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Abstract— We present a universal estimator of the divergence
D(P||Q) for two arbitrary continuous distributions P and Q
satisfying certain regularity conditions. This algorithm, which
observes i.i.d. samples from both P and (@, is based on the

estimation of the Radon-Nikodym derivative % via a data-

dependent partition of the observation space. Strong convergence
of this estimator is proved with an empirically equivalent seg-
mentation of the space. This basic estimator is further improved
by adaptive partitioning schemes and by bias correction. In
the simulations, we compare our estimators with the plug-in
estimator and estimators based on other partitioning approaches.
Experimental results show that our methods achieve the best
convergence performance in most of the tested cases.

[. INTRODUCTION

Kullback and Leibler [1] introduced the concept of in-
formation divergence, which measures the distance between
the distributions of random variables. Suppose P and @
are probability measures on a measurable space (€2, F). The
divergence between P and () is defined as

dP
D(PIQ) = [ AP0z 35 ()

when P is absolutely continuous with respect to ), and +oo
otherwise.

Divergence is an important concept in information theory,
since entropy and mutual information may be formulated as
special cases. For continuous distributions in particular, it
overcomes the difficulties with differential entropy. Divergence
also plays a key role in large deviations results including
the asymptotic rate of decrease of error probability in binary
hypothesis testing problems. Moreover, divergence has proven
to be useful in applications. For example, divergence can be
employed as a similarity measure in multi-media classifica-
tion [2] [3]. It is also applicable as a loss function in eval-
uating and optimizing the performance of density estimation
methods [4]. However, there has been little work done on the
universal estimation of divergence between unknown distribu-
tions. The estimation of divergence between the samples drawn
from unknown distributions can be used to gauge the distance
between those distributions. Thus divergence estimates can be
applied in clustering and in particular for deciding whether the
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samples come from the same distribution by comparing the
estimate to a threshold. Another application is in the efficient
estimation of parameters [5]. In addition, divergence estimates
can be used to determine sample sizes required to achieve
given performance levels in hypothesis testing.

In the discrete case, Cai et al. [7] proposed new algorithms
to estimate the divergence between two finite alphabet, finite
memory sources. In [7], the Burrows-Wheeler block sorting
transform is applied to the concatenation of two random se-
quences, such that the output sequences possess the convenient
property of being asymptotically piecewise i.i.d. Experiments
show that these algorithms outperform estimators based on LZ
string-matching [8].

For sources with a continuous alphabet, Hero et al. [9]
provided an entropy estimation method using the minimal
spanning tree which spans a set of feature vectors. This method
was generalized to divergence estimation under the assumption
that the reference distribution is already known. Darbellay and
Vajda [10] worked on the estimation of mutual information,
namely the divergence between the joint distribution and the
product of the marginals. Their method is to approximate the
mutual information directly by calculating relative frequencies
on some data-driven partitions and achieving conditional local
independence.

In this paper, we propose a universal divergence estimator
for absolutely continuous distributions P and (), based on in-
dependent and identically distributed (i.i.d.) samples generated
from each source. The sources are allowed to be dependent and
to output samples of different sizes. Our algorithm is inspired
by the alternative expression for divergence, i.e.

dpP dP

D(PIQ) = [ 4055108 55 @
In this formula, the Radon-Nikodym derivative % can be
approximated by ﬁ—g as A(Q) diminishes, if P is absolutely
continuous with respect to Q. Here AP and A(Q denote
empirical probability measures of a segment in the o-algebra
F. Our algorithm first partitions the space €2 into T" contiguous
segments such that each segment contains an equal number of
sample points drawn from the reference measure @) (with the
possible exception of one segment). Then by counting how
many samples from P fall into each segment, we calculate
the empirical measure AP of each segment. Note that AQ



vanishes as 7" increases. Thus the divergence can be estimated
by the ratio between the empirical probability measures on
each segment. The almost sure convergence of this estimator
is established under mild regularity conditions.

In this summary, although particular attention is given to
the case of scalar observations, we present results for the
multivariate case. Furthermore, our algorithm can be used
to estimate the divergence between non-i.i.d. data when the
correlation structure is identical for both sources. For example,
if a given invertible linear transform whitens both sources, the
algorithm can be applied at the output of the transform. More
discussions on data with memory are included in [17].

II. DIVERGENCE ESTIMATION BASED ON
DATA-DEPENDENT PARTITIONS

A. Algorithm A: Non-Adaptive Estimator

We begin by stating our basic estimator in the one-
dimensional case. Suppose P and () are nonatomic proba-
bility measures defined on (R,Bg), with D(P||Q) < oc.
{X1,Xs,...,X,} and {Y1,Y5,...,Y,,} are iid. samples
generated from P and @ respectively. Denote the order
statistics of Y by {Y(1),Y(2), - Y(m)} where Y{;) < Y(9) <
++Y(n). The real line is partitioned into 7T}, empirically
equivalent segments according to

Uiz om, = A=0, Y] Y, Yo
< (Yt (1, - 1)), +00)}
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where /,,, € N < m is the number of points in each segment
except possibly the last one, and T,,, = |m/{,,] is the number
of segments. For ¢ = 1,...,T,,, let k; denote the number of
samples from P that fall into the segment I".

In our basic algorithm, the divergence between P and () is
estimated as
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where 6, = (m — ¢,,,T,,,)/m is a correction term for the last
segment.

Let P, and @, be the corresponding empirical probability
measures induced by the random samples X and Y respec-
tively. The divergence estimate (4) can be written as

R In, Py(I™) . P,(I™)
Dym(P|Q) = m (1T L -

In contrast to the direct plug-in method where the densities
of P and () are estimated separately with respect to the
Lebesgue measure, our algorithm estimates the density of P
with respect to @, i.e. the Radon-Nikodym derivative %,
which is guaranteed to exist provided P < Q.

Furthermore, this approach can be generalized to d-
dimensional data, by partitioning with statistically equiva-
lent blocks. According to the projections of the samples

&)

Y1,...,Y,, onto the first coordinate axis, the space can be par-
titioned into 7, statistically equivalent cylindrical sets, where
Ty = |(m/€y)"/?®|. Then we partition each cylindrical set
along the second axis into 7}, boxes, each of which contains
the same number of points. Continuing in a similar fashion
along the remaining axes produces 7 statistically equivalent
rectangular cells. Based on this partition, the application
of (5) gives an estimate of the divergence for multivariate
distributions.

B. Convergence Analysis

In this section, results are provided on the strong consistency
of Algorithm A.

Theorem 1 Let P and () be nonatomic probability measures
defined on (R,Bgr). Assume that the divergence between P
and Q is finite. Let {X1,Xa,..., X, } and {Y1,Ys,..., Y.}
be i.i.d. samples generated from P and Q respectively'. Let
bimy, T be defined as in (3). If by, Ty — 00 as m — oo,
then the divergence estimator in (5) satisfies

Dy, n(P||Q) — D(P||Q) a.s., as n,m — co (6)

The accuracy of our estimator depends not only on the
proximity of the empirical probability measure to the true
measure but also on the proximity of the empirically equivalent
partition to the true equivalent partition. To resolve the second
issue, we introduce the following concept, which defines the
convergence of a sequence of partitions.

Definition 1 Ler (2, F) be a measurable space and v be a
probability measure defined on this space. Let {I1, I, ..., It}
be a finite measurable partition of ). A sequence of par-
titions {I", I3, ..., I}y of S is said to converge to
{I1,I5,...,Ir} with respect to v as m — oo if for any
probability measure 1, on (Q, F) that is absolutely continuous
with respect to v, we have

lim w(I]™) = p(l;) a.s. for each i € {1,2,...,T}

The following result shows the convergence of the data-
dependent sequence of partitions {I"};—1 2. 1, when T, is
a fixed integer 7.

Lemma 1 Let Q be a nonatomic probability measure on
(R, Br) and {I;};=1, .. be a fixed finite partition of the real
line: {Ii}i=1,..7 =

{(—OO, al], (al, ag], ey (ClT,Q, Clel], (CLTfl, +OO)},

such that Q(I;) = T, i = 1,2,...,T. Let Q,, be
the empirical probability measure based on i.i.d. samples
{W1,Ya,..., Y} generated from Q with m = £, T, £,, € N.
Let {I"}icn,..7 =

{(7007 ain]: (a71n7 a72n]7 e (a?f% a?,l], (ag}fl’ +OO)}

IRecall
{X1,Xo,..

that we are not between

.,Xn} and {Yl,Yz,...

assuming
 Ym}

independence



be a partition such that Q,(I™) = T, i = 1,2,...,T.
Then the sequence of partitions {{I"}i=1,.. 1}, converges
to the partition {I;};—1,.. 1 with respect to Q as m — oo.

In Lemma 1, we consider probability measures which are
absolutely continuous with respect to the reference measure.
However, in our universal estimation problem, those measures
are not known and are replaced by their empirical versions.
Lemma 2 shows that the corresponding empirical probability
measures satisfy similar properties when the sample size goes
to infinity.

Lemma 2 Let v be a probability measure on (2, F) and
let {I1,I5,....Ir} and {I7", 13", ..., I} =12, be finite
measurable partitions of §). Let i be an arbitrary probability
measure on (0, F), which is absolutely continuous with re-
spect to v. Suppose i, is the empirical probability measure
based on i.id. samples {X1,...,X,} generated from p. If
{Iyr, Iy, .. 1P}, converges to {I1,1s, ..., Ir} wrt. v as
m — 00, then
lim lim p, (L") = w(L;) as., i=1,2,...,T
m—00 N—00
Proof Sketch of Theorem I: Define I;
1,2,.

)

= (a;—1,a] (@ =
Tm) , where —oo = ao < @ < ...<ar,-1 <
= +oo such that Q(I;) = ,i=1,2,..., T
Namely, {L;}i=1,..1, is the equiprobable partition of the
real line according to Q.

The estimation error can be decomposed as

[Dinn(PIQ) = D(P]Q)
iP (I7")log P"(I iP(I I

Q)
Z QU / 105,
®)

=e + €2
Intuitively, e, is the approximation error caused by numerical
integration, which diminishes as 7, increases; e; is the
estimation error caused by the difference of the statistically
equivalent partitions from the true equiprobable partitions and
the difference of the empirical probability on an interval
from its true probability. The term e; can be shown to be
arbitrarily small when ¢,,,, m and n are sufficiently large, using
Lemmas 1 and 2. O

III. SCHEMES To IMPROVE CONVERGENCE SPEED

In the previous section, we discussed the asymptotic con-
sistency of our divergence estimator. However, in reality, we
are only provided with samples of finite sizes. An important
problem is how to obtain a reliable estimate when the num-
ber of samples is limited. In this section, we propose two
approaches to improve convergence rate. Section ITII-A shows
how to choose the algorithm parameters (such as number of
segments) as a function of the data. Although as shown in
Theorem 1 the universal estimator is consistent, the estimation

bias only vanishes as the data size increases. In Section III-B
we examine how to reduce the bias for any given sample size.

A. A Data-Driven Choice of .,

In the area of kernel density estimation, there is a large
amount of literature dealing with the optimal choice of window
width to achieve the least error or the fastest convergence
speed. In our algorithm, ¢,, plays a role analogous to that
of window width. By finely tuning the value of ¢,,, we
can improve the accuracy of the estimation. Basically, our
divergence estimator examines how differently the samples
from P and @ are distributed among the segments. Note that
there is a tradeoff in the choice of the number of segments:
the larger the number, the better we can discriminate details
between the distributions; the smaller the number, the more
accurate are the empirical histograms.

1) Algorithm B: Global Adaptive Method
This method updates ¢, uniformly along the real line
according to the estimate Dg with £,, = £ (e.g. [v/m)).
If Dy is low (resp. high), £, is updated by f(¢o) > o
(resp. f(£o) < o). The final estimate is then determined
according to Dy and the estimate with f(¢y). This
method is particularly suitable for detecting whether the
two underlying distributions are identical, since we have
found that D diminishes at a rate of roughly i when
the true divergence is 0. A drawback of this method is
that it is difficult to optimize the choice of the criteria
and updating functions which specify when and how
4, should be adapted. Also local details might be lost
if the same ¢,, is assigned to regions where the two
distributions appear to be similar and to regions where
they are quite mismatched.

2) Algorithm C: Locally Adaptive Method 1
Instead of insisting on uniform partitioning of the space,
this locally adaptive scheme produces a fine partition
in regions where @ is high and a coarser partition
elsewhere, the rationale being that not much accuracy
is required in the zones where dg log is low.
Let ¢,,,;,, be the smallest possible number of data points
from @ in each segment, which represents the finest
possible partition. k; denotes how many data points from
P fall into each segment in the new partition. o > 1
is a parameter regulating whether a further partition
is necessary. The procedure is to partition the space
such that each segment contains ¢,, = ¢y, number of
sample points from (. Scan through all the segments.
In segment i, if ¢, > lin and k; > af,,, update £,
by f (/) and again partition this segment ¢ empirically
equiprobably into ¢, sub-segments. Continue this pro-
cess on each sub-segment until either k; < o, or the
updated £,,, < Liin.
The new adaptive estimate is

T

D;(PIQ) = Y0 M

=1

€))



where 7™ is the total number of segments, and ¢ is the
number of Y's in each segment.
3) Algorithm D: Locally Adaptive Method 2
Another version of non-uniform adaptive partition is
inspired by Darbellay and Vajda’s (D-V) method [10].
Their idea is to first segment the space into Ty equiv-
alent blocks. In [10], if locally conditional similarity is
achieved, i.e.
P, (I;)
> B0 8

I;€s

P (1) Qn (1)
Pn(I)Qn(Ii)

no further segmentation will be imposed on I;, where S
represents all testing partitioning schemes. Considering
some problematic situations associated with the above
method, in Algorithm D, the terminating condition is
now modified as

> PuL

I;€s

< ¢, for all s € S(10)

g Lnlli)
% Qull)
which implies that no finer partition is necessary if

the contribution to the divergence estimate by a further
partitioning is small enough.

<e, forall se€S (11)

B. Algorithm E: Reducing the Bias

Suppose we were to use a fixed partition {I;};—1
is not data-dependent. Then the estimate bias is

= ZP I)log ZP(I

P(I; dp
+ZP o /del 230

where < - > denotes the expectation with respect to the
joint distribution of { X1, ..., X} and {Y1,...,Y,,}. We only
consider the first difference, since the second one depends on
the two underlying distributions and it involves the knowledge
of the true divergence, which is to be estimated. Let f(x,y) =
xlog £. Expanding the first summation term in the above
equation at {(P(I;),Q(I;))}i=1,..7 by the Taylor series of
f(z,y) and assuming that Q([;) = 1/T foreachi=1,...,T
and that {X4,..., X, } and {Y3,...,Y,,} are independent, the
bias estimate can be approximated by

A T, -1 T-1 1 1
Bnm: P + —+ 0 — + —
’ 2n 2m m n

T that

Pl
QL)

(12)

13)

We can improve the estimator by subtracting the first two terms
on the right side of (13). Experimental results show that the
approximation of the bias in (13) is excellent when the true
divergence is not too high.

IV. EXPERIMENTS

In Figures 1 and 3, we compare the performance of our basic
estimator on scalar data with that of the plug-in estimators,
which are based on kernel density estimation and the his-
togram estimation method [11] respectively. The distributions
associated with estimates in Figure 3 are shown in Figure 2.

Figure 4 presents experiments for two-dimensional data. The
solid line represents the average of the estimates based on 25
sets of samples. Figures 5 and 6 demonstrate the advantage
of adaptive versions of the divergence estimator over the
basic estimator (Algorithm A) for similar distributions and
mismatched distributions respectively. In Figure 7, we observe
that our data-driven partitioning scheme outperforms the D-
V method with smaller bias. The performance of the bias-
corrected version is demonstrated in Figure 8.

In conclusion, Algorithm A exhibits faster convergence than
the direct plug-in methods. Algorithms B, C and D, which are
based on data-driven partitions, further improve the speed of
convergence. In addition, numerical evidence indicates that our
estimators outperform the D-V adaptive partitioning scheme.
By subtracting a bias approximation, Algorithm E provides
accurate estimates in the regime of low divergence.

Experiments on correlated data and data with memory are
included in [17].
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