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Monotonic Decrease of the Non-Gaussianness of the Sum
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Abstract—Artstein, Ball, Barthe, and Naor have recently shown that
the non-Gaussianness (divergence with respect to a Gaussian random
variable with identical first and second moments) of the sum of indepen-
dent and identically distributed (i.i.d.) random variables is monotonically
nonincreasing. We give a simplified proof using the relationship between
non-Gaussianness and minimum mean-square error (MMSE) in Gaussian
channels. As Artstein et al., we also deal with the more general setting of
nonidentically distributed random variables.

Index Terms—Central limit theorem, differential entropy, diver-
gence, entropy power inequality, minimum mean-square error (MMSE),
non-Gaussianness, relative entropy.

I. INTRODUCTION

Versions of the central limit theorem for continuous random vari-
ables have been shown in the sense that the divergence between an
n-fold convolution and the Gaussian density with identical first and
second moments (non-Gaussianness) vanishes as n ! 1 ([1] and
references therein). Although long suspected that the non-Gaussian-
ness decreases at each convolution, it was not shown until 2004 (in the
equivalent version of increasing differential entropy) by Artstein, Ball,
Barthe, and Naor [2] by means of a tour-de-force in functional anal-
ysis. They showed the result for independent and identically distributed
(i.i.d.) random variables, as well as generalizations of the result where
nonidentical distributions are allowed. As a consequence, [2] shows a
new entropy power inequality: For independent (not necessarily i.i.d.)
random variables,

n exp(2h(X1 + . . . +Xn+1)) �
n+1

`=1

exp 2h
j 6=`

Xj (1)

where h(X) = � fX(x) log fX(x)dx denotes the differential en-
tropy of the density fX . Note that (1) implies, but is not implied by,
Shannon’s entropy power inequality [3]

exp (2h(X1 + . . . +Xn)) �
n

i=1

exp (2h(Xi)) : (2)

The simplest proof of (2), given in [4], hinges on an elementary esti-
mation argument: it is better to observe two noisy measurements than
just their sum. Unlike the standard proof of (2) in which Fisher’s infor-
mation takes center stage, [4] works exclusively with minimum mean-
square error (MMSE) using the results in [5]. Among them, the result
that is relevant to this correspondence is the following.
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Lemma 1 ([5, Theorem 14]): For every random variable X with
�2X < 1, its non-Gaussianness1 is given by

D(X) (PXkN ( X; �
2

X)) =
1

2
log 2�e�2X � h(X)

=
1

2

1

0

�2X

1 + 
�2X
� (X; 
) d
 (3)

where

(X; 
) [(X � [X j p
X +N ])2] (4)

and N is a unit-variance Gaussian random variable.

Thus, not only is the Gaussian the hardest random variable
to estimate (in MMSE sense) at any signal-to-noise ratio but if

(X; 
) � (Y; 
) for every 
 > 0 then D(X) � D(Y ).

II. RESULT

Theorem 1 Let X1; X2; . . .Xn be independent random variables
with variances �2i ; i = 1; . . . ; n

D

n

i=1

Xi �
n

i=1

�iD

n

Xj +
1

2
D(�k�) (5)

where� = f�ig is an arbitrary probability mass function on f1; . . .ng,
and the probability mass function � = f�ig is defined by

(n� 1)�i = 1� �2i

�2
(6)

with

�
2 = �

2

1 + . . . + �
2

n (7)

Several particular cases of Theorem 1 are of interest.

1) Theorem 2 If X1; X2; . . .Xn are i.i.d. random variables, then

D

n

i=1

Xi � D

n�1

i=1

Xi : (8)

2) Particularizing to � = �, we see that on average, non-Gaussian-
ness increases by omitting one of the random variables from the
sum, where the weight depends on the relative variance of the
omitted random variable.

3) The main result of [2] is as follows.

Theorem 3 [2, Theorem 2] Let V1; V2; . . .Vn be independent
random variables, and let aaa = (a1; . . . ; an) with kaaak = 1. Then

h

n

i=1

aiVi �
n

i=1

1� a2i

n� 1
h

n
ajVj

1� a2i
(9)

1For convenience, all logarithms are natural; thus, we measure non-Gaussian-
ness in nats. We use divergence both for continuous distributions

D(fkg) = log
f(x)

g(x)
f(x)dx

as well as discrete distributions

D(�k�) = � log
�

�
:
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It can be checked that Theorems 3 and 1 are equivalent by iden-
tifying Xi = aiVi; (n � 1)�i = 1� a2i , and using the fact that
D(aX) is invariant to nonzero a. Note that in the case where all
the random variables are Gaussian, Theorem 3 is tight if and only
if V1; V2; . . . Vn have equal variance.

4) The special case of Theorem 1 for two random variablesX1 cos�
and X2 sin� with �1 = sin2 � yields Lieb’s inequality which
is equivalent to Shannon’s entropy power inequality (cf. [4,
Lemma 1]).

It is easy to generalize Theorem 1 to consider sums of subsets of
fX1; . . .Xng of smaller cardinality than n � 1. In such case, �i be-
comes a normalized version of the sum of the variances of the random
variables in the ith such subset.

III. PROOF OF THEOREM 1

Proof: Without loss of generality we assume all random variables
to have zero mean. For convenience we use the following notation:

Yi =
p



n

i=1

Xi +Ni (10)

Y =
p



n

i=1

Xi +N (11)

Xni =

n

Xj (12)

Yni =
p

Xni +Nni (13)

• fNig are independent Gaussian random variables with variance
1 � �i, with

�i = �i(n� 1):

• N = n

i=1
Ni is Gaussian with unit variance.

• Nni = N � Ni is Gaussian with variance �i.
Note for future use that

n

i=1

Xi =
1

n� 1

n

i=1

Xni (14)

Y =
1

n� 1

n

i=1

Yni (15)

and

var �
�

i Xni =
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n

�j (16)

=
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(17)

=
�i�

2
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Making use of Lemma 1 and the invariance of D(aX) to nonzero a,
we can write

n

i=1

�iD

n
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n
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A

2
+
B

2
(19)

where
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(23)

where in (21) we used

log
a

b
=

1

0

a

1 + a

� b

1 + b

d
: (24)

Thus, (5) follows from the property of MMSE in Lemma 2 below.

Lemma 2: LetX1; . . .Xn be independent. For any 
 > 0 and prob-
ability mass function �

n

i=1

Xi; 
 �
n

i=1

�i �
�

i Xni; 
 (25)

where �i = �i(n � 1).
Proof: Writing

(X; 
) = [X2]� 2
[X j p
X +N ]

with unit-variance Gaussian N , and since

n

i=1

�ivarf��i Xnig = varf
n

i=1

Xig

the difference between the left- and right-hand sides of (25) becomes
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n
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� 0 (27)

All that remains is to justify (27)
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2
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2

(29)
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=
1

(n� 1)2

n

i=1

[Xni jYni] jY

2

(30)

�
1

(n� 1)2

n

i=1

[Xni jYni]

2

(31)

�
1

n� 1

n

i=1

2
Xni j Yni (32)

where

(28) ( (14);

(29) (Y is a function (sum) of Yi and Yni;

(30) (Xni is independent of Yi (conditioned on Yni);

(31) ( [V 2] � [ 2[V jY ]] for any V ;

(32) (Lemma 3 (Appendix).

The main result (Theorem 1) is seen to be a corollary of an estima-
tion-theoretic property (Lemma 2.) Note that the only two inequalities
used in the proof of Lemma 2 are the nonnegativity of MMSE and
the “strengthened Cauchy–Schwarz” inequality of [2] (Lemma 2). In
contrast, the proof of ([2, Theorem 2]) is considerably more complex
involving a far-from-elementary variational representation of Fisher’s
information, whose explicit solution is cumbersome enough to be side-
stepped in [2]. As pointed out in [5], its MMSE-mutual information for-
mula (from which Lemma 1 is derived) is essentially equivalent to de
Bruijn’s identity involving the differential entropy and Fisher’s infor-
mation. However, starting with the proofs of the identities themselves,
continuing with the proof of the entropy power inequality [4], up to
the present correspondence, the evidence so far is rather convincing
that using MMSE in lieu of Fisher’s information yields much crisper
proofs in addition to a wide variety of new results (e.g., [5] and [6]).
Once more, engineering intuition provides a powerful guide to get to
the core of the mathematics.

APPENDIX

The following result can be found in [2]. We give a more concrete
proof for completeness.

Lemma 3: Let W1; . . . ;Wn be independent. Let Zi be a deter-
ministic function of W1;W2; . . . ;Wi�1;Wi+1; . . . ;Wn, such that
[Zi] = 0. Then,

n

i=1

Zi

2

� (n� 1)

n

i=1

[Z2i ]: (33)

Proof: Denoting

�ij = [Zi jWj ; . . . ;Wn]� [Zi jWj+1; . . . ;Wn]

and noticing that for j = n, [Zi jWj+1; . . . ;Wn] = [Zi] = 0, we
can write

Zi =

n

j=1

�ij (34)

Without loss of generality, let us assume that j < k. In view of the
independence of the fWig

n
i=1,

[ [Zi jWj ; . . . ;Wn] [Z` jWk; . . . ;Wn]]

= [ [Zi jWk; . . . ;Wn] [Z` jWk; . . . ;Wn]] (35)

from which it immediately follows that

[�ij�`k] = 0; for j 6= k:

Thus,

[Z2i ] =

n
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�2

ij (36)

and
n
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Zi

2

=

n

i=1

n

j=1

�ij

2

(37)

=

n

j=1

n

i=1

�ij

2

(38)

� (n� 1)

n

j=1

n

i=1

�2

ij (39)

= (n� 1)

n

i=1

Z
2

i (40)

where (40) is equivalent to (36); (39) is simply because

(a1 + a2 + . . . + an�1)
2 � (n� 1)

n�1

i=1

a
2

i

and n

i=1
�ij contains at most n� 1 nonzero terms since �ii = 0.
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