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Noise Prediction for Channels with Side Information at
the Transmitter

Uri Erez and Ram Zamir, Senior Member, IEEE

Abstract—The computation of channel capacity with side information at
the transmitter side (but not at the receiver side) requires, in general, exten-
sion of the input alphabet to a space of “strategies,” and is often hard. We
consider the special case of a discrete memoryless modulo-additive noise
channel = + , where the encoder observescausallythe random
state that governs the distribution of the noise . We show that
the capacity of this channel is given by

= log min
:

( ( ))

This capacity is realized by a state-independent code, followed by a shift by
the “noise prediction” ( ) that minimizes the entropy of ( ).
If the set of conditional noise distributions ( ) is such that
the optimum predictor ( ) is independent of the state weights, then
is also the capacity for anoncausalencoder, that observes the entire state
sequence in advance. Furthermore, for this case we also derive a simple
formula for the capacity when the state process has memory.

Index Terms—Optimum transmitter, prediction with minimum error en-
tropy, side information, time-varying channels.

I. INTRODUCTION

The model of an underlying state process that governs the channel
behavior fits well many communication links. Examples include wire-
less communication (fading channel), telephone lines (time-varying
filter channel), partial time/band jamming, magnetic memory with de-
fective cells, and more. To analyze such channels it is often useful, and
sometimes makes sense, to assume that the channel states are available
as Side Information (SI) to the encoder, to the decoder, or to both [16],
[11], [2], [8].

One “good” reason for the latter two assumptions is that they sim-
plify the calculation of channel capacity, and the design of optimum
encoding/decoding strategies. A common example for that is aslow
fading Gaussian channel, in which case the receiver can adapt to the
fading level and perform “soft” decision [2], [15].

Before turning to the case of side information at theencoder side
only, let us consider the channel model illustrated in Fig. 1. We useX ,
Y , andS to denote the input, output, and state alphabets of the channel,
respectively. Given the statess1; s2; � � � ; the channel is memoryless
with transition distributionp(y j x; s), i.e.,

p (yn1 j x
n

1 ; s
n

1 ) =

n

i=1

p(yi j xi; si)

whereyn1 denotes the sequencey1 � � � yn; furthermore, the stationary
state processS1; S2; � � � is statistically independent of the message to
be sent, and it completely captures the memory, if there is any, in the
channel, i.e.,

p (sn+1 j x
n

1 ; y
n

1 ; w; s
n

1 ) = p (sn+1 j s
n

1 ) :
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These assumptions model well a “pure noisy state,” e.g., as in the inter-
ference, fading, or jamming channels, but they exclude an “input-de-
pendent state,” like in the intersymbol interference (ISI) channel [6] (in
the latter case the state sequence depends on the messagew).

The respective states of switchesA andB in Fig. 1 give rise to the
following distinct cases1 :

• Case I—SI not available: The channel is regarded as an ordi-
nary channel, given by the mixture of the component channels,
e.g., for a memoryless state sequence it is a DMC with transition
probability

p(y j x) =
s

p(s)p(y j x; s):

The capacity is denotedCNOSI.

• Case II—SI available at receiver only (A closed,B open): The
state is regarded as an additional channel output, and the capacity
is given by (see, e.g., [16])

CSI@REC = max
p(x)

I(X;S; Y ) = max
p(x)

I(X;Y jS): (1)

• Case III—SI available at transmitter and receiver alike (A, B
closed): The capacity is given by the weighted sum of the indi-
vidual capacities (see, e.g., [16])

CSI@BOTH =
s2S

p(s) max
p(x j s)

I(X;Y jS = s)

4
=

s2S

p(s)Cs (2)

whereCs is the capacity at states. (Note that in Cases II and
III the capacity depends only on the marginal distribution of the
states.)

• Case IV—SI available at transmitter only (A open,B closed):
The capacity is denotedCSI@TR; we recall its formula in the next
section.

The situation where the transmitter has access to side information
which is not available to the decoder (Case IV above) is less common in
applications. Furthermore, its solution, in terms of capacity and coding,
is rather involved.

This problem divides into two categories, according to whether the
encoder observes the state processcausallyor anticipates future states.
In the causal case, considered by Shannon [14], the encoder maps the
messagew 2 f1; 2; � � � 2nRg into Xn using functions

xi = fi w; s
i
1 ; 1 � i � n (3)

wheresi1 = s1; � � � ; si are the states up to timei. In the noncausal case,
considered by Gelfand and Pinsker [7], the encoder observes the entire
state sequence before generating the code sequence, thus

xi = fi (w; s
n
1 ) ; 1 � i � n: (4)

In both cases, the receiver decodes the messagew from the whole re-
ceived vector aŝw = g(yn1 ).

Very few explicit solutions exist for the capacity of channels with
side information at the encoder; see, e.g., [3], [2], [12], and [8]. This is
due in part to the computational complexity of the solution. For the case
of discrete memoryless channels with a causal encoder, Shannon [14]
showed thatCSI@TR is given by the ordinary capacity of a discrete

1As shown in [2], a “mixture” of these cases, i.e., a configuration where the
encoder and the decoder have access to (possibly different) noisy versions of
the state process, is effectively equivalent to one of Cases I–IV.
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Fig. 1. Channel configuration.

Fig. 2. The associated discrete memoryless channel.

memoryless channel (DMC) with anextended input alphabetof size
jX jjSj, commonly interpreted as a space of “strategies. ”Even more
involved are the general solutions for a state process with memory [9],
[10], and for noncausal side information [7].

In this correspondence we find a simple and operational solution for
the capacity of discrete channels of the formY = X + Z, where
the additive noiseZ is correlated with a random variableS, which is
available as side information to the encoder. HereZ 2 X , and the+
sign denotes modulo-jX j addition. The variableS may be thought of
as the “channel state,” or as a “noisy version” of the channel noiseZ.
No “power” constraint is imposed on the transmitter.

For a memoryless state process available causally to the encoder, we
show that

CSI@TR = logjX j � min
t:S!X

H(Z � t(S))

whereH(�) denotes entropy. Furthermore, the optimal encoder is com-
posed of a state-independent code, followed by a shift by the “min-
imum-error-entropy noise prediction”tmin(S) that achieves the min-
imum above. Prediction with minimum error entropy was introduced
by Elias [4], in the context of predictive source coding. In general,
the optimum predictortmin(�) depends on the set of conditional noise
distributionsfp(z j s); s 2 Sg, and on the state distribution (“state
weights”)p(s). We identify the property of State Weight Independent
Prediction (SWIP), which means thatfp(z j s); s 2 Sg is such that the
optimizing functiontmin(�) does not depend onp(s). For example, if
p(z j s) is unimodal and symmetric for eachS thenp(z j s) is SWIP.
If the pair(S;Z) satisfies the SWIP property, thennoncausal side in-
formation does not increase capacity, i.e., the anticipatory encoder co-
incides capacity-wise and structure-wise with the causal encoder. Fur-
thermore, in this case the same predictor is also optimal when there is
memory in the state sequence.

In the next section we present our main result regarding the capacity
of a memoryless channel with causal state information at the encoder.
In Section III we examine the properties of the minimum error entropy
prediction functiontmin(�), and discuss the SWIP property. For chan-
nels satisfying the SWIP property, we extend in Section IV the capacity

formula for noncausal state information at the encoder and for channels
with a stationary state process.

II. CAUSAL SIDE INFORMATION AT THE ENCODER

Consider encoding with causal side information at the encoder as
defined in (3). For the general memoryless channelp(y j x; s) shown
in Fig. 1, Shannon [14] showed thatCSI@TR is equal to the regular
capacity of the associated DMC illustrated in Fig. 2. The input alphabet
of the associated channel, denotedT , is the set of all possible mappings

t : S ! X

which we refer to asstrategiesor strategy functions. We may describe
each strategyt(s)2T by the vector(x1; x2; � � � ; xjSj), i.e.,t(s)=xs

for s = 1; � � � ; jSj. Therefore,jT j = jX jjSj. The outputy of the
associated channel is related to the inputt according to the transition
probability

p(y j t)
4
=

s

p(s)p(y j x = t(s); s) (5)

and also

p (yn1 j t
n
1 ) =

n

i=1

p(yi j ti): (6)

Thus the capacity with side information at the transmitter is given by
[14]

CSI@TR = max
p(t)

I(T ;Y ) (7)

where the maximization is taken over the distributionp(t) of the
random variableT 2 T .

Note that at mostjYj of the strategies need be given positive proba-
bility in order to achieve capacity [6, Ch. 4]. Therefore, ifX = Y then
at mostjX j of thejX jjSj strategies need be given positive probability.
However, in the general case one does not know in advance which of
the strategies are to be used to achieve capacity. We next treat a class
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of channels, namely, the class of symmetric, or modulo-additive noise
channels, for which it is easy to identify this set of “active” strategies.

Let X = Y = Z = f0; � � � ; jX j � 1g. A symmetric, or modulo-
additive noise channel can be concisely described by

Y = X + Z (8)

whereZ is conditionally independent ofX given the stateS, and ad-
dition (and, in the sequel, subtraction) is understood to be performed
modulo-jX j. Denoting bypZ the distribution of the noise given the
side informationS = s, we have by the additivity of the channel

p(y j x; s) = pZ (y � x):

Thus the transition probability of the associated channel defined in (5)
is given by

p(y j t) =
s

p(s)pZ (y � t(s)) = Pr(Z + t(S) = y): (9)

Theorem 1 (Memoryless Causal Case):The capacity of the discrete
memoryless additive noise channelY = X + Z defined above, with
causal side informationS at the encoder, is given by

CSI@TR = logjX j �Hmin (10)

where

Hmin

4
= min

t2T
H(Z � t(S)): (11)

Note that (9) implies that

Hmin = min
t2T

H(Y jT = t) = min
t2T

H(Z + t(S)) (12)

because the minimization of the entropy ofZ + t(S) and ofZ � t(S)
is the same.

Proof: We first show the converse part, i.e.,

CSI@TR � log jX j �Hmin:

Since

H(Y ) � logjX j and H(Y jT ) � min
t2T

H(Y jT = t) = Hmin

(13)
we have

I(T ;Y ) = H(Y )�H(Y jT ) � logjX j �Hmin

for any distribution onT , and the converse follows from (7).
We next show the direct part, i.e.,

CSI@TR � log jX j �Hmin:

Let t� denote a strategy, i.e., a mapping fromS to X , for which
H(Y jT = t�) = Hmin. Define the followingclass of strategies:

T �
4
= ftjg where tj(s) = t

�(s) + j; j = 1 � � � jX j: (14)

From (9) we see that

p(y j tj) = Pr (Z + tj(S) = y) = Pr (Z + t
�(S) = y � j) (15)

i.e.,p(y j tj) is the transition probabilityp(y j t�) shifted (modulo-jX j)
by j. This clearly impliesH(Y j tj) = H(Y j t�) = Hmin for all j.
Furthermore, choosingT distributed uniformly withinT � (and zero
on strategies not inT �) induces auniformdistribution onY . Thus for
suchT we have equality in both inequalities in (13), and the direct part
follows.

Note that by restricting the input alphabet to the setT �, the resulting
channel fromT � to Y can be viewed as an additive noise channel,
whose alphabet isX , and whose noise is distributed as

~Z
4
= Z + t

�(S)
4
= Z � tmin(S) (16)

where

tmin(�)
4
= arg min

t:S!X
H(Z � t(S)): (17)

Fig. 3. Instantaneous prediction encoding scheme.

Thus we have simplified the associated channel into ajX j-in-
put/jX j-output channel. Note that actually any single strategy function
t, not necessarilyt�, generates a class ofjX j strategies as in (14),
which induces an additive noise channel as in (16).

Theorem 1 implies that the optimal transmitter with side informa-
tion has a simple modular structure, consisting of an ordinary (i.e.,
state-independent) Shannon code for a symmetric channel, followed
by a shift bytmin(s), as shown in Fig. 3. Specifically, suppose a code
C = f(cw1; � � � ; cwn)g

2

w=1 is drawn at random, using a uniform dis-
tribution overX , with rateR < CSI@TR. Given a message1 � w �
2nR, and a channel statesi at timei, the transmitter outputs

xi = cwi � tmin(si); i = 1 � � �n: (18)

The receiver decodesw from Y1 � � �Yn as if the channel were an ordi-
nary DMC with additive noise~Z. It then follows from Theorem 1 and
the forward channel coding theorem [6] thatw is decoded reliably with
high probability. In practice, any “good” code for a symmetric channel
(with a decoder optimized to the noise~Z) can replace the random code
in the scheme above. We call the configuration of (18) “the instanta-
neous-predictor encoder”; the relation to prediction will become clearer
in the next section.

This structure of the optimum transmitter leads to the following in-
terpretation. Since the receiver does not knowS, it sees a channel with
an effective noise~Z = Z�tmin(S). ShiftingZ by tmin(S) thus makes
the effective noise the least harmful for the uninformed receiver. Note
also that since

I(S; ~Z) = H( ~Z)�H( ~Z jS) = H( ~Z)�H(Z jS)

minimizing H(Z � t(S)) = H( ~Z) is equivalent to minimizing the
information carried by the effective noise about the channel state.

To conclude this section, we return to Cases I–IV of the switches in
Fig. 1, and compare the various capacities with and without side infor-
mation of an additive noise channel. Since choosing a uniform distri-
bution forX achieves capacity for any discrete additive noise channel,
we have for Cases II and III

CSI@REC = CSI@BOTH = log jX j �
s

p(s)H(Zs)

= log jX j �H(Z jS) (19)

and for Case I

CNOSI = log jX j �H(Z): (20)

We thus have the following chain of inequalities:

CNOSI � CSI@TR � CSI@REC = CSI@BOTH (21)
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Fig. 4. Example of conditional noise distributions which do not satisfy the SWIP property.

where

CSI@BOTH � CSI@TR = I(S; ~Z)

CSI@BOTH � CNOSI = I(S;Z): (22)

We have equality in the second inequality in (21), i.e.,CSI@REC =
CSI@TR, iff the distributions ofZs, s 2 S differ by a shift only, in
which case the optimum~Z is statistically independent ofS. We have
equality in the first inequality in (21), i.e.,CSI@TR = CNOSI, iff
H( ~Z) = H(Z), i.e., iff the optimal shiftsftmin(s); s 2 Sg are the
set of zero shifts.

III. PREDICTION WITH MINIMUM ERRORENTROPY AND EXAMPLES

As discussed above, the functiontmin(�) minimizes the entropy of
the differenceZ � tmin(S); we viewtmin(S) as the “prediction ofZ
from S with minimum error entropy.” In this section we review some
properties of minimum error entropy prediction that will be useful in
the next section, in particular the SWIP property. We then illustrate
these concepts with two examples.

Elias [4] arrives at this very solution in his treatment of en-
tropy-coded predictive source coding. Specifically, for a discrete
stationary ergodic sourceXi, one wishes to find the prediction
function f(xi�1; xi�2; � � �) such that the entropy of the error,

Ei
4

= Xi � f(Xi�1;Xi�2; � � �), is minimized. This will minimize
the coding rate assuming that the processE1; E2; � � � is entropy-coded
according to itsmarginal distribution (ignoring the possible residual
memory in the sequenceE1; E2 � � �). The analogy to the problem we
study is clear. The past source samples play the role of the current
state, while the conditional random variableXi j xi�1; xi�2; � � � plays
the role ofZs.

Prediction under the minimum error entropy criterion features
some interesting properties, not found in the more common criteria
for prediction and estimation, the minimum mean-squared error
criterion ming E[Z � g(S)]2 (continuous case), and the minimum
error frequency criterionming Pr [Z 6= g(S)] (discrete case). While
for these criteria the optimum predictorg(s) is a function only of the
conditional noise distributionp(z j s) for eachs, the optimal shiftt(s)
of the minimum error entropy predictor depends, in general, on the
entireset of conditional noise distributionsfp(z j s)g, and on thestate
probabilitiesp(s) (the “state weights”).

To illustrate this property, consider the set of conditional noise dis-
tributions shown in Fig. 4. Define the following weight distributions on
the states:

www1 =
1

2
;
1

2
; 0 www2 =

1

2
; 0;

1

2
www3 = 0;

1

2
;
1

2

We shall now find the corresponding optimal shift functions and show
that no single strategy can be optimal for all three weights. Without
loss of generality we settmin(s1) = 0 for all strategies below. For

(p(s1); p(s2); p(s3)) = www1, the vector(tmin(s1); tmin(s2); tmin(s3))
is given by(0; 0; �), where� means that the corresponding letter may
be arbitrarily chosen. Any other strategy will induce strictly higher en-
tropy forZ � t(S). Forwww2, the vector oftmin(�) is given by(0; �; 0).
Finally, for www3, the vector oftmin(�) is given by(0; � � 2; �) (e.g.,
(0;�2; 0) or (0; 0; 2)). It is easy to see that no single strategy is con-
sistent with all three cases. Note that by the continuity of the entropy
functionH(Z�t(S))as a function of the state weight vector, the above
argument can easily be extended to examples of state weight vectors
whose components are all nonzero.

Definition 1 (The State Weight Independent Prediction (SWIP)
Property): Fix the set of conditional noise distributionsfp(z j s);
z 2 X ; s 2 Sg. If the same functiont = tmin(�) minimizes the
entropy ofZ � t(S) for any state weightsfp(s); s 2 Sg, then we
say that the noise satisfies the State Weight Independent Prediction
Property, or in short, “the noise is SWIP.”

We shall now demonstrate the existence of SWIP noises. For that we
recall the concept ofordered average, introduced by Elias [4]. Consider
a set ofn discrete distributions, each ofm letters. Denote bypi;j the
probability of thejth letter in theith distribution. Letwi be some av-
eraging weight on the distributions

wi � 0

n

i=1

wi = 1:

Define the ordered distribution~pi;j of theith distribution to be the set
of probabilitiespi;j indexed according to decreasing probability. The
ordered average is defined by

p
ord

j =

n

i=1

wi~pi;j :

Thuspord1 is formed by takingw1 times the largest probability in the
first distribution,w2 times the largest probability in the second distribu-
tion, and so on. It can be shown that the entropy of the ordered average
distribution is less than or equal to that of any other average, formed
from the same distributions with the same weights but with the terms
of one or more of the distributions not arranged in order of decreasing
probability.

Following Elias, we identify two simple cases of interest in which
the optimal shifts are independent ofp(s), i.e., cases of SWIP noises

a) pZ is a symmetric and unimodal distribution for eachs.

b) pZ is zero to the left (right) of a point,x0(s), and is monotoni-
cally nonincreasing to the right (left) ofx0(s)

pZ (x) = 0; for x < x0(s)

pZ (x) � pZ (y); for x0(s) � x < y:
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Fig. 5. Example II.

In both cases the assertion follows from the observation that choosing
tmin(s) so as to align the maxima together yields an ordered average
irrespective ofp(s).

The following two lemmas characterize some important properties
of minimum error entropy prediction which we use for proving our
main results in the next section.

Lemma 1 (Irrelevancy):Let U be a random variable defined over
the finite alphabetU such thatU; S; Z form a Markov chainU $
S $ Z. Then, for any functiong : U � S ! X

H(Z � g(S; U)) � H(Z � tmin(S))

wheretmin is defined in (17). ThusU is irrelevant for minimum error
entropy prediction ofZ.

The surprisingly nonstraightforward proof is given in the Appendix.

Lemma 2 (Conditional Irrelevancy for SWIP Noise):Let U; V be
random variables defined over the finite alphabetsU ;V , respectively,
such thatU; V; S; Z form a Markov chain(U; V ) $ S $ Z. If the
noiseZ satisfies the SWIP property above, then for any functiong :
U � S ! X

H(Z � g(S; U) jV ) � H(Z � tmin(S) jV ) (23)

wheretmin is defined in (17). Thus for SWIP noiseU is conditionally
irrelevant for minimum error entropy prediction ofZ.

Proof: By Lemma 1 we have for anyv 2 V

H(Z � g(S; U) jV = v) � H(Z � tmin(S) jV = v)

and since the noise is SWIP the functiontmin is independent ofp(s j v)
and therefore independent of the value ofv. Thus (23) follows by taking
expectation overV .

Note that (23) does not hold in general for non-SWIP noises, i.e.,
for noises for whichtmin = tmin(s; p(s)) doesdepend on the state
weights. For such noises, if the state weightsp(s j v) depend on the
value of the conditionV , and ifU depends onV , then the function

g(s; u) can take advantage of these dependencies in order to reduce
the conditional entropy ofZ � g(U; S) givenV beyond that achieved
by a function ofS alone.

A. Examples

We turn to consider a few examples of finite-state additive noise
channels, their associated minimum error entropy predictors, and their
capacities. We first note that the results of Theorem 1 hold equally well
when the alphabetX is a continuous interval[0; b] 2 R1, with addi-
tion performed modulob, and regular entropy replaced by differential
entropy.

Example I: Binary-Symmetric Channel (BSC) with crossover prob-
ability �s. Here

CSI@REC = 1�
s

p(s)h(�s)

while

CNOSI = 1� h

s

p(s)�s :

In the case where the SI consists of two states,�1 and�2, we have

CSI@TR =
CNOSI; if �1; �2 �

1

2

1� h[p(s = 1)�1 + p(s = 2) ��2]; if �1 �
1

2
� �2

(24)
where ��2 = 1� �2. This follows since binary noise falls into Case b)
of SWIP noise above, so Elias’ ordered average condition applies. The
extension of the result to more than two states is obvious; capacity is
achieved by “flipping” each�i that is greater than1

2
.

Example II: A channel withX = [0; b] and transition distribution
as shown in Fig. 5(A). We have

H(Z jS) = p(s1)H(Z jS = s1) + p(s0)H(Z jS = s0)

= � log �a+ (1� �) log (1� �)a = log a� h(�)
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while

H( ~Z) = �
�a

0

2

a
log

2

a
�

(1�2�)a

0

1

a
log

1

a

= �2� log
2

a
� (1� 2�) log

1

a
= log a� 2�

where to obtain~Z we optimized the shifts according to Elias’ condi-
tions for symmetric unimodal distributions (Case a) above). Therefore,

CSI@REC = log
b

a
+ h(�) while CSI@TR = log

b

a
+ 2�:

The corresponding distribution of the noise~Z is depicted in Fig. 5(B).

IV. NONCAUSAL SIDE INFORMATION AND STATE PROCESS WITH

MEMORY

In this section we generalize our results in two directions, first
to the case where the state process has memory and secondly to a
noncausal encoder as discussed in Section I. Jelinek treated channels
having memory with causal side information at the transmitter in
[9], [10]. However, the expressions he arrives at are given in terms
of complex double limits. This remains the case even when they
are applied to additive noise channels, thus giving little new insight.
Gelfand and Pinsker [7] studied the problem of coding for a discrete
memoryless channel with channel states available noncausally to the
encoder. Their solution, as Shannon’s solution for a causal encoder,
involves maximization over an extended alphabet, and moreover the
optimization is done over conditional input probabilities (given the
state). We shall confine our treatment to SWIP noise which will allow
us to treat both problems together and to obtain simple expressions for
the capacities for both cases.

For our purpose we can proceed directly from the definition of the
encoding function (4). Consider an encoder which observes the entire
state sequenceSSS = S1; � � � ; Sn prior to encoding. The state process
is a general stationary process, such that the noise sampleZi is con-
ditionally independent of(X1 � � �Xn; S1 � � �Si�1; Si+1 � � �Sn) given
Si. The encoding and decoding functions now assume the form

xxx = fff(w;sss) and ŵ = g(yyy) (25)

where boldface denotesn-vectors, i.e.,

xxx = x1; � � � ; xn

yyy = y1; � � � ; yn

and

fff(�) = f1(�); � � � ; fn(�):

We first give a (non“single-letter”) upper bound on the capacity of
general additive noise channels.

Lemma 3: Assume the discrete additive noise channel defined in
(8). The rateR of any code with noncausal side informationSSS at the
encoder (as defined in (25)) and error probabilityPr (Ŵ 6= W ) � �,
satisfies

R � log jX j �H
(n)
min + �

0

where�0 ! 0 as� ! 0 uniformly in the code lengthn, and

H
(n)
min

4

=
1

n
min

ttt:S !X

H(ZZZ � ttt(SSS)): (26)

Proof: By Fano’s inequality [6], we have

H(W jYYY ) � h(�) + �nR � h(�) + �n logjX j
4

= n�
0
:

Clearly,�0 ! 0 as� ! 0 uniformly in n. On the other hand,

H(YYY jW ) = H(fff(W;SSS) +ZZZ jW )
a)
=

w

p(w)H(fff(w;SSS) +ZZZ)

� min
w

H(fff(w;SSS) +ZZZ)

� nH
(n)
min (27)

where ina) we used the fact thatW is statistically independent of
(ZZZ;SSS). Combining the above and the fact thatH(YYY ) � n log jX j,
we have

nR = H(W )

= H(YYY )�H(YYY jW ) +H(W jYYY )

� n log jX j � nH
(n)
min + n�

0 (28)

which proves the lemma.

Lemma 3 implies that the capacity of this channel is upper-bounded
by

logjX j � inf
n

H
(n)
min;

a quantity which may be hard to compute in general. Nevertheless, we
now show that for SWIP noise the instantaneous prediction scheme of
Section II is still optimal.

Lemma 4: For SWIP noise we have for everyn

H
(n)
min =

1

n
H(Z1 � tmin(S1); � � � ; Zn � tmin(Sn)) (29)

wheretmin achievesH(1)
min in (26).

Proof: let ~ZZZ = ZZZ � ttt(SSS) for some functionttt : Sn ! Xn. We
have

H ~Zn

1 =H( ~Z1)+H( ~Z2 j ~Z1)+� � �+H ~Zn ~Zn�1
1 (30)

=H( ~Z1)+H( ~Z2 j ~Z1)+� � �+H Zn+tn (S
n

1 ) j ~Z
n�1
1 :

(31)

SinceZn $ Sn $ ( ~Zn�1
1 ; Sn�11 ) form a Markov chain, we have

by Lemma 2 and the SWIP property

H Zn � tn (S
n

1 ) ~Zn�1
1 � H Zn � tmin(Sn) ~Zn�1

1

i.e., assigningtn(sn1 ) = tmin(sn) can only reduceH( ~Zn

1 ). Since the
ordering of the setf ~Z1; � � � ; ~Zng can be arbitrarily changed, the above
argument holds for all theftig and we obtain

H(ZZZ � ttt(SSS)) � H(Z1 � tmin(S1); � � � ; Zn � tmin(Sn)): (32)

Since (32) is true for any functionttt, the optimum prediction function
and the minimum noise entropy are

tttmin(sss) = (tmin(s1); tmin(s2) � � � tmin(sn))

and

H
(n)
min =

1

n
H(Z1 � tmin(S1); � � � ; Zn � tmin(Sn))

respectively, and the proof follows.

As a consequence we have the following results.

Theorem 2 (SWIP Noise with Memory: Causal and Noncausal
Case): For SWIP noise and stationary state process, the instantaneous
shift function

t
n(sn) = (tmin(s1); � � � ; tmin(sn))
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wheretmin achievesH(1)
min in (26), is optimal for both causal and non-

causal side information at the encoder. Thus

Cncaus
SI@TR=Ccaus

SI@TR

=log jX j� lim
n=!1

1

n
H(Z1�tmin(S1); � � � ; Zn�tmin(Sn))

(33)

i.e., the optimum (causal or noncausal) encoder reduces to the instan-
taneous-prediction encoder of (18).

Note that unlike the general expression of Jelinek [9], for SWIP noise
the optimization leading to the optimal strategy(tmin) is done with
respect to single-letter quantities.

Proof: Lemma 3 implies that

Cncaus
SI@TR � logjX j � infnH

(n)
min:

Furthermore, by Lemma 4

H
(n)
min � (1=n)H(Z1 � tmin(S1); � � � ; Zn � tmin(Sn))

which is further lower bounded by taking the limit asn goes to infinity
(sinceZi � tmin(Si); i = 1; 2; � � � is a stationary process). Thus the
noncausal capacity isupper-bounded by (33). Achievability follows by
noting that the effective noise channel, resulting from the instantaneous
encoding scheme, is a stationary additive noise channel having (33) as
its capacity; see, e.g., [1].

Corollary 1 (Memoryless Noncausal Case):For the memoryless
additive noise channel (8), if the noise satisfies the SWIP property, then

Cncaus
SI@TR = Ccaus

SI@TR = log jX j �H(Z � tmin(S)):

V. DISCUSSION

We identified the role ofinstantaneousnoise prediction as the main
ingredient in optimum transmission with side information over discrete
additive-noise channels. This allows us to derive formulas for the ca-
pacity of memoryless channels with causal side information, and for
SWIP noise, for the capacity with noncausal side information and for
channels with memory.

In a future paper [5] we extend these concepts to rates below ca-
pacity and obtain expressions for the error exponent for additive noise
channels with side information at the transmitter.

Our results do not extend to channels where the input is subject to
some average input constraint. One reason for that is that under such a
constraint each shiftt(s) of the input may have a different “cost, ” and
this changes the optimization oft(s). Another reason can be seen in
the case of a power-constrained Gaussian fading channel, with fading
level known (say, causally) to the transmitter. Here, for a zero-mean
noise our theory suggests that a fading independent code with zero shift
is optimal. However, due to the average power constraint, allocating
different power to code symbols at different fading levels improves the
system performance [13].

APPENDIX

PROOF OFLEMMA 1

SupposeS = fs1; � � � ; skg. Define

gi(s; u) =
g(si; u); if s = si
0; if s 6= si

so that

g(s; u) =

k

i=1

gi(s; u):

Let us introduce the auxiliary random variablesfU1; � � � ; Ukg,
which are mutually independent and independent of(S;Z), and are
distributed as

pu (u)
4
= pU jS(u j si):

With these definitions we have

H(Z + g(S; U))

a)
= H Z +

k

i=1

gi(S;U)

b)
= H Z +

k

i=1

gi(S;Ui)

c)

� H Z +

k

i=1

gi(S;Ui) U1 � � �Uk

d)

� min
u ���u

H Z +

k

i=1

gi(S; ui) U1 = u1 � � �Uk = uk

e)
= min

u ���u
H Z +

k

i=1

gi(S; ui)

f)

� min
t:S!X

H(Z + t(S))

g)
= H(Z + tmin(S))

whereb) follows from the Markov relationU � S � Z; c) since con-
ditioning reduces the entropy; ande) since(Z; S) is independent of
(U1; � � � ; Uk).
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On the Training Distortion of Vector Quantizers

Tamás Linder, Member, IEEE

Abstract—The in-training-set performance of a vector quantizer as a
function of its training set size is investigated. For squared error distortion
and independent training data, worst case type upper bounds are derived
on the minimum training distortion achieved by an empirically optimal
quantizer. These bounds show that the training distortion can underesti-
mate the minimum distortion of a truly optimal quantizer by as much as
a constant times , where is the size of the training data. Earlier
results provide lower bounds of the same order.

Index Terms—Empirical design, training distortion, vector quantization,
worst case bounds.

I. INTRODUCTION

Vector quantizer design is usually based on a collection of example
vectors, called the training set or training data. In general, the objective
of a design algorithm (such as the popular generalized Lloyd algorithm
[1]) is to find an empirically optimal quantizer, that is, a quantizer of
a given codebook size whose distortion in quantizing the training data
is minimum. The underlying principle of empirical design is that good
performance inside the training set will imply good performance on
other data produced by the source if the training set size is sufficiently
large to represent well the source statistics. But training vectors may
be costly to obtain and the computational cost of design may become
prohibitive for large training sets. Therefore, it is of interest to quantify
how the performance of the designed vector quantizer improves as the
size of the training set increases.

Assume that the quantizer dimension and the codebook size are
fixed. For any quantizerQn trained onn vectors, letDn(Qn) denote
the training distortion ofQn (its average distortion inside the training
set) and letD(Qn) denote the test distortion ofQn (its distortion in
coding independent test data). Note that bothDn(Qn) andD(Qn) are
functions of the training set and therefore are random quantities. The
quantityD(Qn) is the “true” distortion of the designed quantizer; it is
the performance figure one wants to be as close as possible toD(Q�),
the distortion of a truly optimal quantizerQ�. A design procedure is
called consistent if the test distortionD(Qn) of the resulting quantizer
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Qn converges (in some sense) to its lower boundD(Q�) asn ! 1.
Of particular interest are the empirically optimal quantizersQ�n
minimizing the training distortion:Dn(Q

�

n) = minQ Dn(Qn). The
consistency of empirically optimal quantizers was first investigated
by Pollard [2], [3] for the case of mean-squared quantizer distortion.
His results show, among other things, that for a stationary and ergodic
training sequence, the test distortionD(Q�n) of an empirically optimal
quantizer converges toD(Q�) with probability one asn!1.

Pollard’s results imply that the performance of empirically optimal
quantizers will approach the optimum performance as the training
set size increases without bound. On the other hand, to determine
the training set size sufficient for achieving a preassigned level of
performance, one needs to study the dependence ofD(Q�n) on finiten.
Assume that the training set consists ofn independent sample vectors
drawn from the source distribution and letE[D(Q�n)] denote the
expected value (taken over the training sequence) of the mean-squared
test distortionD(Q�n). In [4] it was shown that for all source distribu-
tions supported by a given bounded region, the test distortion of the
empirically optimal quantizer satisfiesE[D(Q�n)]�D(Q�) � cn�1=2

for some positive constantc. This upper bound was shown to have
the right order in a minimax sense in [5], where it was demonstrated
that for any quantizer design method, there exist “bad” source
distributions for which the test distortion of the resulting quantizer
Qn is lower-bounded asE[D(Qn)]�D(Q�) � c1n

�1=2 for another
positive constant c1. The sample behavior ofD(Q�n) � D(Q�) for a
class of smooth source densities was studied by Chou [6], and upper
bounds onE[D(Q�n)]�D(Q�) for dependent (mixing) training data
were developed by Zeevi [7]. The dependence of the test distortion on
the training set size was also empirically investigated by Cosmanet
al. [8] and Cohnet al. [9] in the context of image coding.

In this correspondence, the focus of attention is the less studied
training distortionDn(Q

�

n). Since the value ofDn(Q
�

n) is obtained
as a by-product of the design procedure without requiring additional
test data, it can be considered an inexpensive estimate ofD(Q�n) or
D(Q�). For an empirically optimal quantizer minimizingDn(Qn),
one always has

E[Dn(Q
�

n)] � D(Q�) � E[D(Q�n)]:

The exact relationship between the training, test, and optimal distor-
tions is only known in the special case of quantizers with codebook
sizek = 1. In this case, it is easy to see that the single unique code-
point of the empirically optimal quantizer is the arithmetic average of
then training vectors, and therefore,

E[Dn(Q
�

n)] = D(Q�) 1�
1

n

and

E[D(Q�n)] = D(Q�) 1 +
1

n

for all source distributions with finite second moment.
The problem becomes nontrivial when quantizers with more than

one codepoint are considered, and in general little is known about the
size of the differenceD(Q�)�E[Dn(Q

�

n)]. In this respect, Abaya and
Wise [10] proved that under general conditions the expected training
distortion is a consistent estimate of the optimal distortion in the sense
thatD(Q�) � E[Dn(Q

�

n)] ! 0 asn ! 1. The size of the bias of
Dn(Q

�

n) in estimatingD(Q�) was first investigated in a recent work
by Kim and Bell [11] who showed that for squared error distortion

E[Dn(Q
�

n)] � D(Q�) 1�
1

n
(1)

0018–9448/00$10.00 © 2000 IEEE
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for any source distribution with a finite second moment. No matching
lower bounds or sharper upper bounds seem to be available in the lit-
erature.

In this correspondence, we apply techniques developed in [5] for
proving minimax bounds in quantizer design to show that in the worst
case, the differenceD(Q�) � E[Dn(Q

�
n)] is proportional ton�1=2.

After introducing the necessary definitions in Section II, three results
concerning the mean-squared training distortion of an empirically op-
timal quantizer are given in Section III. Theorem 1 proves the existence
of “badly behaved” distributions on a bounded support set for which

E[Dn(Q
�
n)] � D(Q�)� cp

n
(2)

for a constantc > 0 which depends on the quantizer dimension, the
codebook size (which is assumed to be at least3), and the diameter
of the support set. Theorem 2 reformulates this bound in terms of the
training ratio� = n=k (wherek � 3 is the codebook size) by showing
that there exist source distributions for which

E[Dn(Q
�
n)] � D(Q�) 1� c0p

�
(3)

wherec0 > 0 is a universal constant. Theorem 3 presents an improved,
explicit form of an earlier result in [4] to show that the lower bound

E[Dn(Q
�
n)] � D(Q�)� ĉp

n

holds for aĉ > 0, uniformly for all sources supported on a given
bounded set. This shows that bound (2) is tight in the sense that only
the constants may be improved. The proofs of these results are given
in Section IV.

The bounds (2) and (3) immediately demonstrate that for larger
values ofn any bound in the form of (1) will be very loose for some
source distributions. On the other hand, note that (1) holds for all
source distributions while (2) and (3) are worst case bounds. Thus
our results do not exclude the possibility that then�1 term in (1) has
the right order for a restricted class of “smooth” source distributions.
Potential candidates are the source densities satisfying Pollard’s
central limit theorem [12] for empirical quantizer design.

II. PRELIMINARIES AND PROBLEM FORMULATION

A vector quantizerQ of dimensiond and codebook sizek is a (mea-
surable) mapping of thed-dimensional Euclidean spaced into a fi-
nite set of pointsfy1; � � � ; ykg. The pointsyi 2 d, i = 1; � � � ; k are
called thecodepointsor codevectorsand the collectionfy1; � � � ; ykg
is called the codebook.

For anyx 2 d, let kxk denote its Euclidean norm. Given ad-di-
mensional random vectorX with probability distribution�X and finite
second momentEkXk2 <1, the mean-squared distortion of a vector
quantizerQ is

D(Q) = E[kX �Q(X)k2] = kx�Q(x)k2�X (dx):

A vector quantizerQ with codebookfy1; � � � ; ykg is called anearest
neighborquantizer if for allx 2 d

kx�Q(x)k2 = min
1�i�k

kx� yik2:

For any source distribution, a nearest neighbor quantizer has minimum
distortion among all other quantizers with the same codebook. This
fact allows us to consider only nearest neighbor quantizers in this cor-
respondence without loss of generality.

For anyk � 1, let ~Qk be the family of alld-dimensional nearest
neighbor vector quantizers withk codevectors. A quantizerQ� 2 ~Qk

is called anoptimalk-point quantizer for�X if it has minimum distor-
tion

D(Q�) = min
Q2 ~Q

E kX �Q(X)k2 :

(An optimalQ� always exists ifEkXk2 <1, see, e.g., [3].)
Let X1; X2; � � � ; Xn be independent and identically distributed

(i.i.d.) d-dimensional random vectors drawn according to�X . The
collection fXigni=1 is called thetraining data or training set. The
average squared distortion of a vector quantizerQ on the training set is

Dn(Q) =
1

n

n

i=1

kXi �Q(Xi)k2:

LetQ�n denote anempirically optimalquantizer in~Qk, that is,Q�n is a
k-point quantizer which has minimum average squared distortion

Dn(Q
�
n) = min

Q2 ~Q

1

n

n

i=1

kXi �Q(Xi)k2

over the training set. The random quantityDn(Q
�
n) is called the

training distortion of the empirically optimal quantizer. Note that
the dependence ofQ�n andDn(Q

�
n) on the training datafXigni=1 is

suppressed in the notation.
Our goal is to compare the expected training distortion

E[Dn(Q
�
n)] = E min

Q2 ~Q

1

n

n

i=1

kXi �Q(Xi)k2

of an empirically optimal quantizerQ�n with the distortionD(Q�) of
an optimal quantizerQ�. Since

Dn(Q
�) � Dn(Q

�
n)

and

D(Q�) = E[Dn(Q
�)]

we always have

D(Q�) � E[Dn(Q
�
n)]:

Moreover, it is easy to see that strict inequality holds whenever
D(Q�) > 0. Let P denote the collection of all source distributions
which are supported by a given bounded set. Our results concern the
maximum deviation overP of the expected training distortion from
the optimal distortion, that is, the quantity

sup
� 2P

(D(Q�)� E[Dn(Q
�
n)]):

In order to be consistent with earlier work [13], [5] on worst case
bounds in vector quantization, we will formulate our results in terms
of classesP(B) containing all source distributions which satisfy the
peak power constraintPf(1=d)kXk2 � Bg = 1. In other words, for
anyB > 0, the classP(B) consists of all source distributions whose
support is contained in the ballfx : kxk � p

dBg.

III. RESULTS

Our first result shows that for training data of sizen, the difference
D(Q�)�E[Dn(Q

�
n)] of the minimum distortion of an optimal quan-

tizer and the expected training distortion of the empirically optimal
quantizer can be as large as constant timesn�1=2.
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Theorem 1: For any quantizer dimensiond � 1 and codebook size
k � 3 there exists a distribution�X 2 P(B) such that for all training
set sizen � 2

3
k

E[Dn(Q
�
n)] � D(Q�)� c(B; d; k)p

n
(4)

where

c(B; d; k) =
Bd k1�

283
:

In the next result the relative difference of the training and optimal
distortions is considered, in which case a very simple bound can be
obtained in terms of the training ratio� = n=k.

Theorem 2: For any quantizer dimensiond � 1 and codebook size
k � 3 there exists a distribution�X 2 P(B) such that for all training
set sizen � 2

3
k

E[Dn(Q
�
n)] � D(Q�) 1� c0p

�

wherec0 = 1
4

7
6
� 0:27:

Theorems 1 and 2 are proved by using a construction of “bad” distri-
butions introduced in [5]. This method uses discrete distributions sup-
ported by a finite number of points, although a modified construction
using distributions with smooth densities is possible at the expense of
complicating an already somewhat involved argument. An important
point is that in [5] the choice of these “bad” distributions depends on the
training set sizen. In our case, due apparently to the fact that we deal
with the training distortion instead of the test distortion, we are able
to construct one “bad” distribution which works for all large enough
n. Therefore, Theorem 1 guarantees the existence of at least onefixed
source distribution inP(B) such that

lim inf
n!1

p
n(D(Q�)�E[Dn(Q

�
n)]) > 0:

Next we examine in what sense (if any) the bound of Theorem 1
is tight. The constantc(B; d; k) is rather small and can probably be
improved. But the more fundamental question is whethern�1=2 can be
replaced with something larger. To answer this question in the negative,
we note that for all�X 2 P(B)

D(Q�)�E[Dn(Q
�
n)] � E sup

Q2Q
[D(Q)�Dn(Q)] (5)

whereQk denotes the family of allk-point nearest neighbor quantizers
with codepoints inside the spherefx : kxk �

p
dBg (see the proof

of Theorem 3). Any uniform upper bound on the expectation on the
right-hand side will result in a uniform lower bound onE[Dn(Q

�
n)].

The existence of such an upper bound of ordern�1=2 has been pointed
out in [4] (see [4, the discussion following Corollary 1]) although in
an asymptotic form and without explicit constants. Nevertheless, such
a bound implies that the bound of Theorem 1 is essentially tight.

The following theorem presents a new form of this lower bound
which is tighter than those given by existing results and has a more
attractive, nonasymptotic form.

Theorem 3: For any quantizer dimensiond � 1, codebook size
k � 1, training set sizen � 1, we have

E[Dn(Q
�
n)] � D(Q�)� ĉ(B; d; k)p

n

for all �X 2 P(B), whereĉ(B; d; k) = 96Bd3=2
p
k.

The result is based on a nonasymptotic upper bound on

Ef sup
Q2Q

[D(Q)�Dn(Q)]g:

At the core of the proof is a simple and elegant version of the classic
“metric entropy” bound [14], [15] of empirical process theory, recently
proved by Cesa-Bianchi and Lugosi [16], which allows us to provide
an explicit form of the constant̂c(B;d; k):

In summary, Theorems 1 and 3 show that for independent training
data of sizen, the maximum differenceD(Q�)� E[Dn(Q

�
n)] of the

distortion of an optimal quantizer and the expected training distortion
of the empirically optimal quantizer is of ordern�1=2. More formally,
these results imply that for allk � 3 and large enoughn

cp
n
� sup

� 2P(B)

(D(Q�)�E[Dn(Q
�
n)]) � ĉp

n

for some constantsc; ĉ > 0 depending ond, k, andB.

IV. PROOFS

Proof of Theorem 1:We simplify the notation by assuming that
B = 1 (that is,�X has to satisfyPfkXk2 � p

dg = 1). Since
we consider mean-squared distortion, for arbitraryB > 0 the result
follows by straightforward scaling.

To demonstrate the existence of a�X satisfying the bound of the the-
orem, we will use a modified form of a construction introduced in [5,
the proof of Theorem 1]. Just as in [5], the basic idea is to construct a
source distribution such that with constant positive probability, the em-
pirically optimal quantizer is sufficiently “far” from the optimal quan-
tizer. However, new techniques are needed to derive the desired bound
since we consider the training distortion (the empirically optimal quan-
tizer is a function of the data on which its distortion is evaluated), while
in [5] the test distortion was considered (the distortion is evaluated on
independent data).

Assume thatk � 3 is divisible by3 (we will relax this assumption
later) and letm = 2

3
k (note thatm is even). Let� > 0 be a constant

to be specified later and letz1; � � � ; zm bem points in d satisfying
kzi � zjk � 3� for all i 6= j. Let w denote thed-vectorw =
(�; 0; � � � ; 0). The proposed�X is the uniform distribution concen-
trated on the2m pointsfzi; zi + w; i = 1; � � � ; mg, that is,

�X(fzig) = �X(fzi + wg) = 1

2m
; 1 � i � m: (6)

The parameters of�X are� and the pointsz1; � � � ; zm. We assume
thatz1; � � � ; zm and� are such that�X 2 P(1), i.e.,

max
1�i�m

(kzik; kzi + wk) �
p
d:

Clearly, if� is small enough this is always possible; the specific choice
of�will be given later. A key feature of�X is that an optimal quantizer
Q� for �X with k = 3

2
m codepoints has a very simple structure.

Lemma 1: Let �X be defined by (6) and assume thatkzi � zjk �
3� for all i 6= j. Let S be any subset off1; � � � ; mg of cardinality
jSj = m=2. Then the quantizer which has one codepoint atzi +

1
2 w

for eachi 2 S and has codepoints at bothzi andzi + w for each
i 2 f1; � � � ; mg n S is an optimalk-point quantizer for�X .

The assertion of the lemma is intuitively clear; the proof is given in
[5, the Appendix]. Note that the optimal quantizer is not unique, and in
fact there are m

m=2
optimal quantizers for�X .

Let the training dataX1; X2; � � � ; Xn be drawn independently
from �X and letNi be the number of training data points falling in
the setfzi; zi + wg, i.e.,

Ni = jfj: Xj = zi orXj = zi + w; j = 1; � � � ; ngj:



1620 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 46, NO. 4, JULY 2000

Let Q� have one codepoint atzi + 1
2
w for eachi � m=2 and two

codepoints atzi andzi + w for eachm=2 + 1 � i � m. ThenQ� is
an optimalk-point quantizer by Lemma 1, and its distortion is given in
terms of theNi by

D(Q�) =E
1

n

n

j=1

kXj �Q�(Xj)k2

=E
�2

4

1

n

m=2

i=1

Ni (7)

where the second equality holds becausekQ�(Xj) � Xjk2 = �2=4
if Xj takes value in m=2

i=1 fzi; zi + wg andkQ�(Xj) � Xjk2 = 0
otherwise.

We now define a training-set-dependent quantizerQn to ap-
proximate the empirically optimalk-point quantizer Q�n. Let
�(1); � � � ; �(m) be the permutation of1; � � � ; m obtained by
switching the positions of the indicesi andm=2 + i (i.e., letting
�(i) = m=2 + i and�(m=2 + i) = i) for eachi � m=2 such that
Ni > N +i. Furthermore, letQn be thek-point quantizer whose
codepoints arez�(i) +

1
2
w for i � m=2, andz�(i); z�(i) + w for

m=2 + 1 � i � m. Then we have

E[Dn(Qn)] =E
1

n

n

j=1

kXj �Qn(Xj)k2

=E
�2

4

1

n

m=2

i=1

N�(i) (8)

sincekQn(Xj) �Xjk2 = �2=4 if

Xj 2
m=2

i=1

fz�(i); z�(i) + wg

andkQn(Xj) � Xjk2 = 0 otherwise. Since the empirically optimal
quantizerQ�n minimizes the training distortion over allk-point quan-
tizers, we have

E[Dn(Qn)] � E[Dn(Q
�
n)]:

Therefore, using (7) and (8), we can lower-bound the difference
D(Q�)� E[Dn(Q

�
n)] as

D(Q�)�E[Dn(Q
�
n)] � �2

4

1

n
E

m=2

i=1

(Ni �N�(i)) : (9)

In the rest of the proof we will demonstrate that the expectation on
the right-hand side is of ordern�1=2. First note that for alli � m=2
we haveN�(i) = Ni if Ni � N +i, andN�(i) = N +i otherwise.
Therefore,Ni �N�(i) = (Ni �N +i)

+, wherex+ = max(x; 0).
Thus

E

m=2

i=1

(Ni �N�(i)) =E

m=2

i=1

(Ni �N +i)
+

=
m

2
E[(N1 �N +1)

+] (10)

since the pairs(Ni; N +i) have the same distribution. For eachj 2
f1; � � � ; ng define the random variableYj as follows:Yj = 1 if the
training vectorXj contributes toN1, Yj = �1 if the training vector
Xj contributes toN +1, andYj = 0 otherwise. Then

PfYj = 1g =PfYj = �1g = 1

m

and

PfYj = 0g =1� 2

m
:

Define

Sn =

n

j=1

Yj :

ThenSn = N1 � N +1 and sinceSn is distributed symmetrically
about zero

E[(N1 �N +1)
+] = 1

2 EjSnj: (11)

To lower-bound the last expectation we will use the following useful
inequality: for any random variableZ with finite fourth moment

EjZj � (E[Z2])3=2

(E[Z4])1=2
(12)

(see [17, p. 194] or [18, Lemma A.4]). Since theYj are independent
and identically distributed, and have zero mean, we have

E[S2n] = nE[Y 2
1 ] =

2n

m
:

On the other hand, expanding

S4n =

n

j=1

Yj

4

yields

E S4n =nE Y 4
1 + 3n(n� 1) E Y 2

1
2

=
2n

m
+ 3n(n� 1)

2

m

2

� 4
2n

m

2

where the inequality holds ifn � m. Hence (12) gives

EjSnj � 1p
2

n

m
:

Combine this with (11), (10), and (9) to obtain

D(Q�)� E[Dn(Q
�
n)] � �2

24
p
2

m

n
: (13)

To maximize this lower bound, we need to make� as large as possible
under the constraint�X 2 P(1). A simple packing argument shows
(see [5, Step 14, proof of Theorem 1]) that the choice

� =

p
d

4m1=d

is possible while maintaining the separation condition

kzi � zjk � 3�; i 6= j

and also satisfying

max
1�i�m

(kzik; kzi + wk) �
p
d:
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Substituting� =
p
d

4m
andm = 2

3
k in (13) we can conclude that

D(Q�)� E[Dn(Q
�
n)] � d

28
p
3

k1�

n
(14)

which proves the statement of the theorem for allk � 3 divisible by3
andn � 2

3 k.
The proof for the case whenk is not a multiple of3 involves a slightly

modified construction. In this case, we letm be the unique even posi-
tive integer satisfyingk = 3m=2 + p, wherep is either1 or 2. In the
definition of the modified�X the pointszi, zi +w are assigned prob-
ability 1

2(m+1)
, and we augment the support of�X by one additional

point with probability 1
(m+1)

(whenp = 1), or a pair of points, each
having probability 1

2(m+1)
(whenp = 2). Since we now havem + 1

pairs, we set

� =

p
d

4(m+ 1)1=d
:

The details of the derivation are omitted since these are almost identical
to the case whenk is divisible by3. Instead of (13), in this case we
obtain the slightly weaker bound

D(Q�)� E[Dn(Q
�
n)] � �2

24
p
2

mp
m+ 1

1p
n

� �2

24
p
2

2

3

m

n

� d

283

k1�

n
(15)

where the second inequality holds becausem � 2 and the third holds
becausem � 2

3 (k � 2) andk � 4.

Proof of Theorem 2:The construction in the proof of Theorem 1
is used again. Assume first thatk is divisible by3. Then by (7) we have

D(Q�) =
�2

8

sinceE(Ni) =
n
m

. Hence (13) can be rewritten as

E[Dn(Q
�
n)] �D(Q�)� �2

24
p
2

m

n

=D(Q�) 1� 1

2
p
2

m

n

=D(Q�) 1� 1

2
p
3

k

n
:

If k � 3 is not divisible by3, then�X is modified as in the last part
of the proof of Theorem 1. In this case, the distortion ofQ� is

D(Q�) =
�2

8

m

m+ 1

wherem is the unique even positive integer such thatk = 3m=2 + p,
wherep is either1 or 2. Then (15) implies

E[Dn(Q
�
n)] �D(Q�)� �2

24
p
2

mp
m+ 1

1p
n

=D(Q�) 1� 1

2
p
2

m+ 1

n

�D(Q�) 1� 1

4

7

6

k

n

where the second inequality holds sincem � 2
3 (k�2) andk�4.

Proof of Theorem 3:As in the proof of Theorem 1, we assume
that B = 1 and obtain the result for generalB by scaling. Since
X; X1; � � � ; Xn is an i.i.d. sequence andQ� is a k-point quantizer
with minimum distortion, we can write

D(Q�)�E[Dn(Q
�
n)]

� EfE[kX �Q�n(X)k2jX1; � � � ; Xn]�Dn(Q
�
n)g

� E sup
Q2Q

[D(Q)�Dn(Q)] (16)

whereQk denotes the family of allk-point nearest neighbor quantizers
with codepoints inside the sphereS(

p
d) = fx: kxk � p

dg. The
second inequality holds sincePfkXik �

p
dg = 1 for all i and there-

fore the codepoints ofQ�n are insideS(
p
d) with probability one.

For anyQ 2 Qk let the random variableT (Q)
n be defined by

T (Q)
n =

1

2

n

i=1

E kXi �Q(Xi)k2 � kXi �Q(Xi)k2

=
n

2
(D(Q)�Dn(Q))

so that by (16)

D(Q�)� E[Dn(Q
�
n)] � 2

n
E sup

Q2Q
T (Q)
n : (17)

We will use a standard but effective technique of empirical process
theory to upper-bound the expectation on the right-hand side.

First we recall some definitions. Let(S; �) be a totally bounded
metric space. For anyF � S and � > 0 the �-covering number
N�(F; �) of F is defined as the minimum number of closed balls with
radius� whose union coversF .

A family fTs : s 2 Sg of zero-mean random variables indexed by
the metric space(S; �) is calledsubgaussianin the metric� if for any
� > 0 ands; s0 2 S we have

E[e�(T �T )] � e� �(s; s )=2:

The family fTs : s 2 Sg is calledsample continuousif for any se-
quences1; s2; � � � 2 S such thatsj ! s 2 S we haveTs ! Ts with
probability one.

The following result gives an upper bound on the expected
supremum of the random variablesfTs : s 2 Sg in terms of the
covering number of the index space. It provides a version of a classical
result in empirical process theory (see, e.g., [15]) with an explicit
constant.

Lemma 2 ([16, Proposition 3]):If fTs : s 2 Sg is subgaussian and
sample continuous in the metric�, then

E sup
s2S

Ts � 12
diam(S)=2

0

ln N�(S; �) d�

wherediam(S) = sups; s 2S �(s; s0) is the diameter ofS.

To apply the above result we need to show that whenQk is equipped
with a suitable metric, the family of random variablesfT (Q)

n :Q2Qkg
is subgaussian and sample continuous. For anyQ; Q0 2 Qk define

�n(Q; Q
0) =

p
n sup
kxk �d

kx�Q(x)k2 � kx�Q0(x)k2 :

Clearly,�n is a metric onQk. Also, for anyQ; Q0 2 Qk we have

jT (Q)
n � T (Q )

n j � p
n �n(Q; Q

0) (18)

with probability one, which implies thatfT (Q)
n :Q 2 Qkg is sample

continuous. To show thatfT (Q)
n :Q 2 Qkg is subgaussian in�n,

we recall Hoeffding’s inequality [19] which states that ifY1; � � � ; Yn
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are independent zero-mean random variables such thata � Yi � b,
i = 1; � � � ; n with probability one, then for all� > 0

E e
� Y � e� n(b�a) =8:

For i = 1; � � � ; n let

Yi =
1

2
D(Q)� kXi �Q(Xi)k2

� 1

2
D(Q0)� kXi �Q0(Xi)k2 :

Then

T (Q)
n � T (Q )

n =

n

i=1

Yi

where theYi are independent, have zero mean, and

jYij � 1p
n
�n(Q; Q

0)

for all i. Hence Hoeffding’s inequality implies

E e
� T �T � e� � (Q;Q ) =2

proving thatfT (Q)
n : Q 2 Qkg is subgaussian in�n. Therefore, Lemma

2 gives

E sup
Q2Q

T (Q)
n � 12

diam(Q )=2

0

ln N� (Qk; �) d�: (19)

To evaluate the integral we need the following bound on the covering
number ofQk.

Lemma 3 ([5, Corollary 1]): For any0 < � � 4d andk � 1, the
covering number ofQk in the metric

�(Q; Q0) = sup
kxk �d

jkx�Q(x)k2 � kx�Q0(x)k2j

is bounded as

N�(Qk; �) � 16d

�

kd

:

Since�n(Q; Q0) =
p
n�(Q; Q0), the preceding lemma implies that

N� (Qk; �) � 16d
p
n

�

kd

for all 0 < � � p
n 4d. Moreover, since

sup
kxk �d

kx�Q(x)k2 � 4d

for all Q 2 Qk, we havediam(Qk) � p
n 4d. Therefore, (17) and

(18) imply

D(Q�)� E[Dn(Q
�
n)] � 24

n

p
n 2d

0

ln
16d

p
n

�

kd

d�

=
24
p
kd

n

p
n 2d

0

ln
16d

p
n

�
d�:

(20)

We can upper-bound the last integral as

p
n 2d

0

ln
16d

p
n

�
d� =16d

p
n

1=8

0

ln
1

x
dx

� 2d
p
n 8

1=8

0

ln
1

x
dx

=2d
p
n
p
ln 8 + 1

� 4d
p
n

where we first used the change of variablex = �=(16d
p
n) and then

applied Jensen’s inequality to the concave functionf(t) =
p
t. Com-

bining this bound with (20) proves Theorem 3.
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Transform Coding with Backward Adaptive Updates

Vivek K Goyal, Member, IEEE, Jun Zhuang, and
Martin Vetterli, Fellow, IEEE

Abstract—The Karhunen–Loève transform (KLT) is optimal for trans-
form coding of a Gaussian source. This is established for all scale-invariant
quantizers, generalizing previous results. A backward adaptive technique
for combating the data dependence of the KLT is proposed and analyzed.
When the adapted transform converges to a KLT, the scheme is universal
among transform coders. A variety of convergence results are proven.

Index Terms—Dithered quantization, lossy data compression, transform
coding, universal source coding.

I. INTRODUCTION

The essence of transform coding is to apply a linear transform to
a source vector and then apply scalar quantization, as opposed to ap-
plying scalar quantization directly to the source vector. Heuristically,
transform coding works because the transform can eliminate correla-
tion between components of the source vector, producing a vector of
transform coefficients more amenable to scalar quantization and en-
tropy coding. Transform codes are popular because they provide an
attractive compromise between computational complexity and perfor-
mance. In the parlance of vector quantization, the point-density and ob-
longitis losses of scalar quantization are eliminated or reduced, leaving
predominantly only a space-filling loss [1].

With a Gaussian source model, the optimal transform is a Karhunen-
Loève (KLT), an orthonormal transform that produces uncorrelated
transform coefficients. The optimality of the KLT is well known for
high rates [2] or when optimal fixed-rate quantizers are employed [3],
but holds more generally (see Appendix I). However, the KLT is rarely
used in practice for a variety of reasons. One prominent reason is that
the KLT is signal-dependent; the transform used in the encoder and de-
coder must be adjusted to correspond to the covariance of the source
in order to maintain optimality. A second reason is that since the KLT
has no special structure, it requires more operations to compute than
a harmonic transform such as a discrete cosine transform. For vectors

Manuscript received April 20, 1998; revised December 1, 1999. This work
was initiated while the first and second authors were with the University of Cal-
ifornia, Berkeley. The material in this correspondence was presented in part at
the IEEE International Conference on Image Processing, Lausanne, Switzer-
land, September 16–19, 1996 and at the IEEE Data Compression Conference,
Snowbird, UT, March 25–27, 1997.

V. K Goyal is with the Mathematics of Communications Research Depart-
ment, Bell Labs, Lucent Technologies, Murray Hill, NJ 07974 USA (e-mail:
v.goyal@ieee.org).

J. Zhuang is with SBC Technology Resources, Inc., Pleasanton, CA 94588
USA (e-mail: jxzhua1@tri.sbc.com).

M. Vetterli is with the Laboratoire de Communications Audiovisuelles, École
Polytechnique Fédérale de Lausanne, CH-1015 Lausanne, Switzerland, and the
Department of Electrical Engineering and Computer Science, University of Cal-
ifornia, Berkeley, Berkeley, CA USA (e-mail: Martin.Vetterli@epfl.ch).

Communicated by R. Laroia, Associate Editor for Source Coding.
Publisher Item Identifier S 0018-9448(00)04641-1.

of length ofN , the complexity difference is roughlyN2 compared to
N logN , which is not overwhelming for small values ofN:

This correspondence addresses only the first issue—the matching of
transform to source. Abackward adaptivemethod for transform adap-
tation is proposed and analyzed. In backward adaptation the encoder
and decoder adapt in unison based on the coded data without the ex-
plicit transmission of coder parameters. Backward adaptation is also
calledadaptation without side informationor on-line adaptation.

The use of backward adaptation for transform adaptation in trans-
form coding seems to be unprecedented, though backward adaptive
techniques have a long history. For example, adaptation of prediction
filters in speech coders is often backward adaptive [4], [5] and ADPCM
includes not only backward adaptation of filter taps but also of quan-
tizer scaling [6]. Similar to the quantizer scaling in ADPCM is the back-
ward adaptive context modeling and quantizer scaling of the EQ image
coder [7]. It is also possible to adapt a quantizer more generally without
side information [8].

The incompletely realized aim of our work is to show that backward
adaptation can result in a transform code that isuniversalfor Gaussian
sources. “Universal” is used here to mean that the performance ap-
proaches that of an idealtransform codedesigned witha priori knowl-
edge of the source distribution. The results along these lines are asymp-
totic in the data length, but the transform or block size is fixed. Empir-
ical evidence and partial analyses are provided. Such a code would be
an “on-line” alternative to the “universal codebook” approach to uni-
versal transform coding by Effros and Chou [9].1 Forward adaptive
techniques that are not necessarily universal are discussed, e.g., in [11].

The results of [9] were inspiring to this study because they indi-
cated superior performance of weighted universal transform coding
over weighted universal vector quantization for image compression
with reasonable vector dimensions. It was also shown that there are
sizable gains to be realized by varying the transform, a result that runs
counter to the conventional wisdom in image compression.

In the remainder of the correspondence, the aforementioned ideas
are made more precise. The sources and coding structures under con-
sideration are described in Section II. Unable to satisfactorily analyze
the original coding structure, we give several analyses based on simpli-
fying assumptions. The main results are stated in Section III and proven
in Appendix II. Section IV describes ways in which the encoding algo-
rithms can be modified to reduce computational complexity or to track
a varying source. Concluding comments appear in Section V.

II. PROPOSEDBACKWARD ADAPTIVE CODING STRUCTURE

Let fxngn2 be a sequence of independent and identically dis-
tributed (i.i.d.), zero-mean Gaussian random vectors of dimensionN

with covariance matrixRx = E[xxT ].2 If Rx is not diagonal, i.e., the
components ofx are correlated, one obtains better rate-distortion per-
formance with transform coding than with direct scalar quantization
and scalar entropy coding of the source vectors.

In transform coding, a square, invertible linear transformT is ap-
plied to each source vector to get a vector oftransform coefficients
yn = Txn: The transform coefficients undergo scalar quantization

1See the taxonomy of universal coding methods by Zhang and Wei [10] for
explanations of the quoted terms.

2Throughout the correspondence,R will be used to denote the (exact) co-
variance matrixE[vv ] of a random vectorv: R denotes an estimate ofR ob-
tained from a finite-length observation. Aside from this convention, subscripts
indicate the time index of a variable, except where two subscripts are given to
indicate the row and column indices of a matrix. A superscriptT indicates a
transpose.

0018–9448/00$10.00 © 2000 IEEE
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Fig. 1. Block diagram of transform coding system with backward adaptive transform updates.T is a time-varying orthogonal transform,Q is a scalar quantizer,
andE is a universal scalar entropy coder.

and scalar entropy coding. Ideally, the transform should be selected
such that the transform coefficients are uncorrelated and hence, since
the source is Gaussian, independent. This was first shown by Huang
and Schultheiss [3] under assumptions of optimal fixed-rate quantiza-
tion and a mild, common sense condition on the bit allocation. (Earlier
work by Kramer and Mathews [12] did not involve quantization and
was not in an operational rate-distortion framework.) Using high-reso-
lution quantization theory, the same result can be obtained for optimal
variable-rate (entropy-coded) quantization or uniform quantization [2].
A new extension is given in Appendix I that relies only on the scalar
quantizers having performance invariant to scaling (Theorem 6).

To mathematically describe an optimal transformT , simply note that
by linearity of the expectation operator

Ry = E[(Tx)(Tx)T ] = TRxT
T :

Thus T may be an orthonormal similarity transform composed of
eigenvectors ofRx: This makesRy a matrix with the eigenvalues of
Rx on its main diagonal and zeros elsewhere. Such a transform is a
Karhunen-Loève transform (KLT) of the source.

Since the optimal transformT depends on an ensemble averageRx,
it is generally unknown at the encoder. (It may also be the case that
E[xnx

T
n ] varies slowly withn, though we will deal with this case only

in passing.) We consider here systems that periodically adjust the trans-
form at the encoder and decoder in a backward adaptive manner. A
block diagram for such a system is shown in Fig. 1. In this system, the
quantizerQ is a scalar quantizer with uniform quantizerq applied to
each component

q(xi) = ki�; for ki �
1

2
� � xi < ki +

1

2
�;

ki 2 ; i = 1; 2; � � � ; N: (1)

The entropy coder hasN separate universal lossless codes for theN
transform coefficient streams.

In this work we concentrate on the update mechanism for the trans-
form and the effect of the transform updates. This is partly a matter of
taste, but it is also motivated by the insensitivity of the optimal quan-
tizer to the source and transform. The use of uniform scalar quantiza-
tion with equal step sizes for each component is discussed in Section
II-A and transform update procedures are considered in Section II-B.

A. Focusing on the Transform

Consider the quantization and entropy coding of a single transform
coefficient branch in Fig. 1. Since the quantizer indices are entropy-
coded, the proper optimization criterion for the quantizer is to minimize

the distortion for a given entropy coder output rate. Assuming that the
transform and the universal lossless codes converge, this rate is well-ap-
proximated by the entropy rate of the quantizer output sequence. With
this approximation one is left with anentropy-constrained scalar quan-
tizer to design.

Even assuming that the variance of the transform coefficient is
known, the best quantizer will generally be known only through a
numerical optimization procedure. However, a uniform quantizer is
optimal asymptotically for high rates [13] and, more importantly, is
close to optimal at moderate rates [14]. This is an important distinction
between fixed-rate and variable-rate scalar quantization that partially
justifies our use of fixed uniform quantizers. (Alternatively, it was
shown in [8] that backward adaptation of fixed-rate quantizers can be
successful, but this is not pursued here.)

Now consider the joint optimization of the set of scalar quantizers.
Using high-resolution analysis, it is easy to show that the optimal allo-
cation of rates between the transform coefficients results in equal dis-
tortions and equal quantization step sizes for each transform coefficient
[2]. Though this result is well known, the minimum rate at which this
is a good approximation is not; thus we present some numerical cal-
culations. At high rates, the operational distortion-rate performance of
entropy-coded uniform quantization (ECUQ) of a Gaussian source with
variance�2 is given approximately by

D =
�e

6
�22�2R: (2)

This is easily obtained by combining theD � �2=12 distortion of
fine, uniform quantization with Rényi’s relation between the differen-
tial entropy of a continuous source and its uniformly quantized version
[15]

H(q(X)) � h(X)� log
2
�: (3)

The inaccuracy of (2) at low rates is apparent from the fact that the
maximum distortion should be�2; the distortion given by (2) exceeds
�2 for rates below� 0.255 bits. The actual distortion-rate behavior is
compared to (2) in Fig. 2(a).

The simplicity of bit allocation using (2) is due to the form of
@D=@R: Consider the allocation ofR1 andR2 bits between compo-
nents with variances�21 and�22 , respectively. Since

@Di

@Ri

= �
�e log 2

3
�2i 2

�2R ; i = 1; 2 (4)

operating at equal slopes demands�212
�2R = �222

�2R : This in turn
makes the component distortions equal and, again using high-resolu-
tion approximations, the quantization step sizes equal. This analysis
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(a) (b)

Fig. 2. Comparisons between the actual performance of entropy coded uniform scalar quantization and high-resolution approximations. (a) Actual distortion-rate
performance compared to (2). (b) Derivative of the actual distortion-rate performance compared to (4).

(a) (b)

Fig. 3. Comparisons between the performance of optimal bit allocation and equal quantization step sizes for variables with variances� = 1 and� = 1=4:
(a) distortion-rate performances; and (b) bit allocations.

demonstrates that using equal quantization step sizes is a good approx-
imation to optimal bit allocation when (4) is accurate. This is true for
rates above about 1 bit per sample (see Fig. 2(b)).

To conclude the discussion of bit allocation, let us look at the effect of
optimal bit allocation in one simple example. Variables with variances
�21 = 1 and�22 = 1=4 are quantized by ECUQ either with optimal bit
allocation or with equal quantization step sizes. Fig. 3(a) compares the
distortion-rate performances and Fig. 3(b) compares the bit allocation.
It is apparent that optimal bit allocation provides little improvement.
Note also that the optimal bit allocation is predicted well by the high-
resolution analysis when the lower rate is at least 1 bit per sample.

For the remainder of the paper, ECUQ with equal quantization step
sizes for all components is employed exclusively. With this restriction,
we may fix the quantization step size� and focus on the entropies
of the quantizer outputs; for small� the distortion is insensitive
to the choice of transform. In the limit as� approaches zero, this
insensitivity is clear because the distortion approaches�

2=12 per
component. It turns out that the deviation from this approximation is
less than 5% for rates above 1 bit per sample. This is demonstrated
in two dimensions by Fig. 4. Sources with covariance matrices

Fig. 4. Dependence of overall distortion on the choice of transform for
a two-dimensional source. The dependence is mild and vanishes as the
quantization step size� shrinks.
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Rx = J(�)T diag (1; 1=4)J(�), whereJ(�) is a Jacobi rotation of
� radians,3 were quantized with various quantization step sizes. The
distortion, normalized by�2=12, is shown on a logarithmic scale as a
function of�: In this example, the distortion differs little from, and is
bounded above, by�2=12:

B. Transform Update Mechanisms

Referring again to Fig. 1, for decoder tracking without side informa-
tion it is necessary that the transformTn+1 depend only onfTkgnk=1
andfŷkgnk=1: We assume that the covariance estimate

Rx̂
(n) =

1

n

n

k=1

x̂kx̂
T
k (5)

is computed and thatTn+1 is chosen such thatTn+1Rx̂
(n)T T

n+1 is di-
agonal with nonincreasing diagonal elements. This amounts to using
Rx̂

(n) as an estimate forRx: The calculation ofTn+1 will have sign
ambiguities4 and if the eigenvalues ofRx̂

(n) are not distinct, there will
be additional ambiguities; these can be resolved arbitrarily. The initial
transformT1 can also be arbitrary.

More complicated update mechanisms are possible, but using an
eigendecomposition of (5) has the attractive property of requiring only
constant storage: As the data vectors are coded, only theN(N +1)=2
independent components of (5) must be stored. Adjustments to (5) to
compensate for quantization effects are possible, but are not used so as
to not rely too heavily on the Gaussian model for the source data.

At first glance it may seem that we expectRx̂
(n) to converge to

Rx, which would result in the transform converging to the desired
KLT. In fact, we do not needRx̂

(n) ! Rx to have the desired trans-
form convergence. Suppose for the moment that the effect of quantiza-
tion is to add a zero-mean signalz independent ofx with E[zzT ] =
(�2=12)IN : ThenRx̂ = Rx+(�2=12)IN and sinceRx̂ andRx have
the same eigenvectors, the transform converges to the correct trans-
form. Of course, this is an overly simplistic model of quantization. As
detailed below, the difference betweenE[xxT ] andE[Q(x)Q(x)T ] is
generally not a scaled identity. Nevertheless, we assert that the system
works: The transform converges to the optimal transform, resulting in
a universal system. We cannot prove this convergence precisely, but re-
sults suggesting the observed convergence are given in the following
section.

III. M AIN RESULTS

The main results of the correspondence are summarized in this sec-
tion. Proofs are given in Appendix II.

A. Transform Convergence Implies Universality

Theorem 1: Fix a quantization step size� and supposefTng con-
verges elementwise toT , a KLT of the source. LetLn denote the
per-component code length for coding the firstn vectors using the
adaptive scheme and letL?n denote the per-component code length for
coding the firstn vectors with the fixed, optimal transformT: Then the
average excess raten�1(Ln � L?n) converges in mean square to zero.

As discussed in Section II-A, given a quantization step size, the dis-
tortion of a transform coder depends only slightly on the transform.
Thus Theorem 1 indicates that the backward adaptive scheme will have
performance asymptotically almost equal to an optimal transform coder
whenever the transform converges to a KLT. Transform convergence
can be established when using an independence assumption similar to

3Jacobi rotations are defined in equation (12) of Appendix I
4If T R T is diagonal, then negating any row ofT will not

change the productT R T :

that used in heuristic analyses of the LMS algorithm. In such an anal-
ysis the sequence of transforms is assumed to be independent, though
this assumption is clearly false [16, Appendix 3.B].

The following two sections give different types of convergence re-
sults that are suggestive of the convergence seen in simulations. In Sec-
tion III-B the stochastic variation of (5) is ignored. The transform up-
dates are then described by a deterministic iteration. As an alternative,
the quantizer can be replaced by a subtractive dithered quantizer in
order to insure nice behavior of the transform sequence. This is con-
sidered in Section III-C.

B. Deterministic Analysis

In the original system, the distribution ofx̂n depends onTn, which
in turn depends onT1 andfxkgn�1k=1 : Because of this complicated in-
terdependence between quantization and stochastic effects, it is very
difficult to analyze the convergence of the transform.

One way to reduce the complexity of the analysis is to neglect the
stochastic aspect, meaning to assume there is no variance in moment
estimates despite the fact that moments are estimated from finite-length
observations. The effect is to replace (5) with

R
(n)
x̂ = E x̂nx̂n

T (6)

and update the transform such thatTn+1R
(n)
x̂ T T

n+1 is diagonal with
nonincreasing diagonal elements. We are left with a deterministic iter-
ation summarized by

R
(n)
x̂ =T T

n R
(n)
ŷ Tn=T T

n
~Q(R(n)

y )Tn=T T
n
~Q(TnRxT

T
n )Tn

Tn+1R
(n)
x̂ T T

n+1=�n(diagonal with nonincreasing diagonal elements)

where ~Q : IRN�N ! IRN�N gives the effect of quantization on the
covariance matrix.~Q depends on the source distribution and� and
can be described by evaluating expressions from [17].

SinceRx andR(n)
x̂ generally have different eigenvectors, it is not

obvious that this iteration will converge. The following theorem gives
a limited convergence result.

Theorem 2: LetRx andT1 be given. Then there exists a sequence
of quantization step sizesf�ng � IR+ such that the deterministic iter-
ation described above converges to a KLT of the source. Since the KLT
is ambiguous if the eigenvalues ofRx are not distinct, convergence is
indicated byR(n)

ŷ approaching a diagonal matrix in Frobenius norm.

Theorem 2 does not preclude the possibility that the iteration will
converge only withinf �n = 0: However, numerical calculations sug-
gest that the iteration actually converges for constant sequences of suf-
ficiently small step sizes. Fig. 5 shows numerical results for a four-di-
mensional Gaussian source with(Rx)ij = 0:9ji�jj, T1 = I , and
various values of�: To show the degree to whichTn diagonalizes
Rx, kjR(n)

y kj is plotted as a function of the iteration numbern, where
kjAkj = �i 6=j a

2
ij : An approximate correspondence between quanti-

zation step size and rate is also given.
Starting from an arbitrary initial transform,kjR(n)

y kj becomes small
after a single iteration (note the logarithmic vertical axis). Then, to the
limits of machine precision, it converges exponentially to zero with a
rate of convergence that depends on�: (For � > 3; loss of signifi-
cance problems in the computation combined with very slow conver-
gence make it difficult to ascertain convergence numerically.)

The results shown in Fig. 5 are representative of the performance
with an arbitraryRx: The convergence, as measured bykjR

(n)
y kj, is un-

affected by the multiplicities of the eigenvalues ofRx: The eigenspace
associated with a multiple eigenvalue can be rotated arbitrarily without
affectingkjR(n)

y kj or the decorrelation and energy compaction proper-
ties of the transform.
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Fig. 5. Simulations for various fixed quantization step sizes suggest that the deterministic iteration converges more generally than predicted by Theorem 2. The
source vector length isN = 4 and the initial transform is the identity transform. The accompanying table provides the approximate correspondence between
quantization step sizes and rates.

Theorem 3: LetN=2 and letRx be given. There exists�max>0
such that for any� <�max the deterministic iteration converges, in
the same sense as before, for any initial transformT1:

C. Using Dithered Quantization

For the sake of analysis, let us alter the system to use subtractive
dithered quantization [19]. Replace the quantizerq(�) defined in (1) by

qdither ((yn)i) = q((yn)i + zni)� zni (7)

where thezni’s are independent and each is uniformly distributed on
[��=2;�=2]: We assume that the dither signalfznign2 ;1�i�N is
somehow available at the decoder so that each component of the quan-
tizer input can be reconstructed up to an error of magnitude�=2: The
dither signal is not used in the entropy coder.

The effect of the dither is to make the quantization error indepen-
dent of the data and transform sequences. The following result is then
straightforward.

Theorem 4: With the dithered quantizer (7) and any initial trans-
form T1

Rx̂
(n) converges in mean square toRx +

�2

12
I asn!1:

Also, the sequence of transformsfTng converges in mean square to a
KLT for the source.

Although we are assuming Gaussian signals throughout, the proof
of the theorem does not depend on the distribution of the source. The
transform converges to a transform that maximizes coding gain for any
i.i.d. source; however, for non-Gaussian sources maximizing coding
gain may not be ideal.

When the source is Gaussian, the KLT is the optimal transform and
the entropies of the quantized variables can be easily estimated. This
leads to the following theorem.

Theorem 5: Denote the eigenvalues ofRx by �1; �2; � � � ; �N :
Define Ln andL?

n as in Theorem 1. Then the average excess rate
n�1(Ln � L?

n) converges in mean square to a constant�: Estimating
discrete entropies with (3)

� <
1

2N

N

i=1

log2 1 +
�2

12�i
: (8)

Fig. 6. Bound (8) on the excess rate� as a function of the coding rate for a
Gaussian source with(R ) = 0:8 :

The constant� can be interpreted as the asymptotic redundancy of
the system. It is the excess rate, in bits per source component, of the
adaptive system, as compared to a fixed, optimal transform code de-
signed with knowledge ofRx: The bound (8) comes simply from the
variance added by the dither signal.5 As� approaches zero, the power
of the dither signal vanishes and accordingly� approaches0. Thus the
dithered system is universal for high-rate coding.

At moderate rates,� is quite small. For example, consider the coding
of an eight-dimensional Gaussian source with(Rx)ij = 0:8ji�jj: By
computing the bound (8) and the correspondence between� and the
rate of a KLT coder for this particular source we get the curve shown
in Fig. 6. This roughly indicates that� must decay exponentially with
the overall coding rate. In fact, using the high-rate approximation

�2

12
�

�e

6

N

i=1

�i

1=N

2�2R

5When the dither signal is known at the entropy coder, performance better
than the worst case given by (8) can be expected [20].



1628 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 46, NO. 4, JULY 2000

whereR is the rate of the optimal transform coder, (8) can be written
as

� <
1

2N

N

i=1

log2 1 +
�2

12�i
<

1

2N ln 2

N

i=1

�2

12�i

�
�e

12 ln 2

N

i=1

�i

1=N

1

N

N

i=1

1

�i
2�2R:

At rates of 2 or 3 bits per component, the excess rate is less than 6% or
1%, respectively.

D. Remark

The deterministic analyses and the analysis of the system with dither
can be combined to form a heuristic argument for convergence. Soon
after the system is initialized, the variance of (5) is high and thus the
variation of the transform is also high; this has the effect of a dither.
Later the changes to the transform are much smaller, but the transform
cannot settle at an incorrect value because incorrect transforms are not
fixed points of the deterministic iteration.

IV. V ARIATIONS ON THE BASIC ALGORITHMS

Certain modifications to the basic algorithms can be made to re-
duce the computational complexity or to facilitate the coding of non-
i.i.d. sources. All of the modifications mentioned in this section apply
equally well to the dithered and undithered systems.

The most complicated step in these algorithms is the computation
of the updated transform; thus the complexity can be reduced by sup-
pressing this computation. Instead of computing an eigendecomposi-
tion of Rx̂

(n) at each step, one can compute the eigendecomposition
everyL steps, holding the transform constant in between.L need not
be constant, but if it is to vary it must be computable from coded data.
Having constantL > 1 does not affect the conclusions in Theorem 4.

The coding of a non-i.i.d. source poses many problems. First of all,
we must assume thatR(n)

x̂ varies slowly, or that the source is “locally
stationary.” If this is not the case, an on-line algorithm will fail because
the coding ofxn is based on an estimate ofR(n)

x̂ from (recent) past
samples.6 Secondly, the covariance matrix estimateRx̂

(n) should be
local, e.g.,

Rx̂
(n) =

1

K

n

k=n�K+1

x̂kx̂
T
k (9)

or

Rx̂
(n) = !Rx̂

(n�1) + (1� !)x̂nx̂n
T (10)

with appropriate initialization. If the update intervalL dividesK in (9),
it is not necessary to store a full window ofK past samples [22].

A technique which simultaneously reduces the computational com-
plexity and introduces a covariance estimate equivalent to (10) is to re-
place the eigendecomposition computation with anincrementalchange
in the transform based on̂xn: This is explored in [16, Ch. 4], [23].

V. CONCLUSIONS

This correspondence has proposed a backward adaptive structure for
transform adaptation in transform coding. Since there is no side infor-
mation, the system is universal for Gaussian sources when the trans-
form converges to a Karhunen-Loève transform. Simulations indicate

6Without local stationarity, a forward adaptive method would presumably be
superior; see [9], [21].

convergence, and convergence can be shown under certain simplifying
assumptions such as when the estimation noise is ignored or when the
quantization is dithered. The problem of optimally combining forward
and backward adaptive methods remains open.

Gaussian sources were assumed throughout. This assumption was
used in two ways: to justify maximizing coding gain and to concretely
describe the effect of quantization on moment estimation. The avail-
ability of universal lossless coders is assumed, but, in contrast to [24],
they are applied only to sequences of scalars. This potentially decreases
the memory requirement and speeds convergence.

APPENDIX I
OPTIMALITY OF THE KARHUNEN–LOÈVE TRANSFORM

This appendix provides a new result, with two proofs, on the
optimality of the Karhunen–Loève transform (KLT) for transform
coding of Gaussian sources. It is more general than earlier results
relying on optimal fixed-rate quantization [3] or high-resolution
quantization theory [2], [3] because it relies only on a scale-invariance
property of quantizer distortion-rate performance; in particular, it
encompasses the earlier results and applies to entropy-coded uniform
scalar quantization with equal step sizes for each component, as
utilized in this correspondence.

Theorem 6 (Optimality of Karhunen–Loève Transform) :Consider
the transform coding of a Gaussian source subject to minimum square
error (MSE) distortion. Assume that the distortion-rate performance of
a scalar quantizer applied to a component with variance�2 is D =
�2f(R): Then a KLT is an optimal transform, i.e., for any given max-
imum per-component rate, it minimizes the distortion.

First note that iff(�) is not nonincreasing, there will be rates that
are useless: ifR1 > R2 butf(R1) > f(R2); rateR1 can be replaced
in any purportedly optimal solution by rateR2 without increasing the
distortion and without violating the rate constraint. Thus we henceforth
assume thatf(�) is nonincreasing.

Two proofs are given: The first is simple to describe from first prin-
ciples but relies on an iterative construction. The second, more elegant
proof relying on the theory of majorization (see [25]) is due to Telatar
[26].

Proof 1: Let (R1; R2; � � � ; RN) be any bit allocation vector, i.e.,
suppose thatRi bits are allocated to transform coefficientyi: Given
any orthogonal transformT , we will show that there exists a KLT~T
that yields distortion at most as high as yielded byT:

Before proceeding with more complicated constructions, note that
the variances of the transform coefficients should have the same or-
dering as the rates. If�2y > �2y butRi < Rj , then the distortion is
reduced or unchanged by swapping theith andjth rows ofT: The re-
sulting change in distortion is

(�2y f(Rj) + �
2
y f(Ri))� (�2y f(Ri) + �

2
y f(Rj))

= (�2y � �
2
y )

>0

(f(Rj)� f(Ri))

�0

� 0:

In the remainder of the proof we assume thatT has the property

for any i andj; �
2
y > �

2
y impliesRi � Rj : (11)

There is nothing to prove ifT is a KLT, so we may assume that the
(i; j) component ofRy = TRxT

T is nonzero for some(i; j) pair.
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Construct a new transformT1 = J(i; j; �)TT; whereJ(i; j; �) is a
Jacobi rotation defined by

J(i; j; �) =

1 � � � 0 � � � 0 � � � 0
...

. . .
...

...
...

0 � � � cos � � � � sin � � � � 0
...

...
. . .

...
...

0 � � � � sin � � � � cos � � � � 0
...

...
...

. . .
...

0 � � � 0 � � � 0 � � � 1

i j

i

j

;

� 2 [��=4; �=4) (12)

and� is chosen such that the(i; j) element ofT1RxT
T
1 is zero.

This choice of transform has a few important properties. The first
is thatT1RxT

T
1 is closer to a diagonal matrix thanTRxT

T ; where
closeness is measured by the Euclidean norm of the off-diagonal
elements. Thus repeatedly cycling through all(i; j) pairs, defining
Tk+1 = JTTk, eventually yields a diagonal matrix~TRx

~T T ; where
~T = limk!1 Tk:7

The second property is that among the diagonal elements, only the
ith andjth are altered. These are altered such that the larger of the two
is increased by a positive increment� and the smaller is decreased by
the same amount. This is easily verified by expanding

cos � sin �

� sin � cos �

T
a1 a3
a3 a2

cos � sin �

� sin � cos �
=

b1 0

0 b2

and solving for� 2 [��=4; �=4): If a1 � a2; one finds

b1 = a1 + �

b2 = a2 � �

where � =
�(a1 � a2) + (a1 � a2)2 + 4a23

2
� 0

with equality if and only ifa3 = 0:
Suppose�2y � �2y : Then using the second property, the change in

distortion by usingJ(i; j; �)TT in place ofT is

((�2y + �)f(Ri) + (�2y � �)f(Rj))� (�2y f(Ri) + �2y f(Rj))

= �

>0

(f(Ri)� f(Rj))

�0

� 0:

Thus as we iterate to find~T , the distortion is decreased or unchanged at
each step. The~T thusly constructed is both a KLT and at least as good
asT in distortion-rate performance.

Proof 2: The second proof is based on elementary properties of
majorization, which are detailed in [25]. A vector(�1; �2; � � � ; �N) is
said to bemajorizedby another vector(�1; �2; � � � ; �N ) if

k

i=1

�[i] �

k

i=1

�[i]; k = 1; 2; � � � ; N � 1

and

N

i=1

�[i] =

N

i=1

�[i]

where the[�] notation indicates a decreasing ordering�[1] � �[2] �
� � � � �[N ]:

7This is the well-known classical Jacobi algorithm for computing eigende-
compositions of symmetric matrices; for details, including convergence results,
see [27, Sec. 8.5].

Again let (R1; R2; � � � ; RN) be any bit allocation vector. The
problem is to minimize the function

D =

N

i=1

�2y f(Ri)

by manipulating the�2y ’s through the choice ofT: Let

� = (�2y ; �2y ; � � � ; �2y ) = diag (TRxT
T ):

For a Hermetian matrix, the diagonal elements are majorized by the
eigenvalues, so� is majorized by a vector� of eigenvalues ofRx:Now
the majorization of� by� is equivalent to� being in the convex hull of
theN ! permutations of�: We are thus left with minimizingD over the
convex polytope defined by the permutations of�.8 In minimizing a
linear function over a convex polytope, the optimum is always attained
at a corner point. This establishes that the optimal transform is a KLT.
Furthermore, the arguments given in Proof 1 indicate that the optimal
KLT (the optimal permutation) is one that satisfies (11).

APPENDIX II
PROOFS

A. Proof of Theorem 1

Let N`n denote the number of bits used to codexn: Because of
the convergence of the sequence of transforms and the universality of
the entropy coder,E[`n] converges to some limit, saỳ: For the static
coder, the number of bits used by the optimal coderN`?n will satisfy
E[`?n] = `?: SincefTng converges toT and the entropy rate of the
quantizer output depends only on the transform,` = `?: Now since
fE[`k � `?k]g converges to zero, the mean of the sequence

n�1
n

k=1

(`k � `?k) = n�1(Ln � L?n)

converges to zero in mean square.

B. Proof of Theorem 2

The proofs of Theorems 2 and 3 rely on properties of~Q, the function
that describes the effects of quantization on the covariance matrix.

Let �1 and�2 be jointly Gaussian with

E[�1] = E[�2] = 0

E[�21 ] = �21 E[�22] = �22

and

E[�1�2] = �12:

Define

�̂22 = E[q(�1)
2] �̂22 = E[q(�2)

2]

and

�̂12 = E[q(�1)q(�2)]

whereq(�) was defined by (1). Then using expressions from [17], one
can show

�̂2i = �2i +
�2

12
+

1

m=1

(�1)me�2m � � =� �2

m2�2
+ 4�2i ;

i = 1; 2 (13)

and

�̂12 = (1 + �)�12 + � (14)

8We have not carefully argued that all points in the polytope are feasible, but
the achievability of the optimizing value will be clear.
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where

�=2

1

m =1

(�1)m e�2m � � =� +

1

m =1

(�1)m e�2m � � =�

and

� =

1

m ;m =1

(�1)m +m �2

m1m2�2

� exp
�2�2(m2

1�
2
1 +m2

2�
2
2)

�2
sinh

4�2�12m1m2

�2
: (15)

For any covariance matrixR, the diagonal elements of~Q(R) are
described by (13) and the off-diagonal elements are described by (14).
For the purpose of this theorem, we need only the following simple
property of ~Q:

~Q(R) = R+
�2

12
I + C; whereC ! 0 elementwise as�! 0:

(16)

To measure the degree to whichTn diagonalizesRx, define a dis-
tance measurekj � kj between a matrixA and the set of diagonal ma-
trices bykjAkj = �i6=j a

2
ij : The strategy of the proof is to show that

for sufficiently small�; the inequalitykjR(n+1)
y kj � 1

2
kjR

(n)
y kj holds

for all n � 1:
CombiningR(n)

x̂ = T T
n R

(n)
ŷ Tn with R

(n)
x̂ = T T

n+1�nTn+1 gives

T T
n+1�nTn+1 = T T

n R
(n)
ŷ Tn: DefineHn = TnT

T
n+1 so that

R
(n)
ŷ = Hn�nH

T
n : (17)

Also notice that

R(n+1)
y =Tn+1RxT

T
n+1=Tn+1T

T
n TnRxT

T
n TnT

T
n+1=HT

nR
(n)
y Hn:

As a final preparation, defineZn = R
(n)
y � R

(n)
ŷ :

We can now make the calculation

kjR(n+1)
y kj = kjHT

nR
(n)
y Hnkj = kjHT

n (Zn +R
(n)
ŷ )Hnkj

= kjHT
nZnHnkj

where the last equality follows fromHT
nR

(n)
ŷ Hn being diagonal (see

(17)). From (16), it is clear that if� is small enough,

kjZnkj �
1

4
kjR(n)

y kj:

It remains now to relatekjZnkj andkjHT
nZnHnkj:

SubstituteR(n)
ŷ = R

(n)
y + �2I=12 + C1; wherekC1k ! 0 as

� ! 0; in (17) to get

R(n)
y +

�2

12
I + C1 = Hn�nH

T
n : (18)

Decrementing the index and rearranging gives

HT
n�1R

(n�1)
y Hn�1 +

�2

12
I +HT

n�1C1Hn�1 = �n�1: (19)

SinceHT
n�1R

(n�1)
y Hn�1 = R

(n)
y ; comparing (18) and (19) gives

Hn�nH
T
n = �n�1 + C1 �HT

n�1C1Hn�1: (20)

Fig. 7. Simulations of the deterministic iteration forN = 2 suggest
convergence for any quantization step size�: The eigenvalues ofR are1 and
1=4. The step sizes shown are� = 1; 2; � � � ; 5: ' is the iterate that follows
after �: Global convergence is indicated by the curves lying inside the cone
j'j � j�j, which is marked by dotted lines.

Now letC2 = Hn�I:Substituting in (20) and expanding, we conclude
thatkC2k ! 0 as�! 0: Thus by expandingHT

n ZnHn we see that

kjHT
nZnHnkj � kjZnkj ! 0

faster thankjZnkj ! 0 as�! 0, so by choosing� small enough we
have the boundkjHT

nZnHnkj � 2kjZnkj:
Combining all these calculations gives

kjR(n+1)
y kj = kjHT

n ZnHnkj � 2kjZnkj � 2 �
1

4
kjR(n)

y kj

=
1

2
kjR(n)

y kj:

C. Proof of Theorem 3

Without loss of generality (rotating the coordinate system and initial
transform, if necessary), assumeRx = diag (�11 ; �

2
2); �1 � �2: The

transform iterates are all inSO2(IR) and can be parameterized as

T� =
cos � � sin �

sin � cos �

where� 2 [��=4; �=4]: We assume�1 > �2; if �1 = �2 the situation
is uninteresting becauseRy is diagonal for anyT�:

Denote the transform iterate that follows after� by': The proof will
be completed by showing that there is a constant�max, independent
of �, such that� � �max implies sin2 2' � sin2 2� with equality
only when� = 0: This will show global convergence to the fixed point
zero, which is an optimal transform. As a preview of this result—and to
motivate the rest of the proof—we compute and plot the “next iterate”
map� 7! ': Fig. 7 shows the map� 7! ' when�1 = 1 and�2 = 1=2
for � = 1; 2; � � � ; 5: The iteration globally converges as long as the
graph of'(�) lies inside the conej'j � j�j: From the plot, it seems
this may be true for any�; we endeavor to show this for� less than
some�max:

The first step is to relate' to �: By looking at the general form of
T�Rx̂T

T
� ; one can show that

' =
1

2
arctan

�2(Rx̂)1;2
(Rx̂)1;1 � (Rx̂)2;2

: (21)
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Rx̂ is related to� throughRy andRŷ

Ry =T�RxT
T
�

=
�21 cos

2 � + �22 sin
2 �

1

2
(�21 � �22) sin 2�

1
2
(�21 � �22) sin 2� �21 sin

2 � + �22 cos
2 �

=
�21 �12
�12 �22

(22)

Rŷ = ~Q(Ry) = Ry +
�2

12
I +

� �

� 


where�, �, and
 depend on�, �1, and�2 as given by (13), (14), and
(22). Now, after computingRx̂ = T T

� RŷT�; one finds

(Rx̂)1;1 � (Rx̂)2;2 = �21 � �22 + (�� 
) cos 2� + 2� sin 2�

and

(Rx̂)1;2 =
1

2
(
 � �) sin 2� + � cos 2�: (23)

Sincesin2(arctan�)=�2=(1+�2), we get (24) at the bottom of this
page, where the inequality follows from minimizing the denominator
over�:The following three lemmas allow us to complete the bounding
of sin2 2':

Lemma 1: j� � 
j < c1(�; �1; �2) uniformly in �, with
c1(�; �1; �2)! 0 as�! 0:

Proof: The series in (13) is an alternating series with terms that
monotonically decrease in absolute value. Thus it can be bounded (with
appropriate sign) by any partial sum [28]. Using simply the first term

�e�2� (R ) =� �2

�2
+ 4(Rŷ)1;1 < � < 0

and similarly for
: Finally,

j��
j�maxfj�j; j
jg<e�2� � =� �2

�2
+4�21 =c1(�; �1; �2)

since� and
 have the same sign and�1 < �2:

Lemma 2: j�j � c2(�; �1; �2)j sin 2�j uniformly in �; with
c2(�; �1; �2) ! 0 as� ! 0:

Proof: Rearranging (14) gives� = �(Rŷ)1;2 + �, where the
definitions of� and� must use(Rŷ)1;1, (Rŷ)2;2, and(Rŷ)1;2 in place
of �21 , �22 , and�12: As in the proof of Lemma 1,� can be bounded by
using the first term in each series

j�j < 2(e�2� (R ) =� + e�2� (R ) =� ) < 4e�2� � =� :

(25)

Assume for the moment that the absolute value of the summand of
(15) decreases monotonically with bothm1 andm2: Then computing

the double summation (15) in either order gives alternating series, so
the same bounding technique can be used. We get

j�j �
�2

�2
exp

�2�2((Rŷ)1;1 + (Rŷ)2;2)

�2

� sinh
4�2(Rŷ)1;2

�2

=
�2

�2
exp

�2�2(�21 + �22)

�2

� sinh
2�2(�21 � �22)

�2

�
�2

�2
exp

�2�2(�21 + �22)

�2

� sinh
2�2(�21 � �22)

�2
sin 2�

�
�2

2�2
e�2� � =� sin 2�: (26)

Combining (25) and (26) gives

j�j = j�(Rŷ)1;2 + �j =
1

2
�(�21 � �22) sin 2�

�
1

2
(�21 � �22)j�k sin 2�j+ j�j

< 2(�21 � �22) +
�2

2�2
e�2� � =�

c (�;� ;� )

j sin 2�j:

In general, the terms of (15) are not monotonically decreasing. How-
ever, the terms are monotonically decreasing (in absolute value) outside
of (m1;m2) 2 f1; 2; � � � ;Mg2 for someM < 1: Since each indi-
vidual term for(m1;m2) 2 f1; 2; � � � ;Mg2 can be bounded as above,
the bound can be extended to the general case.

Lemma 3: j�j < c2(�; �1; �2) uniformly in �, with
c2(�; �1; �2)! 0 as�! 0:

Proof: This follows immediately from Lemma 2.

By combining Lemmas 1 and 3, there exists�1 > 0 such that
�<�1 implies (� � 
)2 + 4�2 � (�21 � �22)

2=4; uniformly in �:
Thus assuming� < �1 we have

sin2 2' �
[(�� 
)2 sin 2� � 2� cos 2�]2

1

4
(�21 � �22)

2

:

Applying Lemmas 1 and 2

sin2 2' � (c1 + 2c2)
2 sin2 2�

sin2 2' =

�2(Rx̂)1;2
(Rx̂)1;1 � (Rx̂)2;2

2

1 +
�2(Rx̂)1;2

(Rx̂)1;1 � (Rx̂)2;2

2 =
(�2(Rx̂)1;2)

2

((Rx̂)1;1 � (Rx̂)2;2)2 + (�2(Rx̂)1;2)2

=
[(�� 
)2 sin 2� � 2� cos 2�]2

(�21 � �22)
2 + 2(�21 � �22)[(�� 
)2 cos 2� � 2� sin 2�] + (�� 
)2 + 4�2

�
[(� � 
)2 sin 2� � 2� cos 2�]2

[�21 � �22 � (�� 
)2 + 4�2]2
(24)



1632 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 46, NO. 4, JULY 2000

and there exists�2 > 0 such that� < �2 implies(c1 + 2c2)
2 < 1:

The proof is complete with�max = minf�1;�2g:
The bounds in this theorem are rather complicated but we can check

that the requirements on� are reasonable. Suppose�1 = 1 and�2 =
1=2: Then�1 > 1:366 and�2 > 1:565; so the theorem guarantees
convergence for any� < 1:366: (For this range of�, (15) can be
bounded by them1 = m2 = 1 term for any�.) As we found for
Theorem 2, numerical calculations suggest convergence for any� (see
Fig. 7).

D. Proof of Theorem 4

The mean-square convergence ofRx̂
(n) follows from the Chebyshev

law of large numbers [29] once we establish that each term of (5) has
common expected valueRx +�2I=12, has finite variance, and is el-
ementwise uncorrelated with every other term. The second conclusion
follows easily.

First note that

x̂k = T T
k ŷk = T T

k (yk + (ŷk � yk)) = xk + T T
k (ŷk � yk):

Because of the use of subtractive dither,ŷk�yk is uniformly distributed
on the hypercube[��=2;�=2]N and independent ofxk andTk [18],
[19]. (The overall error̂xk � xk is uniformly distributed on a rotated
hypercube, independent ofxk but not independent ofTk: Its compo-
nents are uncorrelated but not independent.) Now any term of (5) can
be expanded as

x̂kx̂
T
k = xkx

T
k + xk(ŷ

T
k � yTk )Tk + T T

k (ŷk � yk)x
T
k

+TT
k (ŷk � yk)(ŷ

T
k � yTk )Tk: (27)

Sinceŷk�yk depends onTk butxk andTk are independent, computing
the expectation of̂xkx̂Tk is simplified by first conditioning onTk

E[x̂kx̂
T
k jTk] =E[xkx

T
k jTk] + E[xk(ŷ

T
k � yTk )TkjTk]

+ E[T T
k (ŷk � yk)x

T
k jTk]

+ E[T T
k (ŷk � yk)(ŷ

T
k � yTk )TkjTk]

=Rx + 0 + 0 + T T
k

�2

12
ITk

=Rx +
�2

12
I

where we have used the independence ofxk andŷk � yk and the fact
that each has mean zero.

The(i; j) element ofRx̂
(n) is the average ofn random observations

of (x̂kx̂Tk )ij ; which we denoteA(k)
ij : The calculation above shows that

eachA(k)
ij has mean(Rx)ij +�2�ij=12: It can furthermore be shown

that eachA(k)
ij has variance bounded by a constant and thatA

(k)
ij is

uncorrelated withA(`)
ij for k 6= ` [16, Appendix 3.C]. Thus by the

Chebyshev law of large numbers we have thatRx̂
(n) ! Rx+�2I=12

elementwise in mean-square. The second conclusion follows from the
fact thatRx andRx +�2I=12 have the same eigenvectors.

Note that the dither is essential to the proof because it makes the
quality of the estimateRx̂

(n) independent of the sequence of trans-
forms.

E. Proof of Theorem 5

The convergence ofn�1(Ln � L?
n) to a constant follows by mim-

icking the proof of Theorem 1. In this case, the constant� is not zero
because the entropy rate of the quantizer output depends not only on
the transform but on the dither. It remains to estimate�:

Using (3) and the differential entropy of a Gaussian random variable

h(N (0; �2)) =
1

2
log2 2�e�

2 bits

the entropy of a Gaussian random variable with variance�2, uniformly
quantized with bin width�, is approximately2�1 log2�

�22�e bits.
Thus the rate of the static optimal system is approximately

Ropt =
1

N

N

i=1

1

2
log2

2�e�i
�2

bits/component: (28)

The adaptive scheme converges to an optimal transform. However,
because of the dithering, the signal at the input to the quantizer is not
Gaussian and does not have component variances equal to the�i’s.
Sincefzng is independent offyng, the variances simply add, giving
�i + �2=12, i = 1; 2; � � � ; N: Since a Gaussian probability density
function has the largest differential entropy for a given variance, the
asymptotic rate of the universal coder can be bounded as

Runiv <
1

N

N

i=1

1

2
log2

2�e(�i +�2=12)

�2
: (29)

Subtracting (28) from (29) and pairing terms gives (8).
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Universal Coding of Nonstationary Sources
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Abstract—In this correspondence we investigate the performance of
the Lempel–Ziv incremental parsing scheme on nonstationary sources.
We show that it achieves the best rate achievable by a finite-state block
coder for the nonstationary source. We also show a similar result for a
lossy coding scheme given by Yang and Kieffer which uses a Lempel–Ziv
scheme to perform lossy coding.

Index Terms—Data compression, entropy, Lempel–Ziv algorithm, non-
stationary sources, universal source coding.

I. INTRODUCTION

We investigate the use of universal coding methods for coding non-
stationary sources. It is widely known that Lempel–Ziv coding methods
are asymptotically optimal for the coding of stationary ergodic sources.
We will show that for lossless coding of finite possibly nonstationary
sources Lempel–Ziv coding methods perform as well as any finite-state
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block coding scheme. We will also consider as an example of a nonsta-
tionary source the Arbitrarily Varying Source and investigate the per-
formance of universal noiseless coding schemes for this source. For
lossy coding of finite sources we show that the Yang–Kieffer coding
scheme asymptotically performs better than any block code even when
applied to nonstationary sources.

Lempel–Ziv coding techniques are known to be asymptotically op-
timal for individual sequences in the sense that they perform as well
as any finite-state coding scheme [11]. There are alsouniformbounds
on the performance of the incremental-parsing techniques in terms of
the coding performance achievable by a finite-state coder [5]. Kieffer
[3], [4] gave the optimal rate for coding nonstationary sources using fi-
nite-state coders. Given the performance of Lempel–Ziv techniques on
individual sequences it is natural to investigate whether they achieve
the optimal rates given by Kieffer for nonstationary sources.

II. L OSSLESSCODING

Let us consider the lossless coding of a sourceXXX = (X1; X2; � � �)
with distributionP . LetXn = (X1; X2; � � � ; Xn) take values inAn

governed by the marginal distributionPn, whereA is a finite set. The
probability measureP is possibly nonstationary. We code the source
using the Lempel–Ziv incremental parsing scheme given in [11]. We
will define the stationary hull ofP as defined in [4] and denote it by
S(P ). For the sake of completeness we repeat the definition here.

Defninition 1: Consider a (possibly nonstationary) random process
XXX taking values in a finite setA. We say that a processZZZ belongs to
the stationary hull ofXXX if there exists a sequence of natural numbers
n0; n1; � � � such that

lim
j!1

1

nj

n

i=1

E(f(Xi;Xi+1; � � � ; Xi+m�1))

= E(f(Z1; Z2; � � � ; Zm))

for all real-valued functionsf that depend only on finitely many coor-
dinates.

Processes in the stationary hull capture properties of finite-dimen-
sional distributions along various convergent subsequences. In partic-
ular, if for a given sizem the bestm-block code has bad performance
on the nonstationary source along a particular subsequence then there
is a source in the stationary hull which reflects this. It is shown in [3]
that the best possible average rate at which the source can be coded
using a finite-state adaptive block to variable-length code is given by

R(P ) = sup
Z2S(P )

H(Z)

whereH(Z) is the entropy rate of the stationary sourceZ. We will
show that this rate is achieved asymptotically by the Lempel–Ziv
coding scheme. LetLZ(xn) denote the length ofxn when coded
by the Lempel–Ziv algorithm. We will denote byxji the string
(xi; xi+1; � � � ; xj). We will see that the key property we will require
is a uniform bound onLZ(xn) in terms of a certain finite-state code.
One such bound is given by Lemma 1 in [10, Appendix], but we could
have also used the result in [5].

Theorem 1: SupposeXXX is a source with distributionP that takes
values in a finite set. then

lim sup
n!1

E(LZ(Xn))

n
� R(P ):

0018–9448/00$10.00 © 2000 IEEE
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Proof: Fix � > 0. From Lemma A2 in [3, Appendix] there exists
a block lengtht and a prefix-free code� : At ! f0; 1g1 such that

E
l(�(Zt

1))

t
� R(P ) +

�

2
(1)

for ZZZ 2 S(P ). Using Lemma 1 in [10, Appendix] with block lengtht
and code� we have a sequence�n of positive numbers tending to zero
asn ! 1 such that

LZ(xn) � min
1�j�t

i=jmod t
1�i�n�t+1

l � x
i+t�1
i + n�n:

This implies that

LZ(xn) �
1

t
1�j�t i=jmod t

1�i�n�t+1

l � x
i+t�1
i + n�n:

Dividing both sides byn and taking expectations and limits we have

lim sup
n!1

1

n
E(LZ(Xn))

� lim sup
n!1

1

nt
1�j�t i=jmod t

1�i�n�t+1

E l � X
i+t�1
i + �n

� lim sup
n!1

1

nt
1�i�n�t+1

E l � X
i+t�1
i + lim sup

n!1
�n

=
1

t
E l � Z

i+t�1
i

� R(P ) +
�

2

where the equality is for someZZZ 2 S(P ) and follows from Lemma 1
in the Appendix, and the last inequality follows from (1). Now� > 0
was arbitrary so we have that

lim sup
n!1

E(LZ(Xn))

n
� R(P ):

III. EXAMPLE: CODING AN ARBITRARILY VARYING SOURCE

In this section we will use bounds on the performance of universal
codes on individual sequences to investigate their performance on the
arbitrarily varying source, studied as an example in [2]. The arbitrarily
varying source can be used to model, for example, the piecewise-sta-
tionary Bernoulli source studied in [9].

LetS be a finite set andA be the finite alphabet on which the source
takes values. Letp(�js) be a probability distribution onA for each
s 2 S. An Arbitrarily Varying Source (AVS) is a nonstationary source
defined by an infinite sequencesss 2 SSS

1. The probability of a string
xn1 2 An occurring is given by

P (xn1 js
n
1 ) =

n

i=1

p(xijsi):

If the underlying state sequence is known then the optimal fixed-vari-
able coding rate is clearly

lim sup
n!1

1

n

n

i=1

H(P (�jsi)):

This is also the block-to-block coding rate (see [7]).

Consider a stringxn1 2 An and a stringym1 2 Am with m < n. Let
us define the empirical probability distribution̂P by

P̂
n
m(ym1 )

�
=

1

n�m+ 1

n�m+1

i=1

�(xi+m�1i ; y
m
1 )

where�(x; y) = 1 if x = y and is zero otherwise. Let̂Hm denote the
entropy of the empirical distribution onm blocks defined above. We
can also define the conditional empirical probability distribution and
entropy by

P̂
n(ajym1 )

�
=
P̂ (ym1 a)

P̂ (ym1 )

and

Ĥ1jm =
y 2A

P̂ (ym1 )H(P̂ (�jym1 )):

Similarly, we can define the empirical distribution ofm blocks on the
state sequencesn1 , we denote this distribution bŷQn

m. Note that when
we writexy wherex andy are two strings we meany concatenated
with x. We also drop them andn in the notation for the empirical
distribution, the dimension of the distribution, and the length of the
underlying string when these are clear from the context.

Suppose we have a code� such that for any fixedm

l(�(xn1 )) � nĤ1jm + o(n): (2)

Note that theo(n) term does not depend on the sequencexn1 . Codes
based on the Lempel–Ziv incremental parsing scheme and the infinite
depth context tree weighting method can be shown to have such a prop-
erty [6], [5], [8]. We can bound the performance of such codes on ar-
bitrarily varying sources and the result is given in Theorem 2. The the-
orem implies that if the underlying state sequence has low complexity
then codes can learn the source and perform as well asymptotically as
if the underlying state sequence were known.

Theorem 2: If a code� satisfies (2) then for an arbitrarily varying
sourceXXX with an underlying state sequencesss and for any integerm >

0 we have

lim sup
n!1

Es

l(�(Xn))

n
� lim sup

n!1
z2S

Q̂
n(z)H(P(�jz))

+ lim sup
n!1

1

m+ 1
H(Q̂n

m+1)

whereQ̂n
m is the empiricalm-dimensional distribution ofsn1 .

Proof: To prove the theorem we will require a bound onĤ1jm in
terms ofĤm+1. This would be easy if the empirical distributions were
stationary. We note that the empirical distributions defined above are
not stationary, that is,

y 2A

P̂ (aym2 ) 6=

y y 2A

P̂ (y1ay
m
3 ):

To make this distribution stationary we can define the empirical distri-
bution by

P̂ (ym1 )
�
=

1

n

n

i=1

�(xi+m�1i ; y
m
1 )

where all indices are consideredmodn. We then have for the corre-
sponding entropies

Ĥ1jm �
1

m+ 1
Ĥm+1:
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Now

jĤ1jm�Ĥ1jmj�
y 2A

P̂ (ym1 )jH(P̂ (�jym1 ))�H(P̂ (�jym1 ))j

+
y 2A

jP̂ (ym1 )� P̂ (ym1 )jH(P̂ (�jym1 ))

�
y 2A

P̂ (ym1 )l1(P̂ (�jym1 );

P̂ (�jym1 )) log
jAj

l1(P̂ (�jym1 ); P̂ (�jym1 ))

+
y 2A

l1(P̂ (�ym1 ); P̂ (�jym1 ))H(P̂ (�jym1 )) (3)

wherel1(�; �) denotes thel1 distance between two distributions on the
same alphabet. The last inequality follows for sufficiently largen from
[1, Theorem 16.3.2] since we can show that

l1(P̂ (�jym1 ); P̂ (�jym1 )) �
2mjAj

n�m
(4)

and hence satisfies the condition required in the theorem for sufficiently
largen. Using (3) and (4) we have

Ĥ1jm � Ĥ1jm �
2mjAj

n�m
log

n�m

2m
+

2mjAj2m

n�m
log jAj:

Similarly we can show that

Ĥm+1 � Ĥm+1 �
2m2m

n�m
log

n�m

2m
:

Now we can bound the performance of the code� as follows:

l(�(xn))

�nĤ1jm+o(n)

� nĤ1jm

+n
2mjAj

n�m
log

n�m

2m
+
2mjAj2m

n�m
; log jAj +o(n)

�
n

m+1
Ĥm+1

+n
2mjAj

n�m
log

n�m

2m
+
2mjAj2m

n�m
log jAj +o(n)

�
n

m+ 1
Ĥm+1

+n
2m(jAj+2m)

n�m
log

n�m

2m
+
2mjAj2m

n�m
log jAj +o(n):

Let us consider the underlying state sequencesss. We can define, as
before, a conditional empirical distribution̂W (ym+1jzm+1) where
ym+1 2 Am+1 andzm+1 2 Sm+1. We will denote the empirical
distribution of the underlying state sequence byQ̂. Now we have

z 2S

Q̂(zm+1)H Ŵ (�jzm+1) + I P̂m+1; Ŵm+1

= H P̂m+1 :

Thus we have

l(�(xn))�
n

m+1
z 2S

Q̂(zm+1)H Ŵ (�jzm+1)

+I Q̂m+1; Ŵm+1

+n
2m(jAj+2m)

n�m
log

n�m

2m
+
2mjAj2m

n�m
log jAj

+o(n):

Note that, although it is not explicit in the notation, all the empirical
distributions depend on the sequencexn1 and/or the underlying state
sequence. We can take expectations on both sides of the previous in-
equality assuming a fixed underlying state sequence. Also since

I Q̂m+1; Ŵm+1 � H Q̂m+1

we have

Es
l(�(Xn))

n
�

1

m+1
z 2S

Q̂(zm+1)

Es H Ŵ � (�jzm+1) +H Q̂m+1

+
2m(jAj+2m)

n�m
log

n�m

2m

+
2mjAj2m

n�m
log jAj+

o(n)

n
:

SinceH(�) is concave we have

lim sup
n!1

Es
l(�(Xn))

n

� lim sup
n!1

1

m+ 1
z 2S

Q̂
n(zm+1)

�H EsŴ
n(�jzm+1) +H Q̂

n
m+1

= lim sup
n!1

1

m+ 1
z 2S

Q̂
n(zm+1)

�H Pm+1(�jz
m+1) +H Q̂

n
m+1

� lim sup
n!1

z2S

Q̂
n(z)H(P(�jz))

+ lim sup
n!1

1

m+ 1
H Q̂

n
m+1 : (5)

The last equality follows becausePm+1(�jzm+1) has a product form
so that the corresponding entropy is just the sum of the entropies of the
one dimensional distributions.

If we assume that the state sequence has zero empirical entropy rate
(as defined in [11]) then asm ! 1 the second term in (5) goes to
zero. Assuming that the underlying state has zero empirical entropy rate
means that the state sequence has patterns that can be learned by the
coding algorithm. The first term in (5) is independent ofm and is equal
to the coding performance that would be achieved if the underlying
state sequence were known.

IV. L OSSYCODING

We consider a sourceXXX = (X1; X2; � � �) with distributionP . As
before, let the sourceXn = (X1; X2; � � � ; Xn) take values inAn.
Let Pn govern the probabilities ofn strings. The probability measure
P is possibly nonstationary. We assume thatA is a finite set. We assume
that the reproduction alphabet is alsoA. Let � : A�A! [0; 1) be
the distortion measure. Using� we can define distortion forn strings
as

�n((x1; � � � ; xn); (y1; � � � ; yn)) =
1

n

n

i=1

�(xi; yi):

A block code of block sizeN is defined by a map� : AN ! AN .
The average distortion for a code� is defined as

�(P; �) = lim sup
n!1

x 2A

P (xn)�n(x
n
; �(xn)):
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Clearly, if� is a block code of sizeN andQ is a stationary source then

�(Q; �) =

x 2A

Q xN �N xN ; � xN :

It is shown in [3] that the best possible distortion achievable for a
source with measureP using block codes of rateR is given by

D�b (R; P ) = sup
Q2S(P )

Db(R; Q):

SinceQ is stationaryDb(R; Q) is known.
We will use the coding method given in [10]. As before, letLZ(xn)

denote the Lempel–Ziv coding length of a stringxn. By Lempel–Ziv
coding we mean the incremental parsing scheme given in [11]. Let

Bn(R) = fxn 2 An : LZ(xn) � nRg:

Now the size ofBn(R) is no more than2bnRc. To code a stringxn

we choose that string inBn(R) that has minimum distortion withxn.
Thus we code the source usingBn(R) as our code book. We can code
eachn block with no more thanbnRc bits.

Given a setCn which is a subset ofAn let �(Cn)(x
n) denote the

minimum distortion incurred when coding the stringxn usingCn as a
code book.

Theorem 3: SupposeXXX is a source with distributionP that takes
values in a finite set then

lim sup
n!1

E(�(Bn(R))(X
n))� D�b (R; P ):

Proof: We have from the discussion after [3, eq. (3.8)], that for
any� > 0 there exists a block code� : AN ! AN of rate less than
R � � and block lengthN > 4=� such that

�(Q; �) � D�b (R� 2�; P ) + �=4:

Since the rate of the code is at mostR�� there exists a length function�
which satisfies Kraft’s inequality and such that�(yN ) � N(R��)+2
for any stringyN in �(AN).

As in [10], from the block code�we can define a code�jn as follows:
�jn(x

n)i+N�1i

�
=�(xi+N�1i ) if 1� i� n�N+1 andi= j mod N .

At coordinates not defined by the above equation let�jn(x
n)k

�
= a0 for

somea0 in A. Now using Lemma 1 in [10, Appendix] we have

LZ(�jn(x
n)) � n(R� �+ 2=N + �n)

where�n ! 0 asn ! 1. Once again we point out that we could
use the bound in [5] instead of Lemma 1 in [10, Appendix] and obtain
essentially the same result. Since2=N < �=2 we have that for suffi-
ciently largen,�jn mapsAn intoBn(R). Thus we have for1 � j � N

n�(Bn(R))(X
n)�

i=jmodN; 1�i�n�N+1

N�N

� Xi+N�1
i ; �jn Xi+N�1

i +N�max

where�max = maxx2A �(x; a0). Averaging overj and dividing by
n we get

� (Bn(R)) (X
n)

�
1

n

n�N+1

i=1

�N Xi+N�1
i ; � Xi+N�1

i +
N�max
n

:

Thus we have from Lemma 1 in the Appendix that

lim sup
n!1

E (� (Bn(R)) (X
n)) � E �N ZN ; � ZN

for some sourceZZZ with measureQ in the stationary hull ofP .
ButE(�N(Z

N ; �(ZN))) = �(Q; �) and so

E �N ZN ; � ZN � D�b (R� 2�; P ) + �=4:

Since� > 0 was arbitrary and sinceD�b is a convex (and hence contin-
uous) function ofR (from [3]) we have

lim sup
n!1

E (� (Bn(R)) (X
n)) � D�b (R; P ):

APPENDIX

We now state and prove a lemma which is useful in proving Theo-
rems 1 and 3. We are given a random processXXX with distributionP
which takes values inA.

Lemma 1: For any real function� defined onAt, there exists
ZZZ 2 S(P ) such that

lim sup
n!1

1

n

n

i=1

E � Xi+t�1
i = E � Zt

1 :

Proof: It is clear that we can find a subset of the natural numbers
N0 such that

lim sup
n!1

1

n

n

i=1

E � Xi+t�1
i

= lim
n!1; n2N

1

n

n

i=1

E � Xi+t�1
i : (6)

The limit on the right-hand side denotes a limit along integers inN0.
Since the alphabetA is finite we can findN1 � N0 such that

lim
n!1; n2N

1

n

n

i=1

P (Xi = a)

exists for eacha 2 A. Let this limiting one-dimensional distribution
beP1 . Continuing this argument we can findN1 � N2 � N3 � � � �
such that thek-dimensional distributions converge along integers in
Nk to a distributionPk. LetZZZ be a process defined by these stationary
distributions. Now from the setsN1 � N2 � N3 � � � � we can form
a setN� in the following way: Pick the smallest elementn0 fromN0.
For eachk pick nk 2 Nk such thatnk > nk�1. By the construction
of N� andZZZ it is easy− to see that

lim
n!1; n2N

n

i=1

E (f (Xi; Xi+1; � � �)) = E(f(ZZZ))

holds for all real-valued functionsf that depend only on finitely many
coordinates. ThusZZZ is in the stationary hull ofXXX. Also sinceN� � N0

we have using (6)

lim sup
n!1

1

n

n

i=1

E � Xi+t�1
i

= lim
n!1; n2N

1

n

n

i=1

E � Xi+t�1
i

= E � Zt
1 :
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A Dynamic Programming Algorithm for Constructing
Optimal “ ”-Ended Binary Prefix-Free Codes

Sze-Lok Chan and Mordecai J. Golin, Member, IEEE

Abstract—The generic Huffman-Encoding Problemof finding a min-
imum cost prefix-free code is almost completely understood. There still
exist many variants of this problem which are not as well understood,
though. One such variant, requiring that each of the codewords ends
with a “ 1,” has recently been introduced in the literature with the best
algorithms known for finding such codes running in exponential time.
In this correspondence we develop a simple ( ) time algorithm for
solving the problem.

Index Terms—Dynamic programming, one-ended codes, prefix-free
codes.

I. INTRODUCTION

In this correspondence we discuss the problem of efficiently con-
structing minimum-cost binary prefix-free codes having the property
that each codeword ends with a “1.”

We start with a quick review of basic definitions. Acode is a set
of binary wordsC = fw1; w2; � � � ; wng � f0; 1g�. A word w =
�i �i � � ��i is a prefix of another wordw0 = �0

i �0

i � � � �0

i if w

is the start ofw0. Formally, this occurs ifl � l0 and, for allj � l,
�i = �0

i . For example,00 is a prefix of00011. Finally, a code is said
to beprefix-freeif for all pairsw;w0 2 C; w is not a prefix ofw0.

LetP = fp1; p2; p3; � � � ; png be a discrete probability distribution,
that is,8i, 0 � pi � 1 and

i
pi = 1. The cost of codeC with

distributionP is

Cost (C;P ) =
i

jwij � pi

wherejwj is the length of wordw; Cost (C;P ) is, therefore, the av-
erage length of a word under probability distributionP . The prefix-
coding problemis, givenP , to find a prefix-free codeC that minimizes
Cost (C;P ). It is well known that such a code can be found in
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Fig. 1. Code C is an optimal prefix-free code for the distribution
(1=6); (1=6); (1=6); (1=6); (1=6); (1=6). C is an optimal One-ended
prefix-free code for the same distribution.C is an optimal one-ended code for
the distribution0:9; 0:09; 0:009; 0:0009; 0:00009; 0:00001.

O(n logn) time using the greedyHuffman-Encodingalgorithm, see,
e.g., [5] or evenO(n) time if thepi are already sorted [6].

In 1990, Berger and Yeung [1] introduced a new variant of this
problem. They defined afeasibleor 1-endedcode to be a prefix-free
code in which every word is restricted to end with a “1.” Such codes
are used, for example, in the design of self-synchronizing codes [3]
and testing. GivenP , the problem is to find the minimum-cost1-ended
code. Fig. 1 gives some examples.

In their paper, Berger and Yeung derived properties of such codes,
such as the relationship of a min-cost feasible code to the entropy of
P , and then described an algorithm to construct them. Their algorithm
works by examining all codes of a particular type, returning the min-
imum one. They noted that experimental evidence seemed to indicate
that their algorithm runs in time exponential inn. A few years later,
Capocelli, De Santis, and Persiano [4] noted that the min-cost code
can be shown to belong to apropersubset of the code-set examined by
Berger and Yeung. They, therefore, proposed a more efficient algorithm
that examines only the codes in their subset. Unfortunately, even their
restricted subset contains an exponential number of codes1 so their al-
gorithm also runs in exponential time.

In this correspondence we describe another approach to solving the
problem. Instead of enumerating all of the codes of a particular type it
uses dynamic programming to find an optimum one inO(n3) time.

II. TREES ANDCODES

There is a very well-known standard correspondence between
prefix-free codes and binary2 trees. In this section we quickly dis-
cuss its restriction to the1-ended code problem. This will permit
us to reformulate the min-cost feasible code problem as one that
finds a min-cost tree. In this new formulation we will require that
p1 � p2 � � � � � pn � 0 but will no longer require that

i
pi = 1.

Definition 1: Let T be a binary tree. A leafu 2 T is a left leaf if
it is a left child of its parent; it is aright leaf if it is a right child of its
parent.

Thedepthof a nodev 2 T , denoted bydepth (v), is the number of
edges on the path connecting the root tov.

We build the correspondence between trees and codes as follows.
First letT be a tree. Label every left edge inT with a0 and every right
edge with a1. Associate with a leafv the wordw(v) read off by fol-
lowing the path from the root ofT down tov. Now letv1; v2; � � � ; vn be
the set of right leaves ofT . ThenC(T ) = fw(v1);w(v2); � � � ; w(vn)g
is the code associated withT . Note that this code is feasible since all
of its words end with a1. Note also that there can be many trees corre-
sponding to the same feasible code. See Fig. 2 for an example.

1The proof of this fact is a straightforward argument that recursively builds
an exponentially sized set of codes that belong to the restricted subset. Because
of space considerations we do not include it here but the interested reader can
find the details in [2].

2In this correspondence we use the slightly nonstandard convention that a
binary tree is a tree in which every internal node hasone or twochildren.

0018–9448/00$10.00 © 2000 IEEE
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Fig. 2. Two trees with depth4 having seven right leaves. Note that these two trees both correspond to the codef0001; 001; 01; 1001; 101; 1101; 111g. The
left tree is nonfull while the right one is full.

Fig. 3. The left tree is nonfeasible because, at depth3 it contains both an internal right nodeanda left leaf. The right tree is feasible.

Now letC = fw1; w2; � � � ; wng be any feasible code. LetT (C) be
the smallest tree that contains all of the paths corresponding to thewi.
SinceC is prefix-free we have that the right leaves ofT (C) are exactly
the nodes corresponding to the words ofC.

Let T be a tree withn right leaves labeledv1; v2; � � � ; vn; P =
fp1; p2; p3; � � � ; png and define

Cost (C;T ) =
i

depth (vi) � pi:

This is theweighted-external path lengthof T restricted to right leaves
(external nodes). In all that followsP = fp1; p2; p3; � � � ; png will be
considered fixed and the dependence of quantities such asCost (C;T )
onP will be implicitly assumed.

Now suppose thatT corresponds to some codeC andv 2 T is a
right leaf corresponding tow 2 C; by definitiondepth (v) = jwj.
Thus

Cost (C;T ) =
i

depth (vi) � pi

=
i

jwij � pi = Cost (C;P ):

Since every feasible code corresponds to some tree(s) and every tree
corresponds to one feasible code this last equation tells us that we can
find a min-cost code by constructing a min-code tree and returning the
feasible code corresponding to it.

There is a technical problem that we need to address before
proceeding. It is that our definition of cost formally requires that the
right leaves ofT be labeled1; 2; � � � ; n. Different labelings of the
right leaves could lead to different costs. We note though that, for a
particular tree, the minimum cost over all labelings isalwaysachieved
when the highest node in the tree is assigned the largest weightp1, the
second highest node the second highest weightp2, and in general the
ith highest node (with height ties broken arbitrarily) theith weight
pi. Since we are interested in finding a minimum cost tree we will
always assume that the labeling used for any particular tree is the
canonical labeling withvi being theith highest node. For example, if

the weights are7; 6; 5; 4; 3; 2; 1; then the trees in Fig. 2 have cost
2 � 7 + 3 � (6 + 5 + 4) + 4 � (3 + 2 + 1) = 83.

The Optimal Feasible Coding Problem is now seen to be equivalent
to the following tree problem.

Definition 2: TheOptimal Tree ProblemGivenp1�p2�� � ��pn
find a tree�T with n right leaves with minimum cost over all trees with
n right leaves, i.e.,

cost ( �T ) = minfcost (T ) : T hasn right leavesg:

We end this section by pointing out that there must be an optimal
tree with a very specific structure.

Definition 3: A treeT is full if every internal node inT has two
children.

A treeT is feasibleif T is full and it also has the additional property:
if u 2 T is a right node and internal thenall left nodesv 2 T with
depth (v) = depth (u) are also internal.

Fig. 2 illustrates a nonfull tree and a full one. Fig. 3 illustrates a
nonfeasible tree and a feasible one.

Lemma 1: For every probability distribution

P = fp1; p2; p3; � � � ; png

there exists an optimal treeT that is feasible.

The proof of the lemma is straightforward but technical. To avoid
breaking the flow of the correspondence it has, therefore, been rele-
gated to the Appendix.

III. T RUNCATED TREES ANDSIGNATURES

Our approach will be a modification of one developed in [7]. The
problem considered there was to build a min-costlopsided tree(tree
in which edges have different length). The solution was to build trees
from the top, root node, down, accumulating the cost as levels were
added. We will follow the same approach in this correspondence to
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Fig. 4. The treesT ; T ; T ; T are the truncations of the right tree in Fig. 2 which we will callT . EachT is ani-level tree for that value ofi and the dotted
horizontal line across each tree is the truncation level. Note thatT = Trunc (T ) with sig (T ) = (7; 0).

construct min-cost feasible trees. Since Lemma 1 guarantees that trees
thus constructed will be min-cost trees amongall trees we will have
solved the problem.

To use this approach we need to define the following.

Definition 4: Let T be a tree andi a nonnegative integer. The
ith-level truncation ofT is the treeTrunci(T ) containing all nodes
in T of depth at mosti + 1

Trunci(T ) = fu 2 T : depth (u) � i+ 1g:

A tree T is an i-level treeif all the internal nodesv 2 T satisfy
depth (v) � i.

See Fig. 4 for examples. We note thatTrunci(T ) is always ani-level
tree and that truncation preserves feasibility, i.e., ifT is a feasible tree
thenTrunci(T ) is also a feasible tree. We also note that ifT has depth
d then8i � d � 1, Trunci(T ) = T .

The dynamic programming algorithm will strongly use the idea of
subproblem optimality, i.e., if a feasible treeT is optimal then all of
its i-level truncationsTrunci(T ) are also optimal. In order for this
observation to make sense we must define what it means for a feasible
i-level tree (that might have fewer thann right leaves) to be optimal.
That is, we must define a cost function oni-level trees.

Definition 5: Let T be a feasiblei-level tree. Thei-level signature
of T is an ordered pair

sig
i
(T ) = (m; b)

in which

m = jfv 2 T : v is a right leaf; depth (v) � ij

is the number of right leaves inT with depth at mosti and

b = jfv 2 T : v is a right leaf; depth (v) = i+ 1gj

is the number of right leaves inT at leveli + 1 (bottom level). Note
that there are2b (left and right) leaves at leveli + 1.

Now let T be ani-level tree withsig
i
(T ) = (m; b) with m � n.

The i-level partial costof T is

Costi(T ) =

m

t=1

depth (vt) � pt + i �

n

t=m+1

pt (1)

wherev1; � � � ; vm are them highest right leaves ofT ordered by depth,
e.g., those withdepth � i.

Note thatCosti(T ) is not only dependent uponT but also upon
i. For example, the right treeT in Fig. 2 is both a three-level and a
four-level tree;sig3(T ) = (4; 3) andsig4(T ) = (7; 0). Its associated
i-level costs are

Cost3(T ) = 2p1 + 3(p2 + p3 + p4) + 3(p5 + p6 + p7)

Cost4(T ) = 2p1 + 3(p2 + p3 + p4) + 4(p5 + p6 + p7)

which are obviously not the same.

We can now define what it means for a tree with fewer thann right
leaves to be optimal.

Definition 6: Let (m; b) be a valid signature, i.e.,m; b � 0. Set
OPT [m; b] to be the minimum cost over alli and all feasiblei-level
treesT with signature(m; b). More precisely

OPT [m; b] = minfCosti(T ) : 9i; T;

T is a feasiblei-level tree withsig
i
(T ) = (m; b)g

A tree T is min-costor optimal if, for some i, it is an i-level tree,
sig

i
(T ) = (m; b) andCosti(T ) = OPT [m; b].



1640 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 46, NO. 4, JULY 2000

Fig. 5. The tree in the top row is our original treeT which is a one-level tree withsig (T ) = (0; 2). The next two rows are the four possible expansions
Expand (T; 1),Expand (T; 2),Expand (T;3), andExpand (T;4). We do not drawExpand (T; 0) which is simplyT .

Note that ifT is a feasible tree withn right leaves and depthd � i

thensigi(T ) = (n; 0) so, ifT 0 is an optimal feasible tree (withn right
leaves), then

OPT [n; 0] = Costi(T
0) =

n

t=1

depth (vt) � pt:

ThusOPT [n; 0] is exactly the cost of the optimal tree that we are
trying to calculate. We will calculate its value by using a dynamic pro-
gramming approach to fill in the OPT table. Backtracking the dynamic
programming will permit us to constructT 0.

Before continuing we briefly digress to explain why we defined
OPT [m; b] to be the minimum cost only amongfeasibletrees and not
among all trees.3 The reason is that we will be building optimal trees
level-by-level. Since Lemma 1 tells us that our final result is a feasible
tree and we know that all truncations of feasible trees are feasible trees
our construction will work by building feasible trees level by level,
always storing the min-cost ones.

Now suppose thatT is ani-level tree withsigi(T ) = (m; b). What
feasible(i+1)-level trees canT be grown into? The only way to grow
a feasible tree is by making some of the2b nodes on leveli+1 internal
and making the remainder of the nodes leaves. From Lemma 1 we know
that all of the left nodes must be made internal before any of the right
ones are. We therefore define anExpansionoperator as follows.

Definition 7: Let T be ani-level tree withsigi(T ) = (m; b). Let
0 � q � 2b. Theqth expansion ofT is the tree

T
0 = Expand (T; q)

constructed by makingq of the leaves at leveli + 1 (bottom level) of
T internal nodes as follows:

• if q � b, makeq left nodes at leveli + 1 internal.

• if q > b, make allb left nodes andq� b right nodes at leveli+1
internal.

3The algorithm to be presented actually remains correct even if we optimized
over all trees and not just all feasible ones. The reason for the restriction to
feasible trees is that it makes the result both easier to understand and prove.

In Fig. 5 we see a tree and all of its expansions.
Onceq is fixed bothCosti+1(T 0), the number of nodes at leveli+2,

and the signaturesigi+1(T
0) of T 0 can be found.

Lemma 2: SupposeT is ani-level tree withsigi(T ) = (m; b). Let
T 0 = Expand(T; q) be itsqth expansion. ThenT 0 is ani + 1-level
tree with

Costi+1(T
0) = Costi(T ) +

m<t�n

pt

and

• if 0 � q � b thensigi+1(T
0) = (m+ b; q),

• if b+ 1 � q � 2b, thensigi+1(T
0) = (m+ 2b� q; q).

Proof: Let (m0; b0) = sigi+1(T
0). SinceT 0 has exactlym0�m

right leaves on leveli + 1 we find

Costi+1(T
0) =

m

t=1

depth(vt) � pt + (i+ 1) �

n

t=m +1

pt

=

m

t=1

depth(vt) � pt + (i+ 1) �

m

t=m+1

pt

+ (i+ 1) �

n

t=m +1

pt

= Costi(T ) +
m<t�n

pt:

The proof of the second part of the lemma follows directly from the
definition of theExpandoperator.

This lemma tells us that to calculate the extra cost added by a level-i

expansion ofT and the signature of the new expanded tree it is not
necessary to knowT or i but only sigi(T ). We can, therefore, de-
fine a recurrence relationship for calculatingOPT [; ]. In what follows
M(m0; b0) is exactly the set of signatures(m; b) that have some ex-
pansion with signature(m0; b0).
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Fig. 6. These three trees have the property thatsig (S ) = sig (S ) = sig (S ) = (4; 3). In fact, these three trees are the only way to realize the signature
(4;3) and thusM(4; 3) = f(0; 4); (1; 3); (3;2)g.

Lemma 3: Set

M(m0
; b
0) = (m; b) : (m; b) 6= (m0

; b
0) and

9q s.t.0 � q � b and(m0
; b
0) = (m+ b; q)

or 9q s.t.b+ 1 � q � 2b

and(m0
; b
0) = (m+ 2b� q; q) :

Then

OPT [0; 1] = 0 (2)

and, for(m0; b0) 6= (0; 1)

OPT [m0
; b
0] = min

(m;b)2M(m ;b )
OPT [m; b] +

m<t�n

pt : (3)

Proof: Fig. 6 illustrates an example ofM(m0; b0).
To prove (2) we note that theonly feasible tree with signature(0; 1)

is the0-level tree consisting of the root and its two children and this
tree has0-level cost0.

To prove (3) first suppose thatOPT [m0; b0] is realized by ani+ 1-
level treeT 0 with sigi+1(T

0) = (m0; b0) and

Costi+1(T
0) = OPT [m0

; b
0]:

Now setT = Trunci(T
0) and letq be the number of internal nodes

on leveli+1 of T . Also set(m; b) = sigi(T ). Then, by the definition
of theTruncandExpandoperators we have thatT 0 = Expand (T; q).
Thus from Lemma 2 and the definition ofOPT [; ]

OPT [m0
; b
0] = Costi+1(T

0)

= Costi(T ) +
m<t�n

pt

� OPT [m; b] +
m<t�n

pt

� min
(m;b)2M(m ;b )

OPT [m; b] +
m<t�n

pt :

To see the other direction let(m; b) 2M(m0; b0) and setT to be such
that

sigi(T ) = (m; b) and OPT [m; b] = Costi(T ):

Let q be such that

sigi+1Expand(T; q) = (m0
; b
0):

Such aq must exist by the definition ofM(m0; b0). Let T 0 =
Expand(T; q). Then from Lemma 2sigi+1(T

0) = (m0; b0) and

Costi+1(T
0) = Costi(T ) +

m<t�n

pt

= OPT [m; b] +
m<t�n

pt:

Since this is true for every(m; b) 2 M(m0; b0) we thus find that

OPT [m0
; b
0] � min

(m;b)2M(m ;b )
OPT [m; b] +

m<t�n

pt

completing the proof.

IV. THE ALGORITHM

Using Lemma 3 we can directly design an algorithm for calculating
theOPT [; ] values and constructing an optimal tree. Code for the al-
gorithm is given in Fig. 7 and a worked example is shown in Table I
and Fig. 8. In the algorithm, the entryQ[m0; b0] stores the pair(m; b) 2
M(m0; b0) such that

OPT [m0
; b
0] = OPT [m; b] +

m<t�n

pt:

We will now prove the correctness of the algorithm and then show
that it runs inO(n3) time. We start by recalling the definition of a
lexicographical orderingon pairs.

Definition 8: Let (m; b); (m0; b0) be given. Then(m; b) is lexico-
graphically smallerthan(m0; b0)

(m; b) � (m0
; b
0)

if and only if

m < m
0 or m = m

0 and b < b
0
:

It is now easy to see that

Lemma 4: Let (m; b); (m0; b0) be signatures such that(m; b) 2
M(m0; b0). Then(m; b) � (m0; b0).

Proof: This follows from the definition ofM(m0; b0). We first
point out thatb 6= 0 because it is impossible for(m; b) 2 M(m0; b0)
if b = 0. Thusb � 1.

There are two cases. In the first case9q � b such that(m0; b0) =
(m+b; q). In this case, sinceb � 1 we have thatm < m0 so(m; b) �
(m0; b0).

In the second case,9q with b + 1 � q � 2b such that(m0; b0) =
(m+2b�q; q). In this case, ifq < 2b then againm < m0 som < m0
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Fig. 7. The dynamic programming algorithm plus backtracking. The
algorithm will output the number of right leaves on every level of some optimal
tree.

TABLE I
VALUES FORn = 7 WITH WEIGHTS7; 6; 5; 4; 3; 2; 1

so(m; b) � (m0; b0). If q = 2b thenm0 = m+ 2b� q = m but then
b < 2b = b0 so we still have(m; b) � (m0; b0).

We now show that the algorithm correctly fills in theOPT (m; b)
values (using a standard dynamic programming correctness proof).4

4We quickly sketch a second way of proving this, one similar to that developed
in [7]. Essentially, one can create a weighted graphG = (V;E) in whichV in
the set of all signatures and((m; b); (m ; b )) 2 E if (m; b) 2 M(m ; b ).
The weight of this edge is defined to be p . ThenOPT [m; b] can
be shown to be equal to the cost of theminimum-cost pathconnecting(0; 1)
to (m; b) in G. The graphG can be shown to be acyclic and the algorithm
presented in Fig. 8 is exactly the code for finding shortest paths in a directed
acyclic graph, see, e.g., [8].

Fig. 8. An optimal tree forn = 7 with weights7; 6; 5; 4; 3; 2; 1. This tree
is derived from Table I.

Note that if(m; b) 2 M(m0; b0) then either(m0; b0) = (m+ b; q)
or (m0; b0) = (m + 2b � q; q). In both of these cases we find that
m+ b � m0 + b0. Now note that the set of signatures processed by the
algorithm is exactly

M = f(m; b) : 0 � m � n; 0 � b � n�mg

= f(m; b) : 0 � m; b; m+ b � ng:

Thus if (m0; b0) 2 M and(m; b) 2 M(m0; b0) thenm+ b � m0 +
b0 � n so(m; b) 2 M. Therefore,M(m0; b0) � M.

Next note that the algorithm actually processes the signatures in
M in lexicographical orderso, from Lemma 4,all signatures in
M(m0; b0) are processed before(m0; b0) and no such signatures are
processed after it.

Correctness now follows by induction on(m0; b0), the induction
order being the lexicographic order. The induction hypothesis is that,
at the time immediately preceding the processing of(m0; b0) the value
of OPT [m; b] will already have been correctly set.

The first signature processed is(0; 1) and sinceOPT [0; 1] is orig-
inally set to0 and never changed afterwards, the statement is correct
for (0; 1). Now suppose all signatures preceding(m0; b0) in the lex-
icographic order have already been processed and it is now the turn
of (m0; b0). In particular, this implies that all(m; b) with (m; b) 2
M(m0; b0) have already been processed. By the induction hypothesis,
at the time such an(m; b) was processedOPT [m; b] was already cor-
rectly set. Thus the statement executed at the time of processing(m; b)
was equivalent to

OPT [m0

; b
0] = minfOPT[m0

; b
0];OPT [m; b] + Pmg:

Since this is done for all(m; b) 2 M(m0; b0) but no other(m; b)’s,
the value stored inOPT [m0; b0] is exactly

min
(m;b)2M(m ;b )

OPT[m; b] +
m<t�n

pt ;

completing the proof that theOPT [; ] table is filled in correctly.
While filling in the table, the algorithm also keeps track of where the

optima came from by storing the appropriateQ[m0; b0] = (m; b) such
that

OPT[m0
; b
0] = OPT[m; b] +

m<t�n

pt:

After filling in the table, the algorithm then uses theQ[; ] table to
backtrack and print out the number of right nodes on every level of the
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Fig. 9. Cases I and II in the proof.

Fig. 10. Cases III and IV in the proof.

Fig. 11. Illustration of why some optimal tree must be feasible.

optimal tree. Since the tree is full with every right node being matched
by some left node this gives the full tree and we are done.

Finally, we note that for each of theO(n2) signatures(m; b) gener-
ated, the algorithm doesO(n) work (the twofor loops overq). Thus
the algorithm runs inO(n3) total time.

Table I contains a worked example forn = 7 with weights7; 6;
5; 4; 3; 2; 1. The top element in each entry isOPT [m; b] and the
bottom one isQ[m; b]. The1 entries are signatures that are unreal-
izable by any feasible tree. The boldface entries are the ones that cor-
respond to the optimal tree found by the backtracking section of Fig. 7.
Reading them off we find that the number of right nodes on the levels
of the optimal tree are, starting from the top level and working down,
1; 2; 2; 2; 1. The tree itself can be seen in Fig. 8. Note that this tree
has (optimal) cost78 as compared to the trees in Fig. 2. These have
cost83 for the same weights

V. CONCLUSION

In this correspondence we have shown that it is possible to calcu-
late optimal one-ended binary prefix-free codes inO(n3) time im-
proving upon the old exponential time algorithms. Our approach used

dynamic programming on an appropriate subproblem space. The main
open question is whether it is possible to improve the algorithm, per-
haps even toO(n) time, matching the linear time used by the standard
Huffman-encoding algorithm.

APPENDIX

In this section we prove Lemma 1, that there is always a feasible
optimal tree.

Proof (of Lemma 1):We first show that there exists an optimal
full tree. If T is a tree andu 2 T an internal node we will callu badif
it has only one child. If a tree has no bad nodes it is a full tree.

LetB be the minimal number of bad nodes an optimal tree can have.
If B = 0 there is a full optimal tree and we are done. Otherwise, let
T be an optimal tree withB bad nodes and the fewest total number
of nodes among all optimal trees withB bad nodes. We will show a
contradiction by building a new optimal tree with fewer bad nodes or
the same number of bad nodes and fewer total nodes.

Let u be a highest bad node inT . Note thatu cannot be the root
because if the root were bad we could simply erase it; its (only) child
then becomes the root of the new tree and, since the depth of every
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leaf has been decreased by1, this new tree is cheaper than the old one,
contradicting optimality.

In what follows refer to Figs. 9 and 10 for illustration as we do a
case-by-case analysis.

(Case I) Ifu had a right child but no left one we could simply add
its left child to get a new tree with the same cost but fewer bad nodes,
contradicting the definition ofT . Thusu must have a left childv but
no right child. There are two cases.

(Case II) Ifv is the root of some treeT 0 then we could moveT 0 to be
rooted at the right child ofu and leavev a leaf. The new resulting tree
has the same cost but fewer bad nodes, again leading to a contradiction.

Otherwise,v is itself a leaf. Letx be the parent ofu.
(Case III) Ifu is a left child ofx then we simply removev, leaving

u as a left leaf. The cost of the resulting tree is the same as before but
it has one fewer bad node. Again a contradiction.

(Case IV) Otherwise,u is the right child ofx and removingu could
add a new right child to the tree, possibly even raising its cost. There-
fore, in this case we removebothu andv. Sincex was not bad before
(because it is higher thanu) removingu does not add a new right leaf
to the tree so the cost of the resulting tree remains the same. Sincex

has now become bad the new tree still hasB bad nodes but it has fewer
total nodes thanT , again causing a contradiction.

We have just seen that there exists some optimal full treeT . We now
prove thatT is feasible. See Fig. 11 for illustration.

SupposeT is not feasible. Then there exists some right internal node
v 2 T and left leafu 2 T such thatdepth (v) = depth (u). LetS be
the subtree rooted atv, y the deepest right nodey 2 S, andx the left
sibling of y (x andy must exist becauseT is full). Also suppose that
probabilitypi is assigned toy. Now detachS from v and attach it to
u, erasey and assignpi to nodev. Denote the new tree thus created by
T 0. Since the only probability whose assigned right leaf has changed is
pi we find that

Cost (T 0) = Cost (T ) + (depth (v)� depth (y))pi:

But depth (v) < depth (y) soCost (T 0) < Cost (T ) contradicting
optimality ofT . ThusT must be feasible.

REFERENCES

[1] T. Berger and R. W. Yeung, “Optimum “1”-ended binary prefix codes,”
IEEE Trans. Inform. Theory, vol. 36, pp. 1435–1441, Nov. 1990.

[2] C. Szelok, “Variations of prefix free codes,” M.Phil. thesis, Dept.
Comput. Sci., Hong Kong Univ. Sci. Technol., Dec. 1997.

[3] R. M. Capocelli, A. D. Santis, L. Gargano, and U. Vaccaro, “On the
construction of statistically synchronizable codes,”IEEE Trans. Inform.
Theory, vol. 38, pp. 407–414, Mar. 1992.

[4] R. M. Capocelli, A. D. Santis, and G. Persiano, “Binary prefix codes
ending in a “1”,” IEEE Trans. Inform. Theory, vol. 40, pp. 1296–1302,
July 1994.

[5] T. H. Cormen, C. E. Leiserson, and R. L. Rivest,Introduction to Algo-
rithms. Boston, MA: MIT Press, 1993.

[6] S. Even,Graph Algorithms. Rockville, MD: Comput. Sci. Press, 1979.
[7] M. Golin and G. Rote, “A dynamic programming algorithm for con-

structing optimal prefix-free codes for unequal letter costs,”IEEE Trans.
Inform. Theory, vol. 44, pp. 1770–1781, Sept. 1998.

[8] K. Mehlhorn,Data Structures and Algorithms 2: Graph Algorithms and
NP-Completeness. Berlin, Germany: Springer-Verlag, 1984.

A Quantum Analog of Huffman Coding

Samuel L. Braunstein, Christopher A. Fuchs, Daniel Gottesman, and
Hoi-Kwong Lo

Abstract—We analyze a generalization of Huffman coding to the
quantum case. In particular, we notice various difficulties in using
instantaneous codes for quantum communication. Nevertheless, for the
storage of quantum information, we have succeeded in constructing a
Huffman-coding-inspired quantum scheme. The number of computational
steps in the encoding and decoding processes of quantum signals
can be made to be of polylogarithmic depth by a massively parallel
implementation of a quantum gate array. This is to be compared with the
( ) computational steps required in the sequential implementation by

Cleve and DiVincenzo of the well-known quantum noiseless block-coding
scheme of Schumacher. We also show that ( (log ) ) sequential
computational steps are needed for thecommunication of quantum
information using another Huffman-coding-inspired scheme where the
sender must disentangle her encoding device before the receiver can
perform any measurements on his signals.

Index Terms—Data compression, Huffman coding, instantaneous codes,
quantum coding, quantum information, variable-length codes.

I. INTRODUCTION

There has been much recent interest in the subject of quantum infor-
mation processing. Quantum information is a natural generalization of
classical information. It is based on quantum mechanics, a well-tested
scientific theory in real experiments. This correspondence concerns
quantum information.

The goal of this correspondence is to find a quantum source coding
scheme analogous to Huffman coding in the classical source coding
theory [3]. Let us recapitulate the result of classical theory. Consider
the simple example of a memoryless source that emits a sequence of
independent and identically distributed signals each of which is chosen
from a listw1; w2; � � � ; wn with probabilitiesp1; p2; � � � ; pn. The
task of source coding is to store such signals with a minimal amount
of resources. In classical information theory, resources are measured
in bits. A standard coding scheme to use is the optimally efficient
Huffman coding algorithm, which is a well-known lossless coding
scheme for data compression.

Apart from being highly efficient, it has the advantage of being in-
stantaneous, i.e., unlike block coding schemes, the encoding and de-
coding of each signal can be done immediately. Note also that code-
words of variable lengths are used to achieve efficiency. As we will see
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below, these two features—instantaneousness and variable length—of
Huffman coding are difficult to generalize to the quantum case.

Now let us consider quantum information. In thequantumcase,
we are given a quantum source which emits a time sequence of
independent and identically distributed pure-state quantum signals
each of which is chosen fromju1i; ju2i; � � � jumi with probabilities
q1; q2 � � � ; qm, respectively. Notice thatjuii’s are normalized (i.e.,
unit vectors) but not necessarily orthogonal to each other. Classical
coding theory can be regarded as a special case when the signalsjuii
are orthogonal. The goal of quantum source coding is to minimize
the number of dimensions of the Hilbert space needed for almost
lossless encoding of quantum signals, while maintaining a high
fidelity between input and output. For a pure input statejuii, the
fidelity of the output density matrix�i is defined as the probability
for it to pass a yes/no test of being the statejuii. Mathematically, it
is given byhuij�ijuii [4]. In particular, we will be concerned with
the average fidelityF =

i
qihuij�ijuii It is convenient to measure

the dimensionality of a Hilbert space in terms of the number of qubits
(i.e., quantum bits) composing it; that is, the base-2 logarithm of the
dimension.

Though there has been some preliminary work on quantum Huffman
coding [9], the most well-known quantum source coding scheme is a
block coding scheme [10], [5]. The converse of this coding theorem
was proven rigorously in [1]. In block coding, if the signals are drawn
from an ensemble with density matrix� = qj jujihujj, Schumacher
coding, which is almost lossless, compressesN signals intoNS(�)
qubits, whereS(�) = �tr � log � is the von Neumann entropy. To
encodeN signalssequentially, it requiresO(N3) computational steps
[2]. The encoding and decoding processes are far from instantaneous.
Moreover, the lengths of all the codewords are the same.

II. DIFFICULTIES IN A QUANTUM GENERALIZATION

A notable feature of quantum information is that measurement of it
generally leads to disturbance. While measurement is a passive pro-
cedure in classical information theory, it is an integral part of the for-
malism of quantum mechanics and is an active process. Therefore, the
big challenge in quantum coding is: How to encode and decode without
disturbing the signals too much by the measurements involved? To il-
lustrate the difficulties involved, we shall first attempt a naive general-
ization of Huffman coding to the quantum case. Consider the density
matrix for each signal� = qj jujihujj and diagonalize it into

� =
i

pij�iih�ij (1)

wherej�ii is an eigenstate and the eigenvaluespi ’s are arranged in
decreasing order. Huffman coding of a corresponding classical source
with the same probability distributionpi ’s allows one to construct a
one-to-one correspondence between Huffman codewordshi and the
eigenstatesj�ii. Any input quantum statejuji may now be written as
a sum over the complete setj�ii. Remarkably, this means that, for such
a naive generalization of Huffman coding, the length of each signal is
a quantum-mechanical variable with its value in a superposition of the
length eigenstates. It is not clear what this really means nor how to
deal with such an object. If one performs a measurement on the length
variable, the statement that measurements lead to disturbance means
that irreversible changes to theN signals will be introduced which
disastrously reduce the fidelity.

Therefore, to encode the signals faithfully, the sender and the re-
ceiver are forbidden to measure the length of each signal. We empha-
size that this difficulty—that the sender is ignorant of the length of the
signals to be sent—is, in fact, very general. It appears in any distributed

scheme of quantum computation. It is also highly analogous to the
synchronization problem in the execution of subroutines in a quantum
computer: A quantum computer program runs various computational
paths simultaneously. Different computational paths may take different
numbers of computational steps. A quantum computer is, therefore,
generally unsure whether a subroutine has been completed or not. We
do not have a satisfactory resolution to those subtle issues in the general
case. Of course, the sender can always avoid this problem by adding re-
dundancies (i.e., adding enough zeros to the codewords to make them
a fixed length). However, such a prescription is highly inefficient and
is self-defeating for our purpose of efficient quantum coding. For this
reason, we reject such a prescription in our current discussion.

In the hope of saving resources, the natural next step to try is to
stack the signals in line in a single tape during the transmission. To
greatly simplify our discussion we shall suppose that the read/write
head of the machine is quantum-mechanical with its location given by
an internal state of the machine (this head location could be thought
of as being specified on a separate tape). But then the second problem
arises. Assuming a fixed speed of transmission, the receiver can never
be sure when a particular signal, say the seventh signal, arrives. This
is because thetotal length of the signals up to that point (from the first
to seventh signals) is a quantum-mechanical variable (i.e., it is in a
superposition of many possible values). Therefore, Bob generally has
a hard time in deciding when would be the correct instant to decode the
seventh signal in an instantaneous quantum code.

Let us suppose that the above problem can be solved. For example,
Bob may wait “long enough” before performing any measurements.
We argue that there remains a third difficulty which is fatal forinstan-
taneousquantum codes—that the head location of the encoder isen-
tangledwith the total length of the signals. If the decoder consumes the
quantum signal (i.e., performs measurements on the signals) before the
encoding is completed, the record of the total length of the signals in
the encoder head will destroy quantum coherence. This decoherence
effect is physically the same as a “which path” measurement that de-
stroys the interference pattern in a double-slit experiment. One can also
understand this effect simply by considering an example ofN copies
of a stateaj0i+ bj1i. It is easy to show that if the encoder couples an
encoder head to the system and keeps a record of the total number of
zeros, the state of each signal will become impure. Consequently, the
fidelity between the input and the output is rather poor.

III. STORAGE OFQUANTUM SIGNALS

Nevertheless, we will show here that Huffman-coding-inspired
quantum schemes do exist for both storage and communication of
quantum information. In this section we consider the problem of
storage. Notice that the above difficulties are due to the requirement
of instantaneousness. This leads in a natural way to the question of
storageof quantum information, where there is no need for instanta-
neous decoding in the first place. In this case, the decoding does not
start until the whole encoding process is done. This immediately gets
rid of the second (namely, when to decode) and third (namely, the
record in the encoder head) problems mentioned in the last section.
However, the first problem reappears in a new incarnation: Thetotal
length of sayN signals is unknown and the encoder is not sure about
the number of qubits that he should use. A solution to this problem
is to use essentially the law of large numbers. IfN is large, then
asymptotically the length variable of theN signals has a probability
amplitudeconcentrated in the subspace of values betweenN(L � �)

andN(L + �) for any � > 0 [10], [5], [1]. HereL is the weighted
average length of a Huffman codeword. One can, therefore, truncate
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the signal tape into one with afixedlength sayN(L+ �) (“0’s” can be
padded to the end of the tape to make up the number if necessary.). Of
course, the whole tape is not of variable length anymore. Nonetheless,
we will now demonstrate that this tape can be a useful component
of a new coding scheme—which we shall call quantum Huffman
coding—that shares some of the advantages of Huffman coding over
block coding. In particular, assuming that quantum gates can be
applied inparallel, the encoding and decoding of quantum Huffman
coding can be done efficiently. While a sequential implementation
of quantum sourceblock coding [10], [5], [1] forN signals requires
O(N3) computational steps [2], a parallel implementation of quantum
Huffman coding has onlyO((log N)a) depth for some positive in-
tegera, and a sequential implementation still uses justO(N(log N)a)

gates.
We will now describe our coding scheme for the storage of quan-

tum signals. As before, we consider a quantum source emitting a se-
quence of independent and identically distributed quantum signals with
a density matrix for each signal shown in (1) wherepi’s are the eigen-
values. Considering Huffman coding for a classical source with prob-
abilitiespi’s allows one to construct a one-to-one correspondence be-
tween Huffman codewordshi and the eigenstatesj�ii. For parallel im-
plementation, we find it useful to representj�ii by two pieces,1 the
first being the Huffman codeword, padded by the appropriate number
of zeros to make it into constant length,2 j0 � � � 0hii, the second being
the length of the Huffman codeword,jlii, whereli = length(hi). We
also pad zeros to the second piece so that it becomes of fixed length
dlog lmaxe wherelmax is the length of the longest Huffman codeword.
Therefore,j�ii is mapped intoj0 � � � 0hiijlii. Notice that the length of
the second tape isdlog lmaxe which is generally small compared ton.
The usage of the second tape is a small price to pay for efficient parallel
implementation.

In this section, we use the model of a quantum gate array for quantum
computation. The complexity classQNC is the class of quantum com-
putations that can be performed in polylogarithmic parallel depth [7].
We prove the following theorem.

Theorem 1: Encoding or decoding of a quantum Huffman code for
storage is in the complexity classQNC. Solving the classical Huffman
coding problem for the eigenvalues of the density matrix gives a coding
scheme with average codeword lengthL and maximum codeword
lengthlmax. For any� > 0, for large enoughN , the quantum Huffman
code stores data using less thanN(L + � + dlog lmaxe) qubits. The
encoding network has depthO((log N)2).

The proof follows in the next two subsections.

A. Encoding

Without much loss of generality, we suppose that the total number
of messages isN = 2r for some positive integerr. We propose to
encode by divide and conquer. First, we divide the messages into
pairs and apply a merging procedure to be discussed in (2) to each
pair. The merging effectively reduces the total number of messages
to 2r�1. We can repeat this process. Therefore, afterr applications
of the merging procedure below, we obtain a single tape containing
all the messages (in addition to the various length tapes containing
the length information).

1The second piece contains no new information. However, it is useful for a
massively parallel implementation of the shifting operations, which is an im-
portant component in our construction.

2The encoding process to be discussed below will allow us to reduce the total
length needed forN signals.

The first step is the merging of two signals into a single message.
Let us introduce a message tape. For simplicity, we simply denote
j0 � � � 0hi i by jh1i, etc.,

jh1ijl1ijh2ijl2i j0itape
swap
�! j0ijl1ijh2ijl2i j0 � � � 0h1itape
shift
�! j0ijl1ijh2ijl2i jh10 � � � 0itape
swap
�! j0ijl1ij0ijl2i jh10 � � � 0h2itape
shift
�! j0ijl1ij0ijl2i jh1h20 � � � 0itape:

(2)

We remark that the swap operation between any two qubits can be
done efficiently by using an array of three XOR’s with the two qubits
alternately used as the control and the target.3 The shift operation is just
a permutation and therefore can be done in constant depth [7]. How-
ever, we actually need something slightly stronger: a controlled shift,
controlled by functions of the lengthsjl1i andjl2i, which are quantum
variables. To do a shift controlled by the registerjsi, we expands in bi-
nary, and perform a shift by2i positions conditioned on the appropriate
bit of s. Whenjsi is a quantum register in a superposition, this opera-
tion performed coherently will entangle the register with the tape, just
as in the third difficulty described above. It is no longer a problem here,
since we will disentangle the register and the tape during decoding.

Now the encoder keeps the original length tape foreachsignal as
well as the message tape for two messages, i.e.,

jl1ijl2ijh1h20 � � � 0itape:

Notice that it is relatively fast to compute the lengthl1 + l2 of the two
messages froml1 and l2—O(log l) steps for the obvious sequential
method (wherel is the larger ofl1 and l2), andO(log log l) depth
with a good parallel algorithm. Therefore, the merging procedure can
be performed in polylogarithmic depth.

More concretely, at the end the encoder obtains

jl1ijl2i � � � jlN ijh1h2 � � � hN0 � � � 0itape: (3)

He has performeddlog Ne merges. Merging two messages of max-
imum lengthl requiresdlog le shifts (each of constant depth) plus
swaps (of constant depth) and one addition (of depthO(log log l)).
The maximum lengthl = Nlmax, so the full merging procedure re-
quires depthO((log N)2 + log N log lmax. In addition, there is a
constant depth cost for performing the initial encoding, which we ne-
glect in the large-N limit. We will also neglect thelog N log lmax

term.
Finally, the encoder truncates the message tape: He keeps only say

the firstN(L+ �) qubits in the message tapejh1h2 � � �hN0 � � � 0itape
for some� > 0 and throws away the other qubits. This truncation min-
imizes the number of qubits needed. The only overhead cost compared
to the classical case is the storage of the length tapes of the individual
signals. This takes onlyNd log lmaxe qubits.4

B. Decoding

Decoding can be done by adding an appropriate number of qubits in
the zero statej0i behind the truncated message tape and simply running
the encoding process backward (again with only depthO((log N)a)).

What about fidelity? The key observation is the following:

Definition 2: The typical subspaceS� is the subspace where the first
N(L + �) qubits are arbitrary, and any qubits beyond that are in the
fixedstatej0 � � � 0i.

3In (2), we do not include the position of the head, since it is simply dependent
on the sum of the message lengths and can be reset to0 after the process is
completed.

4Further optimization may be possible. For instance, iflog l is large, one
can save storage space by repeating the procedure, i.e., one can now use quantum
Huffman coding for the problem of storing the quantum signalsjl i’s.
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Proposition 3: 8 �; � > 0; 9N0 > 0 such that8N > N0,
F � 1 � � whereF is the fidelity between the true state� of theN
quantum signals and the projection of� on the typical subspaceS� in
our quantum Huffman coding scheme.

Proof: The proof is identical to the case of Schumacher’s noiseless
quantum coding theorem [10], [5], [1].

Therefore, the truncation and subsequent replacement of the dis-
carded portion byj0 � � � 0i still lead to a high fidelity in the decoding.

In conclusion, we have constructed an explicit parallel encoding and
decoding scheme for the storage ofN independent and identically dis-
tributed quantum signals that asymptotically has onlyO((log N)a)
depth and usesN(L+�+dlog lmaxe) qubits for storage whereL is the
average length of the Huffman coding for the classical coding problem
for the set of probabilities given by the eigenvalues of the density ma-
trix of each signal. Here� can be any positive number andlmax is the
length of the longest Huffman codeword.

Corollary 4: A sequential implementation of the encoding algo-
rithm requires onlyO(N(log N)a) gates.

Proof: This follows immediately from the fact that the encoding is
in QNC and usesO(N) qubits: At each time step of a parallel imple-
mentation, onlyO(N) steps are implemented. Since the network has
depthO((log N)a), there can be at mostO(N(log N)a) gates in the
network.

IV. COMMUNICATION

We now attempt to use the quantum Huffman coding for commu-
nication rather than for the storage of quantum signals. By commu-
nication, we assume that Alice receives the signalsone by onefrom
a source and is compelled to encode them one by one. As we will
show below, the number of qubits required is slightly more, namely,
N(L+ �+ dlog lmaxe)+ dlog (Nlmax)e. The code that we will con-
struct is not instantaneous, but Alice and Bob can pay a small penalty
in stopping the transmission any time. In fact, we have the following
theorem.

Theorem 5: Sequential encoding and decoding of a quantum
Huffman code for communication requiresN(L+ �+ dlog lmaxe) +
dlog (Nlmax)e qubits and onlyO(N2(log N)a) computational gates.

The proof follows in the next three subsections.

A. Encoding

The encoding algorithm is similar to that of Section III except that
the signals are encoded one by one. More concretely, it is done through
alternating applications of the swap-and-shift operations.

jh1ijl1ijh2ijl2i � � � jhNijlNij0itape


j0itotal length
swap
�! j0ijl1ijh2ijl2i � � � jhN ijlNij0 � � � 0h1itape


j0itotal length

shift
�! j0ijl1ijh2ijl2i � � � jhN ijlNijh10 � � � 0itape


j0itotal length

add
�! j0ijl1ijh2ijl2i � � � jhN ijlNijh10 � � � 0itape


jl1itotal length
swap
�! j0ijl1ij0ijl2i � � � jhNijlNijh10 � � � 0h2itape


jl1itotal length

shift
�! j0ijl1ij0ijl2i � � � jhN ijlNijh1h20 � � � 0itape


jl1itotal length

add
�! j0ijl1ij0ijl2i � � � jhNijlNijh1h20 � � � 0itape


jl1 + l2itotal length
� � �
shift
�! j0ijl1ij0ijl2i � � � j0ijlNijh1h2 � � �hN0 � � � 0itape


jl1 + � � �+ lN�1itotal length

add
�! j0ijl1ij0ijl2i � � � j0ijlNijh1h2 � � � hN0 � � � 0itape


jl1 + � � �+ lNitotal length:

(4)

We have included an ancillary space storing the total length of the code-
words generated so far.5 This space requireslog(Nlmax) qubits.

Even though the encoding of signals themselves are done one by one,
the shifting operation can be sped up by parallel computation. Indeed,
as before, the required controlled-shifting operation can be performed
in O(log N +log lmax) depth. As before, if a sequential implementa-
tion is used instead, the complete encoding of one signal still requires
only O(N(log N)a) gates.

Now the encoding of theN signals in quantum communication is
done sequentially, implyingO(N) applications of the shifting opera-
tion. Therefore, with a parallel implementation of the shifting opera-
tion, the whole process has depthO(N(log N)a). With a sequential
implementation, it takesO(N2(log N)a) steps.

B. Transmission

Notice that the message is written on the message tape from left to
right. Moreover, starting from left to right, the state of each qubit once
written remains unchanged throughout the encoding process. This de-
coupling effect suggests that rather than waiting for the completion of
the whole encoding process, the sender, Alice, can start the transmis-
sion immediately after the encoding. For instance, after encoding the
first r signals, Alice is absolutely sure that at least the firstrlmin (where
lmin is the minimal length of each codeword) qubits on the tape have
already been written. She is free to send those qubits to Bob immedi-
ately. There is no penalty for such a transmission because it is easy to
see that the remaining encoding process requires no help from Bob at
all. (Note that in the asymptotic limit of larger, after encodingr sig-
nals, Alice can even sendr(L� �) qubits for any� > 0 to Bob without
worrying about fidelity.)

In addition, Alice can send the firstr length variablesl1, � � �, lr ,
but she must retain the total-length variable for continued encoding.
Since the total-length variable is entangled with each branch of the
encoded state, decoding cannot be completed by Bob without use of
this information. In other words, Alice must disentangle her system
from the encoded message before decoding may be completed.

C. Decoding

With the length information of each signal and the received qubits,
Bob canstart the decoding process before the whole transmission is
completeprovided thathe does not perform any measurement at this
moment. For instance, having receivedrlmin qubits in the message tape
from Alice, Bob is sure that at leasts = brlmin=lmaxc signals have
already arrived. He can separate thoses signals immediately using the
length information of each signal. This part of the decoding process is
rather straightforward and we will skip its description here.

The important observation is, however, the following: If Bob were to
perform a measurement on his signals now, he would find that they are

5As in (2), we do not include the position of the head.
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of poor fidelity. The reason behind this has already been noted in Sec-
tion II. Even though the subsequent encoding process does not involve
Bob’s system, there is still entanglement between Alice and Bob’s sys-
tems. More specifically, the shifting operations in the remaining en-
coding process by Alice require explicitly the information on the total
length of decoded signals. Before Bob performs any measurement on
his signals, it is, therefore, crucial for Alice to disentangle her system
first, as mentioned above.

Suppose in the middle of their communication in which Bob has
already receivedKL qubits from Alice, Bob suddenly would like to
perform a measurement on his signals. He shall first inform Alice of
his intention. Afterwards, one way to proceed is the following: They
choose some convenient point, say themth signal, to stop and consider
quantum Huffman coding for only the firstm signals and complete the
encoding and decoding processes.

We shall consider two subcases. In the first subcase, the numberm

is chosen such that themth signal is most likely still in the sender
(Alice)’s hands (e.g.,m > K + O(

p
K) in the asymptotic limit).

The sender Alice now disentangles the remaining signal from the first
m quantum signals by applying a quantum shifting operation. She can
now complete the encoding process for quantum Huffman coding of
them signals and send Bob any untransmitted qubits on the tape. In
the asymptotic limit of largeK, O(

p
m) qubits of forward transmis-

sion (from Alice to Bob) are needed. (The required depth of the network
is polynomial inlog m if a parallel implementation of a quantum gate
array is used.) In addition, Alice must send her record of the total length
of the signals. However, this requires only an additionaldlog (mlmax)e
qubits, so the total number which must be transmitted for disentangle-
ment is stillO(

p
m).

In the second subcase, the numberm is chosen such that themth
signal is most likely already in the receiver (Bob)’s hands (e.g.,m <

K �O(
p
K) in the asymptotic limit). The receiver Bob now attempts

to disentangle the remaining signals from the firstm quantum sig-
nals by applying a quantum shifting operation. Of course, he needs
to shift some of his qubits back to Alice. This asymptotically amounts
toO(

p
m) qubits ofbackwardcommunication. This is a penalty that

one must pay for this method. After this is done, Alice must again send
her length register to Bob (after subtracting the lengths of the signals
returned to her). This requires an additionalO(log m) qubits.

If m is chosen betweenK � O(
p
K) andK + O(

p
K), neither

sending signals forward or backward will suffice to properly disen-
tangle the varying lengths of the signals. One possible solution is to
choosem0

> K+O(
p
K) and perform the above procedure, sending

m
0 total signals to Bob. Then Bob decodes and returns them

0�m extra
signals to Alice. This method requiresO(

p
K) qubits transmitted for-

ward andO(
p
K) qubits transmitted backward to disentangle.

We remark that the shifting operation can be done rather easily in
distributed quantum computation between Alice and Bob. This is a
nontrivial observation because the number of qubits to be shifted from
Alice to Bob is itself a quantum-mechanical variable. This, however,
does not create much problem. Bob can always communicate with
Alice using a bus of fixed length. For example, he applies local opera-
tions to swap the desired quantum superposition of various numbers of
qubits from his tape to the bus, sends such a bus to Alice, etc.

The result is the following theorem.

Theorem 6: Alice and Bob may truncate a communication session
after the transmission ofm encoded signals, retaining high fidelity with
the cost ofO(

p
m) additional qubits transmitted.

In the above discussion, we have focused on the simple case when
Bob would like to perform a measurement on the whole set of the first
m signals. Suppose Bob is interested only in a particular signal, say the

mth one, but not the others. There exists a more efficient scheme for
doing it. We shall skip the discussion here.

V. CONCLUDING REMARKS

We have successfully constructed a Huffman-coding-inspired
scheme for the storage of quantum information. Our scheme is highly
efficient. The encoding and decoding processes ofN quantum signals
can be donein parallel with depth polynomial inlog N . (If parallel
machines are unavailable, as shown in Section IV-A our encoding
scheme will still take onlyO(N(log N)a) computational steps for
a sequential implementation. In contrast, a naive implementation of
Schumacher’s scheme will requireO(N3) computational steps.) This
massive parallelism is possible because we explicitly use another tape
to store the length information of the individual signals. The storage
space needed is asymptoticallyN(L + � + dlog lmaxe) whereL is
the average length of the corresponding classical Huffman coding
problem for the density matrix in the diagonal form,� is an arbitrary
small positive number, andlmax is the length of the longest Huffman
codeword.

We also considered the problem of using quantum Huffman coding
for communication in which case Alice encodes the signals one
by one.N(L + � + dlog lmaxe) + O(log N) qubits are needed.
With a parallel implementation of the shifting operation, depth of
O(N(log N)a) is needed. On the other hand, with a sequential
implementation,O(N2(log N)a) computational steps are needed.
In either case, the code is not instantaneous, but, by paying a small
penalty in terms of communication and computational costs, Alice
and Bob have the option of stopping the transmission and Bob may
then start measuring his signals.

More specifically, while the receiver Bob is free to separate the
signals from one another, he is not allowed to measure them until the
sender Alice has completed the encoding process. This is because
Alice’s encoder head generally contains the information of the total
length of the signals. In other words, its state is entangled with Bob’s
signals. Therefore, whenever Bob would like to perform a measure-
ment, he should first inform Alice and the two should proceed with
disentanglement. We present two alternative methods of achieving
such disentanglement one of which involves forward communication
and the other of which involves both forward and backward.

Since real communication channels are always noisy, in actual im-
plementation source coding is always followed by encoding into an
error-correcting code. Following the pioneering work by Shor [11] and
independently by Steane [12], various quantum error-correcting codes
have been constructed. We remark that quantum Huffman coding algo-
rithm (even the version for communication) can be immediately com-
bined with the encoding process of a quantum error-correcting code for
efficient communication through a noisy channel.

As quantum information is fragile against noises in the environ-
ment, it may be useful to work out a fault-tolerant procedure for
quantum source coding. The generalizations of other classical coding
schemes to the quantum case are also interesting [6]. Moreover, there
exist universal quantum data compression schemes motivated by the
Lempel–Ziv compression algorithm for classical information [8].
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Optimization of Distributed Detection Systems Under the
Minimum Average Misclassification Risk Criterion

Maurizio Magarini and Arnaldo Spalvieri

Abstract—A common model for distributed detection systems is that of
several separated sensors each of which measures some observable, quan-
tizes it, and communicates to a fusion center the quantized observation.
The fusion center collects the quantized observations and takes the deci-
sion. The present correspondence deals with the design of the quantizers
and of the fusion center under a rate constraint. The system of interest al-
lows soft nonbreakpoint quantizers and nonindependent observations. Our
finding is that locally optimal design of the distributed detection system is
feasible via alternate minimization of the average misclassification risk.

Index Terms—Alternate optimization, average misclassification risk, dis-
tributed detection.

I. INTRODUCTION

Distributed detection systems have received a lot of attention
in the past two decades, as documented in the special issue of the
PROCEEDINGS OF THEIEEE [1]. A common model for these systems
involves several separated sensors, each of which measures some
observable, quantizes it, and communicates to a fusion center the
quantized observation. The fusion center collects the quantized
observations and takes the decision. Since the rate of transmission
between the sensors and the fusion center is a cost, fine quantization
of data may be not allowed. A crucial problem is therefore the design
of coarse quantizers that satisfy a rate constraint and that introduce
low degradation in the detection capability of the system. Tsitsiklis
and Athans have shown in [2] that, when conditional independence of
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the observation given the hypothesis cannot be assumed, the design
problem is NP complete. Hence one is lead to renounce to global
optimality and to study suboptimal strategies. Several design strategies
have been studied in the past, most of which were tailored to hard
(one-bit) quantizers. Tenney and Sandell optimized the decentralized
quantizers with a fixed fusion rule [3], while Chair and Varshney
considered the design of the fusion rule for fixed quantizers [4]. Joint
design of soft (multibit) quantizers has been studied by Longoet al.in
[5], where an alternate optimization technique is proposed. Specifi-
cally, the approach in [5] is to maximize the Bhattacharyya distance
between the multivariate conditional probabilities of quantized data
given the hypotheses. The potential weakness of this approach is that
the Bhattacharyya distance is not the natural measure of performance
of detection systems. Therefore, one wonders whether joint design
of quantizers and the fusion rule under the natural criterion of
performance is feasible. Our answer is that locally optimal design,
that is, minimization of the average misclassification risk, is feasible
by alternate optimization. A similar method was adopted in [6] in the
framework of decentralized parameter estimation. Also, in [7] the
alternate optimization technique is considered as a method to minimize
a general distortion measure. Like [5], [7], our method applies to
nonindependent observations and to soft (multibit) nonbreakpoint
quantizers.

II. SYSTEM MODEL AND PROBLEM STATEMENT

For the sake of simplicity, consider two scalar observations and
binary detection. Extensions are straightforward. Letx1, x2 denote
the observations, and assume that they are drawn from the continuous
spacesX1, X2. In the classical formulation of the detection problem,
a hidden discrete random variable (theclass, or the hypothesis) is
drawn together with the observation vector according to some known
joint probability distribution. We call such a discrete random variable
c 2 C = fc1; c2g. The goal of the detection system is to guess the
hidden class given the observation vector.

A. System Description

The decentralized detection system we are concerned with is mod-
eled as a decision rule made by two scalar quantizers and a fusion
center. Each scalar quantizer is allowed here to be a nonbreakpoint one.
QuantizerQn(xn),n = 1; 2; is modeled as a mapping fromXn toIn,
whereIn=f0; 1; � � � ; In�1g. Of course, the rateRn of thenth quan-
tizer isRn=log2 In. Inversion ofQn(x) is hereafter intended as

Q
�1

n (i) = fxn 2 Xn: Qn(xn) = ig:

The decision function performed by the fusion center, denoted
�(i1; i2), is a mapping fromI1 � I2 to C. The decision rule of the
decentralized detection system, denoted�(Q1(x1); Q2(x2)), is a
mapping fromX1 �X2 to C. As in [5], we assume that the processing
to be performed at the fusion center is unlimited in complexity. In
practice, this means that the fusion center is a lookup table with
2R +R entries. A pictorial example of the decision rule for a specific
two-dimensional decentralized detection system is later illustrated in
Fig. 6.

B. Statement of the Problem

The Bayesian risk (or cost) in deciding in favor of classĉ 2 C when
x1; x2 is observed is

R(ĉjx1; x2) =

2

i=1

b(ci 7! ĉ)P (cijx1; x2) (1)

0018–9448/00$10.00 © 2000 IEEE
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whereb(ci 7! ĉ) � 0 is the risk of deciding in favor of clasŝc when
c = ci, and the familiar notation is adopted for the conditional prob-
ability of the class given the observation. Let�(x1; x2) be a decision
rule. The classification performance of� is measured by the expecta-
tion of the local risk (1) over the observation space

R(�) =
X X

R(�(x1; x2)jx1; x2)p(x1; x2) dx1 dx2 (2)

wherep(x1; x2) is the (bivariate) probability density function of the
observation. If we setb(ci 7! cj) = 1 for i 6= j andb(ci 7! cj) = 0
for i = j, then the average misclassification risk (or, in short, average
risk) is equal to the average error probability. The optimal decision rule,
that is the rule minimizing the risk, is the Bayes test

�B(x1; x2) = arg min
ĉ2C

R(ĉjx1; x2): (3)

Before enunciating the statement of the problem, we recall that the
Neyman–Pearson approach minimizes� subject to� being equal to
a prefixed constant, with

� =
D(c )

p(x1; x2jc1)dVx (probability of type I error)

� =
D(c )

p(x1; x2jc2)dVx (probability of type II error)

whereD(c) is the decision region of classc anddVx is the differential
volume in the observation space. The test resulting from the constrained
minimization has the form

�NP (x1; x2) = arg max
fc ;c g

fp(x1; x2jc1); �p(x1; x2jc2)g (4)

where� is the decision threshold of the Neyman–Pearson test and
p(x1; x2jc) is the conditional probability density function of the ob-
servation given the class. In the practice, the constrained minimization
is worked out by finding experimentally or numerically the value of�
that makes� equal to the prefixed constant. Note that, with

� = P (c2)b(c2 7! c1)=P (c1)b(c1 7! c2)

P (c2)b(c2 7! c1) 6= 0, b(ci 7! cj) = 0 for i = j, one readily gets
from (3), (4)�B = �NP . Therefore, both from the Bayesian approach
and from the Neyman–Pearson approach, one comes to the following
statement of the problem:

Fix P (ci)b(ci 7! cj)8 i; j, and find�(i1; i2), Q1(x1), and
Q2(x2) that minimizeR(�(Q1(x1); Q2(x2))).

III. T HE ALTERNATE OPTIMIZATION

The optimization algorithm is based on alternate optimization of the
three functions (two quantizers and the decision rule). The optimality
condition forQ1 givenQ2 and� is obtained from (1). Specifically, for
all the points inX1 one finds the best index by taking the expectation
of the local risk overX2

Qopt
1 (x1) = arg min

i 2I

I �1

i =0 Q (i )

R(�(i1; Q2(x2))jx1; x2)

�p(x2) dx2; 8x1 2 X1: (5)

A similar condition holds forQ2 givenQ1 and�.
The optimality condition for�(i1; i2) givenQ1 andQ2 is obtained

by taking the expectation of the local risk over the region indexedi1; i2

�opt(i1; i2) = arg min
c2C Q (i ) Q (i )

R(cjx1; x2)

�p(x1; x2) dx1 dx2; 8 i1; i2 2 I1 � I2: (6)

In the alternate optimization, we look for a new� only when both
quantizers are optimal for the old�. Hence, after a proper initialization
to be discussed in the next section, the alternate optimization proceeds
as follows:

1) determineQ1 by (5),

2) determineQ2 by (5), if the newQ2 is different from the oldQ2

then go to 1),

3) determine� by (6), if the new� is different from the old� then
go to 1), else STOP.

Since each of the optimization steps does not increase the average
risk, the procedure will terminate in a local optimum.

To compare the computational complexity of the proposed method
with the method [5], it should be noted that the method [5] aims to
approximate the conditional probabilities of the observation given the
hypothesis, independently of the decision threshold. The decision rule
is then obtained by applying the decision threshold to the conditional
probabilities. Note that one optimization leads to a set of decision rules
when a set of the decision thresholds is considered. Conversely, our
method aims to approximate the Bayesian decision rule; hence the
decision threshold is embedded in the alternate optimization. If the
Bayesian approach is considered, where only one value of the threshold
is of interest, then the optimization method that we propose has the
same computational complexity as the method proposed in [5], because
the proposed alternate optimization must run only one time. Elsewhere,
when the Neyman–Pearson approach is considered, then, as noted in
the previous section, one has to find experimentally the value of� that
makes� equal to the prefixed constant. This task is performed by run-
ning the proposed alternate optimization for a set of values of�, and
then selecting that value of� that yields the closest� to the desired
value of�. However, it should be noted that the practice of both pro-
cedures is limited by the complexity of calculation of the optimality
conditions and by the size of the lookup table: both are proportional
to 2R +R . Therefore, these methods can be actually applied only to
coarse quantization of low-dimensional spaces.

IV. COMPUTERIMPLEMENTATION AND EXPERIMENTAL RESULTS

In the computer implementation, as well as in many actual detec-
tion systems, where continuous signals are digitally processed after
analog-to-digital conversion, the continuous spacesX1 andX2 are dis-
cretized. In our experimentsX1 andX2 are discretized in 256 slices of
equal size. We have verified that such a slicing has negligible impact
on system performance. Dealing with discrete signals, the integrals ap-
pearing in (5) and (6) are replaced by sums in an obvious way.

The major trouble that we encountered in the experimental part of
this work was that of local minima. It is well known that, when dealing
with a cost function having local minima, the result of an alternate min-
imization is strongly influenced by the initial guess, and, to our knowl-
edge, methods that guarantee a good initialization do not exist. We have
tested two initial guesses. The first were the quantizers found by [5].
The second was to initialize the quantizers from breakpoint quantizers
with equally sized cells. We observed that often one has the chance of
improving the minimum found by the alternate optimization. Specif-
ically, it sometimes happens that, after the optimization, the region
assigned to one or more indices vanishes, and the indices remain in-
active. Some other times two (or more) rows (and/or columns) of the
decision matrix�(i1; i2), say rows0 and1, are identical. Then the re-
gionsQ�1

1 (0) andQ�1
1 (1) can be grouped in an unique region without

loosing performance. After grouping, only one of the two (or more) in-
dices is still active. In some trivial cases, the global minimum can be
obtained with a reduced number of indices; therefore, the inactive in-
dices can be discarded. However, often the presence of inactive indices
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indicates that the minimization procedure has found a nonglobal min-
imum. Hence, aiming to improve performance, one can try to re-ini-
tialize the inactive indices. Again, neither method can guarantee suc-
cessful re-initialization. Note, however, that now one has to initialize
only a few indices, not the whole system. Hence extensive search of a
good re-initialization may become feasible. Assume that there is only
one inactive index, and, without loosing generality, assume that it be-
longs toQ1. We assign one slice to the inactive index, apply (6), and
check the new� against the old�. If � has been modified by the re-ini-
tialization, then the average risk has been improved, and one is certain
that, by repeating the alternate optimization from the new guess, the
procedure will eventually find some new minimum better than the old
one. Or else, we sequentially examine the remaining slices, until some
slice can be conveniently assigned to the inactive index. If there are
more than one inactive indices ofQ1, then we repeat the above proce-
dure to re-initialize the alternate optimization. If none of the slices can
be conveniently re-assigned, then this search fails. Assume now that
there is at least one inactive index per dimension. Actually this often
happens, at least in the studied examples. With a procedure similar to
the one above, one can try to jointly reassign two slices. Note that, if the
minimum is nonglobal, then it is guaranteed that proper joint re-initial-
ization of the two indices improves the average risk. To see this, assume
that the decision rule found by the alternate optimization differs from
the Bayes rule at point(i; j). Then assigning the inactive indices to
slicesi andj leads to a convenient relabeling of the point, hence to an
improved risk. Conversely, it is not guaranteed that, adding only one
index, one can modify the label of the above mentioned point, because
of the constraints imposed by quantization in the second dimension.

The results of the alternate optimization with re-initialization seem
to be insensitive to the initial guess (breakpoint or [5]), at least in the
studied examples. This fact makes us confident of having found good
minima. To summarize, the results to be presented have been worked
out by the following pseudocode:

1) initializeQ1 andQ2;

2) determine� by (6);

3) apply the alternate optimization;

4) check the minimum: if there are no inactive indices then STOP,
else try to reactivate them;

5) if reactivation fails then STOP, or else go to 3).

The examples of interest are the same considered in [5], and our re-
sults are compared to the results of [5]. We assumeP (c1)=P (c2)=
0:5, b(c1 7! c1) = b(c2 7! c2) = 0, and repeat the optimization
with several values of� = b(c1 7! c2)=b(c2 7! c1); b(c1 7! c2) =
minf�; 1g; b(c2 7! c1) = minf��1; 1g. The results are presented as
average risk against�.

Example 1—Known Signal in Spatially Correlated Noise:The ob-
servation model is

c1:XXX = NNN

c2:XXX = AAA +NNN

whereAAA is the known signal vector andNNN is a zero-mean Gaussian
noise vector with covariance matrix (letr be the spatial correlation
coefficient)

� =
�2 r�2

r�2 �2
; jrj < 1: (7)

As in [5], the experiment concerns signals having equal energy,
say ja1j

2 = ja2j
2 = E , and per-channel signal-to-noise ratio

SNR = E=�2. Figs. 1–3 report the performance of the initial

Fig. 1. Example 1. SNR= �5 dB, correlation coefficientr = 0, R = 2
bits/sample for each quantizer.

Fig. 2. Example 1. SNR= �5 dB, correlation coefficientr = 0:5, R = 2
bits/sample for each quantizer.

Fig. 3. Example 1. SNR= �5 dB, correlation coefficientr = 0:9, R = 2
bits/sample for each quantizer.
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TABLE I
AVERAGE RISK WITH � = 1 FOR EXAMPLE 1. MAR: MINIMUM AVERAGE RISK; MARR: MINIMUM AVERAGE RISK WITH RE-INITIALIZATION ;

MBD: MINIMUM BHATTACHARYYA DISTANCE; BT: BAYES TEST

TABLE II
AVERAGE RISK WITH � = 1 FOR EXAMPLE 2. MAR: MINIMUM AVERAGE RISK; MARR: MINIMUM AVERAGE RISK WITH RE-INITIALIZATION ;

MBD: MINIMUM BHATTACHARYYA DISTANCE; BT: BAYES TEST

breakpoint quantizers, of our method initialized from the breakpoint
quantizers with re-initialization of inactive indices (MARR, minimum
average risk with re-initialization), of the method of [5] initialized from
the breakpoint quantizers (MBD, minimum Bhattacharyya distance),
and of the Bayes test (BT), with rate 2bits/sample, SNR= �5 dB, and
correlation coefficientsr = 0, r = 0:5, andr = 0:9, respectively. We
see that our proposed method gives substantial benefits forr = 0:9.
Figs. 4 and 5 report the performance of the above methods forr = 0:9,
and forR = 3, 4bits/sample. Regarding Fig. 5, it should be noted that,
with � � 3, the performance of the method of [5] is slightly worse than
the performance of the initial quantizers. This fact is not completely
unexpected, since the method of [5] does not optimize the average
misclassification risk. The benefits obtained with the re-initialization
procedure are reported in Table I. From Table I one also appreciates
that, withr = 0:9, R = 2, and SNR= 5 dB (row 8), the proposed
method outperforms method of [5] by one order of magnitude. The
CPU time spent to perform the alternate optimization by a Matlab
program processed by Intel Pentium 133 MHz is as follows: MBD: 8.0
s, MARR: 1161.9 s (Fig. 1); MBD: 9.1 s, MARR: 1560.0 s (Fig. 2);
MBD: 15.8 s, MARR: 366.0 s (Fig. 3); MBD: 65.3 s, MARR: 1238.8
s (Fig. 4); MBD: 209.4 s, MARR: 6333.4 s (Fig. 5). Note that, with
the MARR method, the alternate optimization runs 20 times for each
figure, while with the MBD method the alternate optimization runs
only once. For Figs. 3 and 4, the time for MARR is about 20 times the
time for MBD. In the other figures, the MARR method incurs some
penalty, which is mainly due to the re-initialization. For instance, in
row 8 of Table I, the CPU time for MBD is 7.3 s, for MAR 5.7 s (no
re-initialization), for MARR 143.2 s.

Fig. 4. Example 1. SNR= �5 dB, correlation coefficientr = 0:9, R = 3
bits/sample for each quantizer.

Example 2—Spatially Correlated Unknown Signal in Uncorrelated
Noise: The observation model is

c1: XXX =WWW

c2: XXX = SSS +WWW

whereWWW is a zero-mean Gaussian noise vector with independent, uni-
tary variance components andSSS is a Gaussian signal vector with covari-
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TABLE III
AVERAGE RISK WITH � = 10 FOR EXAMPLE 2. MAR: MINIMUM AVERAGE RISK; MARR: MINIMUM AVERAGE RISK WITH RE-INITIALIZATION ;

MBD: MINIMUM BHATTACHARYYA DISTANCE; BT: BAYES TEST

Fig. 5. Example 1. SNR= �5 dB, correlation coefficientr = 0:9, R = 4
bits/sample for each quantizer.

Fig. 6. Example 2. Two-bit quantization(f0; 1; 2; 3g) and decision function
(white = noise; gray= signal+ noise) for white signal. Dotted line: Bayes
border.

ance matrix (7) where, now,r represents the spatial correlation coeffi-
cient of the signal and�2 is the per-channel SNR. In Tables II and III
the performance of the same methods considered in Table I are reported
forR = 2 bits/sample. The quantization and the decision rule obtained

by our method for white signal and SNR= 10 dB are reported in Fig. 6.
In this example, minor benefits are obtained by our proposed method.

V. CONCLUSIONS

We have presented a design method for rate-constrained distributed
detection systems. It is based on an alternate optimization procedure
that minimizes the average misclassification risk. Our method is in-
spired to the cooperative design of [5], the main difference being the
cost function. Also, it is similar to the design of [6], where continuous
parameter estimation is a concern, and can be seen as a special case of
Scheme A of [7], where a general cost function is considered. Since the
proposed optimization technique often gets trapped in poor minima, a
repeated initialization strategy that allows, at least in the studied exam-
ples, to find good minima, has been worked out. The strength and the
novelty of our proposed method is that it guarantees a local optimum of
the average misclassification risk, which is the actual measure of per-
formance of detection systems.
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