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Asymptotic Analysis of Improved Linear Receivers
for BPSK-CDMA Subject to Fading

Antonia Maria Tulino and Sergio Verdiellow, IEEE

Abstract—in this paper, we design and analyze a new class of The pseudocovariance matrixf that random vector is given
linear multiuser detectors, which can be applied when the users by:
employ BPSK modulation and the fading coefficients of the ac-
tive users are known at the receiver (such as base-station demod- E [ai] E [bi] SkS;‘C
ulation). The tools of asymptotic distribution of the spectrum of
large random matrices are used to show that relative to the clas- which is equal to 0 because the fading coefficiaptis circu-
sical minimum mean-square-error (MMSE) receiver, the output larly symmetric. However, ify, is known at the receiver, we

signal-to-noise ratio (SNR) improves by halving the number of ef- . . .
fective interferers and adding 3 dB to the input SNR. We also pro- 2r€ actually interested in the (generally complex valued) condi-

pose sensible approximations to the proposed linear receivers so astional pseudocovariance matrix
to facilitate their use in CDMA systems that employ long codes.
2 [p2 T
Oék [ k Sksk .

Index Terms—DPecorrelator, fading channels, MMSE, multiuser

detection, random spreading sequence, spectral efficiency. If the symbol;, were the result of quaternary phase-shift keying
(QPSK) modulation (or other such symmetric constellations in
|. INTRODUCTION the complex plane), theR[b7] = 0. However, in the case of

i _ . BPSK,E[b}] = 1 and the pseudocovariance matrix of the mul-
T HE CLASSICAL linear multiuser detectors (decorrelatingi, ccess interferers, whose fading values are known at the re-

, and minimum mean-square-error (MMSE) r_eceivers) €%eiver, is nonzero. As already noticed and as will be more clear
ploit the geometry of the space spanned by the interferenceane next sections, the proposed receivers degenerate in the
mitigate the effect of multiaccess interference (MAI). Howeveg,nentional decorrelating and MMSE receiver when constella-
unlike nonlinear multiuser detectors (maximum-likelihood, SU%ons that are symmetric in the complex plane (like QPSK) are
cessive cancellation, etc.), those detectors do not exploit iyg5ved. Even though the leading standard proposals for third-
structure of the modulation format of the desired user and thearation wireless networks (UMTS in Europe and cdma2000
MAI. There is much to be gained by exploiting the structure Gf, North America) use mostly symetric signaling, the proposed
the modulation. For example, when an interferer is very Strong,,4ch extends also to the case of code division multiple ac-
a nonlinear receiver can essentla_lly nullify its effect, Where%%,SS (CDMA) systems employing QPSK modulation with phase
a decorrelator (or an MMSE receiver) would pay a penalty ity quadrature components modulated by different signature.
performance due to the presence of that interferer. In this papgt;g type of signaling is used in many modes within UMTS
we take a hybrid approach that considers linear receivers Tlﬂ— Moreover, our approach extends also to CDMA systems
signed taking into account certain information available Wheé’mploying BPSK with complex signatures and to more gen-
the interferers use antipodal one-dimensional modulation [Ri:o; cpma system employing symmetric constellation with
nary phase-shift keying (BPSK)] and their channel fades "’Wﬁproper cochannel interference.
known atthe receiver. , i Following up on work of the first author in [3] and [7] in

Unlike additive white Gaus§|an noise (AWGN), When thehis paper, we exploit the nonzero conditional pseudocovari-
users employ BPSK modulation, the baseband equivalent gf.e fnctions to obtain alternative decorrelator and MMSE re-
the MAI process has a nonzero pseudo-autocovariance functifiers. since these linear transformations operate on both the

when conditioned on the received fading coefficients. To seg.qieq observable vector and its conjugate, we refer to them
this, consider the contribution to the observable vector of an IBzlinear conjugate receivers

terferer with signature;,, symbolb,, and fading coefficient. Our new performance results of the linear conjugate receivers

use the tools developed in recent years [13], [5], [14] for the

analysis of multiuser detectors in the wideband limit when

the number of users goes to infinity while keeping the ratio
;3 of users to spreading-gain constant. The performance gain
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the MMSE depends off and the input SNR in the same wayceived waveform in the interv@dT;,, (¢ + 1)7;], we obtain the
as in the classical MMSE receiver (Tse—Hanly formula [5fpllowing N-dimensional vector sequence of observables
except that the effective number of interferers is halved and 3

dB is added to the input SNR. (€)= bl( )\/_1a1( )i
Another contribution of this paper is to propose low-com-
plexity approximations to the original linear-conjugate + Zbk Exar(O)sy, +n(l)
receivers, which would be of interest when the CDMA system
employs long codes. Matrix inverses are approximated by :bl(ﬁ)\/glal(ﬁ)sl+SlA1B1(£)a1(£)+n(£) 2

polynomials whose coefficients can be computed in various
ways. A particularly promising way is to obtain them throughere

an asymptotic design which, like the asymptotic SNR analysis, 41 diag(v/€, ..., VEx);
uses recent results on the asymptotic eigenvalue distribution oBl( ) diag(b2(£), ..., br (£));
random matrices. Sl N x (K — 1) dimensional
matrix whose columns are the
Il. SYSTEM MODEL Slgnatures{sk}k 2;
a1(€) = [ax(f),...,ax(¥)] K — 1 dimensional fading co-
We consider a synchronous BPSK-modulated direct sequence eff|C|ent vector.

CDMA (DS/CDMA) system withK' active users, employing | (2) the first term on the right-hand side (RHS) represents the

long spreading codes and operating over a frequency-flat fadigightripution from the bit to be decoded, while the other terms

channel. The baseband equivalent of the received signalis represent the contributions from the MAI and the thermal noise,
- n(£), respectively. Finally, notice thai(¢) is a white complex

K
Gaussian vector with covariance matéiA/oI , with Iy the
= W ERDE(£) sy, (t — LT, 1) . i . R N
Z Zak bi()si( o) () (@) identity matrix of orderN. For future reference, we define

l=—ock=1
A ¢ AT
where w (4) = en(f)sy, Uy = Sidiag(a(4))
Ex energy of thekth user; 2(4) = SfAlBl(E)oq(E)
{br(O)}f2° .. bit stream of thek-th user, modeled as a
sequence of independent and identicallgdditionally we denote bfr(A) the column space oA, by C»
distributed binary variables, each taking orthe space ofV-tuples on the complex field@ with the usual in-

values in the sef—1,1}; ternal and external operations, and$§¢) £ R(S?) theinter-
1y bit interval duration; ference subspac@mamely the subspace 6f spanned by the
s (1) signature waveform assigned to thth user Al {si}erwithk =2,... K.

in the /th signaling interval, expressed as  Any linear one-shot detector for user “1” implements a deci-
sion rule based on the projection«f¢) along a given vector,

N-1 .
ie.
(0 = Y sipur, (t —nT)
n=0 b1(£) = sgn [m{éi (z)}} with B2(0) 2 (0 (0)  (3)

with N the processing gainsi, = h

[$%.0:- -5k n_1] the kth spreading code wnere _ .

in the Eth signaling interval,7, the chip b3(¢) complex-valued soft estimate of the bit

interval, andur_(-) a chip waveform with ) b?(g)’ function:

zero autocorrelation at multiples df’. sgn(-) S|gr|1um .unct|on,

and unit energy. The spreading cosjgis %{1}} rea.part, _

normalized to have unit norm and its ele- ) N cohjugate_tran_spose, .

ments ares, € {—1/VN,1/VN}n = ca(f)ecC suitable direction, to be determined based

0 N — 1"" ’ upon some optimality criterion, com-
() complex channel gain. The complex-valued plexity constraints and information avail-

able at the receiver.
The most popular linear optimization criteria are the decorre-
Wator and the MMSE techniques. Ifthe desired signal does not be-
long toS(¢), the decorrelator can be obtained as the unique solu-

fading parametersa(¢) are zero-mean
independent from user to user and follo
a common distribution (for allk and ¢)

?Eu[zr; (2;12:5)[?k(=£)a8(53|]th :)* ‘;”é"ho%rr:g tion to the following constrained maximization problem [13]
conjugate. { R {c{{ } }
Let us assume that we want to demodulate user “1”, and that ¢1(f) =arg  max 4)
a decision about, (¢) is made by processing the observation S.Leffz(0=0 llex]]

in the interval[¢7i, (£ + 1)T]. Chip-matched filtering the re- Let x(#) be the vector of all parametersdr{#) which are known

2Similar results can be obtained for nonbinary sequences. at the receiver, and with respect to which we do not take the
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expectation, the classical MMSE detector may be obtained adVhen, insteadw(¢) = z(£) +n(¢), problem (7) admits as its

the solution to the problem [13] solution the classicalonditionalMMSE (CM) receiver (6)
¢1(f) = argmin E “bl(ﬁ) - ch(£)|2 ‘ X(E)} (5) cem(l) = vem (Mzz|a, (0) + 2NOIN)71 uf (10)
or, alternatively, to the following constrained minimization owhereyoy = uf (M| 4, (¢) + 2NoI ) tuf.
the output interference plus thermal noise energy However, the constrained minimization problem (7) does not

) exploit the structure of the modulation format of the MAI and
¢(f) =arg_ min E [|c{1(z(£) +n(0))| ‘ X(E)} . (6) ofthe desired user. To see this, notice that, since the interfering
S.t.cffui=1 users employ BPSK modulation, the baseband equivalent of

As well known, the decorrelator (4) and MMSE receiver (61}16 MAI, conditioned on all fading variables, is an improper
can be subsumed under a single framework. In fact, both rgndom processas its nonzero pseudo-autocovariance function
them are solutions to following linear constrained-optimizatiof§ "°nZero when conditioned on the received fading coefficients.

problem, viz. [see (7) at the bottom of the page], for differe}S @ consequence, its correlation properties are specified by
choices of the vectow(¢): four real functions, or, equivalently, by two complex functions.

N Likewise, the projections of these complex envelopes onto an

Decorrelatorn(() = 2(f) = S1 A Bi(fau(f) orthonormal system are specified by two nonzero complex
MMSE w(¢) = 2(£) 4+ n(¥) matrices

Notice that, since the expectatlon in (7) is condlt_loned with re- the conditional covariance matrd . |, (£) given by:

spect to all parameters ua(¢) known at the receiver, the so- !

lution to (7) depends on the prior information available at the Mz 0, (6) = E[2(0)27(0)| a1 (0)]

receiver. In the following, we will assume that the channel state K

information (CSI) is available at the receiver (this might be the _ Z Enlan()2st st = UL A2UH (11)

case of a base station in a cellular network); under this hypoth- P

esis, the expectation in (7) is conditioned on all fading coeffi-

cients of all other users (i.ex(¢) = a1(£)). » and t_he conditional pseudocovariance mald, |, (£)
If w(¢) = z(¢), the solution to (7) is the classicadnditional (8], given by:
decorrelator (CD) ) A .
ot zz]ay(£) = El2(0)z" () [ ar(£)]
cep(l) = vep (Mzz o, (€) + Euful”) " uf 8 K , ,
where = ;gk(ak(@ysisg = U AU (12)
AN
Mz 10, (8) = E[z(£)2" (£) | en] with ()7 denoting transpose.

As a consequence aaptimum approach in the sense of

second-order moment statistics is to come up with a structure
where both the conditional covariance matrix and the condi-
tional pseuodocovariance matrix are utilized. The classical

7 a : H 2 H
o ZN;tc';_:?ntg:;\;VQ;';lf tfu(f) ’rgglré ﬁ&'% ;)%%' _| ng]iésee%lij\il decorrelator (8) and the classical MMSE receiver (10) depend
' gthep —Z q on the conditional covariance matrd | ., (¢) and indeed

alent to solving (4) and (8) coincides with the classical decor-ey take into account the information of perfect CSI. However,

\r,\?rl]aetr%r detector given by (4). A block scheme is given in Fig. they do not depend on the conditional pseudocovariance matrix
M’zzm (¢) and, as a consequence, they do not take advantage
P (Sé) —Inv_§" (SéTSé) ST 9 of the addltlona_l mfprmatlon available when the mtt_arferer_s use
A NTELARL P L © BPSK modulation: in other words, they are suboptimum in the
represents the projector onto the orthogonal complement of #f6se of second-order moment statistics. As a consequence, in
the subspace @ spanned by the columns of théx (K —1) order to exploit the BPSK modulation format of the interferers,
dimensional matris§¢. In Eq. (9)S%, represents the/ x . ma- We should define an optimization criterion such thdt) in (3)
trix whose columns are a linearly independent subset spanniigunction of bothM ;5 |, (¢) and M7, | ., (¢). Furthermore,
the column space of matri&..If instead,s! € S(¢), then (8) N order to exploit the modulation format of the desired users
c_iepends also on the energy of the interferers and on the realizaAccording to [16], [8], a complex random processt) is said to be proper
tions of the fading coefficients. if its pseudoautocorrelation functidd,, (£, u) = E[n(t)n(u)] is zerovt, u.

is the covariance matrix of the interference veet(h), v5p, =
Wi (Myz 0, (€) + Erufui)Tuf and(-)* denotes pseudoin-
verse [13].

a(l) = argclgg}é) el
1

D) = {cl cCN-E [|c{{w(£)|2 ‘ X(E)} = min, S.t.cfuf = 1} @
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we can constrain the soft estimateg) in (3) to be real. Thus,  Proposition 1: Assuming thatw(¢) = z(¢) define theN x
we obtain the following nonlinearly constrained-optimizatio2N-dimensional matrice$’ = [Ix 0] andF’ = [0 Iy]; then
criterion the solution to the constrained problem (14) is given by

bi(0) = R{e (O)r(0)} @3)  ecn®) = nenkF (Qu (OF uf + QL (OF ui")  (17)

with (14) (found at the bottom of the page). Notice that the pref\—'hereln

posed estimate (13) is @onlinear estimate. In factR{z"y} Q.. (0) =

(with =,y € CV) is not linear inz and the suitable direction '

¢1(¢) is the solution to a minimum norm problem on a con- (Mzz)a, () +E1uiui) ( lzz|a1(£)+51uélufT)
strained setD(¥), defined by a nonlinear operator; in this sense, ( 1 ox éH) ( * ox ZT)
we can say tr(1a)t (14) is a nonlinearly constrained minimization Mzzia, (10070 2zl () FEUITY
problem. Therefore, in order to solve (14), we cannot apply th@d; 1, ensures thaR{ctpul} = 1.

orthogonality principle. Thus, unlike the conventional optimiza- pefine the matrix

tion criteria (7), the constrained minimization problem (14) is ,

nonlinearly constrained, and hence, its solution requires special  pM, Lo (£) 2 <Mi2|a1 (0) fzml(@) )
attention. e zzlen () Mzz)o, ()

It is shown in Appendix A that if

As already noticed, the problem is thatlimear operator on rank (Qa, (¢)) = rank (Mzaza o (E)) 1
CY exists fulfilling the constraint in (14). As a consequence, tthe proposed receivee;cp(¢) admits a block scheme as
proving the existence and uniqueness of the solution to (14)depicted in Fig. 6 wherd”, (M, _» |.,) denotes the pro-
not straightforward and the structure of a receiver fulfilling thgctor onto the orthogonal complement of the subspace of
nonlinearly constrained minimization problem (14) is not triviaf??¥ spanned by the columns of ti#V-dimensional matrix
unless the problem is reformulated on suitable subspace whedy  » | o, (£). Since we assume that all users employ a BPSK
such a constraint is linear. To be more definite, let us define theodulation withE[b?] = E[|bx|?] = 1, itis shown in Appendix
subset o?2¥; A that the proposed receiver.cp(¢) can be rewritten as

ve {z 7, = ( z ) ae cN} . aen(t) =ui +0s (#{utmut})” (w{uiut}). a8

Proposition 2: Assumingw(¢) = z(£) + n(¢), the solution
the constrained minimization problem (14) is given by

I1l. LINEAR CONJUGATE RECEIVERS

Notice that there is a one-to-one correspondence betweent'@
vector spac€” and the subsat C C2¥; furthermore

crov(®) = veomH HOul — (Mzz) 0, + ZNOIN)_I (£)

P (%a,9,) = 10—yl = 20%(z, ) X Mz |0, (O(H* () uf" (19)
gy, =2y + o'y =2R{ay}  (15) 1
with
where the left sides of (15) are the usual distance and inner
product defined inC2Y. Thus, solving the problem 6" is H(t) = (Mzzlm (&) +2Moly = Mz ., (9)
equivalent to rewriting the nonlinearly constrained minimiza- . -1
tion problem (14) in terms of the elementsidand solving itin x (Mzz [ a1 )+ 2N01N) 2z| a1 (£)>

the subseV ¢ C?V. Itis shown in Appendix A that rewriting v
the nonlinearly constrained minimization problem (14) in tern@NdvyLom such that{crcyup } = 1.

of theaugmentedversion of the following vectors We refer to (17) and to (19) as linear-conjugate decorrelator
(LCD) and linear-conjugate MMSE (LCM) receiver, respec-
¢ | st ¢ [ul] ¢ tively. The proofs of the Propositions 1 and 2 are given in Ap-
Sla = Sé* y Ui = ul* | — Q1 " 8149 pendiX A
1 1 .
¢ w(?) The receivers defined by (17) and (19) outperform the CD
Cla = LT} ;o we(l) = [w*(g):| (16)  and MMSE receiver (8) and (10) respectively; the reason is that

(17) and (19) fully exploit the information about the fading co-
we can work with a linear constraint and obtain the followingfficients and the modulation format resorting to linear/conju-
results. gate processing, wherein not only the received vector but also

{ ¢ (d) = argcmin [le]l
D) £ {ex € OV 2 [92 {cflw(®)}| x(0)] = min, stR{eflul} =1}
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its conjugate is processed. In order to underline the differenexeivers (17) and (19), the BER can be computed as in the
between the usual MMSE and the proposed receiver (19) tlsase of any linear receiver [13] and is given by
fully exploits the information about the modulation format of 1 P
all the users, let us consider the case that all users have the same P cp(e) = Epe o (0) [_ erfc <—1)}
fading coefficients: i.e., v 2 V2NolleLonl|
Prov(e) = Bz a0

an(f)=a(t) Yk=1,... K (20) Lo [ REt ez}
X [2 erfc < olleronl (24)

(this is the case for a downlink CDMA system) and let us spe-

cialize for this case the proposed linear-conjugate structures.Tifie statistical average with respect to the interference t¢in
this casel/{ = «(¢)S{ and (i.e., the average with respect to the MAI fading coefficients and

bit pattern realizations) cannot be carried out in closed form, and

(D)[25¢8F (21) numerical evaluation is called required.

MZ/Z“’I (0) = lo - In Appendix A, itis shown that the near—far resistance of (17)
2zjoq (&) = (a(£))°51 5] (22)  and (19) for a given set of fading coefficier(is; (£) }¢ x, can be
written as
Plugging (21) and (22) in (19), it follows that the proposed LCM 1 1
receivers m) =1- Wuifﬂ, (Uf,HUf,) Uut, (25)

crem(®) = Yeom (Mo, (£) +NOIN)_1 ui(4)  (23) whereU" denotes the@ N x J matrix whose columns form a

linearly independent subset spanning the column space of the

in contrast to the classical MMSE receiver is given by (10RN x K-dimensional matri/{, defined as the augmented ver-

From these results, we can immediately say that with respect gien of the interference matribd$, i.e.

classical structure (10) the proposed receiver (23) gains 3 dB in ¢ £

terms of output SNR as will be shown in the next section for the Ut 2 [ U}*} = [S}d%agf(ai(g))}

. : ; Uj Sidiag(af(£))

general case. As regards as linear-conjugate decorrelator, notice

that under (20) the LCD receivef.cp(¥) coincides with the On the other hand, it is well known that the classical CD (8)

classical CD as can be immediately checked substituting the @xd the conditional MMSE detector (10) have the same near—far

pressions oM ;| ., (£), ’zzm (¢) andU? in (17) and (18), resistance given by [13]

respectively. .

Before proceeding further in our discussion, we provide ) =1-sH85 (Sé,HSé,) SiH gt (26)

some insight on the proposed linear conjugate receivers. Let

us assume that the interfering users employ QPSK modulatigiih S[L the N x L matrix whose columns are a linearly inde-

format, while the desired user employs BPSK modulation. sendent subset spanning the column space of m&frit can

this case, the conditional pseudocovariance mabf,, la:(€)  be shown thaty (¢) > n{ (¢), but the general proof is very long

of the interference vector is zero and the nonlinearly constraingad tedious; in the following, we will be prove the superiority of

minimization problem (14) degenerates to the linearly comhe proposed receivers (17) and (19) in the asymptotic regime,

strained minimization problem (7). As a consequence, the sp#., in the case that the number of users and the number of di-

estimate of the bit, (¢) is still given byb; (¢) = R{c! (£)r(¢)} mensions go to infinity but the ratio is keeped constant.

but the directionc!?(£) is, now, the solution to (7). More in  Asregards the SNR, based on some results given in Appendix

general, whenever the conditional pseudocovariance mathxis also easy to see that the SNR for the LCM receiver (19)

;mmx(ﬁ) is zero, (this is the case of interfering users enean be written as

ploying a modulation format symmetric in the complex plane . 1y

N or of CSI not available at the receiver), the 8¢) defined ~ SNRicwm(f) = E1uiy (Mz, 2, |, () +20M01) " uy, (27)

in (14) degenerates to the subspacé®fdefined in (7) and the

proposed receivers (17) and (19) degenerate in the classical &

and MMSE receiver (8) and (10) rgspecnvely as can bg easy SNR¢y(4) = &uf (Mzzm(f) + 2/\/01)—1 ut.  (28)

checked substltuth’zzm(E) = 0in (17) and (19). Notice

also that (18) does not contain the caséfif, | ,, (/) = 0 asa Equations (27) and (28) for the SNR and (25) and (26) for the

particular case since it has been obtained using the hypothégigr—far resistance describe the performance of the proposed
that all users employ BPSK modulation. receivers, (17) and (19), and of the conventional receivers (8)

and (10). However, they have to be computed for each specific
choices of the signature sequences and of the bit interval and,
as a consequence, it is not easy to obtain a qualitative insight
The uncoded performance analysis of DS/CDMA condirectly from those formulas. Indeed, it should be desirable to
munication systems is usually assessed by evaluating theme out with some expression of performance measures which
bit-error-rate (BER), near—far resistance and SNR at the outglat not depend on the choice of the signature waveforms. To ob-
of the receivers. As regards the newly proposed conditiortain this, the key point is to notice that in the case of long se-

IB'Ie, for the classical linear detection structures (10), we have

IV. ANALYSIS
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quences (and in other cases, e.g., with sequences distorted by
random multipath, or in a network with random access) itis rea-
sonable to assume that the spreading sequences are randomly
and independently chosen. In this case, the performance mea-
sures of the receivers can be modeled as random variables, since
they are functions of the spreading sequences; however, we can
average the performance measures (27) and (25) with respegf% :
the random sequences and additionally show that in the limiting
regimeK — oo, the random performance measures converge
to deterministic quantities. The ratio of the number of users to
the number of dimensions is denoted by

P, (5{)

Conventional decorrelator.

/3 é K/N I P, (Mz,,zalal)

The elements of the signatures,, € {-1/vN,1/V/N}n =
0,...,N — 1 are real-valued equally likely and independently r*
distrlbuted random variables with zero mean and varidriéé — O
for all (k,n,£). The normalization ensures thEl[||sk||] =1
additionally we need also the assumptlﬁhsk 1] < oc. 9.2

Let us focus now on near—far resistance and on the (f|n|te
SNR) multiuser efficiency of the proposed receivers evaluat
in limiting regime.

It is well known [13], [14] that the near—far resistange(¥)
of detectors (8) and (10) converges almost surelifas: ~ to

Linear conjugate decorrelator.

?ﬂodulated users (for high SNR). To explain effect 2), itis best to
consider the single-user case; whereas the conventional MMSE
filter minimizes the averaged magnitude squared at its output,
the linear conjugate MMSE detector targets its resources to min-
lim 7S(0) = [1 - ] (29) imize the averaged real part squared (to exploit the BPSK mod-
(—o0 ulation format) which has the same effect as turning off half of
Additionally, define a nonnegative random variaptg? whose the input noise power. The proofs are given in Appendix B. So
distribution is the limit distribution of (&, /&1)|ax|?, & = 1, far, we have considered the case of fading channels with real
,K}. For the conventional MMSE structure (10), th§|gnatures Notice that the same results can be obtained for the

multiuser efficiency converges almost surely to the solutigise of fading channel with with complex signatures; addition-

nZ(SNR) of [5], [10] ally, it is easy to see that these results still hold for the case of
) no fading and complex signatures whose entries are circularly
0+ BE [ ||, SNRy } 1 (30) Symmetric. Finally, notice that the case of (20) and, as a conse-

1+ |A|? SNRy quence, the case of no fading (i.e,(¢) = a(¢) = 1) are not

with SNR = (&;)/(2N)) the average received SNR. encompassed by Proposition 3 and 4.

Two of our main results are the following.

Proposition 3: The average of the near—far resistance (25),
m(£), w.r.t. the signatures of all users is lower bounded by Notice that both proposed receivers (17) and (19) depend
on the eigenvalues and eigenvectors of the covariance and
pseudocovariance matrices of the interference veetd)
conditioned on{cv (£) }¢ x. However, in long-code CDMA sys-
tems, the spreading codes as well as the corresponding matrices
Mz a, (£) andM5, |, (£), change in every symbol interval.
This implies that the proposed optimal solutions (17) and (19)
have to be computed and updated on a symbol-by-symbol
basis, thus leading to a prohibitive computational effort in most
cases. As a consequence, a less complex approach is desirable.

Using some results shown in Appendix A, we can rewrite the
solutions (17) and (19) to the constrained optimization problem
féj [ 2SNR|A[*7 } . (14), except for an irrelevant positive factor, as follows:

Pp| 2NRAM 32
5% [T 2sNRI A%, (32)

2 £ CHprt \ "
The main conclusions from Propositions 3 and 4 are 1) the cLop = F <12N s (UJ UJ) v ) U (39)
linear conjugate filters halve the number of effective interferers . . — F(My 5 o, (0) + 2N012N)_1 ul, (34)
and 2) they add 3 dB to the input SNR. Effect 1) can be ex-
plained by noticing that the conventional decorrelator combalse suboptimum approximation that we advocate consists of
each interfering user as if it were quadrature-modulated whichoosingé; (£) as corresponding to the minimum of (14) over
has the same noise-enhancement effect as having two BP&HKeasible constrained set. Specifically, based on (33) and (34),

V. SUBOPTIMAL RECEIVERS

sz [1- 521

Furthermorey; (¢) forany0 < 3 < oo converges almost surely
(a.s.) to

0 = lim i (0) & {1— g} . (31)

Proposition 4: The multiuser efficiency of the LCM receiver
(19) converges almost surely to the solutigfi,;(SNR) of
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the vectorser¢p and theer,cy can be expanded in an infinitethe weight optimization approach cannot be adopted since the
power series of the conditional covariance matrix of2ZB&-di- optimal weights (37) can be computationally intensive, but we
mensional vectoz, (¢). As a consequence, in order to simplifycan resort to the following design guidelines. Specifically, we
the optimum structure, we will resort to a polynomial approxipropose an asymptotic weighting where at the design stage of
mation of the matrix inverses in (33) and (34). In this case, aftre suboptimal structures (35) and (36) we assume to operate
choosing the order of the polynomial approximation, the integer a limiting regime (i.e., the number of users and processing
D, depending on the allowable complexity, we obtain the fofain are large with fixed ratio and random spreading sequences).

lowing parametric solutions: Using Proposition 7, given in Appendix B, we have
m hmsaM ara +2./\/Irnsa
eson(f) = Ula ZWSCD UlaAl (Alng{U{aAl) Kol ( ZaZo | a1 (0) 0 21\) 1
m=0 " lim —E trace (M o F2NoIa N
XUlaula (35) N_)OON [ (Mool ) ]
lim st (UfaA[Uff) st
K—o0
esom (£ ZwSCM as.
m=0 lim NE [trace (Mz,z, |a)) " ] - (39)
X (Mz, 2, |, (£) +2NoIon) " ul, (36) Nmeo

_ o D1 Based on (39) and on (38), the parametric suboptimal structures
where the weight vectaw(¢) = [wl,(4),...,w ;™ (O]is in the limit regime are given by (35) and (36) where the weight
obtained by solving the constrained minimization problem (14)ectorsws? () = [, (0),..., wf)_l(f)], are (40) and on (41),

The optimal weight vectors are given by found at the bottom of the page, and the expectations are with
. . 1 . respect toA, whose distribution is the asymptotic eigenvalue
Hi s Hp Hi distribution of M, ... The entries of the matrices given in
wsem(f) = L, : : (40) and (41) can be computed by applying some tools of com-
HE L, wa_l) H, binatorial theory [17]. In fact, it can be shown that [17]
Qf ..., 9 \ '/
. . LA™ =& g Jlseeesdn
wsen(f) = | : : (37) I= Z/ Z ( )c(‘jl’ 1dn)
Uyensdin JEZ
QéD IRRRR] Qf?D—l) QZD v in)e 2 . 2 nng
(E[AIDD - (BIAIS) D
where
A . where the sum is over all possible .. ., j,, > 0 such that
an = ui{z{ (MZ Z, |1 (E) + ZNOIQJ\T) uia
m—+2 7 il .. 'bn = — 1,
an é éH (Ue AQUe ) u{a' (38) J} +J2.+ J , m-—n-+
1+ 2j2+...njp=m

We refer to (35) and (36) as the suboptimal linear-conjug
decorrelator (SCD) and the suboptimal linear-conjugate MM
detector (SCM) respectively. Equation (37) implies that in order m!
to compute the optimal weights [i.e., those solving the con- c(fi,---sdn) =
strained minimization problem (14)] we have to invefax D

Hankel matrix. The computational effort for on line inversiotWe refer to (35) and (36) [where the weights are given by (40)

of the matrix in (37) is feasible whepP is very small (this is and (41)] as the asymptotic suboptimal linear-conjugate decor-
equivalent, in order to obtain good performance, to saying thalator (ASD) and asymptotic suboptimal linear-conjugate

the number of users is not too large).If is not too small, MMSE detector (ASM).

Eall1<n<mand

Gl gntal’

E[A®]  E[AY ..., E[APT2]N\ '/ E[A?
E[AY] E[AY] ..., E[ADPT] E[AY]
wsEp = : : . : (40)
E[AP¥2] E[APH] ... E[A2D+1] E[AP+2]
EIA+2No] ..., E[(A+2V0)P] \ 7'/ E[(A 4 20p)]
E[(A+2No)?] ..., E[(A+2N)PH E[(A+2No)?]
wioy = E : : : (41)

PRI

E[(A +'2/\/0)D] voees E[(A+ 2N0)2D—1] E[(A +'2/\/0)D]
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Fig. 3. BER of the conventional and of the conjugate MMSE detectors LCMig. 4. Near—far resistance of the conventional decorrelator and of the linear-
and SCM for = 25. conjugate decorrelator.

VI. NUMERICAL RESULTS

In order to numerically evaluate the performance of the
proposed receivers, (17) and (19), and to carry out comparisons
with the classical linear multiuser receivers, our numerical
results focus on a CDMA system employing Gold codes with
spreading lengthV = 31 operating in Rayleigh fading. The
statistical average of the error probability (24) with respect
to the interference term(?) (i.e., the average with respect to
the MAI fading coefficients and bit pattern realizations) has
been evaluated via Monte-Carlo. In Fig. 3, we have repre-
sented the error probability versus the average received SNR
[SNR = (£&1)/(2No)], for the conditional MMSE receiver
(10), labeled as “CM”, for the newly proposed MMSE receiver
(19), labeled as “LCM”, and for the suboptimal linear-conjufid- 5. LCM multiuser efficiency foSNR = 10 dB.
gate MMSE detector (36), labeled as “SCM” with= 10. We
assume 24 interfering users with a power level of 5 dB aboyeived SNRENR = 10 dB) and for equal powers. For compar-
the desired signal. The results clearly show the superiority igbn purposes, the spectral efficiency of the conditional MMSE
the new strategy, which largely outperforms the conditiongéceiver (CM) for equal powers [10] is also given.

MMSE receiver (10). For comparison purposes, we also reportin Fig. 6, we have represented the error probability versus
the error probability corresponding to an uncoded BPSike average received SNBNIR = (£;)/(2A)] for the newly
transmission over a MAl-free flat-fading channel [2]. proposed MMSE receiver (19), labeled as “LCM,” and for the

Fig. 4 contrasts the classical linear detection structures (2&ymptotic suboptimal linear-conjugate MMSE detector (36),
with the newly proposed receivers (25) in terms of near—far rixbeled as “ASM” withD = 15. We assume&V = 150 and
sistance, which is represented verdtisMonte-Carlo evalua- ¥ = 30 and equal-power interfering users. Again, the sta-
tion is used to average (25) with respect to the fading coeffistical average of error probability with respect to the fading
cients. Again, it is seen that the new approach yields a notiamefficients and bit pattern realizations cannot be carried out
able performance improvement. in closed form and numerical evaluation is required. For com-

In Fig. 5, we show the asymptotic multiuser efficiency soluparison purposes, we also report the error probability corre-
tion 77 (SNR) of the linear-conjugate MMSE receiver, solusponding to an uncoded BPSK transmission over an MAIl-free
tion of (32),versus the rati@ = K/N for a fixed average re- flat-fading channel.

multiuser efficiency
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107 — ' . ; . - - - - - the new linearly constrained minimization problem (42). If we
—Y assume thai, (¢) = z,(¢), the solution to (42) is given by the
following expression

carLen(f) = vLep (Mzn,zn, | oy (&) + Slufaufff uga (44)

» N with YLCD = 1/(11{5(Mzaza | o1 (f) + Slu{au_{f)"’u{a). In
10 ' 1 the above equation

My 7. 0 (®) 2 E [2,(0)22 (0) | ar(0)]

w
% _ <MZZ|Oé1 (Z) MfZZ|oz1 (£)>
- 1% *
ZZlOél (E) ZZlOél (E)
£ LH
0_2 = laAiUla (45)
102k ]
is the covariance matrix of the augmented interference vector
T~<]  z.(f), wherein
BPSK limit Ut — [Uq B [Sfdiag(al(ﬁ))}
| te T U] T | Sidiag(at(9) |
ot . . . T Notice that whenuf, ¢ R(Mgz,z,|a,), minElcf2(4)] is
2 4 6 8 0 12 ;
Average Recoived si‘gnal_to‘_‘;oise o ' 2 2 equal to zero. As a consequence the solution (45) to the con-

strained minimization problem (42) is, except for an irrelevant
Fig. 6. BER of the conventional and of the conjugate MMSE detectors LCIOSitive factor, the projection ofiy, onto the orthogonal
and ASM for&” = 30 andN' = 150. complement of the range space of the mag, 7, | o, (£).
Denote byU? the 2N x J matrix whose columns form a
APPENDIX A linearly independent subset spanning the column space of
At first, we have to show that the solution to the nonlinearljatrixUt,. The solution (44) can be rewritten as
constrained minimization problem (14) exists and it is unique. et Ny
To this end, with the augmented vector$,, ¢, andw,(¢)  €arLcp(f) = TLep (I2N - U (U Uy~ UY )ula (46)
given in (16) the nonlinearly constrained minimization problem
(14) can be rewritten as (42) found at the bottom of the pageith vr.cp = u{ (I,y — US(UUY) U )ul,.
Notice thatD,(¢) can be obtained as If w(f) = 2(£)+n(£), the solution to the problem (42) admits
the following expression
D) =D )V 43
“ ( )ﬂ “3 carem(®) = eem Mz 2, o, + 2N012A’)_1 (Oui, (47)
whereD’(¢) is the subset o€2" whose elements minimize

_ (H =1yl
E[|lzHw, (¢)|? | x(¢£)] without the constrain that € V:: whereyroy = 1/(01g (M, 7, |, (£) + 2NoI2v) ™ u,) and

I>n is the2N-dimensional identity matrix.
So far, we have found an explicit expression of the solution
D'(¢) 2 {v € C?N : El|lvwa(¢))?|x(£)] = min, to the linearly constrained minimization problem (42). Itis easy
to see that, based on (16), the solution to the nonlinearly con-
1, strained minimization problem (14) fan(¢) = z(¢) and for
3v Ui, = 1 w(f) = z(¢) + n(¢) can be obtained by considering the first
N entries of the vectorg, r.cn(¢) ande, r.em(£) respectively.

Thus, the seD’(¢) can be found applying standard techniquegpemﬂca”y applying the inversion lemma to (47), we have an

It can be shown that the intersection of the Béf¢) with V is xplicit expression foer.cx(£):

not empty. As a consequence the g{¢) is a nonempty set er et () = con (OVH (st — ot (¢

and this implies the the existence of the solution. As regards the Lom(f) = yomen(f) (D)s) _11( ) ,
uniqueness, notice th@ (¢) is a closed convex set of C ¢V X (Mzz)a, +2Nol ) (M7, (0)
Thus, the vector with minimum norm is unique. Let now solve x (H*(£))7'st

uut) = arg_min e
la

(42)
D.(f) 2 {01,,, evcC¥N . E [(c{{,’wa(ﬁ))Q ‘ X(E)} = min, %c{{,’ufar = 1}
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with Proposition 6: Let A be aN x K dimensional matrix de-
fined as in Proposition 5. Le£ be aK x K random Hermitian
H(t) = <Mzz|a1(f) +2NoI N — My 0, () nonnegative-definite matrix independent 4fsuch thatG*,
! the empirical distribution of its eigenvalues, converges almost
-1 ly to a nonrandom limi&, asK — oo. Then, the empirical
ML, () +2NoI ) 5wy, surely to . ’ hen,
% ( zz) o0 (£) + 2N 7z o )) distribution of the eigenvalues of the matiZ A converges
almost surely to a nonrandom linfit whose Stieltjes transform
To obtain an explicit expression ef cp(¢), since the singu- 7(z) with » € ¢+ = {z € C : Im(z) > 0} satisfies
larity of the matrixM ;- |.,, we cannot apply the inversion
lemma. Thus, defind” = [Iy 0] andQZ (£) = M4 7, |, + Fly) = 1 (50)

. (= - .
&uf, uf,, we obtain —2+ 5 11115;;(/3)

cLep(f) = yepF (QL (OF uf + Q¥ ())F"uf*). (48)  Propositions 5 and 6 allow the following propositions to be
derived.

Let us now find an explicit expression of the near—far resis- Proposition 7: Let AZA* have a bounded spectral radius
tance of the receivers. Based on (44) and (47) and applying stand lets be a/V-dimensional vector with i.i.d. entries with zero
dard multiuser analysis techniques [13], it can be shown thaeans and finite variances, independem &4’ and such that
the LCD and MMSE receiver have the same near—far resistari¢fl{s||?] = 1. Then
m(£). Using (24) and on (46), itis easy to see thdt’) is given

1
by s(AZAT Y™ a;s']\lim NE [trace(AZAH)m]
-1 A Oo m
it (1 =05 (U05) " 0 ), & [ amarey
nl(f) = 2
2 ||uf whereF' () its cumulative distribution function given in Propo-
1 CHppe (preH ppe \—1y7eH ¢ sition 6.
=1-— 75 (U J . . L. C .

! 2|a1(£)|2u1“l"(l" Uy~ Uy, Proposition 8: The empirical distribution function of

the eigenvalues of theK-dimensional random matrix
(®*S7S¢d + $STS{®*) converges almost surely, as

APPENDIX B N — candK — oc and K/N = p, to the cumulative
For further use, notice that distribution function of the probability density
+
* * —2a)t(2b—x)t
VLUl = (OSTTOS0 + 2OSTTOSIRO" [y = |1-3] o)+ e Z 202 e
w

where®() 22 diag(arg(ca(0)), . arg(ec(¢))) andT(¢) S itha — (1~ /B73) andb = (1 + /AT
diag(laz(O)[, . . Jax (OF)- Proof: In order to prove Proposition 8, it is sufficient to
Thus.vm show that asV — oo andK — oo but K/N = 3
¢ preE\™ m
E [trace (Ula,Ula, ) } i %trace (@*S{TS{Q " @S{TS{Q*)
=F [trace (Ungfa) } as. .. 1 =
. =" lim EE[trace((T )" Vm
—E [trace (qa*szrsf@ n @SélTFSf‘I)*> } . fmee
with T a2/N x (K — 1) dimensional matrix whose entries are
Furthermore, we recall here the following proposition [13]:i.i.d. complex-valued variables with variant¢g¢\/N and zero
Proposition 5: Let A be aN x K dimensional matrix of in- mean. The proof can be obtained by applying some standard
dependent identically distributed (i.i.d.) complex random varsombinatorial techniques [9], but the general proof for every
ables with zero mean and variantgN. Then, the empirical is very long and tedious. Another proof relies upon an applica-
distribution function of the eigenvalues of tifé-dimensional tion of the following Lemma from free-probability theory [15],
random matrixA’ A, converges almost surely, # — oo, to  [4] as applied to random matrices
the cumulative distribution function of the probability density Lemma 1:Let A and {Q:, 01, Q2,0:} be a set ofn-di-
function (pdf): mensional Hermitian random matrices withindependent of
{Ql, 01,Qq, 02} such that

fola) = {1 _ %ré(x) LV

Wherez+ = max {0’ Z} anda — (1_\//?)2 andb — (1+\//_3)2 then, asn — oo, fOI’ anym = 27 3, e

A generalization of Proposition 5 yields the following result 1
[15]. lim —E[trace(Q1A01 + QQAOQ)m]

n—oo 1,

z—a)yt(b—2)*
o B (49) Q,0, =1 and E[trace(Q;0,)] =0 i#j
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is specified only by the moment$/n) E[trace(Q; AO1)P] and Proof of the Proposition 4:Based on (8), we have that the
p y by p
(1/n)E[trace(Q2A05)?] with 0 < p < m. Additionally pdf of the eigenvalues of the mat(i®* S~ S| @+ 2S7S{$*)
. is given by
lim = trace(Q1 407 + Q240,)™
n—oo N +
2 V(e —2a)T(2b —2)*
as, 1 m — 1=
= lim ~ Eltrace(QuAO: + Q240,)™) fo(x) {1 /3} 6(x) + Fi (54)
(o oot im0 O ) donan oy on Wit @ = (1 /372 andb = (1 4 /3722 Using (27),
[trace(Ut, Ul,)™] dep y we additionally know that for a given set of fading coefficients
m m {ak V4 }é7k:
E [trace (@*SiTI‘Sf@) } =F [trace (SiHI‘Sf) } (),
—E [trace (= 1“21)’"} SNRfZy = lim SNRyox(4)
. —1
and on =& lim wil (My, 7, |0, (0) +2V00) 7 uf,
a.s. 2
m m = |« g 8
E [trace (®87T8(0")" | = E [trace (5{715¢)" | o1 (6)] . )
. x lim - trace ((Mz,z, o, (€) +2N61) )
=F [trace (1Y) } N=oo N oo g
—2a(OFe | e 460
with 33; a N x (K — 1) dimensional matrix with i.i.d. entries ~ 0 0
with zero mean and variandg¢N. As a consequence = |a (D)2 Erma(—No)
m _ |a1 (£)|281
. LHyrl - 8 |A|2E
B [tmce (Ul”' Ul”’) } No+5E |:1+|A|281mG1(—2N0):|
= B [trace (TS; + ZHT,)" |
where
ForI' = Iy Proposition 5 concludes the proof of Proposition G(A)  cumulative distribution function of the eigenvalues
8. O of the matrix(UU% );
Proof of the Proposition 3:We will adapt the proof in  mq Stieltjes transform it7(A);

([13], p. 198-202) for our purposes. Based on (25), we have |A|? nonnegative random variable whose distribution is
the limit distribution of

S
— || k=1,..., K.
{81|ak|7 ) ) }
E[L,]

=1- (52) Notice that, for the last equality, we have used the Proposition 6.
2N Applying the definition of multiuser efficiency [13] and the ex-
where L, is the number of nonzero eigenvalues of the matrix'ession of the Tse—Hanly formula given in [14] we obtain that
UtHU¢ . Since the signatures are randdm,is a random vari- the multiuser efficiency of the LCM receivers (19) converges al-
able itself. SinceZ[L,] < min {K — 1,2N}, we have that ~ most surely to the solutiongg,,(SNR) of

B0 = B [1 - 5t s o,

2Jaa ()]
—1- E | trace (Uf (UfHUf)*lUéH)
IN J J J J

K-1]" B[ 2SNR|A|*;
E /g > 1 I — . —_— _— =
(] 2 [ 2N } 2 [1+2SNR|A|277} : (55)
Using Propositions 7 and 8 and sinag, is independent of O

U, we obtain
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