Using the matrix
inversion lemma [10], we can write

(82)
Hence, as , we have that the quadratic form

converges to a deterministic limit , that
satisfies

(83)

Eliminating from (81) and (83), we obtain

(84)

which is equivalent to (67). Using the limit in (79), we
obtain (68) as desired.

E. Proof of Theorem 8

When the transmitter has no knowledge of the fading realiza-
tion, the optimal input covariance is (see Appendix I,
Theorem 13). It follows that

(85)

(86)

(87)

(88)

where according to Theorem 10, is defined by the fixed-
point equation

(89)
The -transform is given in Theorem 11 in
Section III-G. Fix and and consider the result of Theorem
11 for

(90)
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and denote the corresponding therein by . Further-
more, define

(91)

(92)

The remaining task is to show that both fixed-point equations
(64) and (66) are satisfied by (91) and (92). To that end, putting
together (89) and (105), we obtain (dropping the arguments of

)

(93)

(94)

(95)

which is equivalent to (64) since is a one-to-one mapping
of the positive real line.

Using (89) and (108) and (107), we can write the product ,
argument of the -transform in (106) as

(96)

Thus, (89) and (106) lead to

(97)

(98)

which upon dividing both sides by is readily
be seen to be equivalent to (66) in view of (91).

F. Proof of Theorem 1

Theorem 11 yields . In order to find the cor-
responding Shannon transform in terms of the solution of a
fixed-point equation, we follow an idea originated in [8]: for any
differentiable function , the definition of the Shannon trans-
form of an arbitrary nonnegative random variable leads to

(99)

Since both sides of (12) are equal to zero at , it is sufficient
to show that the derivatives with respect to of both sides of (12)
coincide. The derivative of the right side minus the left-hand
side of (12) is equal to

(100)

(101)

(102)

(103)

where in addition to (99), we have used the fact that is
given by (87) to write the left-hand side of (100); the right-hand
side of (100) follows from the definition of the -transform;
(101) follows from Theorem 11 applied at and the fact
that (15) is equivalent to (105) and (106) if

(104)

which is also responsible for (103).

G. Asymptotic Spectrum of

Theorems 1 and 8 hinge on the following characterization of
the asymptotic distribution of the singular values of a random
circulant matrix (as defined in this paper) premultiplied by an
independent random diagonal matrix.

Theorem 11: Let and
be mutually independent random diagonal

matrices according to the assumptions of Section I. For ,
let be the solution of the system of equations

(105)

(106)

(107)

Then, the -transform of is given by

(108)

Proof: The key technical result from which the proof of
Theorem 11 follows as a corollary is Lemma 1.

Lemma 1: Let and
be mutually independent random diag-

onal matrices according to the assumptions of Section I, and
let denote a unitary Fourier matrix. Then, and

are asymptotically free, for .
Proof: The proof is given in Appendix VII where the def-

inition of freeness (see [9] and references therein) is also re-
called.

For two asymptotically free sequences of nonnegative
definite matrices and , the -transform of their product sat-
isfies [9, eq. 2.209]

(109)
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where denotes the -transform of (see [9, Sec.
2.2.6], and references therein), already introduced in (55).
By exchanging the role of and in (109), we obtain the
symmetric expression

(110)

Letting denote the desired -transform
computed at the argument , and applying (109) and (110) to

and , we obtain

(111)

where we defined

(112)

and

(113)

Using the expression of the -transform in terms of the corre-
sponding -transform and the equalities in (111), we have

(114)

(115)

Eliminating and from the system of
equations given by (112)–(114), we obtain (107).

H. Proof of Theorem 2

Consider the case without time-domain fading, given in
(25) with waterfilling power allocation defined by (27)
and (28). The following lemma shows an interesting relation
between the “water level” in the waterfilling solution and the

-transform of the modified fading distribution obtained by
concatenating the actual fading with the optimal frequency-do-
main “power controller.”

Lemma 2: Consider the waterfilling power allocation
defined by

(116)

with “water level” solution of

(117)

Define the modified fading coefficients , identically dis-
tributed as . Then

(118)

Proof: Noticing that if , we can write

(119)

(120)

From (117), we can write

(121)

Dividing both sides of (121) by and comparing with (119),
we obtain the result.

Lemma 2 is instrumental in proving the form of the optimal
power allocation function given by Theorem 2. Consider the
case where the transmitter knows the realization of the fre-
quency-domain fading, and multiplies each th signal frequency
component by the factor , where the function

is defined in Theorem 2. It is clear that the mutual infor-
mation achieved in this case is equal to the mutual information
of an equivalent channel where the frequency-domain power
controller is seen as a part of the channel, and the transmitter
has no channel state information and, because of symmetry,
transmits a white Gaussian input. Let
denote the resulting modified fading process. Since the function

is a memoryless stationary deterministic mapping
and, by construction, , it follows that

inherits the same stationarity and ergodicity properties
of the original fading process . Therefore, Theorem 11
and Lemma 1 apply verbatim also for the modified fading
distribution. Letting denote a random variable with the same
first-order marginal distribution of , we notice also that
the modified fading distribution satisfies the compatibility
condition ,4 that reflects the original channel
input power constraint.

The proof of Theorem 2 is obtained in two steps. First, we find
an optimality condition for the best possible modified fading
distribution, subject to the compatibility condition given above,
even allowing the new fading to be dependent of the whole

and and without any requirement of stationarity and er-
godicity. Then, we will show that in fact this condition is met,
asymptotically for , by .

Let and consider the optimization
problem

subject to (122)

4Here we let by continuity.
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The above problem is solved for each realization of the fading
matrices and , and therefore, the solution is a new
fading process possibly dependent on the whole and .

The convexity of (122) enables us to appeal to the
Karush–Kuhn–Tucker (KKT) conditions [11] to characterize
necessary and sufficient conditions for the solution. Letting

, the Lagrangian function is given by

(123)
After straightforward algebra, obtain the KKT conditions in the
form

(124)

where and where is
chosen such that

(125)

Then, letting , the solution (124) and (125) defines the
modified the frequency-domain fading process that max-
imizes the mutual information per symbol subject to the com-
patibility condition for all , which ob-
viously implies with probability 1.

Now, consider a fading distribution , for
some fixed function . In this case, following a
rather involved moment calculation sketched in Appendix VIII,
the following convergence result can be proved:

(126)

where is the positive solution of the fixed-point equation in
Theorem 11.

Using (105)–(108), we have

(127)

where we let .
For such fading distribution, we can rewrite (125) in the limit

of large as

(128)

This is formally identical to the solution for the “water level”
in the case of no time-domain fading, for a modified SNR

. For consistency with the notation introduced in (27) and
(28) and in Lemma 2, we let the solution of (128) be denoted
by . Using the notation introduced in Theorem 2,
we define , so that the modified SNR satisfies

.

Choosing the function in the definition of to be
equal to the waterfilling solution , Lemma 2 combined
with (127) yields

(129)

Finally, we can eliminate from the system of resulting equa-
tions and state the power allocation directly in terms of the mod-
ified SNR . Using (129) and the expression of in terms of
given in (112), we can write

(130)

(131)

Finally, using the definition of the -transform and after
straightforward algebra it is easy to see that (130) is equivalent
to (31).

Notice that the statistics of the modified fading process
was defined using the function .
In view of the above derivation, the modified fading process

satisfies both the KKT conditions (124) and the compati-
bility condition (125) in the limit of . Therefore, this is
the asymptotically optimal frequency-domain fading distribu-
tion for the equivalent channel with no state information at the
transmitter, with fading subject to the compatibility condition in
(122). For the argument said at the beginning, this implies that

is the optimal power allocation function for the orig-
inal channel, when the transmitter knows the frequency-domain
fading. At this point, Theorem 2 is proved.

We conclude this section by showing that in (126) con-
verges to the factor in the equality .
Let again with th column denoted by , define

, so that . Recalling
the definition of the -transform, we can write

(132)

(133)

(134)

(135)

(136)

(137)

(138)
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(139)

(140)

where in (135) we applied the matrix inversion lemma and in
(138) we have used Lemma 12 (see Appendix VIII) which
proves the a.s. convergence of to some constant indepen-
dent of the normalized index .

I. Proof of Theorem 3

Fix . For the purposes of this proof it is convenient to
temporarily switch notation and let denote the solution
of (15). In addition, we denote the right-hand side of (12) eval-
uated at by , i.e., for fixed and , we
consider this as a function of a dummy variable . This
function is continuous and differentiable for all , with
derivative that satisfies

(141)

Because of the first property in Section III-B, or simply from
the second equality in (15), we have that

(142)

We now show that not only is a stationary point of
but that it is in fact a global maximum. To that end, it is enough
to show that

(143)

(144)

We recognize that each of terms in the right-hand side of (141)
can be interpreted as a MMSE. The first term is the MMSE
for estimating from the observation of
with , where when condi-
tioned on . The second term in the right-hand side
of (141) is the MMSE for estimating from ,
when . The single crossing-point property [12,
Proposition 12], of MMSEs in additive white Gaussian noise
dictates that since the MMSE terms in (141) coincide at ,
one of them must be strictly higher for lower SNRs, and strictly
lower for higher SNRs. Then, to see that (143) and (144) is in-
deed satisfied it is enough to verify the behavior of at

. From (141), we get

(145)

where (145) holds [see(13)] whenever is not determin-
istic (if is deterministic, Theorem 3 trivially holds with
equality).

Since attains the global maximum, it follows that for any
nonnegative random variable , we have

(146)

In particular, by choosing , we find

(147)

as we wanted to show.
Notice that in this proof we could have taken a dual approach

considering the function as a function of for fixed
.

J. Proof of Theorem 4

Following identical steps as in Section III-I and choosing
, we find

(148)

which coincides with (33). Repeating the same steps while ex-
changing the role of and , we find (34).

To show (35), we add and subtract from (12),
yielding

(149)

Then, notice both the second and thirds term in the right side of
(149) are nonnegative. For the second term, by using convexity
of and applying Jensen’s inequality, we have

(150)
where the identity follows from the second equality in (15). A
similar argument holds for the third term in (149).

K. Proof of Theorem 5

In order to show (36) and (37), we write

(151)

and use Jensen’s inequality with respect to and , respec-
tively.

L. Proof of Theorem 6

In order to obtain the low-SNR behavior of channel capacity,
we use the general results in [7, eq. (35)] and [7, Th. 9] and write

(152)

(153)
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where we define and ,

where is the capacity as a function of the SNR expressed
in nats per symbol.

We start by considering the case where the transmitter has no
knowledge of the frequency-domain fading, and therefore, the
optimal input is white and stationary. The relevant expression
for is given in (12) where and are the
solution of (15). It is straightforward to check that the functions
satisfy

(154)

(155)

Furthermore, taking a Taylor series expansion of the expressions
(12) in nats, we have

(156)

(157)

(158)

Therefore

(159)

(160)

where the kurtosis is defined in (38). Thus, (39) follows
by using (159) and (160) in (152) and in (153).

When is known at the transmitter, from Theorem 2 and
the proof in Section III-H, we know that the capacity formula
(12) holds after replacing with the modified fading

, where the modified “waterfilling” power allo-
cation function is provided by Theorem 2.

Suppose for the time being that there exists some value
such that , and such that

. In this case, it is simple to show

that in the limit of very small the power allocation function
becomes

(161)

In this case, it is immediate to see that and
. Hence, (41) follows in the same way

as before.
In order to handle the general case where the distribution of
may have unbounded support (i.e., ) or no mass

point at its essential supremum (i.e., ), we operate
as follows. For some arbitrary value , the actual fading
distribution can be approximated by a truncated distribution

for
for .

(162)

We can choose such that, for the truncated fading distribution,
we have and .
Then, from what said before Theorem 6 holds for the truncated
fading distribution. Finally, the result is seen to hold in general
by a continuity argument, letting .

M. Proof of Theorem 7

Throughout this section, we assume a white stationary input
with covariance matrix . From property (56) of the so-
lution of (15), and using the fact that the limit for of
the -transform yields the fraction of zero eigenvalues, we ob-
tain that the asymptotic normalized rank of the channel matrix

is equal to .
Then, we consider the high-SNR offset . In the absence

of time-domain fading, it is easy to see (cf. [8, (33)]) that
given in (49). Similarly, in the absence of frequency-

domain fading, we obtain given in (49).
Consider now the case where both fadings are present, and

. We have (163)–(166), shown at the bottom of the
page, where (164) follows from (12), and (165) follows from
the limits in (57) and (58). In a completely symmetric way, using
the limits in (59) and (60) we obtain the expression for the case

. Finally, for the case , we use the fact that
[cf. (61)] and both diverge to infinity as , while

. Therefore, we have (167)–(170), shown at
the bottom of the next page.

(163)

(164)

(165)

(166)
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IV. CONCLUDING REMARKS

We obtained the channel capacity of a channel model that
captures the effect of fading in both the time domain and the
frequency domain. The central technical result of this paper is
the asymptotic freeness of the random diagonal matrix and
the random circulant matrix , when the coefficients in

are i.i.d. independent of those of which satisfy relatively
mild assumptions (or vice versa). This allows us to obtain the
asymptotic eigenvalue distribution of in terms
of its -transform, which yields the channel capacity in the case
where the transmitter has no information about the realization
of the fading, but only knows its statistics and the channel SNR.
Along the way, we obtained new and relevant auxiliary results
that have interest on their own. For example, Theorems 9 and 10
offer a novel general characterization of the Shannon transform
of a nonnegative random variable.

For the case when the frequency-domain fading is known to
the transmitter, we found the optimal frequency-domain power
allocation function that takes on the form of a modified water-
filling power allocation for an SNR value lower than the actual
channel SNR. This means that in the presence of time-selective
fading it is preferable to focus the signal energy on a subset of
favorable frequency bands, thereby extending the correlation in
the time domain to cope with the time selectivity of the channel
more effectively. Appendix IX deals with the case where the fre-
quency selectivity originates from a deterministic linear time-in-
variant filter; there is considerable evidence that such a case can
also be encompassed by the main result of this paper.

The capacity formulas of Theorems 1 and 8 are given in terms
of the solution of coupled fixed-point equations. Although the
numerical computation of such formulas is quite straightfor-
ward, we have also provided simple upper and lower bounds that
can be computed from their closed-form expressions. Finally,
we have provided simple and closed-form expressions for the
low-SNR and the high-SNR capacity approximation in terms of
the fundamental asymptotic parameters , , ,
and .

As illustrated numerically, and typical in random matrix
theory, the convergence of the average mutual information rate

is very fast. Just like with multiantenna systems where large-size
asymptotic formulas are useful proxies for even small arrays, in
the present case, the main result is an accurate approximation to
the capacity of standardized OFDM [number of carriers ranging
from 52 (IEEE802.11a) to 6817 (DVB)].

APPENDIX I
OPTIMALITY OF STATIONARY INPUTS

Theorem 12: Suppose that both and
are stationary processes; the receiver knows both and ,

while the transmitter has no knowledge of the other than its
probability distribution. Then, the maximization in

(171)

can be restricted to circulant input covariance , regardless of
whether is known at the transmitter.

Proof: Let denote the elementary circulant permutation
matrix, defined as

...
. . .

. . . (172)

and denote for an arbitrary

(173)

Invoking Jensen’s inequality

(174)

(175)

(176)

where (175) holds under the assumption that the diagonal ele-
ments of are circularly stationary, while in (176) we have used
the fact that is circulant thus .
Therefore, the objective function achieved by an arbitrary

can only be improved by substituting with the circulant
with identical trace. To drop the assumption

(167)

(168)

(169)

(170)
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of circularly stationary , it is necessary to go to the limit:
because of stationarity, the matrix inversion lemma leads to

(177)

for positive definite for which the limit exists.

We proceed to the case in which neither nor are known
at the transmitter but only their statistics are available.

Theorem 13: In addition to the setup and assumptions of
Theorem 12 suppose that is i.i.d., is
strongly mixing and are both unknown to the transmitter. Then,
the maximization in (171) is achieved by .

Proof: Theorem 12 shows that the capacity of the channel
defined in (11) is achieved by complex circularly symmetric
Gaussian stationary inputs with covariance , where

is a diagonal matrix. Then, (171) can be rewritten as

(178)

(179)

where is the -circularly shifted version of the diag-
onal matrix . Note that (179) follows from the fact that

and have the same eigenvalues.
If we were to assume that is an i.i.d. process,

the result would easily follow, since for an arbitrary diagonal
such that , we can write the identity as the average
of all circular shifts of and

(180)

(181)

where (180) follows due to concavity of the log determinant and
(181) follows from the fact that is an i.i.d. process.

For the case of with memory, we will use the
following general finite-dimensional result which is of indepen-
dent interest.

Theorem 14 [13]: Let be an complex valued
random matrix whose th column is denoted by . Consider
the optimization problem

(182)

where the maximum is over all diagonal matrices whose trace is
equal to a constant . Then, for , , the th diagonal

element of the diagonal matrix that achieves the maximum
in (182) is the positive solution to

(183)

(184)

if it exists (i.e., if ); otherwise, . The pa-
rameter is chosen so that .

We make use of Theorem 14 with

(185)

(186)

(187)

(188)

and (184) takes the form

(189)

Taking the limit of (189) as , Lemma 12 (see
Appendix VIII) implies that almost surely

(190)

Thus, the KKT condition in (183) becomes in the limit

(191)

implying that the optimal must be a constant for all , which
in turns yields that is the unique maximizer in (182), in
the limit of large .

APPENDIX II
COMBINATORIAL DEFINITIONS AND FACTS

Definition 4 [14], [15]: Let denote the index set
. An -partition of is a set

of subsets such that

(192)

The elements of are called the blocks of the partition.

Definition 5: Let be an -dimensional
vector whose entries are positive integers such that
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and . An -partition of , denoted by
, is an -partition with blocks of cardinality .5

Let with components indexed by . A
partition of induces a corresponding partition of into
subvectors, or “multisets,” . Adopting a Matlab-
like notation, we will indicate these subvectors as . We
denote the set of all partitions of as , and the set of all
-partitions as . Obviously, .

A. Lattice of Partitions and the Degree of Inclusion

The natural partial order relation on is the refinement
order defined as follows.

Definition 6: Given two partitions and
of , we say that is a refinement of

than , or, equivalently, that is coarser than , if for
every there exists such that .
In other words, every block of is a subset of some block of

. In this case, we write .

When , but (this condition is equiv-
alent to ), then we write . If ,
but there does not exist any partition such that

, then we say that covers , and write
. In this case, is an immediate successor to

in the hierarchy imposed by the ordering relation.
The coarsest element of is the -partition and the

finest element of is the -partition .
The set is a partially ordered set under the refinement

ordering defined above. Furthermore, we can define two oper-
ations and such that is the finest partition such
that and (least upper bound), and is the
coarsest partition such that and (largest lower
bound). is closed under and . The refinement ordering
relation is reflexive , antisymmetric (if and

, then ) and transitive (if and then
). Also, for any , , and are

uniquely determined (that is, and are properly defined oper-
ators ). Under these conditions,
is a lattice (or algebra) with respect to the operations and .

The lattice of admits a graphical representation given
by a graph called Hasse diagram, obtained as follows: for

, draw layers of nodes such that each layer has a
node for each partition in . Then, an edge in the
graph exists if and only if . Fig. 3 shows an example
of Hasse diagram for the set of partitions of ,
which we use as a running example to illustrate various defini-
tions and facts in the sequel.

Next, we introduce a function , re-
ferred to as degree of inclusion, that plays an important role in
some computations needed in the proofs of our main results in
the following.

5It is customary to indicate the “type” of the partition by specifying as an
ordered set. For example, the partitions and
of the set are both of type : they are both
partitions.

Fig. 3. Hasse diagram of the partially ordered set .

Definition 7: Consider two partitions in .
For any integer , define the set of -partitions “in
between” and , i.e.,

(193)

The degree of inclusion of the pairs , is defined as

and
(194)

and for with

(195)

The degree of inclusion can be easily computed from
the Hasse diagram. In fact, interpreting the diagram as a
directed graph where edges point upward, we notice that

is equal to the total number of nodes
in the subgraph formed by all (directed) paths joining
with . Furthermore, for any , and

, is given
by the total number of edges pointing upward of the th
layer in the subgraph of the paths joining with .

The degree of inclusion satisfies the following additive de-
composition:

(196)
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Example 1: Referring to the diagram of Fig. 3

(197)

(198)

(199)

Next, we wish to check the validity of (196). We have
one partition at layer 1, namely . At layer
2, we have seven partitions , with degree of inclu-
sion . Then, we have six
partitions at layer 3. Their degree of inclusion is

. In order to see this, notice
that the subgraph of partitions
consists has three intermediate nodes and one top node.
Hence, . Eventually,
using (196), we have

(200)

which coincides with the previous direct calculation.
If the refinement of to involves the partition of a

single block of into blocks of , then is uniquely
determined by . For example, any two-way partition
has (this corresponds to a single block of split into
two blocks of ). Any three-way partition has (this corre-
sponds to a single block of split into three blocks of ). Any
four-way partition has (this corresponds to a single
block of split into four blocks of ). It should be remarked
that the graph corresponding to a -way partition of a single
block depends only on (e.g., a four-way partition has always
the graph given in Fig. 3), no matter how many other blocks
(that do not split) and have, and what the cardinality of the
blocks is.

For refinements that involve the splitting of more than one
block of the top partition, the corresponding graph is obtained
as the Cartesian product graph of single-block partitions. For
example, consider the subgraph of Fig. 3 of all paths joining

(bottom) with (top). In
this case, the two blocks and of the top partition
are split into two subblocks, and the corresponding graph is
given by the Cartesian product of the graphs of the two two-way
partitions, as shown in Fig. 4.

In general, consider two nested partitions such
that each th block of is partitioned into blocks of .
It can be shown that satisfies the following multiplicative de-
composition:

(201)

Fig. 4. Hasse diagram of the -way partition refinement from
to .

where, with some notational abuse, we denote by the value
of the degree of inclusion for a -way partition that depends only
on as noticed before.

The sum and product rules (196) and (201) allow very simple
recursive computation of the inclusion index.

Example 2: Referring to the diagram of Fig. 4, direct cal-
culation shows that

Using the product rule, we have

A more involved example is given in Fig. 5. Consider partitions

The first is obtained by a three-way partition of the block
and a two-way partition of the block of

the second. Hence, the inclusion index is readily given by
. The corresponding Hasse diagram

of Fig. 5 is obtained as the Cartesian product of a three-way
and a two-way partition. One can check by direct calculation
that, indeed

B. Good Partitions

In some calculations in Appendixes I–IX, we will work with
vectors of components defined on the ring of integer
residues modulo- . In this section, we consider the index set

and the corresponding partitions in , in-
ducing the partition of a vector into subvectors as said before.

Definition 8: Fix . We say that
of is a good partition for if

(202)

where denotes the sum modulo- (i.e., in the ring ) of
the components of the argument vector.

The condition that is a good partition of is
equivalently expressed by saying that belongs to the solu-
tion space of a linear equation over . In particular, a partition

is associated to the incidence matrix with rows and
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Fig. 5. Hasse diagram of the -way partition refinement from to .

columns, such that the th column of contains s for all po-
sitions and s elsewhere. is a good partition for

if and only if is a solution of the linear equation .
Therefore, by definition, the set of the vectors for which

is good is given by (the kernel of the linear
map defined by . The kernel of a linear transfor-
mation over the ring is a -module. Rather than using this
standard algebraic term, we will use a more familiar coding the-
oretic terminology: is a linear code of length over

, with parity-check equation given by .
Notice that the columns of contain only elements and

. Therefore, there is no column which greatest common divisor
that is a divisor of zero in . It follows that the solution space
of each th parity-check equation defining is isomor-
phic6 to . Furthermore, by definition of partition it fol-
lows that the columns of are mutually orthogonal (in fact,
they have disjoint support corresponding to the disjoint blocks

of the partition ). This implies that
is isomorphic to the Cartesian product

(203)

It follows that depends on the partition only
through the number of blocks .

Lemma 3: Consider the partitions, and of
, then if an only if
.

Proof: Suppose that . Hence, each block
is partitioned into blocks of . Consider a block of and,

without loss of generality, let denote the blocks of
that partition . For any , it follows that

Hence, . This shows sufficiency. In order to
show necessity, without loss of generality suppose that ,

. There must exist a block of with
nonempty intersection with at least two blocks of (otherwise,

would be a refinement of ). Denote these blocks as and
. We choose a vector such that all components

6Notice that while this would be a trivial conclusion if were a field, the
condition that the coefficients of the equation are relatively prime with is im-
portant in a ring that has divisors of zero, as in the case where is not a prime.
For example, if , the equation has eight solutions, but the
equation has 16 solutions.

are equal to zero but two nonzero components, for
and for . Clearly, .

This shows that .

APPENDIX III
SUMMING FUNCTIONS

A partition of the index set induces an
equivalence relation on the elements of . In particular, we say
that two indices are equivalent with respect to the
partition (and write ) if they belong to the same block of

.

Definition 9: We define to be the subset of of all
vectors that are constant over the blocks of , i.e.,

if (204)

Lemma 4: Consider two partitions and of with
. Then, if and only if .

Definition 10: We define of all vectors that
are constant over the blocks of and take on distinct values in
different blocks, i.e.,

if otherwise
(205)

It is easy to see that

(206)

(207)

For all and corresponding distinct partitions

(208)

Furthermore, the union of such sets over all the partitions ex-
hausts the whole , i.e.,

(209)

Therefore, the set is a partition .
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Lemma 5: Consider a function , and a partition
. Then

(210)
where is the degree of inclusion, defined in Def-
inition 7.

Proof: The proof is by induction. For , (210) follows
from the facts that is the set of constant vectors

, , and the sum over
contains only the term .

Now let us assume that (210) holds for all .
We wish to show that it holds also for . Using (207) and (208),
we have (211)–(217), shown at the bottom of the page, where
(214) follows by changing the summation order, (216) follows
from (196), and (217) follows from the definition of .

APPENDIX IV
STRONG MIXING PROCESSES

Definition 11: Let be a probability space. For
any -fields and , define the following measure
of dependence, which we refer to as the strong mixing coeffi-
cient:

(218)

where , and .
For , the -field generated by ,

is denoted by

(219)

Definition 12: Let be a stationary random real
process with and . is
a strong mixing process if

(220)

Furthermore, we say that is a strong mixing process
with polynomial convergence rate if

(221)

with with .

Example 3: Irreducible and aperiodic chains, either with a
countable state space or a finite state space are strong mixing
processes with polynomial convergence rate.

Proposition 1: Let be a strong mixing process
with polynomial convergence rate as in Definition 12. For any
polynomials and indices

(222)

where the convergence rate is polynomial in the sense specified
in Definition 12.

A special case of strong mixing processes is the stationary
process where are independent identically dis-
tributed.

APPENDIX V
FOURIER COEFFICIENTS OF STATIONARY PROCESSES

We summarize some of the statistical properties of the Fourier
coefficients of a stationary process. Let be a

(211)

(212)

(213)

(214)

(215)

(216)

(217)
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stationary real-valued random process with and
.

Denote the DFT coefficients of by

(223)

As usual, the index set is identified with
the ring , with the corresponding modulo- ring operations.
Since is real-valued, it follows that

(224)

Furthermore, both and (if is even) are real.
The expectations of the Fourier coefficients of a stationary

process depend on whether or

(225)

(226)

Lemma 6 [16]: For any integer and
such that if , let

. As , the joint distribu-
tion of the Fourier coefficients (223) of a stationary process
with variance

(227)

converges to a proper-complex Gaussian product distribution
with zero mean and variances . Furthermore, and
(if is even) are real valued with variance , asymptot-
ically jointly Gaussian with (227).

The mixed moments play an important role in our analysis.
The following result easily follows from the definition of the
Fourier coefficients.

Lemma 7: For any integer , consider an index vector
, such that . Then

(228)

Lemma 8: For any integer , let
be such that . Let be independent

identically distributed and let with be the Fourier
coefficient defined in (223). Then

(229)

where and where

(230)

with , with and denoting partitions
of the index set , and where is given in
Definition 9 (see Appendix III) and denotes the set of all vec-
tors with constant values on the blocks of the partition

. Finally, with denotes the cardinalities
of the blocks of the partition .

Proof: We can write

(231)

Recalling the decomposition (209) of , we have (232)–(236),
shown at the bottom of the next page, where (236) coincides
with the desired result, (232) follows from the definition of the
set , and from the fact that the process is stationary,
(233) follows by denoting , (234) is an application
of Lemma 5, and (235) and (236) follow by rearranging the
terms in the summations.

Given a polynomial and a stationary random process
, let us now denote by the Fourier

coefficients of the new stationary random process
by

(237)

Following in the footsteps of the proof of Lemma 8, we can show
the following.

Lemma 9: For any integer , let
be such that and let denote

polynomials. Let be i.i.d. and let with
and be the Fourier coefficient defined in (237).
Then

(238)

where

(239)

Authorized licensed use limited to: Princeton University. Downloaded on April 02,2010 at 17:33:33 EDT from IEEE Xplore.  Restrictions apply. 



1206 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 56, NO. 3, MARCH 2010

and where

(240)

where denoting the blocks of the partition .
Notice that for , we get back the result

of Lemma 8.

APPENDIX VI
ON THE MOMENTS OF THE PRODUCTS OF RANDOM DIAGONAL

MATRICES WITH CIRCULANT MATRICES

In this Appendix, we prove some auxiliary results on the mo-
ments of products of diagonal random matrices with random
circulant matrices that we are going to use in the proof of our
main result. Since it is useful to exploit the structure of the ring

for the indices of the DFT coefficients, we will index the el-
ements of matrices from to instead of from to .

Let be a semidefinite random di-
agonal matrix whose diagonal elements are i.i.d. random
variables. As introduced before, we will use the notation

in order to indicate the th moment of the diagonal ele-
ments of .

Let be the unitary DFT matrix as defined in (5) and let be
a real diagonal matrix with diagonal elements . Then

(241)

is a circulant matrix.
For an Hermitian random matrix , we define the

normalized expected trace operator as

(242)

We have the following results.

Theorem 15: For and defined as above and for any
positive integer

(243)
where is defined in (230) of Lemma 8 with

denoting a the partition of the index set and
where is the linear code over defined by

(244)

with denoting the matrix of dimension

. . .
. . .

...
. . .

. . .

(245)

and denoting the incidence matrix of , of dimension
.

Proof: Note that

(232)

(233)

(234)

(235)

(236)
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(246)

Define the indices such that

(247)

In vector form, we have that where is defined in
(245). Furthermore, by construction, over , and
therefore also over (i.e., with respect to the modulo- sum).
Using a notation already introduced, we have that .
By Lemma 8

(248)

is defined in (230) and where is de-
fined in Appendix III and indicates the set of -vectors over
with constant values over the blocks of the partition . De-
noting these blocks by , for any , the
subvector has the form

for some value , for all . Then

if
otherwise.

(249)

It follows that this term is not identically zero only if is
a good partition for the vector of indices (see Definition 8),
i.e., if .

Now, we examine the set of index vectors in the sum
(246) that correspond to nonzero terms. Noticing that
and that the nonzero terms correspond to index vectors such
that , it follows that must satisfy the linear equation

. It follows that the sum over all as in (246) is
equivalent to summing over as defined in (244).
This concludes the proof.

Following in the footsteps of the proof of Theorem 15, the
following result can be also proved.

Theorem 16: Let and be defined as in Theorem 15.
For any integer , and polynomials

(250)

where is defined as in (239) of Lemma 9
with denoting a the partition of the index set
and where is defined in (244).

Next, we examine the structure of the linear code
defined in (244), for some arbitrary partition of .
All “codewords” satisfy the parity-check equation

. This is a set of linear equations in variables.
However, the rank of is only , in fact, by construction,
the sum of the columns of is equal to . It follows that the
linear code over defined by the (redundant) parity-
check equation is isomorphic to and has size

.
Given the above algebraic structure, after a suitable

permutation of its components can be given in systematic form.
In particular, there exists a matrix, , such
that

(251)

As a consequence, the sum with respect to in (250)
can be more conveniently written as a sum with respect to the in-
dependent variables , referred to in the following
as the “information symbols,” with reference to the systematic
form of . The “parity symbols” corresponding to the last

components in (251) are obtained as linear combina-
tion of the information symbols. For future use, we define the el-
ements of the matrix in (251). Therefore, the
th parity symbol of is given by (where

operations are in the ring ).

APPENDIX VII
FREENESS OF AND

In this section, we recall the definition of freeness and we
provide the proof of Lemma 1, which is at the heart of our main
results.

Definition 13: The Hermitian random matrices and
are asymptotically free if for all and for all polynomials
and with such that7

(252)

we have

(253)

with defined in (242).

7This includes polynomials with constant (zero-order) terms.
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For the sake of the proof of Lemma 1 it is convenient to make
the following assumptions: is a random diagonal matrix

(254)

with i.i.d. diagonal elements ; is the unitary DFT
matrix defined as in (5); and is a random diagonal matrix

(255)

whose diagonal elements are either i.i.d., or dis-
tributed according to a strong mixing process with polynomial
convergence rate (see Definition 12). It is immediate to see that
the role of and can be exchanged, so that the statement of
Lemma 1 follows.

Then, considering the random circulant matrix

(256)

we wish to show that and are asymptotically
free.

We define the polynomials

(257)

and

(258)

It follows that

(259)

Thus, from Definition 13, in order to prove freeness, it is suffi-
cient to prove that, for all and for all polynomials and

with , we have

(260)

For notational convenience, from now on, we let and
. Using Theorem 16, we have

(261)

In order to prove (260), we will show that for all
and for all either or

(262)

In order to prove this result, we examine the structure of the
linear code in the systematic form (251) and con-
sider separately the following cases.

• Category 1. There exists at least one information symbol
that does not appear in any parity check equation, i.e., there
exist a position such that the th row
of is formed by all s.

• Category 2. There exists at least one parity symbol whose
parity-check equation contains more than one information
symbol, and this linear equation is unique, i.e., there exist
a position such that the th column of
has at least two nonzero elements, and there are no other
columns of equal to the th column.

• Category 3. There exists at least one information symbol
that does not uniquely determine any parity symbol, i.e.,
there exist a position such that for any

such that , then there exists some
such that also .

• Category 4. This case includes all the cases not in Cate-
gories 1, 2, or 3. In particular, this includes the case where
all the information variables uniquely determine a parity
variable, i.e., for each there exist some

such that is the only nonzero element
in the th column of .

Notice that Categories 1, 2, and 3 are not necessarily mutually
exclusive. The proof of Lemma 1 follows from the following
lemmas, the proof of which is given in the following subsec-
tions.

Lemma 10: If belongs to Category 1, 2, or 3,
then (262) holds.

Lemma 11: If belongs to Category 4, then
.

A. Proof of Lemma 10

From the expression of in systematic form (251),
we can write

(263)

We examine the various cases separately.
Category 1 (i.i.d. Case). Without loss of generality, assume

that the first row of is all zero. Then, the sum in (263) can
be separated into two sum, over the domains and such that

(264)
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and is the complement of in . We notice that is
given as the union of linear subcodes of that satisfy
one additional linear equation of the type for some

or for some
. There are at most such linear subcodes of size

. Using (263) and taking expectation, we have

(265)

since

due to the fact that for any and
by assumption. Dividing by and noticing that

the term in the right-hand side of (265) is as ,
we have that (262) holds.

Category 1 (Strong Mixing Case). Again, without loss of
generality, assume that the first row of is all zero. In the
strong mixing case with polynomial rate, since independence
does not hold any longer, we have to replace the notion of com-
ponents “different from” with the notion of components “suffi-
ciently far apart.” For some fixed , we define the set

(266)

and is the complement of in . We notice that is
given as the union of linear subcodes of and a finite
number of cosets of these. It follows that the size of
is .

For any , fix such that

for some finite constant and all , where the existence of
such is guaranteed by Proposition 1 in Appendix IV and
by the fact that for all .

Then, using (263), separating the summation into the contri-
bution of all and the contribution of all
and taking expectation, we have (for sufficiently large )

(267)

Dividing by and letting , we have that the term
in (262) is (in absolute value) dominated by some quantity
that is vanishing as , so that the limit in (262) holds.

Category 2. In this case, there exists a parity symbol that is
not identically equal to an information symbol (its parity equa-
tion contains at least two nonzero coefficients) and it is not
identically equal to another parity symbol (it parity equation
is unique). Without loss of generality, we can assume that this
symbol is . Hence, for the i.i.d. case, we define the set

and is the complement of in . Again, we notice that
is the union of linear subcodes of defined by one

additional linear equation, and therefore, it has size .
At this point, the proof for the i.i.d. case follows from the same
argument used before for Category 1. The proof for the strong
mixing case follows along the same lines, by replacing “dif-
ferent from” with the “sufficiently separated” condition in the
definition of the summation sets. Details are omitted for the sake
of brevity.

Category 3. By now, the argument that leads to the proof
of Lemma 10 should be clear: we separate the sum over all

in (262) into two terms. One term contains code-
words that have one symbol distinct from all
other symbols, and the other term is the complement. The first
term is identically zero when taking expectation, since the term
corresponding to the distinct symbol factors out of the product
and it is, by construction, equal to zero. It turns out that for Cat-
egories 1 and 2 we can show that the complement set of code-
words is formed by the union of a small (i.e., constant in )
number of linear subcodes of size at most that is vanishing
with respect to when we take the limit for . For
the strong mixing case, term by term independence cannot be
invoked. However, we can identify a subset of codewords for
which one symbol is sufficiently separated by the others by more
than modulo , such that the expectation of the product
of polynomials “almost factors out” in the sense of Proposition
1 in Appendix IV.

This proof pattern applies also for Category 3. In this case,
there exists an information symbol (say, ) that is not replicated
into any parity symbol, i.e., there is no parity equation of the
type . Therefore, in this case, the sets and

take on the same form of (264) and (266), respectively.

B. Proof of Lemma 11

This lemma follows immediately by noticing that if
belongs to Category 4, then all the informa-

tion symbols are replicated into some parity symbols (up to a
multiplicative coefficient), that is, for every ,
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there exists some such that
with . This is possible only for partitions with

, implying . However, this
condition implies that must have a block of size . In
fact, if all blocks of were of size at least , we would
have , which is a contradiction.

Lemma 11 follows by showing that if has a block of
size , then the coefficient defined in (239)
is identically zero. Recalling the expression

where

and where are the blocks of the partition
, we notice that all such partitions in the above for-

mula are refinements of . If has a block of size
, then all such have also a block of size . Without loss

of generality, let this block be for some .
Therefore, for all , we have

by definition of the polynomials . Since
is a weighted sum of products

each of which contains a zero term, it must be equal to zero.

APPENDIX VIII
PROOF OF THE LIMIT (126)

The a.s. limit (126) is formally stated by the following.

Lemma 12: Let with diagonal el-
ements either i.i.d. or distributed according to a strong mixing
process with polynomial convergence rate (Definition 12). Let

with i.i.d. diagonal elements, and let
denote the unitary DFT matrix as defined in (5). Let
and let denote the th column of . For any fixed ,
as , we have

(268)

where depends on the asymptotic distribution of and but
it does not depend on .

The proof of this result is based on calculations that are sim-
ilar (in the spirit) but more involved than those presented before

for the proof of freeness. In the following, we outline the main
ideas of the proof.

Proof (Sketch): Again, it is convenient to use indices in .
Therefore, the matrix and vector components will be numbered
from to instead of from to . Fix , and define

(269)

where denotes the th diagonal element of , proving
Lemma 12 is equivalent to proving that , where

(270)

where (270) follows from the matrix inversion lemma.
Using the series expansion of the matrix inverse and writing

, we obtain

(271)

where we defined the diagonal matrix with
i.i.d. diagonal elements , and the circulant
matrix and in (271), we defined

(272)

It follows that it is sufficient for our purposes to show that the
random variables , where and converges
almost surely to some limit independent of . The proof pro-
ceeds through a sequence of lemmas.

Lemma 13: The limit exists
and does not depend on but only on the asymptotic distribution
of and .

Lemma 14: The central moments of of order and
satisfy

(273)

(274)
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The last step of the proof of Lemma 12 follows as an appli-
cation of Markov’s inequality and of the Borel–Cantelli lemma.
For , we have

(275)

(276)

where we used (274). This, combined with Lemma 13, shows
that in probability. Furthermore, since the sequence
of probabilities is sum-
mable for all , we have that almost surely.

We conclude this section by proving Lemma 13 in details.
The proof of Lemma 14 follows along the same lines but it is
considerably longer. For the sake of space limitation, we omit
this rather technical and tedious proof here.

We wish to compute where is defined in (272).
Following similar steps as in the proof of Theorem 15, we arrive
at the expression

(277)

where, as usual, denotes the th DFT coefficient of
.

Noticing that the indices of the DFT coefficients,
have zero sum, we can use Lemma 8 and algebraic

manipulation similar to what done in the proof of Theorem 15
in order to arrive at the expression

(278)

where denotes an -partition of the index set
, where is defined in (230) of

Lemma 8 (see Appendix V), and where is a linear
code of length over defined by

(279)

with denoting the matrix of dimension

. . .
. . .

...
. . .

. . .

(280)

and denoting the incidence matrix of , of dimension
.

Notice that the -tuple be-
longs to a coset of the linear subcode

formed by all codewords with first component
equal to . In particular, since the constant vector is
a codeword of but is not a codeword of ,
this coset is given by

(281)

Consider the code of length obtained by eliminating the iden-
tically zero first component of . This operation is
known as “shortening” in coding theory and, with some abuse
of notation, the shortened code is also denoted by .
We will adopt this notation here. Notice that is de-
fined by the parity-check equation

(282)

where

...
...

. . .
. . .

(283)

has dimension . Furthermore, the parity-check (282)
is redundant (the sum of the columns of the matrix is equal
to zero), so that has dimension over
(i.e., size ).

We can write (278) by summing over and,
using (281), we arrive at

(284)

Up to irrelevant component permutation, we can write
in systematic form as

(285)

As a consequence, the sum with respect to
in (284) can be more conveniently written as a sum with re-
spect to the information symbols (i.e., independent variables)

. Without loss of generality, we choose such
that its identically zero columns (if any) are placed in the last

positions, for some (which may be equal to zero) that gen-
erally depends on the specific code . In general, a
codeword of in systematic form is given by

where and where, by construction, we assume that
the first columns of have at least one nonzero element.

Recall that, by definition, we have

for
for

(286)
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Using this and the systematic form of in (284), we
obtain

(287)

The proof proceeds by showing that for all partitions ,
we have

(288)

In order to see this, it is useful to split the above sum over
into two contributions defined by the sets

and its complement . The contribution of all terms in
the sum in (288) is zero because of (286). Furthermore, notice
that , in fact, is given by the union
of all linear subcodes of with one component in
positions fixed to zero. These subcodes have size
at most , and there are at most such subcodes. From
the above argument, it follows that the term in the limit (288) is
upper bounded by

(289)

where denotes some positive constant independent of , so
that the limit (288) follows.

Finally, we observe that for any partition and fixed
it holds

(290)

where equality follows by the fact that is stationary strong-
mixing with polynomial convergence rate (details are omitted).

Limits (288) and (290) imply that the limit of (284) for
is indeed independent of , and Lemma 13 is proved.

Fig. 6. Deterministic intersymbol interference with memoryless fading and
Gaussian noise.

APPENDIX IX
DETERMINISTIC INTERSYMBOL INTERFERENCE WITH

TIME-SELECTIVE FADING

In this Appendix, we deal with the model in Fig. 6 which
incorporates both deterministic intersymbol interference and
time-selective (frequency-flat) fading [17]. Through rather
routine approximation of Toeplitz matrices with circulant
matrices, the analysis of this model corresponds to the case
where the diagonal matrix is deterministic. We conjecture
that the solution is equivalent to that in Theorem 1, with

where is uniformly distributed on
, namely, the following.8

Conjecture 1: The mutual information achieved by a sta-
tionary Gaussian input with power spectral density is

(291)

where and , and are defined by the
solution to

(292)

The optimization of proceeds in the same way as in The-
orem 2, i.e., it is the waterfilling solution for the same transfer
function (and no time-selective fading) but computed for a re-
duced SNR given by Theorem 2 where is now given by

(293)

with

(294)

We proceed to outline a possible path to prove Con-
jecture 1. The objective is to obtain an expression for

where
and is a deterministic Toeplitz channel matrix describing the
linear time-invariant discrete-time linear system with transfer
function , and is the Toeplitz input
covariance matrix.

The first step consists of showing that the asymptotic eigen-
value distribution of is the same as if is replaced by
a circulant matrix. The sufficient condition in the following
lemma is satisfied because of the conventional asymptotic

8The result in [17] is analogous to Theorem 8, but the proof (omitted in [17])
turns out to have a gap.
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equivalence of products of Toeplitz matrices to circulant ma-
trices (see [18, Th. 5.3]).

Lemma 15: Let be Toeplitz with convergent eigenvalue
distribution and let

(295)

denote the diagonal matrix of the eigenvalues of . Further, de-
note the circulant matrix

(296)

with the unitary DFT matrix as given in (5). For all

(297)

(298)

The conjecture would be proved by showing that, in the limit
of large

(299)

where is given in Theorem 11 in Section III-G
and where is a frequency-domain fading process such
that, for each , the term is obtained by
sampling independently with uniform probability a value from

.
As an intermediate step, it is not too difficult to show that, as

(300)

where , and is a random permutation matrix,
equiprobably distributed over the set of all permutations of
elements (i.e., over the symmetric group ).

The claim (300) follows by noticing that, according to the
definition of -transform, it is sufficient to show that

(301)

In order to show (301), we choose to follow a discrete approx-
imation route. First, note that if we can prove the sought-after
result when the empirical distribution of only has a finite
number of masses, the result will follow from continuity.
Second, the possible realizations of are partitioned ac-
cording to the equivalence relationship of permutation, or, in
information theoretic language, into types. Because of the i.i.d.
assumption, all members of each equivalence class have the
same likelihood. Furthermore, the method of types, ensures
that we can safely neglect all atypical types (i.e., all those that
are not very similar to the empirical distribution of .) Thus,
(301) is established by including a further averaging in the
right-hand side with respect to types that are close to that of .
However, that is unnecessary since the right-hand side of (301)
is continuous with respect to the type of .

At this point, (299) follows if we can show that
(for any given

sequence of permutations ) is independent of . Let
be a diagonal matrix whose diagonal elements

are i.i.d. with a common distribution
all whose moments exist. The empirical distribution of the
deterministic diagonal matrix is assumed to converge. The
invariance to permutations of of the -transform follows
from the invariance of all limiting th moments, i.e.,

(302)

Fix and let denote the DFT coefficients of
, as defined in (223). Denote the mean

and variance of by and , respectively. A key observation
is that thanks to Lemma 6 and to the expression in (246),
asymptotically as the th moments in (302) not depend
on the distribution of except through its mean and variance.
Therefore, as far dealing with the limit in (302), we are free to
assume that is i.i.d. Gaussian. We obtain

(303)

(304)

where we have defined the complex Gaussian circulant
matrix whose first row consists of where:

• ;
• for ;
• ;
• if is odd.

Applying Newton’s formula to the right-hand side of (304), all
ensuing terms have the form of the expectation of the trace of a
power of the product of a circulant matrix and a diagonal matrix.
Then, Conjecture 1 would follow by proving that

is invariant with respect to (at least in the limit as ).
This is supported by extensive Monte Carlo simulation, al-
though the proof of this invariance remains open.

Further evidence of the correctness of our conjecture is pro-
vided by the following special case, for which a direct calcu-
lation of the mutual information rate is possible using a com-
pletely different approach. Consider an ISI channel with two
consecutive nonzero coefficients, denoted by , and mul-
tiplicative i.i.d. time-domain “erasure” fading, i.e., such that

with . The corresponding
time-domain channel model is given by

(305)

where we assume for the sake of notational sim-
plicity. We are interested in computing the mutual informa-
tion rate when the input is Gaussian i.i.d. Since the channel
memory length is equal to one, every null fading components
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splits the received signal into noninterfering segments. Let the
two-band Toeplitz (or, equivalently, its circulant approximation,
cf. Lemma 15) be denoted by . Then, after neglecting an ini-
tial transient that is irrelevant in the limit for , we have
that

(306)
where are i.i.d. geometrically distributed intererasure
times, taking values in the positive integers with
probability , denotes the number
of runs of s in a sequence of length , and we have introduced
the Jacobi tridiagonal matrix

...
. . .

. . .
. . .

...

where and . (By convention,
we take .) The determinant of the block satisfies the
difference equation

with initial conditions and . This can be solved
explicitly and yields

(307)

with

(308)

Eventually, we arrive at the following expression for the ca-
pacity of this channel: taking expectation with respect to the
erasure fading process and the limit for , we find

(309)

(310)

(311)

(312)

where we used the bounded convergence theorem and the fact
that, by the strong law of large numbers, almost
surely.

Fig. 7. Two-tap time-invariant channel , with i.i.d. erasure
fading; solid lines correspond to (291) and correspond to (312).

Fig. 7 illustrates the comparison of (312) with the result in
Conjecture 1 particularized to the case ;
perfect agreement up to any desired numerical precision is ob-
tained.
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