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Abstract—This paper finds the capacity of a linear time-
invariant system with a given transfer function, observed in
additive Gaussian noise through a memoryless fading channel.
A coherent model is assumed where the fading coefficients
are known at the receiver (but not the transmitter). We show
that the optimum normalized power spectral density is the
waterfilling solution for reduced signal-to-noise ratio, where the
gap to the actual signal-to-noise ratio depends on both the fading
distribution and the channel transfer function.

I. CHANNEL MODEL

In this paper we obtain the capacity of a channel with
memory where the complex-valued input codeword x =
(z1,...2,) € C™ is subject to an average power constraint
and goes through a deterministic linear time-invariant discrete-
time linear system with transfer function H(f). The outputs
of the linear system u; € C are multiplied by a memoryless
stationary fading process A; € C, known at the decoder but
not the encoder. The decoder observes the resulting process
contaminated by white Gaussian noise n; € C.

Yi = ﬁAluz+nla Z‘:lw-'an (1)
i—1
ui = Y Az, ©)
=0
1/2 ) )
hli] = H(f)el " df 3)
—1/2

where n; are independent proper complex Gaussian with unit
variance; A; is an i.i.d sequence with uniformly distributed
phase in [0, 27) and whose magnitude has unit second moment
and finite higher order moments. The codewords are restricted

to satisfy
1 n
=3 <1
n
i=1

This channel model incorporates simultaneously two key
features of digital communication systems, namely, intersym-
bol interference and flat fading. It arises in systems (e.g. [6])
where the memory in the channel is due to a deterministic
effect, while the received amplitude is random. For example,
in magnetic recording the intersymbol interference coefficients
are known beforehand, while the instantaneous amplitude is
subject to random fluctuations due to the variations in the
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distance between the recoded medium and the read/write head
(in that case, the real-valued channel model counterpart can
be used). Powerline communication also incorporates deter-
ministic intersymbol interference in addition to noise strength
subject to rapid fluctuations. Another application is found
in networks with backbone-interconnected base stations [10]
subject to different levels of interference or different backhaul
capacities.

Related, but less general, channels whose capacity has
been analyzed before include the randomly spread multicarrier
CDMA channel with fading [8] and the Gaussian-erasure
channel [7].

II. SUMMARY OF RESULTS

Before stating the general result, it is instructive to consider
those special cases whose capacity is known:
o No intersymbol interference [1]

C(y) = E[log (1 +~|A]*)] Q)
e No fading [5]
1/2
co= [ Lles@uartar©

where 1 < ¢ < oo is chosen so that the spectral density

_ 1 +
401 = <= Sy @
has unit area.

o Gaussian-Erasure channel [7], corresponding to the case
where the distribution of |A| has two masses, one of
which is at 0.

As in the above cases, the capacity of the channel in
Section I is achieved by stationary Gaussian inputs [12]. It
is advisable to obtain the mutual information rate achieved
by an arbitrary stationary Gaussian input, and then find the
capacity-achieving input spectral density. In fact, the capacity-
achieving input spectral density is one of the main results
of the paper as it reveals a remarkable robustness of the
classical waterfilling solution for deterministic channels with
intersymbol interference.

Denote the input power spectral density by S, (f) and the
output power spectral density by

S(f) = So(NIH()?

®)
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For any scaled power spectral density vS(f), define the
positive function (note it does not depend on the fading
distribution) Jo(y,7), 0 < y < 1, that solves the following
fixed-point equation:

1 1/2 1 d 9
1+:a%v>‘/¥m1+yvaf>%ayﬁd%w 5o

The input-output mutual information is

I(v) = /Olog(1+30(yﬂ))dy (10)

where 4 (which depends on both v and y) is the solution to

Y
{v+%@nxw1—w+vyA% (v

1
1+ Jo(y,7)

It can be shown that we can recover the abovementioned
cases of intersymbol interference, fading, and erasures by
particularizing (9), (10), (11) to A = 1, S(f) = 1, and
PIA=0]=1-PA=(1- e)fl/Q]‘, respectively.
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Fig. 1. Mutual information rate for h[i] = e~%-2*" and Rayleigh fading,
with white Gaussian input. Also shown are realizations of the normalized
mutual information conditioned on the fading coefficients with n = 200.

Trying to optimize (9 -11) with respect to the input power
spectral density is a challenging problem. Fortunately, the
desired optimum input power spectral density admits a very
compact characterization.

The effect of flat fading on the capacity-achieving input
power spectral density is tantamount to a power penalty: For
all v > 0,

Sy (f,vy) =Sz (f,7)

where S, is the waterfilling solution in (7) and v > 1 satisfies:
1 g [ ARG -

Gy v+I[AR(G 1)

and (, is the fading-free water level for .
Denoting the S-transform of the distribution of |A|? by [8]

+1 _
G(z) = _:UTU|A\12(1 + )

(12)

13)

(14)

where the 7-transform of the distribution of |A|? is [8]

1
2(t) =E | ——— 15
e 0) = | | 15)
It can be shown that (13) it is equivalent to:
-1
v=¢g|— (16)
( Gy )

The minimum energy per bit and wideband slope Sy [9] of
the spectral efficiency of the Gaussian ISI channel with flat
fading are given by

Eb In2
-t = 17
(NO ) min Gmax ( )
2
S = ———F7—
T E[AR e
where G,.x is the maximum channel gain i.e.
Grax = max |H(f)%. (18)
and Bmax = ,u({f : |H(f)|2 = Gmax})-
For large SNR, capacity behaves like

(expressed in bits per complex dimension), where S, and £,
are known as the high-SNR slope and the high-SNR dB offset
respectively [4]. We have shown the following expressions:

S = min{P{|A]> # 0}, B} (20)

1
Lo = —/ logy F (y) dy 1)
0

where Z = {f : |H(f)|> > 0}, B = u(Z) denotes the
generalized bandwidth of the linear system, and F (y) is the
solution of the fixed point equation

e ylH(f)I? !
B y&”‘}é<l+<1mg<8&yw<w3) o

III. MAIN RESULT

Theorem 1 The input-output mutual information rate
achieved by Gaussian u; with power spectral density S(f) is

1
I(v) = /OIOg(1+:lo(yma(ym)))dy (22)

where 1y is defined in (9) and o(y,~) is the solution to
—yJo(y,v ) )
aG| ———"—=]=1
(1 +Jo(y, v )

Proof: We will make use of the following auxiliary
result.!

(23)

'We refer the reader to [8] for standard terminology used in random matrix
theory.
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Lemma 1 [7, Theorem 1] Let B be an n X n nonnegative
definite random matrix. Let p = lim,_ o, rank(B)/n. The
Shannon transform and n transforms are related through

1
Vo) = o[ lee(+lwa)dr @b
where 1 is defined by the fixed-point equation
A(y,7) ( VY >
———=1- 25
e ey R S s 0 ) A

In addition, the proof of Theorem 1 makes use of the
following new key result whose proof is sketched in the
Appendix.

Theorem 2 Denote the diagonal matrix of fading coefficients
by
A =diag{A1,..., A}

Let W be circulant non-negative definite with an asymptotic
spectral distribution. The n-transform of AWAT is given by

(26)

nawat(Y) =7 27

where (n, ) is the solution of the following coupled fixed-
point equations:

ne (ya) (28)

NaAt
am

At this point, we can proceed with the proof of Theorem 1.
Consider the product of n x n Toeplitz matrices ¥ = HX HT
where ¥, is the covariance matrix of the stationary input
process, and the (7, 7)-th element of H is equal to h[i — j]
defined in (3). Using Theorem 2 and [7, Lemma 1], we can
readily show that 7)-transform of AX AT is the same as the
n-transform of AWAT, where the circulant marix ¥ has the
asymptotic eigenvalue distribution of 3.

From the definition of the S-transform in terms of the 7-
transform (14), we notice that (29) is equivalent to:

’[’} =

n o= (29)

ag(n-1)=1. (30)
Using (28) and (30) we obtain
1

= —~. 31

n nz(g(n_1)7> (€2

Furthermore using (27), (28) and the n-transform of Topelitz
matrices, we can write

e s\
nasat(y) = /1/2 <1 + G (e (7) — 1)> df (32)

Because of space limitations, we give the proof sketch (full
details are in [12]) in the case where the fading distribution
puts no mass at 0, and S(f) > 0 for —1/2 < f < 1/2 and,
thus, the normalized rank of AX AT equals 1.

Applying Lemma 1 to B = AX AT we obtain the Shannon
transform as:

1
Vaza:(7) = /O log (1+3(y,7)) dy 33)
with J satisfying:
PR % D R < gL ) (34)
14+ 3(y,7) 14+ (1 =y)(y,7)
and with nasa+ satisfying the equation:
t
t) = S — 35
Tazar(f) == (gmum OE 1)) =
Choosing vy
t= 36
14+ (1 —y)(y,7) 0)
we get
aly,7)Eanr (nAzAf( it ) - 1) -1 37
L+ (1 =)y, )

and

(y,7) aly, ) yy
YT 105.7) 1‘"E<1+<1y>3<y,7>)'(3g)

Writing explicitly the 7-transform of 32, we have

Ay, /“2 oy, 1) VS(f)df
L+3(y,y)  Joape 1+ (1 =y)3y,7) + a(ym)vyS(J(”%g

Comparing (39) with the definition of Jy in (9) we conclude

that 3(y,v) = Jo(y, (7, )
Furthermore, from (34), (36) and (37), we obtain that

a(v,y) satisfies (23). [ |
IV. OPTIMALITY OF WATERFILLING WITH POWER PENALTY

Theorem 3 The capacity-achieving input power spectral den-
sity is given by

P B PO S
S0 = g [ St “
where
LT ARC - 0(0)
ble)=cE [1 AR - e<<>>} “h

where 0 < 6(¢) < EJ|A
integral of (40) equals 1.

2], and ( is chosen such that the

Proof: Using [7, Theorem 12], we can write the objective
function as

1 .

C(y) = lim —max[E [logdet (I+ YAFA A, AyFTAT)]
n—oo N x

(42)

where the maximization is over the set of nonnegative diagonal
matrices with trace equal to n; Ay is the diagonal matrix of
the singular values of H; and

i=1,...,n

Fo L | %6001
p=1,...,n

NG

} (43)
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To solve (42) we make use of the key non-asymptotic opti-
mization result:

Theorem 4 [7, Theorem 4]: Let ® be an m x n complex
valued random matrix whose ith column is denoted by ¢;.
Consider the optimization problem

maxE [logdet (T + 7@D@')] (44)

where the maximum is over all diagonal matrices whose trace

is equal to a constant . Then, for i = 1,...,n, d}, the ith

diagonal element of the diagonal matrix D* that achieves the
maximum in (44) is the positive solution to

Z; 1
El—— | = — 45
[1 + yd; Zi:| vy )
—1

¢l [T+7d dib0) | di46)
J#t

if it exists (ie. if vyE[Z;] > 1); otherwise, di = 0. The

parameter v is chosen so that Z?=1 i =¢.

Z;

Letting
Q = AF 47)
® = AFAy (48)
D = A, (49)

and denoting the columns of Q by q;, (46) takes the form
-1
Z; = H2ql |T+7) Hidqq}| a  (50)
J#i
Using [7, Lemma 1] and Lemma 2 in the Appendix we can

show almost sure convergence of (50) to
—1

Jim gl (T+9) Hldaud) | i = o (D)
J#i
Thus,
7. H?
R BN % (52)
1+~diZ; 1+~diH o

Plugging (52) in Theorem 4, the sought-after power spectral
density satisfies

|H(f)Pavy =1+~vaSs(f)H(f)|? (53)

if avy|H(f)|? > 1, and S:(f) = 0 otherwise. Using (51), we
get
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where we have used Theorem 2.
To obtain the final result (40), we change variables and let
¢ = va, thereby expressing (54) as

S* _! ! " 57
w(f”Y)_a{C'ﬂH(f)P} (57

where in view of (51) and (56), « satisfies the equation

a=—G <;> ¢ (58)

whose solution in the interval [0, P(|A| # 0)] is denoted by
6(¢) and is given in (41). [ |
Finally, we show in this section that the form of the result
given in (12) and (13) follows from Theorem 3.
Let

pC = G (59)
1
= Q=77 (60)
—G7(p)
where (60) follows by solving for 9 in (13). Comparing (60)
to (58) we conclude that 1 = p6(¢), and consequently:

% - ¢ (61)
9(c) = 2 62
70(C) B (62)

Thus, (12) follows in view of (40) and its particularization to
the conventional case without fading (7).

V. APPENDIX: PROOF OF THEOREM 2

To prove Theorem 2 we need the following lemma which
is the most technically challenging result in this work. The
proof is omitted because of space limitations.

Lemma 2 Suppose that the sequence of non-negative scalars
A = diag(\1, ..., \n) has a limiting empirical distribution.
Then, the columns of Q defined in (47) satisfy
-1
al [T+ ) Naay | @™ a (63)
J#i

for all i, where o depends on the fading distribution and on
the asymptotic distribution of A but it does not depend on i.

Using the symmetric nature of F', it is possible to inter-

1 + change the roles of the matrices A and A2 in Lemma 2 to
Sx(f,y) = [V - T } (54)  show that the columns of Q = A'Y/%F satisfy
7|H(f)\2(m) .
Choosing the water level so that the integral of (54) is equal
to 1, leai;is to ¢ oY ! qg I+ ’YZ ‘AJ‘2qﬁ'q;r' Q= v (64)
1 J#i
v = ———— (55) . S
1 —ns(ay) where v depends on the fading distribution and on the asymp-
_ 1 totic distribution of A but it does not depend on :. Using
1 —nasat(v) (56) Lemma 2 we obtain
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w{( +VQATQT)_1}

*EZ

%tr{(l +'yA\IlAT)_1}

1+ qu,B Qi

where we have used (64) and
1

26aTO1g

L+79/Ail?q;C; " q

which follows from the Sherman-Morrison formula [11]

= (+hQaQl] ™)

3

(78)

where 1 1
“1_ o1 MTx)(yTMT
M N =M"!- 7
B, = I+7) \aq! (65) M +xy] 14y M Ix (79)
J# ; According to (77) we obtain
= I+7QAQ" — v\qiq] (66)
yranawai(v) = 1—nawar(7), (30)
Therefore,
1 - and solving for vy we find
Nawai(y) = lim —tr(I+~yAPAT) (67)
oo 7; vy = 1 —nawai(7)
= lim Etr(I +7QAQH) ! (68) anawat(Y)
1 1 By using this into (75), together with (70) yields the system of
= lim — Z ——— (69) fixed point equations of Theorem 2, and the proof is complete.
nﬁoonizl 1+7Azq,B q;
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