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Noise Prediction for Channels with Side Information at
the Transmitter
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These assumptions model well a “pure noisy state,” e.g., as in the inter-
ference, fading, or jamming channels, but they exclude an “input-de-

pendent state,” like in the intersymbol interference (I1SI) channel [6] (in
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the latter case the state sequence depends on the mesgsage
The respective states of switch@andB in Fig. 1 give rise to the

following distinct casés

Abstract—The computation of channel capacity with side information at
the transmitter side (but not at the receiver side) requires, in general, exten-
sion of the input alphabet to a space of “strategies,” and is often hard. We
consider the special case of a discrete memoryless modulo-additive noise
channelY = X 4+ Zg, where the encoder observesausallythe random
state § € & that governs the distribution of the noise Zs. We show that
the capacity of this channel is given by

C =log|X| — tglgle(Zs — t(5)).

This capacity is realized by a state-independent code, followed by a shift by
the “noise prediction” t,.,;, (S) that minimizes the entropy of Zs — t(.S).
If the set of conditional noise distributions{p(z | s), s € S8} issuchthat
the optimum predictor t,,;, () is independent of the state weights, the

« Case |—SI not available The channel is regarded as an ordi-

nary channel, given by the mixture of the component channels,
e.g., for amemoryless state sequence it is a DMC with transition
probability

plylz) = p(s)ply| e, s).

The capacity is denote@nost-

Case II—SI available at receiver only A closed,B open) The
state is regarded as an additional channel output, and the capacity
is given by (see, e.g., [16])

is also the capacity for anoncausalencoder, that observes the entire state
sequence in advance. Furthermore, for this case we also derive a simple
formula for the capacity when the state process has memory.
Index Terms—Optimum transmitter, prediction with minimum error en- * Case lll—Sl available at transmitter and receiver alike (A, B
tropy, side information, time-varying channels. closed) The capacity is given by the weighted sum of the indi-
vidual capacities (see, e.g., [16])

Csiepory = Zp(s) max I(X;Y |S =s)

The model of an underlying state process that governs the channel s€8 rei
behavior fits well many communication links. Examples include wire- = Zp(s)Cs 2
less communication (fading channel), telephone lines (time-varying s€S
filter channel), partial time/band jamming, magnetic memory with de-  \yhere(. is the capacity at state (Note that in Cases Il and
fective cells, and more. To analyze such channels itis often useful, and ||| the capacity depends only on the marginal distribution of the
sometimes makes sense, to assume that the channel states are availablestates)
as Side Information (SI) to the encoder, to the decoder, or to both [16],
(11], [2], [8].

One “good” reason for the latter two assumptions is that they sim-
plify the calculation of channel capacity, and the design of optimum
encoding/decoding strategies. A common example for thatsi®wa The situation where the transmitter has access to side information
fading Gaussian channel, in which case the receiver can adapt towhch is not available to the decoder (Case IV above) is less common in
fading level and perform “soft” decision [2], [15]. applications. Furthermore, its solution, in terms of capacity and coding,

Before turning to the case of side information at #reoder side s rather involved.
only, let us consider the channel model illustrated in Fig. 1. Welise  This problem divides into two categories, according to whether the
Y, andS to denote the input, output, and state alphabets of the chanrezicoder observes the state proazassallyor anticipates future states
respectively. Given the states, s, - - -, the channel is memoryless In the causal case, considered by Shannon [14], the encoder maps the
with transition distributiorp(y | «, s), i.e., messager € {1,2,---2"%} into ™ using functions

x; = fi (w,s’l) ,

wheresi = s;.,---. s; are the states up to timeln the noncausal case,
considered by Gelfand and Pinsker [7], the encoder observes the entire

Cstarrc = maxI(X;5.Y) = max I(X;Y | ). 1)

p(x) ()

. INTRODUCTION

¢ Case IV—SI available at transmitter only (A open,B closed)
The capacity is denotd@siaTr ; We recall its formula in the next
section.

n n n n 1 S 7, S n (3)
pyi @V, s7) :Hp(yi|$g,si)
i=1

wherey; denotes the sequenge- - - y,,; furthermore, the stationary

state procesS§,, Ss, - - - is statistically independent of the message tgtate sequence before generating the code sequence, thus
be sent, and it completely captures the memory, if there is any, in the xi = fi(w,s}), 1<i<n. )
channel, i.e., - -

In both cases, the receiver decodes the messafgem the whole re-
ceived vector ag® = g(y7).
Very few explicit solutions exist for the capacity of channels with

. . i si?le information at the encoder; see, e.qg., [3], [2], [12], and [8]. This is
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1As shown in [2], a “mixture” of these cases, i.e., a configuration where the
encoder and the decoder have access to (possibly different) noisy versions of
the state process, is effectively equivalent to one of Cases I-IV.
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Fig. 2. The associated discrete memoryless channel.

memoryless channel (DMC) with axtended input alphabef size formula for noncausal state information at the encoder and for channels
|X|'S!, commonly interpreted as a space of “strategies. "Even mongth a stationary state process.
involved are the general solutions for a state process with memory [9],
[10], and for noncausal side information [7]. [l. CAUSAL SIDE INFORMATION AT THE ENCODER

In this correspondence we find a simple and operational solution for
the capacity of discrete channels of the fokm= X + Z, where
the additive nois€ is correlated with a random variabfe which is
available as side information to the encoder. Hére X', and the+
sign denotes modulp¥| addition. The variable&S may be thought o
as the “channel state,” or as a “noisy version” of the channel ndise

Consider encoding with causal side information at the encoder as
defined in (3). For the general memoryless chanitgl| =, s) shown
in Fig. 1, Shannon [14] showed th@kratr is equal to the regular
f capacity of the associated DMC illustrated in Fig. 2. The input alphabet
of the associated channel, denofeds the set of all possible mappings

No “power” constraint is imposed on the transmitter. t:S—= X
For a memoryless state process available causally to the encoder, we
show that which we refer to astrategiesor strategy functions\We may describe
each strategy(s) € 7 by the vector(x!, 22, - - -, /1), i.e. t(s) = 2*
Csiarr = log|¥| — min H(Z —1(5)) fors = 1,---,|S|. Therefore|T| = |X|'°!. The outputy of the

associated channel is related to the inpatcording to the transition
whereH () denotes entropy. Furthermore, the optimal encoder is Corobability
posed of a state-independent code, followed by a shift by the “min-
imum-error-entropy noise predictiort;,i. (S5) that achieves the min- p(y|t) 2 Zp(s)p(y |z =1(s),s) (5)
imum above. Prediction with minimum error entropy was introduced s
by Elias [4], in the context of predictive source coding. In generaéncI also
the optimum predictot.mi. (-) depends on the set of conditional noise
distributions{p(z | s),s € S}, and on the state distribution (“state - -
weights”) p(s). We identify the property of State Weight Independent pyi [t) = Hp(y,; [t:)- 6)
Prediction (SWIP), which means thgi(> | s), s € S} is such that the =t
optimizing functiont..; () does not depend a#s). For example, if Thus the capacity with side information at the transmitter is given by
p(z | s) is unimodal and symmetric for eachthenp(z | s) is SWIP. [14]
If the pair(S, Z) satisfies the SWIP property, theoncausal side in-
formation does not increase capagite., the anticipatory encoder co- Csratr = 1;1(?}5(1 (T:Y) (7
incides capacity-wise and structure-wise with the causal encoder. Fur-
thermore, in this case the same predictor is also optimal when theravtsere the maximization is taken over the distributipft) of the
memory in the state sequence. random variabld” € 7.

In the next section we present our main result regarding the capacityNote that at mos{)| of the strategies need be given positive proba-

of a memoryless channel with causal state information at the encodlity in order to achieve capacity [6, Ch. 4]. Therefore}if= ) then
In Section 1l we examine the properties of the minimum error entropat most.Y | of the|.Y|!®! strategies need be given positive probability.
prediction functiontmin (-), and discuss the SWIP property. For chanHowever, in the general case one does not know in advance which of
nels satisfying the SWIP property, we extend in Section IV the capacttye strategies are to be used to achieve capacity. We next treat a class
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of channels, namely, the class of symmetric, or modulo-additive noi
channels, for which it is easy to identify this set of “active” strategies

LetX =Y =2 ={0,---,|X| — 1}. A symmetric, or modulo-
additive noise channel can be concisely described by

Y=X+2 ®)
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z; = fi(w) — tmin(8i)

F

Decoder

wi, |“Regu1ar” | £ (w)
Encoder | Z; C Yi
2

whereZ is conditionally independent of given the state5, and ad- 4 Encoder
dition (and, in the sequel, subtraction) is understood to be perform S;
modulo{X'|. Denoting byp, the distribution of the noise given the
side informationS = s, we have by the additivity of the channel Naise
Generator
p(yle.s) = pz,(y = o). —
Thus the transition probability of the associated channel defined in ( ’
is given by
State
Pyt =D p(s)pz,(y—t(s) =Pr(Z+HS) =y). (9) Generator

Theorem 1 (Memoryless Causal Casé)he capacity of the discrete Fig. 3.

memoryless additive noise chaniél= X + Z defined above, with
causal side informatiof at the encoder, is given by

Csratr = log|X| — Humin (20)
where
N .
Huin = min H(Z —t(5)). (11)
Note that (9) implies that
Hyin = win HY|T=t= win H(Z+(S)) (12)

because the minimization of the entropy®f ¢(.5) and of Z — (.5)
is the same.

Proof: We first show the converse patrt, i.e.,

Csrarr < log|X| — Humin-
Since
H(Y)<log|X| and H(Y |T) > ILléi%l H(Y|T =t) = Hnin
13)
we have

I(T;Y)=HY)-HY|T) <log|X| — Huin
for any distribution or/, and the converse follows from (7).
We next show the direct part, i.e.,
X| - Hmin-
Let t* denote a strategy, i.e., @a mapping fratnto X', for which
H(Y |T = t*) = Huin. Define the followingclass of strategies

Csiarr > log

T2 {t;} wheret;(s)=t(s)+j, j=1---]X]. (14)
From (9) we see that
p(ylt;) =Pr(Z+t;(S)=y)=Pr(Z+t(S)=y—-j) (15)

i.e.,p(y | t;) is the transition probability(y | ¢*) shifted (modulolYt'|)
by j. This clearly impliesH (Y |¢;) = H(Y |t*) = Huin for all j.
Furthermore, choosing' distributed uniformly within7* (and zero
on strategies not if *) induces auniformdistribution on)’. Thus for

suchT we have equality in both inequalities in (13), and the direct part

follows. O

Note that by restricting the input alphabet to theB&f the resulting

Instantaneous prediction encoding scheme.

Thus we have simplified the associated channel int¢.xa-in-
put/|X'|-output channel. Note that actually any single strategy function
t, not necessarily™, generates a class ¢it'| strategies as in (14),
which induces an additive noise channel as in (16).

Theorem 1 implies that the optimal transmitter with side informa-
tion has a simple modular structure, consisting of an ordinary (i.e.,
state-independent) Shannon code for a symmetric channel, followed
by a shift bytmin (s), @as shown in Fig. 3. Specifically, suppose a code
C = {(cwt . cun) )iy is drawn at random, using a uniform dis-
tribution over X', with rate R < CsiaTr. Given a message < w <
2"# "and a channel state at times, the transmitter outputs

Ti = Cwi — t!!li!l(si)'/ t=1---n.

(18)

The receiver decodes fromY - - - Y,, as if the channel were an ordi-
nary DMC with additive noiseZ. It then follows from Theorem 1 and
the forward channel coding theorem [6] thiats decoded reliably with
high probability. In practice, any “good” code for a symmetric channel
(with a decoder optimized to the noi&d can replace the random code
in the scheme above. We call the configuration of (18) “the instanta-
neous-predictor encoder”; the relation to prediction will become clearer
in the next section.

This structure of the optimum transmitter leads to the following in-
terpretation. Since the receiver does not krftit sees a channel with
an effective N0ISE = Z —tmin(S). Shifting Z by i (S) thus makes
the effective noise the least harmful for the uninformed receiver. Note
also that since

I(S;Z)=H(Z)-H(Z|S)=H(Z)- H(Z|5S)
minimizing H(Z — #(S)) = H(Z) is equivalent to minimizing the
information carried by the effective noise about the channel state.

To conclude this section, we return to Cases |-V of the switches in
Fig. 1, and compare the various capacities with and without side infor-
mation of an additive noise channel. Since choosing a uniform distri-
bution for X achieves capacity for any discrete additive noise channel,
we have for Cases Il and IlI

Csterec = CstepotH = log |X] — Z])(S)H(Zs)

channel from7™ to V can be viewed as an additive noise channehng for Case |

whose alphabet i&’, and whose noise is distributed as

Z~ é Z + t*(s) é Z - 2("nﬁn (S) (16)
where
tuin() S arg win H(Z = 1(5)). (17)

=log|X|— H(Z|S) (29)
CNOSI = log X| - H(Z) (20)

We thus have the following chain of inequalities:
Cnost £ Csietr < Cstarec = CsieBoTH (21)
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P(S=sl) p(zIS=s2) plziS=s)

Fig. 4. Example of conditional noise distributions which do not satisfy the SWIP property.

where (p(s1),p(s2),p(s3)) = w1, the vectontmin (51), tmin(52), tmin(s3))
Csteporn — Cstatr = 1(S; Z) is give_n by_((), 0., %), wherex means that the_ c_orresponding Ie_tter may
Ce i — Cxost = I(8: 2) 22) be arbitrarily chosen. Any other strategy will |n_duc_e strictly higher en-
SIGBOTH — L NOST V4 tropy for Z — t(S). Forwa, the vector of,.i, (-) is given by(0, x, 0).
We have equality in the second inequality in (21), i@€ierec =  Finally, for ws, the vector oftmia(-) is given by (0, — 2, %) (e.g.,
Csrarr, iff the distributions ofZ,, s € S differ by a shift only, in (0, —2,0) or (0,0,2)). It is easy to see that no single strategy is con-
which case the optimur# is statistically independent &f. We have = sjstent with all three cases. Note that by the continuity of the entropy
equality in the first inequality in (21), i.eCstatr = Cnost, iff  functionH (Z—t(S)) as a function of the state weight vector, the above
H(Z) = H(Z), i.e., iff the optimal shifts{t.in(s),s € S} are the argument can easily be extended to examples of state weight vectors
set of zero shifts. whose components are all nonzero.

Definition 1 (The State Weight Independent Prediction (SWIP)
Property): Fix the set of conditional noise distributiod®(z | s),
z € X,s € S}. If the same functiont = tmin(-) minimizes the

As discussed above, the functiom;., (-) minimizes the entropy of entropy ofZ —#(5) for any state weightgp(s),s € S}, then we
the differenceZ — #umin (S); We ViewWti, (S) as the “prediction off ~ Say that the noise satisfies the State Weight Independent Prediction

from S with minimum error entropy.” In this section we review somdroperty, or in short, “the noise is SWIP.”

properties of minimum error entropy prediction that will be useful in e shall now demonstrate the existence of SWIP noises. For that we
the next section, in particular the SWIP property. We then illustrajgc )| the concept afrdered averaggntroduced by Elias [4]. Consider
these concepts with two examples. a set ofn. discrete distributions, each of letters. Denote by, ; the

Elias [4] arrives at this very solution in his treatment of enpropapility of thejth letter in theith distribution. Letw; be some av-
tropy-coded predictive source coding. Specifically, for a dlscre@aging weight on the distributions

stationary ergodic sourceX;, one wishes to find the prediction
function f(xi—1,x;—2,-++) such that the entropy of the error,
Ei 2 X; — f(Xi_1.Xi_a.--), is minimized. This will minimize w0 w1

[ ? Ari—1, 1—2 ) i—1
the coding rate assuming that the procEssEx-, - - - is entropy-coded
according to itsmarginal distribution (ignoring the possible residualDefine the ordered distributiofy ; of theith distribution to be the set
memory in the sequendgé,, E- - - -). The analogy to the problem we of probabilitiesp,,; indexed according to decreasing probability. The
study is clear. The past source samples play the role of the currerdered average is defined by
state, while the conditional random variai{e | z;—1, z;—2, - - - plays
the role of Z,. ord - s

Prediction under the minimum error entropy criterion features b= Z Wik

=1

some interesting properties, not found in the more common criteria
for prediction and estimation, the minimum mean-squared errPhusp;™ is formed by takingu; times the largest probability in the
criterion min, E[Z — g(5)]* (continuous case), and the minimumfirst distribution,w, times the largest probability in the second distribu-
error frequency criteriomin, Pr[Z # ¢(S)] (discrete case). While tion, and so on. It can be shown that the entropy of the ordered average
for these criteria the optimum predictgfs) is a function only of the distribution is less than or equal to that of any other average, formed
conditional noise distributiop(= | s) for eachs, the optimal shift(s) from the same distributions with the same weights but with the terms
of the minimum error entropy predictor depends, in general, on th&one or more of the distributions not arranged in order of decreasing
entireset of conditional noise distributio® (= | s)}, and on thestate  probability.
probabilitiesp(s) (the “state weights”). Following Elias, we identify two simple cases of interest in which

To illustrate this property, consider the set of conditional noise dighe optimal shifts are independentgfs), i.e., cases of SWIP noises
tributions shown in Fig. 4. Define the following weight distributions on

I1l. PREDICTION WITH MINIMUM ERRORENTROPY AND EXAMPLES

a) pz, is a symmetric and unimodal distribution for each

the states:
11 1 1 11 b) p~, is zero to the left (right) of a point;(s), and is monotoni-
W= <§‘ 2 0) 2= <§’0‘ 5) ws = <0’ 2’ §> cally nonincreasing to the right (left) af(s)
We shall now find the corresponding optimal shift functions and show
that no single strategy can be optimal for all three weights. Without pz,(r) =0, forz < wo(s)

loss of generality we sét.in(s1) = 0 for all strategies below. For pz. () >z, (y), forzo(s) <z < y.
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f(y[x0)
Z|S8=0 ~U(-Aa,0)
Z|S=1 ~U(0,(1-A)a)
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Ll
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x0 b
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pZ=2)={0 |z]>(1-A)a
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1/a otherwise
. . B
"t0" b

Fig. 5. Example II.

In both cases the assertion follows from the observation that choosi(g, «) can take advantage of these dependencies in order to reduce
tmin($) SO as to align the maxima together yields an ordered averape conditional entropy of — g(U, S) givenV beyond that achieved
irrespective ofp(s). by a function ofS alone.

The following two lemmas characterize some important properties
of minimum error entropy prediction which we use for proving oun

. . . Examples
main results in the next section.

We turn to consider a few examples of finite-state additive noise
channels, their associated minimum error entropy predictors, and their
capacities. We first note that the results of Theorem 1 hold equally well
when the alphabet’ is a continuous intervdl, 5] € R*, with addi-
tion performed modul®, and regular entropy replaced by differential
entropy.

Lemma 1 (Irrelevancy):Let U be a random variable defined over
the finite alphabet/ such thatU, S, Z form a Markov chainl’ «
S « Z.Then, for any functioy : Y x § — X

H(Z — g(S,U)) 2 H(Z — tmin(S5))

wheretmin is defined in (17). Thu#’ is irrelevant for minimum error  Example I: Binary-Symmetric Channel (BSC) with crossover prob-
entropy prediction of. ability 6,. Here

The surprisingly nonstraightforward proof is given in the Appendix.
- . . Csiaree =1 — Zp(s)h((-}g)
Lemma 2 (Conditional Irrelevancy for SWIP Noisd)et U, V' be

random variables defined over the finite alphal3éty’, respectively, while

such that’, V, S, Z form a Markov chaifU, V) < S < Z. If the
noiseZ satisfies the SWIP property above, then for any function Cnost=1-h Zp(b‘)ﬂs .
UxS — X s
H(Z - g(5,U)|V) > H(Z — tmin(S)| V) (23) Inthe case where the Sl consists of two statesnd-, we have
. 1
wheret i, is defined in (17). Thus for SWIP noidé is conditionally CNost, if 61,62 < 3
irrelevant for minimum error entropy prediction &f. Csiarr = L= hp(s = 1)1 + p(s = 2)f], if 6, < l <0

Proof: By Lemma 1 we have for any € V (24)

wheref, = 1 — 6. This follows since binary noise falls into Case b)

of SWIP noise above, so Elias’ ordered average condition applies. The
extension of the result to more than two states is obvious; capacity is
achieved by “flipping” eaclt; that is greater thag.

H(Z - g(S7 U) | V= ’U) > H(Z - tmin(S) | V= 'U)

and since the noise is SWIP the functign, is independent gf(s | v)
and therefore independent of the value ofhus (23) follows by taking
expectation ovel’. o Example Il: A channel withX' = [0, 5] and transition distribution

Note that (23) does not hold in general for non-SWIP noises, i.&S Shown in Fig. 3). We have

for noises for whichi,nin = tmin(s,p(s)) doesdepend on the state
weights. For such noises, if the state weights|v) depend onthe ~ H(Z|5) =p(s)H(Z[S = s1) + p(s0)H(Z|S = s0)
value of the conditiori”, and if U depends o/, then the function = AlogAa+ (1 —X)log (1 —N)a =loga — h(N)
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while Proof: By Fano’s inequality [6], we have
. Aa g 2 "(1=2X)a 1 HW|Y) < h(e)+ enR < h(e) + enlog|X| 2 e
H(Z)= - Zlog = - ~log =
0 “2 a 0 ) a a Clearly,¢ — 0 ase — 0 uniformly inn. On the other hand,
= —2\log P (1-2)\)log o= loga —2X\ H(Y|W)=H(f(W.8)+ Z|W)

where to obtainZ we optimized the shifts according to Elias’ condi-
tions for symmetric unimodal distributions (Case a) above). Therefore,

2N p(w)H(f(w.S) + 2)
nclbi.n H(f(w,S)+ Z)

v

b . b (n)
C51@HEQ = log‘ -+ h()\) while CSL@'LR = log — 4+ 2\ 2 nHmin (27)
a a

where ina) we used the fact thatl” is statistically independent of
The corresponding distribution of the noigds depicted in Fig. ). (Z.S). Combining the above and the fact tha(Y) < nlog|Y],

we have
nR=H(W)
IV. NONCAUSAL SIDE INFORMATION AND STATE PROCESS WITH =HY)-HY|W)+HW|Y)
MEMORY < nlog|X| - ’ILH,E:?] + né (28)
which proves the lemma. O

In this section we generalize our results in two directions, first
to the case where the state process has memory and secondly tol#mma 3 implies that the capacity of this channel is upper-bounded
noncausal encoder as discussed in Section I. Jelinek treated charlls
having memory with causal side information at the transmitter in
[9], [10]. However, the expressions he arrives at are given in terms log| V| — inf al,
of complex double limits. This remains the case even when they
are applied to additive noise channels, thus giving little new insigt&.guantity which may be hard to compute in general. Nevertheless, we
Gelfand and Pinsker [7] studied the problem of coding for a discrefi@w show that for SWIP noise the instantaneous prediction scheme of
memoryless channel with channel states available noncausally to §&gtion Il is still optimal.
encoder. Their solution, as Shannon’s solution for a causal encoder,

. A Lemma 4: For SWIP noise we have for eveny
involves maximization over an extended alphabet, and moreover the

n 1
optimization is done over conditional input probabilities (given the ™ = ;H(Z1 = tmin(S1), s Zn — tein(Sn))  (29)
state). We shall confine our treatment to SWIP noise which will allow achi ‘ Y in (26
us to treat both problems together and to obtain simple expressionsvlv&‘c"retmln achievesli, , in (26). . i
Proof: letZ = Z — t(S) for some functiort : S* — A™. We

the capacities for both cases. h
For our purpose we can proceed directly from the definition of theve
encoding function (4). Consider an encoder which observes the enti@@(

20 )= H(Z)+H(Z: | D)+ -+ H (Z,

7 (30)

state sequenc8 = S,,---,S, prior to encoding. The state process 5 - ns 1 Anel

is a general stationary process, such that the noise safiptecon- =H(Z)+H(Z | Z)++H (Z +ta (57) | 21 ) '
ditionally independent of Xy - - - Xr, 51 - - Si—1, Si41---S») given (31)
S;. The encoding and decoding functions now assume the form SinceZ, « S, « (Z* ', 571 form a Markov chain, we have

by Lemma 2 and the SWIP property

z= f(w,s) and @ = g(y) (25) q (Zn (ST Ziz—1) >H (Zn, — tnin(Sn)

zr=! )

where boldface denotesvectors, i.e., i.e., assigning, (s7) = #min(s») can only reduce (Z}). Since the
ordering of the sef 71, - - -, Z,, } can be arbitrarily changed, the above

T=21,000 O argument holds for all thét; } and we obtain
Y=Y, Yn H(Z—t(S))ZH(Z1 _tmin(sl)v"'azn_tmin(sﬂ))‘ (32)
and Since (32) is true for any functioh the optimum prediction function
FC) =) fulo). and the minimum noise entropy are

We first give a fion“single-letter”) upper bound on the capacity of

i . tmin 8) = (tmin (- afmin 59) ¢ tmin(Sn
general additive noise channels. (8) = ( (81) (52) (8n))

and
Lemma 3: Assume the discrete additive noise channel defined in my 1 . A ;
(8). The rateR of any code with noncausal side informatiSnat the Hoin = ﬁH(Zl ~ tmin(S1)- s Zn = tmin(Sn )
engoqler (as defined in (25)) and error probabilty(WW # W) < e, respectively, and the proof follows. O
satisfies
As a consequence we have the following results.
(n) . .
R<log|X| - Hyy +¢€ Theorem 2 (SWIP Noise with Memory: Causal and Noncausal

Case): For SWIP noise and stationary state process, the instantaneous

wheree’ — 0 ase — 0 uniformly in the code length, and shift function

ol .
Hl’(l’llfi = ; min H(Z - t(S)) (26) tn(Sn) = (trnin (51 )-, <+, tmin (sn))

tSP A
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wheret i achievedi'")

min

causal side information at the encoder. Thus

mcaus caus

Csiarr =Cslarr
1
:10{:‘, |-’¥| — lim 7H(Z1 _tmin(sl)a Y Zn _tmin(Sn))
n=—oco N
(33)

i.e., the optimum (causal or noncausal) encoder reduces to the instan-
taneous-prediction encoder of (18).

Note that unlike the general expression of Jelinek [9], for SWIP noise
the optimization leading to the optimal strate@y.i.) is done with
respect to single-letter quantities.

Proof: Lemma 3 implies that

ncaus ) . (n
CSI@TR S 10g|.)€)| - lnanmizl'

Furthermore, by Lemma 4

H™ > (1/n)H(Z) — twin(S1).++» Zu — tmin(Sn))

min

which is further lower bounded by taking the limitagoes to infinity
(sinceZ; — tmin(Si), i = 1,2,--- is a stationary process). Thus the
noncausal capacity ippperbounded by (33). Achievability follows by
noting that the effective noise channel, resulting from the instantaneous
encoding scheme, is a stationary additive noise channel having (33) as
its capacity; see, e.g., [1]. O

Corollary 1 (Memoryless Noncausal Caselfor the memoryless

H
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in (26), is optimal for both causal and non-Let us introduce the auxiliary random variabldé’,---, U},
which are mutually independent and independent%fZ), and are
distributed as

A
P () 2 pur5(u] 5.

With these definitions we have

(Z+9(5.0))

.
2 <Z +3 " gis. U))

=1

k
2y <Z + Zgz(S-/ Ui))

=1

c) k
>H <Z+ > gi(S.T)

i=1

k
<Z+ 9i (S, us)

=1

k
in H|Z (S, u;
uIIIllAl.ITik ( + Zg (S, u ))

=1

d)
min H
wUp UL

\Y%

Uy=u---Up = u,k>

e

f
> i H(Z+t(S))

g:) H(Z + tmin (S))

additive noise channel (8), if the noise satisfies the SWIP property, tr\%ereb) follows from the Markov relatio” — S — Z: ¢) since con-

ncaus
CST@T‘F{ =

X

— H(Z — tmin(9)).

caus R
Cstarr = log

(L'71: .

V. DISCUSSION

We identified the role oinstantaneousoise prediction as the main

ditioning reduces the entropy; ardl since(Z, S) is independent of
L Uk).
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channels with memory.

In a future paper [5] we extend these concepts to rates below ca-
pacity and obtain expressions for the error exponent for additive noise;
channels with side information at the transmitter.

Our results do not extend to channels where the input is subject to
some average input constraint. One reason for that is that under such 74
constraint each shift s) of the input may have a different “cost, ” and
this changes the optimization 6fs). Another reason can be seen in [3]
the case of a power-constrained Gaussian fading channel, with fading
level known (say, causally) to the transmitter. Here, for a zero-meanl4l
noise our theory suggests that a fading independent code with zero shif[%]
is optimal. However, due to the average power constraint, allocating
different power to code symbols at different fading levels improves the

system performance [13]. [6]
7
APPENDIX 7
PROOF OFLEMMA 1
. 8
SupposeS = {s1,---, sk }. Define (8]
g(si,u), if s=s;
;LS [ = 9
gils,w) {0., if 5 % 5 o)
so that [10]
[11]

.
g(s.0) =3 g(s0).
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Springer-Verlag, 1964. Pollard’s results imply that the performance of empirically optimal
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the training set size sufficient for achieving a preassigned level of
performance, one needs to study the dependenbé@f; ) on finiter.
Assume that the training set consistsiohdependent sample vectors
On the Training Distortion of Vector Quantizers drawn from the source distribution and I&{D(Q;,)] denote the
expected value (taken over the training sequence) of the mean-squared
Tamas LinderMember, IEEE test distortionD (@5, ). In [4] it was shown that for all source distribu-
tions supported by a given bounded region, the test distortion of the
Abstract—The in-training-set performance of a vector quantizer as a empirically Op.tl.mal quantlzersa.tlsfléﬁ[D(Qﬁ)] —DQY) < en”/2
function of its training set size is investigated. For squared error distortion for some positive constant This upper bound was shown to have

and independent training data, worst case type upper bounds are derived the right order in a minimax sense in [5], where it was demonstrated
on the minimum training distortion achieved by an empirically optimal ~ that for any quantizer design method, there exist “bad” source

quantizer. These bounds show that the training distortion can underesti- distributions for which the test distortion of the resulting quantizer

mate the minimum distortion of a truly optimal quantizer by as much as ; g g _ * Lo—1/2
a constant timesn ="/, where n is the size of the training data. Earlier @n IS lower-bounded a&[D(Qn )] D(.Q )2 cn for fmother
results provide lower bounds of the same order. positive constant,c The sample behavior d(Q;,) — D(Q™) for a

class of smooth source densities was studied by Chou [6], and upper
bounds onZ[D(Q;,)] — D(Q™) for dependent (mixing) training data
were developed by Zeevi [7]. The dependence of the test distortion on
the training set size was also empirically investigated by Cosetan

I. INTRODUCTION al. [8] and Cohret al.[9] in the context of image coding.

Vector quantizer design is usually based on a collection of exampleln this correspondence, the focus of attention is the less studied

vectors, called the training set or training data. In general, the objectf/@ining distortionD..((,,). Since the value oD, ((),,) is obtained

of a design algorithm (such as the popular generalized Lloyd algoritrﬁﬁ a by-prpduct of the d(_aS|gn procgdure Wlt_hout requiring additional
[1]) is to find an empirically optimal quantizer, that is, a quantizer oSt data, it can be considered an inexpensive estimat&(Qf, ) or

a given codebook size whose distortion in quantizing the training ddg4 @ )- For an empirically optimal quantizer minimizing. (.. ),

is minimum. The underlying principle of empirical design is that gooane always has

performance inside the training set will imply good performance on * *  ~*

other data produced by the source if the training set size is sufficiently ElDn(Qu] < D(Q7) < EID(@Qu)):

large to represent well the source statistics. But training vectors Mle exact relationship between the training, test, and optimal distor-
be costly to obtain and the computational cost of design may becofhs is only known in the special case of quantizers with codebook
prohibitive for large training sets. Therefore, itis of interest to quantifyjze . = 1. In this case, it is easy to see that the single unique code-
how the performance of the designed vector quantizer improves as §afnt of the empirically optimal quantizer is the arithmetic average of

Index Terms—Empirical design, training distortion, vector quantization,
worst case bounds.

size of the training set increases. then training vectors, and therefore,

Assume that the quantizer dimension and the codebook size are
fixed. For any quantizef),, trained omn vectors, letD,, (Q,,) denote E[Dn(Q3)] = D(Q) <1 _ l)
the training distortion of),, (its average distortion inside the training e n

set) and letD(Q@,,) denote the test distortion @},, (its distortion in and
coding independent test data). Note that bBtH @..) andD(Q.. ) are
functions of the training set and therefore are random quantities. The
quantityD(Q,.) is the “true” distortion of the designed quantizer; it is o o
the performance figure one wants to be as close as possibI&ds), for all source distributions with flqlte second moment. .
the distortion of a truly optimal quantizép*. A design procedure is The probl_em become_s nontrivial _when quar?tlze_rs with more than
called consistent if the test distortid(Q,, ) of the resulting quantizer one codepo_lnt are considered, and in genera_l little is known about the
size of the differenc® (Q™*) — E[D,, (@, )]. In this respect, Abaya and
Wise [10] proved that under general conditions the expected training
Manuscript received July 14, 1999; revised February 1, 2000. This work wéRstortion is a consistent estimate of the optimal distortion in the sense
supported in part by Queen’s University, Kingston, Ont., Canada, and by %tD(Q*) — E[D,(Q%)] — 0asn — oo. The size of the bias of
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The author is with the Department of Mathematics and Statistics, QueerPSL(Qn) in estimatingD(Q™) was first investigated in a recent work

University, Kingston, Ont., Canada K7L 3N6 (e-mail: linder@mast.queensiy Kim and Bell [11] who showed that for squared error distortion
ca).
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for any source distribution with a finite second moment. No matching For anyk > 1, let Q. be the family of alld-dimensional nearest
lower bounds or sharper upper bounds seem to be available in therliéighbor vector quantizers withcodevectors. A quantizép* € O,
erature. is called aroptimal k-point quantizer foy x if it has minimum distor-

In this correspondence, we apply techniques developed in [5] filon
proving minimax bounds in quantizer design to show that in the worst )
case, the differenc®(Q*) — E[D,.(Q%)] is proportional ton="'/2, D(Q") = min E (X — QX)|1?]-
After introducing the necessary definitions in Section Il, three results Qe
concerning the mean-squared training distortion of an empirically ogxn optimal Q* always exists iff|| X ||? < oo, see, e.g., [3].)
timal quantizer are given in Section lll. Theorem 1 proves the existence et X, X, ---, X,, be independent and identically distributed
of “badly behaved” distributions on a bounded support set for whichj.i.d.) d-dimensional random vectors drawn accordingute. The

n

c collection { X;};=, is called thetraining data or training set. The

E[D,(Q)] < D(Q") — T (2) average squared distortion of a vector quantizen the training set is
for a constant: > 0 which depends on the quantizer dimension, the D.(Q) = 1 Z X = Q(X)|I%
codebook size (which is assumed to be at I83sand the diameter " n = ) '

of the support set. Theorem 2 reformulates this bound in terms of the
training ratio 3 = n/k (wherek > 3 is the codebook size) by showing Let ) denote arempirically optimalquantizer inQ;,, that is,Q? is a

that there exist source distributions for which k-point quantizer which has minimum average squared distortion
(&) n
* * _ v « . 1 . 5
E[Dn(Qn)] < D(Q ) <1 \/E) (3) Dn(Qn) = Qnelgl ; Z ||Xl — Q(XZ)H
Cr Vi

wherec, > 0 is a universal constant. Theorem 3 presents an improved,

explicit form of an earlier result in [4] to show that the lower bound ©Ver the training set. The random quantify, (@;,) is called the
training distortion of the empirically optimal quantizer. Note that

¢ the dependence @p;, and D,,(;,) on the training datd X; };=; is
vn suppressed in the notation.

) . Our goal is to compare the expected training distortion
holds for a¢ > 0, uniformly for all sources supported on a given

bounded set. This shows that bound (2) is tight in the sense that only . 1 & o
the constants may be improved. The proofs of these results are given ~ Z[Dn(@n)] = Eq min — S IIX = QX))
in Section IV. @ees s

The bounds (2) and (3) immediately demonstrate that for larggf 5, empirically optimal quantize®> with the distortionD(Q*) of
values ofn. any bound in the form of (1) will be very loose for some, optimal quantize)*. Since
source distributions. On the other hand, note that (1) holds for all
source distributions while (2) and (3) are worst case bounds. Thus D.(Q%) > D.(QF)
our results do not exclude the possibility that #he' term in (1) has S
the right order for a restricted class of “smooth” source distributionf'%l.nd
Potential candidates are the source densities satisfying Pollard’s D(Q") = E[D(Q")]
central limit theorem [12] for empirical quantizer design.

we always have

[l. PRELIMINARIES AND PROBLEM FORMULATION * *
A vector quantizet) of dimensioni and codebook sizeis a (mea- o o _
surable) mapping of thé-dimensional Euclidean spa& into a fi- Moreover, it is easy to see that strict inequality holds whenever

nite set of pointy1, -+ -, yx }. The pointgy; € R%,i =1, ---, kare D(Q") > 0. Let P denote the collection of all source distributions
called thecodepointor codevectorand the collectiof{y1, - - -, ¥} which are supported by a given bounded set. Our results concern the
is called the codebook. maximum deviation ove of the expected training distortion from

For anyz € R?, let||z|| denote its Euclidean norm. Givendadi- the optimal distortion, that is, the quantity
mensional random vectdf with probability distribution x and finite N .
second momenE|| X ||* < oc, the mean-squared distortion of a vector SUGPP(D(Q ) = E[Dn(Qn)))-
quantizerQ is e
. In order to be consistent with earlier work [13], [5] on worst case
D(Q) = E[||X - Q(X)||2] — / |l — Q(l)”?,u (da). bounds in vector quantization, we will formulate our results in terms
R of classesP(B) containing all source distributions which satisfy the
peak power constraif®{(1/d)||X||* < B} = 1. In other words, for
any B > 0, the classP(B) consists of all source distributions whose
support is contained in the belk : ||z|| < VdB}.

A vector quantizer) with codebook{y:, -- -, y« } is called anearest
neighborquantizer if for allz € R?

lle = Q) = min |l — gill”.
I<isk . RESULTS
For any source distribution, a nearest neighbor quantizer has minimun®ur first result shows that for training data of sizethe difference
distortion among all other quantizers with the same codebook. THE Q") — E[D..(Q;,)] of the minimum distortion of an optimal quan-
fact allows us to consider only nearest neighbor quantizers in this ctizer and the expected training distortion of the empirically optimal
respondence without loss of generality. quantizer can be as large as constant time¥>.
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Theorem 1: For any quantizer dimensiah> 1 and codebook size  The result is based on a nonasymptotic upper bound on

k > 3 there exists a distributionx € P(B) such that for all training , .
setsizen > 2k E{Qseugk [D(Q) — Dn(Q)]}-

c(B, d, k)
I

At the core of the proof is a simple and elegant version of the classic
“metric entropy” bound [14], [15] of empirical process theory, recently
proved by Cesa-Bianchi and Lugosi [16], which allows us to provide
an explicit form of the constari{ B, d, k).

Bd\/ﬂ In summary, Theor(_ams 1 a_nd 3 show that for independent training
3 data of sizen, the maximum differenc®(Q*) — E[D, (Q;,)] of the
distortion of an optimal quantizer and the expected training distortion

o - __of the empirically optimal quantizer is of order '/2. More formally,
In the next result the relative difference of the training and optim ese results imply that for all > 3 and large enough

distortions is considered, in which case a very simple bound can be
obtained in terms of the training ratib= n/k. < sup  (D(Q") = E[D.(QL)]) < c

< D E <
Theorem 2: For any quantizer dimensiah> 1 and codebook size Vi T uxerm) a
k > 3 there exists a distributionx € P(B) such that for all training for some constants ¢ > 0 depending orl, k, andB.
set sizen > 2k

E[Dn(Qn)] < D(Q7) — (4)

where

o(B,d, k)=

IV. PROOFS

* * Co
E[D.(Q,)] < D(Q") <1 - W) Proof of Theorem 1:We simplify the notation by assuming that
B = 1 (that is,;ux has to satisfyP{||X||> < Vd} = 1). Since
wherec = * \/g ~ 0.27. we consider mean-squared distortion, for arbitr&ry> 0 the result

follows by straightforward scaling.

Theorems 1 and 2 are proved by using a construction of “bad” distri- To demonstrate the existence ¢f a satisfying the bound of the the-
butions introduced in [5]. This method uses discrete distributions sugrem, we will use a modified form of a construction introduced in [5,
ported by a finite number of points, although a modified constructiahe proof of Theorem 1]. Just as in [5], the basic idea is to construct a
using distributions with smooth densities is possible at the expenseselirce distribution such that with constant positive probability, the em-
complicating an already somewhat involved argument. An importapirically optimal quantizer is sufficiently “far” from the optimal quan-
pointis thatin [5] the choice of these “bad” distributions depends on tiiger. However, new techniques are needed to derive the desired bound
training set sizex. In our case, due apparently to the fact that we deaince we consider the training distortion (the empirically optimal quan-
with the training distortion instead of the test distortion, we are abiier is a function of the data on which its distortion is evaluated), while
to construct one “bad” distribution which works for all large enougin [5] the test distortion was considered (the distortion is evaluated on
n. Therefore, Theorem 1 guarantees the existence of at leafikede independent data).

source distribution irP(B) such that Assume that: > 3 is divisible by3 (we will relax this assumption
o . N later) and letn = 2 k (note thatm is even). LetA > 0 be a constant
h,?iﬁf Vi(D(Q") = E[Dn(Q)]) > 0. to be specified Iater andlet, -, z,, bem points inR? satisfying

L . llzi — ~J|| > 3A for all i 75 j. Let w denote thel-vectorw =
Next we examine in what sense (if any) the bound of Theorem( 0,---, 0). The proposeg x is the uniform distribution concen-

is tight. The constant(B, d, k) is rather small and can probably betrated on th@ oints pi=1, - that is,
improved. But the more fundamental question is whether'? can be P {zir 2w >
replaced with something larger. To answer this question in the negative, px(z)) = px ({z +wh) = L 1<i<m. (6)
we note that for alux € P(B) : 2m’ - -
The parameters gf x areA and the pointg;, ---, z,. We assume
D(Q") — E[D.(Qr)] < E{ sup [D(Q) — Dn(Q)]} (5) thatzi, ---, z, andA are suchthatx € P(1),i.e
QEQy
: : : : max ([|zi]], [l + w])) < V.

where@,, denotes the family of ak-point nearest neighbor quantizers 1<i<m
with codepoints inside the sphefe : [|l+|| < vdB} (see the proof ciearly,ifA is small enough this is always possible; the specific choice
of Theorem 3). Any uniform upper bound on the expectation on thg A will be given later. A key feature of is thatan optimal quantizer

right-hand side will result in a uniform lower bound @{D:.(Qn)l-  * for iy with k = 2 m codepoints has a very simple structure.
The existence of such an upper bound of ordel’? has been pointed

out in [4] (see [4, the discussion following Corollary 1]) although in Lemma 1: Let ux be defined by (6) and assume thjat — z;|| >
an asymptotic form and without explicit constants. Nevertheless, sugf} for all i # j. LetS be any subset ofl1, ---, m} of cardinality
a bound implies that the bound of Theorem 1 is essentially tight. S| = m/2. Then the quantizer which has one codepointaf 3 w

The following theorem presents a new form of this lower bount®r €achi € S and has codepoints at both and z; + w for each
which is tighter than those given by existing results and has a mdr& {1. ---, m}\ 5'is an optimali-point quantizer fog.x .

attractive, nonasymptotic form. The assertion of the lemma is intuitively clear; the proof is given in

Theorem 3: For any quantizer dimensio > 1, codebook size [5; the Appendix]. Note that the optimal quantizer is not unique, and in

k > 1, training set size > 1, we have fact there arg, ") optimal quantizers fop x . _
Let the training dataX,, X, ---, X,, be drawn independently
B, d, k . N i ; N i
E[D.(Q5)] > D(Q") — ) from ux and letV; pe the number of training data points falling in
v the set{z;, z; + w},i.e.,

forall ux € P(B), whereé(B, d, k) = 96Bd*/* /. N=W{i: X;=znorX;=z+w,j=1,---,n}|
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Let Q™ have one codepoint at + ‘gu for eachi < m/2 and two
codepoints at; andz; + w for eachm /2 + 1 < i < m. ThenQ™ is

an optimalk-point quantizer by Lemma 1, and its distortion is given in

terms of theN; by

DQ) =E {1 > - Q*(Xj)llz}

AQ 1 m/2

4 n Z Ni

=1

E

()

where the second equality holds becall§d (X;) — X;||*> = A%/4
if X, takes value irU?;/f{% zi +w}and||Q*(X;) — X,|I* =0
otherwise.

We now define a training-set-dependent quantizgr to ap-
proximate the empirically optimalk-point quantizer ();,. Let
(1), ---, o(m) be the permutation ofl, ---, m obtained by
switching the positions of the indicesand m/2 + i (i.e., letting
(i) = m/2+iando(m/2 + i) = i) for eachi < m/2 such that
Ni > Nz, Furthermore, let),. be thek-point quantizer whose
codepoints are, ;) + %w fori < m/2, andz,(;), z,(;) + w for
m/2 + 1 < i < m.Then we have

) 1 n o
E[D.(Q.) = E {; S X, - czn<xj>||‘}
j=1

AQ 1 m/2

4 n Z JVGU)

=1

—E )
since||Q.(X;) — X;||? = A%/4if

m/2

Xj € U Lzows 200 + 0l

=1

and||Q.(X;) — X;||*> = 0 otherwise. Since the empirically optimal

quantizer;, minimizes the training distortion over dttpoint quan-
tizers, we have

E[Dn(Qn)] 2 E[Dn(Q5)].
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and

PIY, =0} =1 2,

m

Define

S, = i ij.
J=1

ThenS, = Ny — Nz, and sinceS,, is distributed symmetrically
about zero

E[(Ni = Nz 1)1 = § EIS.|. (11)

To lower-bound the last expectation we will use the following useful
inequality: for any random variablg with finite fourth moment

(7))

P2 Gz

(12)
(see [17, p. 194] or [18, Lemma A.4]). Since the are independent
and identically distributed, and have zero mean, we have

E[SE] = nE[Y?] = n

m

On the other hand, expanding
n 4
J=1

FE [Si] =nkF [Yfl] +3n(n—1) (E [Yf])
= %1 4+ 3n(n—1) <£)

m
5, 2
(%)
m

where the inequality holds i#f > m. Hence (12) gives

yields

2

Therefore, using (7) and (8), we can lower-bound the difference

D(Q") — E[Dn(Q)] as
m/2

E Z(—Ni — No@y)

i=1

A1

DIQ") - ED.(Q)] 2 5 - ©

In the rest of the proof we will demonstrate that the expectation on

the right-hand side is of order—'/2. First note that for ali < m /2
we haveN,¢;y = N; if N; < N%Jﬂv, andN, ;) = N%Jr,; otherwise.
Therefore N; — N,(;) = (Ni — N%H)Jr, wherez™ = max(z, 0).
Thus

m/2

ES> (Ni= Noyy)) ¢ =

=1

m/2

B> (Ni—=Ngy)*
i=1

m .

=5 Bl(N = Ny )] (10)
since the pair¢N;, N ;) have the same distribution. For eack

{1, ---, n} define the random variablg; as follows:Y; = 1 if the

training vectorX; contributes taV,, Y; = —1 if the training vector

X contributes toV= ;. (, andY; = 0 otherwise. Then

T

m

P{Y; =1} =P{Y;

1 n
E\Sn| > — ]/ —.
| |_ \/5 m

Combine this with (11), (10), and (9) to obtain

* . A? m
DIQ") = EIDA@))] > o [

To maximize this lower bound, we need to makes large as possible
under the constraini x € P(1). A simple packing argument shows
(see [5, Step 14, proof of Theorem 1]) that the choice

Vd

= Ami/d

(13)

is possible while maintaining the separation condition
llzi — zill 234, i#j

and also satisfying

Nz 4wl < V.

max (
1<i<m

e
~1
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SubstitutingA = m% andm = % k in (13) we can conclude that Proof of Theorem 3:As in the proof of Theorem 1, we assume
that B = 1 and obtain the result for generd by scaling. Since
d k‘—é X, X1, -+, X,, is an i.i.d. sequence ang” is a k-point quantizer
D(Q") = E[Dn(Qp)] 2 55 (14)  with minimum distortion, we can write
which proves the statement of the theorem foialt 3 divisible by3 D(Q") — E[Dn(Q3)]
andn > 3 k. < E{E[IX = Qu(X)IP|1X1, -+, Xa] = Da(@n)}
The proofforthe case whéris not a multiple o8 involves a slightly
modified construction. In this case, we tetbe the unique even posi- <E {@Seug [D(Q) - Dn(Q)]} (16)
Sk

tive integer satisfyindg: = 3m/2 + p, wherep is eitherl or 2. In the
definition of the modified: x the pointsz;, z; + w are assigned prob- whereQ;, denotes the family of alt-point nearest neighbor quantizers
ability 5.+, and we augment the support,of by one additional Wwith codepoints inside the sphefév/d) = {x: ||| < Vd}. The
point with probablllty( s (whenp = 1), or a pair of points, each Second inequality holds sind#{||.X:|| < Vd} = 1foralli and there-

m41 . * . . . ™
having probability=——— (whenp = 2). Since we now have: + 1 fore the codepoints a;; are insideS(+/d) with probability one.
. 2(7n+1) . (Q) "
pairs, we set For any@ € Qx let the random variabl&,, " be defined by
1 = - 2 2
Ao VI I8 =2 3 (B (1N - QX0IP] - I1X: - QX))
4(m + 1)1/4 i=1
n
The details of the derivation are omitted since these are almost identical =3 (D(Q) = Da(Q))

to the case wheh is divisible by 3. Instead of (13), in this case we

obtain the slightly weaker bound so that by (16)
. N 2
2 1 D@ - B £ 2B { s TOL. )
n QEQ,

D(Q") = E[Dn(Q7)] 2

We will use a standard but effective technique of empirical process
theory to upper-bound the expectation on the right-hand side.
First we recall some definitions. L&, p) be a totally bounded
Al—— metric space. For any’ C S ande > 0 the e-covering number
= 283 (19) N,(F, ¢) of F is defined as the minimum number of closed balls with
radiuse whose union cover§’.
A family {T,:s € S} of zero-mean random variables indexed by
the metric spacesS, p) is calledsubgaussiaim the metricp if for any
Proof of Theorem 2:The construction in the proof of Theorem 1A > 0 ands, s’ € S we have
is used again. Assume first thiats divisible by3. Then by (7) we have

where the second inequality holds because 2 and the third holds
becausen > Z (k — 2) andk > 4. O

BN TemT] g Mol 2,

AQ
D(Q") = The family {T.:s € S} is calledsample continuou# for any se-
) guencess, s2, --- € Ssuchthas; — s € S we havel;, — T, with
sinceE(N;) = =. Hence (13) can be rewritten as probability one.
A2 p The following result gives an upper bound on the expected
E[D,(Q;)] <D(Q") — " R supremum of the random variabl¢ds:s € S} in terms of the
24v2 covering number of the index space. It provides a version of a classical
= D(Q") <1 _ ﬂ) result in empirical process theory (see, e.g., [15]) with an explicit
2v2 constant.
=D(Q")|1- 1 E ) Lemma 2 ([16, Proposition 3]):If {7 : s € S} is subgaussian and
23 sample continuous in the metric then
If £ > 3is not divisible by3, thenu x is modified as in the last part - diam(5)/2 _ 7
of the proof of Theorem 1. In this case, the distortiorf)3fis E “6113 T.p <12 /O VIn N, (S, €) de
D(Q) = i m wherediam(S) = sup, ,/c5 p(s, s') is the diameter of.
8 m+1

) ) o To apply the above result we need to show that w@eris equipped
wherem is the unique even positive integer such that 3m /2 +p,  yith a suitable metric, the family of random variabl&?:Q € Q. }

whereyp is eitherl or 2. Then (15) implies is subgaussian and sample continuous. For@n®' € Q;. define
A? m ’ 2 ' 2
D.(Q)) <D pn(Q, Q) =Vn sup [z = Q@) = |l = Q"(«)|"|.
EIDL(Q3)] DIQ) = 51 < e | |
_ x 1 m+1 Clearly, p,, is a metric onQy. Also, for anyQ, Q' € Q. we have
=D(@Q") |1 53
LT T4 = %7 < Vi pa(Q. Q) (18)
* {
<D@) <1 T4 \/g \ ;) with probability one, which implies thatZ’ (T : Q € Qy} is sample

continuous. To show tha{tT(QJ Q € Qk} is subgau55|an imn,
where the second inequality holds sinae> § (k—2)andk>4. O we recall Hoeffding’s inequality [19] which states thabif, - - -, Y.
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are independent zero-mean random variables suchithaty; < b,
i =1, .-+, n with probability one, then for alh > 0

B |:8)\ 2?:1 &;-] < e)\zvz(b—a)z/S.

Fori =1, ---,nlet
Y= (D@ - IIX: - QX))
2 (D(Q) - I~ QX))
Then

T,EQ) _ Tr(y,Q,) — Z Y;

=1
where theY; are independent, have zero mean, and
1
v

for all <. Hence Hoeffding’s inequality implies

NCEUEEE
(&

|y’l| < PH(Q~ Q/)

E < e>\20n(QeQ’)2/2

proving that{TﬁQ): @ € 9} issubgaussianin, . Therefore, Lemma

2 gives

~diam(Qy)/2
E{ sup T,EQ)} <12 / In N, (Qk. €)de. (19)
QREQ 0

To evaluate the integral we need the following bound on the covering

number of Q.

Lemma 3 ([5, Corollary 1]): For any0 < ¢ < 4d andk > 1, the
covering number 0B, in the metric

p(Q. Q)= sup |lle = Q@)|I* = llz — Q"(2)I|

lll|2<d

is bounded as

164\ *?
swanas ()"

Sincep, (Q, Q') = /np(Q, Q'), the preceding lemma implies that

kd
N, (Qx. €) < <16(IV\/n, )
€

forall0 < ¢ < /n 4d. Moreover, since

sup e — Q)] < 4d
[|z]|2<d

forall Q € 9k, we havediam(Qy) < +/n4d. Therefore, (17) and

(18) imply

~/m2d - kd
D@ - @< 2 [T i () e
- Jo
.\/ﬁg
= 24m / ‘ In <716d\/H ) de.
n o V €

(20)
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We can upper-bound the last integral as

/1 2d 1/8
/ In <M> de =16d/n / In <l> dx
o \/ € o \/ x
-1/8 1
< 2d+/n 8/ In <—> dx
o x

=2dy/nVIn 8 +1
< dd+/n

where we first used the change of variable= ¢/(16d./n) and then
applied Jensen’s inequality to the concave functi¢h = /. Com-
bining this bound with (20) proves Theorem 3. O
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This correspondence addresses only the first issue—the matching of
transform to source. Aackward adaptivenethod for transform adap-
tation is proposed and analyzed. In backward adaptation the encoder
and decoder adapt in unison based on the coded data without the ex-
plicit transmission of coder parameters. Backward adaptation is also

Transform Coding with Backward Adaptive Updates calledadaptation without side informatioor on-line adaptation
The use of backward adaptation for transform adaptation in trans-
form coding seems to be unprecedented, though backward adaptive
techniques have a long history. For example, adaptation of prediction
filters in speech coders is often backward adaptive [4], [5] and ADPCM
Abstract—The Karhunen—Loéve transform (KLT) is optimal for trans- i.ncludes .not only.bgckward adapta.tion of ﬁ,lter, taps but a!so of quan-
form coding of a Gaussian source. This is established for all scale-invariant tizer scaling [6]. Similar to the quantizer scaling in ADPCM is the back-
quantizers, generalizing previous results. A backward adaptive technique ward adaptive context modeling and quantizer scaling of the EQ image
for combating the data dependence of the KLT is proposed and analyzed. coder [7]. Itis also possible to adapt a quantizer more generally without
When the adapted transform converges to a KLT, the scheme is universal side information [8].
among transform coders. A variety of convergence results are proven. . . . .
The incompletely realized aim of our work is to show that backward
Index Terms—Dbithered quantization, lossy data compression, transform - adaptation can result in a transform code thaizersalfor Gaussian
coding, universal source coding. sources. “Universal” is used here to mean that the performance ap-
proaches that of an ideshnsform codelesigned witta priori knowl-
I. INTRODUCTION edge of the source distribution. The results along these lines are asymp-
o ] totic in the data length, but the transform or block size is fixed. Empir-
The essence of transform coding is to apply a linear transform ity evidence and partial analyses are provided. Such a code would be
a source vector and then apply scalar quantization, as opposed togp«on-line” alternative to the “universal codebook” approach to uni-
plying scalar quantization directly to the source vector. Heuristicallyersa| transform coding by Effros and Chou [9Forward adaptive
transform coding works because the transform can eliminate correlgehniques that are not necessarily universal are discussed, e.g., in [11].
tion between components of the source vector, producing a vector ofrhe results of [9] were inspiring to this study because they indi-
transform coefficients more amenable to scalar quantization and ggteqd superior performance of weighted universal transform coding
tropy coding. Transform codes are popular because they provide @ weighted universal vector quantization for image compression
attractive compromise between computational complexity and perfQyity reasonable vector dimensions. It was also shown that there are
mance. In the parlance of vector quantization, the point-density and @f-aple gains to be realized by varying the transform, a result that runs
longitis losses of scalar quantization are eliminated or reduced, leaviinter to the conventional wisdom in image compression.
predominantly only a space-filling loss [1]. ) In the remainder of the correspondence, the aforementioned ideas
With a Gaussian source model, the optimal transform is a Karhunefys made more precise. The sources and coding structures under con-
Loéve (KLT), an orthonormal transform that produces uncorrelateffieration are described in Section II. Unable to satisfactorily analyze
transform coefficients. The optimality of the KLT is well known forine griginal coding structure, we give several analyses based on simpli-
high rates [2] or when optimal fixed-rate quantizers are employed [§}ing assumptions. The main results are stated in Section |1l and proven
but holds more generally (see Appendix I). However, the KLT is rare{y aAppendix I1. Section IV describes ways in which the encoding algo-
used in practice for a variety of reasons. One prominent reason is thafms can be modified to reduce computational complexity or to track

the KLT is signal-dependent; the transform used in the encoder and QQ/'arying source. Concluding comments appear in Section V.
coder must be adjusted to correspond to the covariance of the source

in order to maintain optimality. A second reason is that since the KLT

has no special structure, it requires more operations to compute than

a harmonic transform such as a discrete cosine transform. For vectorset {,, },cz+ be a sequence of independent and identically dis-
tributed (i.i.d.), zero-mean Gaussian random vectors of dimension
with covariance matrix?, = E[awT].Z If R, is notdiagonal, i.e., the
components of are correlated, one obtains better rate-distortion per-

a"g"?‘r:‘_i!zgigt rf?IC:i\F/leedf'rAsFt)glr\fios’eizgr\%; ;e;/ri%erg D:r(;emtbhetrhzla' Ulr?92-rsT_thizf"g’afllSrmance with transform coding than with direct scalar quantization

W nit whni 1 u W Wi v Ity - .

ifornia, Berkeley. The material in this correspondence was presented in pariigfj scalar entropy ,COdmg of the s.ource. VeCt.Ot‘S. .

the IEEE International Conference on Image Processing, Lausanne, Switzeﬂ-n transform coding, a square, invertible linear transfc'ﬂ’rl§ ap-

land, September 16-19, 1996 and at the IEEE Data Compression Confereptied to each source vector to get a vectortraihsform coefficients

Snowbird, UT, March 25-27, 1997. o yn = Tu,. The transform coefficients undergo scalar quantization
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Encoder Decoder
Yn Un Yn _ n
Tn T Q E E-! Tt &n
delay delay
transform transform
adaptation adaptation

Fig. 1. Block diagram of transform coding system with backward adaptive transform upfates time-varying orthogonal transfori, is a scalar quantizer,
and E is a universal scalar entropy coder.

and scalar entropy coding. Ideally, the transform should be selectid distortion for a given entropy coder output rate. Assuming that the
such that the transform coefficients are uncorrelated and hence, sittaasform and the universal lossless codes converge, this rate is well-ap-
the source is Gaussian, independent. This was first shown by Huaamgximated by the entropy rate of the quantizer output sequence. With
and Schultheiss [3] under assumptions of optimal fixed-rate quantizhis approximation one is left with amtropy-constrained scalar quan-
tion and a mild, common sense condition on the bit allocation. (Earligzer to design.
work by Kramer and Mathews [12] did not involve quantization and Even assuming that the variance of the transform coefficient is
was not in an operational rate-distortion framework.) Using high-reskrown, the best quantizer will generally be known only through a
lution quantization theory, the same result can be obtained for optinmaimerical optimization procedure. However, a uniform quantizer is
variable-rate (entropy-coded) quantization or uniform quantization [2}ptimal asymptotically for high rates [13] and, more importantly, is
A new extension is given in Appendix | that relies only on the scalatose to optimal at moderate rates [14]. This is an important distinction
quantizers having performance invariant to scaling (Theorem 6).  between fixed-rate and variable-rate scalar quantization that partially
To mathematically describe an optimal transfdfipsimply note that  justifies our use of fixed uniform quantizers. (Alternatively, it was

by linearity of the expectation operator shown in [8] that backward adaptation of fixed-rate quantizers can be
. . successful, but this is not pursued here.)
R, = E[(Tx)(Tz) | =TR.T" . Now consider the joint optimization of the set of scalar quantizers.

Thus T may be an orthonormal similarity transform composed oLTJSi.ng high-resolution analysis, itis easy to .Sh.OW that the o_ptimal allg-
eigenvectors off,. This makesR, a matrix with the eigenvalues of catl_on of rates between _the.transforn_] coefficients results in equa.I (_jls-
: - in di | and ze?os elsewhere. Such a transform itortlons and equal quaptlzatlon step sizes fqr t_aach transform c_oefflc_lent
}K?;rl(q)gnl(t;-r:g:‘anve Ite;gg;]%rm (KLT) of the sourcé. fz]’" Though this r_esult_ is Well known, the minimum rate at Whlc_h this
Since the optimal transforffi depends on an ensemble average IS a good appl_'OX|mat|0n IS not; thgs we presgnt some numerical cal-
r%{{atlons. At high rates, the operational distortion-rate performance of

itis gif‘era”.y unknown _at the encoder. (l.t may al_so b_e the case ten ropy-coded uniform quantization (ECUQ) of a Gaussian source with
E[z, x,] varies slowly withr, though we will deal with this case only __ . 9 .
variances - is given approximately by

in passing.) We consider here systems that periodically adjust the trans-

form at the encoder and decoder in a backward adaptive manner. A D = €, 29—2R, (2)

block diagram for such a system is shown in Fig. 1. In this system, the 6

quantizer@ is a scalar quantizer with uniform quantizeapplied to  This is easily obtained by combining tHe ~ AZ2/12 distortion of

each component fine, uniform quantization with Rényi’s relation between the differen-
1 1 tial entropy of a continuous source and its uniformly quantized version

q(x;) = ki A, for <ki — 5) A< < <ki + 5) A, [15]

ki € Z, i=12,---,N. (1) H(Q(X)) ~ }L(—X) — log, A, (3)

The entropy coder ha¥" separate universal lossless codes forhe The jnaccuracy of (2) at low rates is apparent from the fact that the
transform coefficient streams. maximum distortion should be?; the distortion given by (2) exceeds

In this work we concentrate on the update mechanism for the trags-fq; rates belowss 0.255 bits. The actual distortion-rate behavior is
form and the effect of the transform updates. This is partly a matter&ﬁmpared to (2) in Fig. 2(a).

taste, but it is also motivated by the insensitivity of the optimal quan- The simplicity of bit allocation using (2) is due to the form of

tizer to the source and transform. The use of uniform scalar quantigb/ag_ Consider the allocation o, andR. bits between compo-
tion with equal step sizes for each component is discussed in Sectiihis with variances? andcZ, respectively. Since

II-A and transform update procedures are considered in Section II-B.
oD; _me log 2

A. Focusing on the Transform OR; 3

cZ27Mh =12 (4)

Consider the quantization and entropy coding of a single transfooperating at equal slopes demand@ 2%+ = ¢2272%2_ Thisin turn
coefficient branch in Fig. 1. Since the quantizer indices are entropyrakes the component distortions equal and, again using high-resolu-
coded, the proper optimization criterion for the quantizer is to minimizéon approximations, the quantization step sizes equal. This analysis
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Fig. 2. Comparisons between the actual performance of entropy coded uniform scalar quantization and high-resolution approximations. &xrictuahts
performance compared to (2). (b) Derivative of the actual distortion-rate performance compared to (4).
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Fig. 3. Comparisons between the performance of optimal bit allocation and equal quantization step sizes for variables withaadaricends? = 1/4:
(a) distortion-rate performances; and (b) bit allocations.

demonstrates that using equal quantization step sizes is a good appro:
imation to optimal bit allocation when (4) is accurate. This is true for
rates above about 1 bit per sample (see Fig. 2(b)).

To conclude the discussion of bit allocation, let us look at the effect of
optimal bit allocation in one simple example. Variables with variances
o7 = 1 andsj = 1/4 are quantized by ECUQ either with optimal bit

0.1 T T T v

&
allocation or with equal quantization step sizes. Fig. 3(a) compares the <03
distortion-rate performances and Fig. 3(b) compares the bit allocation. &-0.4
It is apparent that optimal bit allocation provides little improvement. 2
- . S ) ) g-05
Note also that the optimal bit allocation is predicted well by the high- 5
-0.6f

resolution analysis when the lower rate is at least 1 bit per sample.
For the remainder of the paper, ECUQ with equal quantization step  _o7
sizes for all components is employed exclusively. With this restriction,

. - . . -08
we may fix the quantization step size and focus on the entropies

of the quantizer outputs; for smalk the distortion is insensitive 0.9, 0.05 o1 015 02 025
to the choice of transform. In the limit a& approaches zero, this 8/n

insensitivity is clear because the distortion approachég12 per
component. It turns out that the deviation from this approximation ﬁ . 4. Dependence of overall distortion on the choice of transform for

less than 5% for rates above 1 bit per sample. This is demonstrate€yo-dimensional source. The dependence is mild and vanishes as the
in two dimensions by Fig. 4. Sources with covariance matricegiantization step siz& shrinks.



1626 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 46, NO. 4, JULY 2000

R, = J(9)T diag(1,1/4).J(#), where.J(¢) is a Jacobi rotation of that used in heuristic analyses of the LMS algorithm. In such an anal-

¢ radians® were quantized with various quantization step sizes. Theis the sequence of transforms is assumed to be independent, though
distortion, normalized byA? /12, is shown on a logarithmic scale as athis assumption is clearly false [16, Appendix 3.B].

function ofé. In this example, the distortion differs little from, and is The following two sections give different types of convergence re-

bounded above, by?/12. sults that are suggestive of the convergence seen in simulations. In Sec-
tion 111-B the stochastic variation of (5) is ignored. The transform up-
B. Transform Update Mechanisms dates are then described by a deterministic iteration. As an alternative,

dhe quantizer can be replaced by a subtractive dithered quantizer in
order to insure nice behavior of the transform sequence. This is con-
sidered in Section IlI-C.

Referring again to Fig. 1, for decoder tracking without side inform
tion it is necessary that the transfoffn1 depend only o{ 7% }7—,
and{y } r—. We assume that the covariance estimate

—n 1 B. Deterministic Analysis
R = - Z Erir ()

— In the original system, the distribution &f, depends off,,, which

. in turn depends off, and{x:};Z,. Because of this complicated in-
is computed and théft,; is chosen such thék, 1 ]f'%é(")if,,lTJrl is di- terdependence between quantization and stochastic effects, it is very
agonal with nonincreasing diagonal elements. This amounts to usififficult to analyze the convergence of the transform.
R:" as an estimate foR,.. The calculation of;, 11 will have sign  One way to reduce the complexity of the analysis is to neglect the
ambiguitied and if the eigenvalues dt; (™ are not distinct, there will stochastic aspect, meaning to assume there is no variance in moment

be additional ambiguities; these can be resolved arbitrarily. The initedtimates despite the fact that moments are estimated from finite-length

transformI’ can also be arbitrary. observations. The effect is to replace (5) with
More complicated update mechanisms are possible, but using an .
eigendecomposition of (5) has the attractive property of requiring only R;") =F [aal ] (6)

constant storage: As the data vectors are coded, onlythé + 1)/2 ,
independent components of (5) must be stored. Adjustments to (5atd update the transform such tHat, Rf%”)TnTH is diagonal with
compensate for quantization effects are possible, but are not used seasncreasing diagonal elements. We are left with a deterministic iter-
to not rely too heavily on the Gaussian model for the source data. ation summarized by

At first glance it may seem that we expekt(" to converge to . -~ e .
R., which would result in the transform converging to the desired R =T} Ry'T, =T, Q(RY")T, =T.) Q(T. R.T,) )T,
KLT. In fact, we do not need?;") — R. to have the desired trans-7, , R("'T"" | = A, (diagonal with nonincreasing diagonal elements)
form convergence. Suppose for the moment that the effect of quantiza-
tion is to add a zero-mean signaindependent of with E[zz7] = whereQ: RV*" — R"V*" gives the effect of quantization on the
(A%/12)Iy.ThenR;: = R,+(A?/12)Iy and sinceR; andR, have covariance matrix() depends on the source distribution asdand
the same eigenvectors, the transform converges to the correct tramasy be described by evaluating expressions from [17].
form. Of course, this is an overly simplistic model of quantization. As SinceR.. and Ri generally have different eigenvectors, it is not
detailed below, the difference betweBfrz”| andE[Q(x)Q(x)*]is  obvious that this iteration will converge. The following theorem gives
generally not a scaled identity. Nevertheless, we assert that the syseelimited convergence result.

works: The transform converges to the optimal transform, resulting in . .
. 9 op . 9 Theorem 2: Let R, andT} be given. Then there exists a sequence
a universal system. We cannot prove this convergence precisely, butr,

sults suggesting the observed convergence are given in the foIIowPquamization step sizfs. } C R* such that the deterministic iter-
> Sugg g 9 g ar}%n described above converges to a KLT of the source. Since the KLT
section. . ) . ) . .
is ambiguous if the eigenvalues Bf, are not distinct, convergence is

indicated byRQ'L) approaching a diagonal matrix in Frobenius norm.
Ill. MAIN RESULTS Y

. . N Theorem 2 does not preclude the possibility that the iteration will
The main results of the correspondence are summarized in this sec- ithinf A — 0. However. numerical calculations sua-
tion. Proofs are given in Appendix II. converge only Wlth.m " ) ’ 9
gest that the iteration actually converges for constant sequences of suf-

ficiently small step sizes. Fig. 5 shows numerical results for a four-di-
mensional Gaussian source witR,);; = 0.9, 77 = T, and

Theorem 1: Fix a quantization step siz& and suppos¢T’, } con-  various values of\. To show the degree to whicF, diagonalizes
verges elementwise t@&, a KLT of the source. Let,, denote the pg_, |||R§,")||| is plotted as a function of the iteration numberwhere
per-component code length for coding the firstvectors using the |||A||| = S, a%;. An approximate correspondence between quanti-
adaptive scheme and I&t, denote the per-component code length fopation step size and rate is also given.

coding the first: vectolrs with the fixed, optimgl transfori Then the Starting from an arbitrary initial transforrﬂle") ||| becomes small
average excess rate (L. — L;,) converges in mean square to zeroafter a single iteration (note the logarithmic vertical axis). Then, to the

As discussed in Section II-A, given a quantization step size, the d@"ts of machine precision, it corverges exponentially to zgro_v_vith a
tortion of a transform coder depends only slightly on the transforfAte of corg)\llergencehthat depend.smn(Fotr)lA d> 3.,hloss of IS|gnn‘|-
Thus Theorem 1 indicates that the backward adaptive scheme will h&@dce problems in the computation combined with very slow conver-

performance asymptotically almost equal to an optimal transform cod¥ce make it difficult to ascertain convergence numerically.)

whenever the transform converges to a KLT. Transform convergenceThe results shown in Fig. 5 are representative of the performance

€ . (1 is un-
can be established when using an independence assumption similé{Y'{B anarbitraryri. . '_I'h_e_c_onvergencg, as measured| by, _”|' ISun
affected by the multiplicities of the eigenvaluesiof. The eigenspace
3Jacobi rotations are defined in equation (12) of Appendix | associated with a multiple eigenvalue can be rotated arbitrarily without
4 T4 Rz TT, | is diagonal, then negating any row .., will not affecting||| R, ||| or the decorrelation and energy compaction proper-

change the produdt, ., R "T7, ;. ties of the transform.

A. Transform Convergence Implies Universality
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10 A=50 1 A | Rate (bits/component)
01 4475
107 0.2 3.488
0.4 2.536
107 0.6 2.006
e 0.8 1.620

E0l

< 1.0 1.322
B ool 1.2 1.097
14 0.929
0l 16 0.802
18 0.702
107 2.0 0.623
o 10 20 30 4 s 8 70 & |50 0.218

fteration number

Fig. 5. Simulations for various fixed quantization step sizes suggest that the deterministic iteration converges more generally than préuioremb3. The
source vector length i = 4 and the initial transform is the identity transform. The accompanying table provides the approximate correspondence between
quantization step sizes and rates.

Theorem 3: Let N =2 and letR, be given. There exist x>0 o
such that for any\ < A,...« the deterministic iteration converges, in
the same sense as before, for any initial transféim

C. Using Dithered Quantization

=
o
L

For the sake of analysis, let us alter the system to use subtractive Upper bound on p

dithered quantization [19]. Replace the quantizey defined in (1) by
qdither ((UVL)L) = q((yn)L + Zni) — Zni (7)

where thez,;’s are independent and each is uniformly distributed on
[—A/2, A/2]. We assume that the dither sigiak.: },,cz+ 1 <i<n IS
somehow available at the decoder so that each component of the quar
tizer input can be reconstructed up to an error of magnitnd2. The
dither signal is not used in the entropy coder. L ) ) , , .
The effect of the dither is to make the quantization error indepen- 0 05 1 Base1E§:e (bits2pe rcom%gnem) 3 35 4
dent of the data and transform sequences. The following result is ther
straightforward.

b

Bound on p (bits per component)
Q

) ) ) L Fig. 6. Bound (8) on the excess rateas a function of the coding rate for a
Theorem 4: With the dithered quantizer (7) and any initial transGaussian source wittR,, );; = 0.8/: =3l

form T}
2
R:" converges in mean square Ry + A_[ asn — oc. The constanp can be interpreted as the asymptotic redundancy of
12 the system. It is the excess rate, in bits per source component, of the
Also, the sequence of transforffig,, } converges in mean square to aadaptive system, as compared to a fixed, optimal transform code de-
KLT for the source. signed with knowledge oR,. The bound (8) comes simply from the

variance added by the dither sigfhials A approaches zero, the power

Although we are assuming Gaussian s_ignals'throughout, the prgﬂhe dither signal vanishes and accordinglgpproache8. Thus the
of the theorem does not depend on the distribution of the source. Thg, oreq system is universal for high-rate coding

transform converges to a transform that maximizes coding gain for anYa+ moderate rates, is quite small. For example, consider the coding
i.i.d. source; however, for non-Gaussian sources maximizing codiBgan eight-dimensional Gaussian source Wit ),; = 0 gli—il By
Di; = 0. .

gain may not be idefil' ) . i computing the bound (8) and the correspondence betweand the
When the source is Gaussian, the KLT is the optimal transform apg, of 5 KL T coder for this particular source we get the curve shown

the entropies of th_e quantized variables can be easily estimated. TiHi?—'ig. 6. This roughly indicates thatmust decay exponentially with
leads to the following theorem. the overall coding rate. In fact, using the high-rate approximation

Theorem 5: Denote the eigenvalues @@, by A, Az, ---, An. i
Define L, and L}, as in Theorem 1. Then the average excess rate A2 e (X N _on
n~'(L,. — L) converges in mean square to a constaristimating 12 ~ 6 (H /\1> 2
discrete entropies with (3) =1

N A2
p < i Zlog2 <1 + A_> . (8) SWhen the dither signal is known at the entropy coder, performance better
2N pat 12X than the worst case given by (8) can be expected [20].



1628 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 46, NO. 4, JULY 2000

whereR is the rate of the optimal transform coder, (8) can be writteconvergence, and convergence can be shown under certain simplifying

as assumptions such as when the estimation noise is ignored or when the
guantization is dithered. The problem of optimally combining forward
N 5 N 9 . .
1 1 1 A~ 1 A* and backward adaptive methods remains open.
P 2N Zl g2 | 1+ 12\, < 2N In 2 Zl 12)\; Gaussian sources were assumed throughout. This assumption was

N N N used in two ways: to justify maximizing coding gain and to concretely
R e 1 «~— 1\ __2r describe the effect of quantization on moment estimation. The avail-
122 <H ) <T Z E) 2 ability of universal lossless coders is assumed, but, in contrast to [24],
= = they are applied only to sequences of scalars. This potentially decreases

At rates of 2 or 3 bits per component, the excess rate is less than 694§ memory requirement and speeds convergence.
1%, respectively.

D. Remark
APPENDIX |

The deterministic analyses and the analysis of the system with dither OPTIMALITY OF THE KARHUNEN—LOEVE TRANSFORM
can be combined to form a heuristic argument for convergence. Soon
after the system is initialized, the variance of (5) is high and thus theThis appendix provides a new result, with two proofs, on the
variation of the transform is also high; this has the effect of a dithejptimality of the Karhunen—Loéve transform (KLT) for transform
Later the changes to the transform are much smaller, but the transfeigdling of Gaussian sources. It is more general than earlier results
cannot settle at an incorrect value because incorrect transforms arerggling on optimal fixed-rate quantization [3] or high-resolution

fixed points of the deterministic iteration. quantization theory [2], [3] because it relies only on a scale-invariance
property of quantizer distortion-rate performance; in particular, it
IV. VARIATIONS ON THE BASIC ALGORITHMS encompasses the earlier results and applies to entropy-coded uniform

Certai dificati to the basic algorith b de t scalar quantization with equal step sizes for each component, as
ertain modifications to the basic algorithms can be made to 1z in this correspondence.

duce the computational complexity or to facilitate the coding of non-
i.i.d. sources. All of the modifications mentioned in this section apply Theorem 6 (Optimality of Karhunen—Loéve Transformgonsider
equally well to the dithered and undithered systems. the transform coding of a Gaussian source subject to minimum square
The most complicated step in these algorithms is the computatieror (MSE) distortion. Assume that the distortion-rate performance of
of the updated transform; thus the complexity can be reduced by sapscalar quantizer applied to a component with variasicés D =
pressing this computation. Instead of computing an eigendecompasif (R). Then a KLT is an optimal transform, i.e., for any given max-
tion of R at each step, one can compute the eigendecompositiorum per-component rate, it minimizes the distortion.
everyL steps, ho_ldnr_lg the trar_1$form constant in betweieneed not First note that iff(-) is not nonincreasing, there will be rates that
be constant, but if it is to vary it must be computable from coded data. L
: S are useless: iy > R, but f(R:) > f(R2), rateR; can be replaced
Having constanL. > 1 does not affect the conclusions in Theorem 4. . . : . A
. . ; in any purportedly optimal solution by raf, without increasing the
The coding of a non-i.i.d. source poses many problems. First of a . . S .
(n) . - o Istortion and without violating the rate constraint. Thus we henceforth
we must assume thd;"’ varies slowly, or that the source is “locally . - ’
. N L . - e assume thaf(-) is nonincreasing.
stationary.” If this is not the case, an on-line algorithm will fail because . ) N . . .
Two proofs are given: The first is simple to describe from first prin-
ciples but relies on an iterative construction. The second, more elegant

the coding ofx,, is based on an estimate Blﬁ,” from (recent) past
i ix estimate™
samples. Secondly, the covariance matrix estimdig™" should be proof relying on the theory of majorization (see [25]) is due to Telatar

local, e.g., [26].
Sy 1 n o Proof 1: Let(R1, R2,-- -, Rx) be any bit allocation vector, i.e.,
R =2 Z Tk ©) suppose thaR; bits are allocated to transform coefficiept Given
any orthogonal transforr’, we will show that there exists a KLT
that yields distortion at most as high as yieldediby
Before proceeding with more complicated constructions, note that
the variances of the transform coefficients should have the same or-
with appropriate initialization. If the update intervablividesi’ in (9),  dering as the rates. 2, > o, butR; < R;, then the distortion is

itis not necessary to store a full window &f past samples [22]. reduced or unchanged by swapping tieand;th rows of7". The re-
A technique which simultaneously reduces the computational coditing change in distortion is

plexity and introduces a covariance estimate equivalent to (10) is to re-
place the eigendecomposition computation witlmemementathange 2 , 2 , 2 ‘ 2 ,
in the transform based o, . This is explored in [16, Ch. 4], [23]. (0 f(B)) + 0 F(Ri)) = (U”ff(f’) + ‘:’/jf(RJ))
= (0y, —0y,) (f(R;) — f(R:)) < 0.
—_—

—_———
V. CONCLUSIONS >0 <0

k=n—K+1
or

R = bR 4 (1= w)dndn (10)

This correspondence has proposed a backward adaptive structure for .
transform adaptation in transform coding. Since there is no side infdf-the remainder of the proof we assume thattas the property
mation, the system is universal for Gaussian sources when the trans-

form converges to a Karhunen-Loéve transform. Simulations indicate for anyi andj, ‘757- > aij impliesR; > R;. (11)

BWithout local stationarity, a forward adaptive method would presumably be There is nothing to prove if' is a KLT, so we may assume that the
superior; see [9], [21]. (i,j) component ofR, = TR,T" is nonzero for somei, j) pair.
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Construct a new transforf, = .](i,j,G)TT. where.J (i, j,0) is a Again let (R, R2,---, Rx) be any bit allocation vector. The
Jacobi rotation defined by problem is to minimize the function

N
D=Y o, f(Ri)
r 1 .- 0 ce. 0 e 0T ; v
D : : : by manipulating theri’s through the choice df. Let
0 --- cos# --- sinf --- 0 i . 5

Ji.g.0)=| S ; 0= (05,00, 0y,) = diag (TR, TT).

0 ++ —sind -+ cosf -+ 0 j For a Hermetian matrix, the diagonal elements are majorized by the
eigenvalues, s@ is majorized by a vectox of eigenvalues oR .. Now

the majorization of by A is equivalent ter being in the convex hull of

L 0 .- 0 R the N'! permutations of\. We are thus left with minimizind over the

Jj convex polytope defined by the permutations\df In minimizing a

6 € [-n/4,7/4) (12) linear function over a convex polytope, the optimum is always attained
at a corner point. This establishes that the optimal transform is a KLT.

andé is chosen such that the, j) element ofl} R.TT is zero. . . - .
. . . . . Furthermore, the arguments given in Proof 1 indicate that the optimal
This choice of transform has a few important properties. The f'r%_

is thatT, R. T} is closer to a diagonal matrix thaiR.T", where T (the optimal permutation) is one that satisfies (11). =
closeness is measured by the Euclidean norm of the off-diagonal

elements. Thus repeatedly cycling through @llj) pairs, defining

Tiy1 = J' T, eventually yields a diagonal matriRR. T, where

T = limg—oo Tk.” A. Proof of Theorem 1

The second property is that among the diagonal elements, only th ‘ .
Nty ode
ith andjth are altered. These are altered such that the larger of the %cz_et denote the number of bits used to ¢ Because of

is increased by a positive increménand the smaller is decreased by,
o . - . the
the same amount. This is easily verified by expanding

APPENDIX Il
PROOFS

convergence of the sequence of transforms and the universality of
entropy codetZ[(,,] converges to some limit, sdy For the static
coder, the number of bits used by the optimal coder; will satisfy

cosf  sin® 1% a1 as cosf  sinf by 0 E[t;] = ¢*. Since{T.} converges td" and the entropy rate of the
{ } { } { } = [0 bz:| quantizer output depends only on the transfofns ¢*. Now since
{E[t, — (]} converges to zero, the mean of the sequence

—sinf  cosf as  as —sinf  cosf

and solving fo € [—w/4,7/4). If a1 > a2, one finds

bi=a1+6 nt Z((}k —)y=n"YL,—-L})
bo =ay -6 k=1
where § — —(a1 — az2) + /(a1 — a2)? + 4a} >0 converges to zero in mean square.

2
with equality if and only ifas = 0. B. Proof of Theorem 2

Supposeri > af,j. Then using the second property, the change in The proofs of Theorems 2 and 3 rely on propertie§ofhe function

distortion by using/ (i, j,8)" T in place ofT is that describes the effects of quantization on the covariance matrix.
. i ; . . Let 7, andy. be jointly Gaussian with
(02, + 8)F () + (03, = 8)J(By) — (02, 7 (o) + 0% F(B,) 1 e DE 1Y
= & (FRA - R <0, E[m] = Elnz] = 0
SR = f(B) <0 Eml=Ele] =0
>0 <0 Elnl=1 Elnz] = v5

. o . L and
Thus as we iterate to firifl, the distortion is decreased or unchanged at

each step. Th& thusly constructed is both a KLT and at least as good Elnnz] = viz.
asT in distortion-rate performance. U Define
Proof 2: The second proof is based on elementary properties of 2 N2 .2 2
majorization, which are detailed in [25]. A vect@r;, aa, - - -, an ) iS v2 laCn)"] 2 [a(r=)"]
said to bemajorizedby another vectof, 2, - - -, B ) if and
i % 12 = Elg(m)g(n2)]
2 T < Z B, k=1,2---,N-1 whereg(-) was defined by (1). Then using expressions from [17], one
= =t can show
and . oo 2
~2 2 AZ X m —r)m27r2u.2/A2 A= 2
N N vy = v + ) + Z (=1)"e™" : e +4v; ),
Z ()('[7‘] = Z ’/3[,:] m=1
=1 =1 1= 1. 2 (13)
where the[-] notation indicates a decreasing ordering, > ;) > and
e > N
1912 = (1 + (S)Vlz + 22 (14)

"This is the well-known classical Jacobi algorithm for computing eigende-
compositions of symmetric matrices; for details, including convergence results8We have not carefully argued that all points in the polytope are feasible, but
see [27, Sec. 8.5]. the achievability of the optimizing value will be clear.
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where

> 22 2 2 > 22 2 2
§=9 < Z (_1)m1672mlﬂ vi/A + Z (_1)m2672m27\' vy /A )

mi1=1 mao=1
and

o 2

A
L = _1)ml+7n2
/ Z ! ( m1mom?2
my,mo=

o, g 0 9
=272 (mivi 4+ m3v3)

AQ

41 2 p 2 L
- exp < ) sinh <%) . (15

For any covariance matri®, the diagonal elements @(R) are

described by (13) and the off-diagonal elements are described by (14)
For the purpose of this theorem, we need only the following simple

property ofQ:

A?

Q) = R+ 75

I+ C, whereC — 0 elementwise a&x — 0.
(16)

To measure the degree to whigh diagonalizesR.., define a dis-

tance measurf - ||| between a matrixd and the set of diagonal ma-
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-0.15.

-0.2F

025k 1 I 1 Ty
~0.2! -0.05 ] 0.2 025
0/n

" L "
-0.2 =015 =0.1

Fig. 7. Simulations of the deterministic iteration féy 2 suggest
convergence for any quantization step sizeThe eigenvalues ak, arel and

1/4. The step sizes shown arfe = 1,2,---,5. y is the iterate that follows
after ¢. Global convergence is indicated by the curves lying inside the cone
|| < 16|, which is marked by dotted lines.

Now letC; = H,,—I. Substituting in (20) and expanding, we conclude

trices by|||4[|| = Zi%; a};. The strategy of the proof is to show thatthat||C.|] — 0 asA — 0. Thus by expandindZ ! Z, H,, we see that

for sufficiently smallA, the inequalityl| | RS ||| < L|||RS™||| holds

5l
foralln > 1. / /
CombiningR{™ = TTf’Rg")Tn with R = T A, T, ., gives
Tl AnTois = TP R(VT,. DefineH, = T, T, so that

(n) _ T
R = H, A H. 17)

Also notice that

RV =T R T =T T Tu R T T T = Hy RV H,

As a final preparation, defing,, = R{" — R;”).
We can now make the calculation

RSO = N1H] RS Hulll = 1 H (Zo + B H|l|
=|[Hy Zo Ha|l|

where the last equality follows frorH[Rg”)Hn being diagonal (see
(17)). From (16), it is clear that iA is small enough,

1 n
1Za Nl < SRS

It remains now to reIat{?|Zn||| and|||H! Z, H,|||.
SubstituteR;" = Ry + A*T/12 4 C', where||Cy| — 0 as
A — 0,in (17) to get

(n) 4 A T
R+ 751+ Ci= HoAoH,, . (18)
Decrementing the index and rearranging gives

. A2
H' R VH, ., + i+ H! \C\H,_,=A,_,. (19)

SinceH! RV H,_, = R, comparing (18) and (19) gives

H,AH! =A,_1+Ci—H!_CiH,_,. (20)

I Hy Zo Halll = 1 Zalll = 0

faster thar|| Z,. ||| — 0 asA — 0, so by choosing\ small enough we
have the bound||H.” Z, H. ||| < 2|/|Z.|-
Combining all these calculations gives

n ya ‘ 1 n
RSV = H Zo Bl < 2012l < 2 IR
1

S 11251l

C. Proof of Theorem 3

Without loss of generality (rotating the coordinate system and initial
transform, if necessary), assuRe = diag (o1,03),01 > 02. The
transform iterates are all ifiO- (IR) and can be parameterized as

cost

T9=|: —51n9:|

sinf  cosf
wheref € [—n/4, 7 /4]. We assume; > o3; if 01 = o the situation
is uninteresting becaude, is diagonal for any/.

Denote the transform iterate that follows afidsy . The proof will
be completed by showing that there is a constant., independent
of #, such thatA < A,... impliessin® 2¢ < sin? 26 with equality
only whend = 0. This will show global convergence to the fixed point
zero, which is an optimal transform. As a preview of this result—and to
motivate the rest of the proof—we compute and plot the “next iterate”
mapé — . Fig. 7 shows the map— ¢ whens, = 1 ande, = 1/2
for A = 1,2,---,5. The iteration globally converges as long as the
graph ofe(#) lies inside the congp| < |#|. From the plot, it seems
this may be true for anyA; we endeavor to show this fax less than
someApax.

The first step is to relate to #. By looking at the general form of
Ty R: T, , one can show that

) . (21)

1
@ = — arctan
©T 3

<M
2 (Rz)i1 = (1s)2,2
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R; is related to? throughR, andR; the double summation (15) in either order gives alternating series, so
. the same bounding technique can be used. We get
R, =TyR.T/
o2cos’f 4 o2sin’ b 1((Tf — 03)sin 26 A? _2”2((31})1,1 + (Ry)2,2)
2 il < =5 exp N
%(Jf —02)sin28  oisin®8 + o3 cos® 8 '

4n*(Ry) 2

_ {Vf Vﬂ 22) - sinh <T)

V12 vy

. A? —27%(0} 4+ 03)
~ A? v 3 - —2f AL P2
Rz}:Q(Ry):Ry—}—%I—}—{(; :/:| w2 OXP( A2 )
/ / 0
il 212 (6} — o02)
whereq, 3, and~ depend o, o1, anda- as given by (13), (14), and S A2
(22). Now, after computind®?; = TQTRQT(,, one finds - A2 o <—27r'2(a'12 + 03))
-_— 2 < / 2
(Ri)1,1 — (Ri)22 = U% - 03 + (o —y)cos 26 4+ 23 sin 26 " 2 2 ° 2
. 277 (01 — 03) \ .
and - sinh Az )i 26
1
(R:)1,2 = =(v — a)sin 26 + j3 cos 26. (23) 2 ,
2 < %efﬁwQa%/AQ sin 24. (26)
s

Sincesin?(arctan ¢) = ¢*/(14+¢?), we get (24) at the bottom of this
page, where the inequality follows from minimizing the denominatdZombining (25) and (26) gives
overd.The following three lemmas allow us to complete the bounding

in? 20 -
of sin* 2, 18] = 8(Rs )1z + ul = ‘%mf ~ o?)sin ze‘

Lemma 1:|a — 7| < «¢1(A,01,02) uniformly in 6, with

1 .
c1(A,01,02) — 0 asA — 0. < 5(0% - U§)|5” sin 26| + |
Proof: The series in (13) is an alternating series with terms that A2 b oo
monotonically decrease in absolute value. Thus it can be bounded (with < (2007 —03) + 2—2> o—272e3/a | sin 26].
) ™

appropriate sign) by any partial sum [28]. Using simply the first term

v

c2(A,01,02)

w2

R

—ar?(Ry)1/a (AT ‘
—e v S+ 4Ry ) <a<0 . .
< (Bp)ra In general, the terms of (15) are not monotonically decreasing. How-

ever, the terms are monotonically decreasing (in absolute value) outside
of (m1,ms) € {1,2,---, M}* for someM < oo. Since each indi-
vidual term for(my, m») € {1,2,---, M }* can be bounded as above,

and similarly fory. Finally,

. : A? ;
lo—~| < max{|a], |y|} < e~2% 02/A7 <F+40f) =c1(A,01,02)  the bound can be extended to the general case. O
) ] Lemma 3:|3 <  c2(A,01,02) uniformly in 6, with
sincea and~ have the same sign and < 0. O (A, 01, 04) — 0 asA — 0.
Lemma 2: 3] < ea(A, oy, 02)|sin26] uniformly in ¢, with Proof: This follows immediately from Lemma 2. O

c2(A,01,02) — 0@asA — 0. By combining Lemmas 1 and 3, there exists > 0 such that
Proof: Rearranging (14) gives = 6(Rj)12 + p, where the A & A, implies(a — v)% + 457 < (07 — 02)2/4, uniformly in 6.

definitions of6 andy must usé Ry )11, (Rg)2,2, and(Ry)1 2 inplace  Thus assuming < A, we have = )

of v}, vZ, andvi». As in the proof of Lemma 1§ can be bounded by

using the first term in each series (o — v)? sin 26 — 243 cos 26]?

1

sin® 20 < [

6] < 2(67272(%)1,1/&2 + 672#(1-:@)2,2/&2) < 4@’2”205/“. Z(Jf —a2)2
(25)
Applying Lemmas 1 and 2
Assume for the moment that the absolute value of the summand of
(15) decreases monotonically with both andm.. Then computing sin® 2¢ < (e1 4 2¢2)” sin® 26

sin

2y, <(R>_121(R%) _ (—2@

T 1+ < _Z(RJ})LQ )2 B ((Ri)11 - (Ri) ‘2)
(R:)1,1 — (Rz)2,2
[( — ~)? sin 26 — 23 cos 26]?
- (02 —62)2 4+ 2(02 — 62)[(a — )% cos 26 — 23 sin 260] + (v — v)2 + 432
[( = ~)? sin 26 — 23 cos 26]*

<
Slot—oi = Vo

?1,2)2

+(=2(Rz)1,2)?

(24)
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and there existd, > 0 such thatA < A, implies(¢1 + 2¢2)* < 1.
The proof is complete with\ ;. = min{A;, As}.

The bounds in this theorem are rather complicated but we can check
that the requirements ah are reasonable. Suppase= 1 ande, =
1/2. ThenA; > 1.366 andA: > 1.565, so the theorem guaranteesye entropy of a Gaussian random variable with variaricemniformly
convergence for anA < 1.366. (For this range ofA, (15) can be quantized with bin width\, is approximatel2~" log, A~22re bits.

bounded by then, = m. = 1 term for anyf.) As we found for 1,5 the rate of the static optimal system is approximately
Theorem 2, numerical calculations suggest convergence fahgdage
Fig. 7). N
1 1
Ropt = ]\,_T E 5 10g2

=1

Using (3) and the differential entropy of a Gaussian random variable

N (0,0%)) = %log2 2mea” bits

2mweN;
A2

bits/component (28)

D. Proof of Theorem 4

The mean-square convergencdif™ follows from the Chebyshev  The adaptive scheme converges to an optimal transform. However,
law of large numbers [29] once we establish that each term of (5) hascause of the dithering, the signal at the input to the quantizer is not
common expected valuR, + A*T/12, has finite variance, and is el- Gaussian and does not have component variances equal 9'the
ementwise uncorrelated with every other term. The second conclusince{z, } is independent ofy. }, the variances simply add, giving

follows easily.
First note that

A+ A%/12,4
function has the largest differential entropy for a given variance, the

1,2,---, N. Since a Gaussian probability density

asymptotic rate of the universal coder can be bounded as

T =T0 g = T3 (e + (G — 90) = @0 + T (G — ys)-

Because of the use of subtractive ditljgr-yx is uniformly distributed
on the hypercubg-A/2, A/2]" and independent af;,. andT} [18],

N

1%
¥ 2 3l

=1

Runiv < QTFC()V /J’_ A2/12) .

o 29)

[19]. (The overall errori, — ;. is uniformly distributed on a rotated Subtracting (28) from (29) and pairing terms gives (8).

hypercube, independent of. but not independent df;.. Its compo-
nents are uncorrelated but not independent.) Now any term of (5) can
be expanded as
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= l'kl’z + Lk(ng - y[)Tk + TI:[(!J/C - yk)}“z
+T3 (G — ye) (G — vi) T (27)

Tl

(1
Sincey, —yr depends off;. butz;, andT;. are independent, computing

the expectation of ;. &}, is simplified by first conditioning ol 2l
T T T T [3]
E[ikik |Tk] = E[.’L‘kl’k |Tk] + E[Lk(gk — Yk )Tk|Tk]
+ E[T{ (i — yi)xh | T] (4]
+ E[Ty (Gr — 910k — vi )T |Ti] -
A2
— 1 _ .
=R.+0+0+17T; 12[Tk [6]
A2

=R, + il [7]

where we have used the independence,0éndy, — v, and the fact
that each has mean zero. [8]

The(4, j) element ofR: (™ is the average of random observations

of (2121 )7, which we denotet!*’. The calculation above shows that (9]

eachAEf) has meani R, );; + A?6;,/12. It can furthermore be shown
that each4§ff) has variance bounded by a constant and H{éﬂ is
uncorrelated Withﬁl,(;j) for & # ( [16, Appendix 3.C]. Thus by the [10]
Chebyshev law of large numbers we have hat”) — R, +A%1/12
elementwise in mean-square. The second conclusion follows from the
fact thatR, andR, + A®I/12 have the same eigenvectors. (11

Note that the dither is essential to the proof because it makes thgy;
quality of the estimateR; ™) independent of the sequence of trans-
forms.

[13]

E. Proof of Theorem 5 [14]

The convergence of ' (L,, — L) to a constant follows by mim-
icking the proof of Theorem 1. In this case, the constaist not zero
because the entropy rate of the quantizer output depends not only g1y
the transform but on the dither. It remains to estimate

[15]
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—o0 Ny =
Karthik Visweswariah, Sanjeev R. Kulkar@enior Member, IEEE =t

and Sergio VerdyiFellow, IEEE =E(f(Z1, 22, Zm))

for all real-valued functiong that depend only on finitely many coor-

Abstract—n this correspondence we investigate the performance of dinates.
the Lempel-Ziv incremental parsing scheme on nonstationary sources. . . . _ .
We show that it achieves the best rate achievable by a finite-state block ~Processes in the stationary hull capture properties of finite-dimen-
coder for the nonstationary source. We also show a similar result for a sional distributions along various convergent subsequences. In partic-

lossy coding scheme given by Yang and Kieffer which uses a Lempel-Ziv ylar, if for a given sizen the bestn-block code has bad performance
scheme to perform lossy coding. on the nonstationary source along a particular subsequence then there
Index Terms—Data compression, entropy, Lempel-Ziv algorithm, non- is a source in the stationary hull which reflects this. It is shown in [3]
stationary sources, universal source coding. that the best possible average rate at which the source can be coded
using a finite-state adaptive block to variable-length code is given by

l. INTRODUCTION
R(P)= sup H(Z)
We investigate the use of universal coding methods for coding non- ZeSs(P)
stationary sources. Itis widely known that Lempel-Ziv coding methods
are asymptotically optimal for the coding of stationary ergodic sourceghere H(Z) is the entropy rate of the stationary soutée We will
We will show that for lossless coding of finite possibly nonstationarghow that this rate is achieved asymptotically by the Lempel-Ziv
sources Lempel-Ziv coding methods perform as well as any finite-st@eding scheme. LeL.Z(2") denote the length of™ when coded
by the Lempel-Ziv algorithm. We will denote by] the string
(xi, xit1, -+ -, ;). We will see that the key property we will require
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Proof: Fixe > 0. From Lemma A2in [3, Appendix] there exists =~ Consider a string? € A" and a string/i” € A™ with m < n. Let
a block lengtht and a prefix-free code : A* — {0, 11°° such that us define the empirical probability distributid® by

1(@(2{))) € e A 1 O e
B2 - ) < R(P)+ = 1 ng,my A 2: pitm=1_ m
< t = ( ) 2 ( ) Pm(yl ) n—m+ 1 < 6(‘11 s Y1

for Z € S(P). Using Lemma 1 in [10, Appendix] with block length
and code) we have a sequenég of positive numbers tending to zero
asn — oc such that

whereé(x, y) = 1if x = y and is zero otherwise. L&, denote the
entropy of the empirical distribution om blocks defined above. We
can also define the conditional empirical probability distribution and

n . o it— entropy b
L2 < i 3 (o)) 4 nb o A
T 1=j mod t N m
1<i<n—t+1 Pn((l|yln) a Pp((yl (l))
ym
This implies that '
and
;n 1 o itt—1 ' N . .
L2 <g 3 X {o(aT)) 4 uen = Y PP,

1<j<t i=jmodt e
1<i<n—t+1 yTrEA™

Dividing both sides by and taking expectations and limits we have Similarly, we can define the empirical distribution f blocks on the
state sequencsg’, we denote this distribution b¥;, . Note that when

lim sup 1 E(LZ(X™)) we write xy wherex andy are two strings we meap concatenated
n—oo M with «. We also drop then andn in the notation for the empirical
distribution, the dimension of the distribution, and the length of the
. 1 itt—1 underlying string when these are clear from the context.
< h:}fip nt 1<Z o Z E (l (@ (Y‘ ))) + o Suppose we have a codesuch that for any fixed
SIS S .
Ho(x1)) < nHyjm + o(n). 2
s 1 Fidt—1 : q
< limsup { Z B (Z (('b ()" ))) +Hmsup o Note that theo(n) term does not depend on the sequeneCodes
St based on the Lempel-Ziv incremental parsing scheme and the infinite
_1ly (1 (q‘; (Z;‘Jr’—l))) depth context tree weighting method can be shown to have such a prop-
t . erty [6], [5], [8]- We can bound the performance of such codes on ar-
< R(P)+ 3 bitrarily varying sources and the result is given in Theorem 2. The the-

orem implies that if the underlying state sequence has low complexity
where the equality is for som#& € S(P) and follows from Lemma 1 then codes can learn the source and perform as well asymptotically as
in the Appendix, and the last inequality follows from (1). New 0 if the underlying state sequence were known.

was arbitrary so we have that . . .
y Theorem 2: If a code¢ satisfies (2) then for an arbitrarily varying

. E(LZ(X™)) sourceX with an underlying state sequencand for any integemn >
lim sup < R(P). O o we have
limsup E, <M) < lim sup Z Q" (z)H(P(:|2))
I1l. EXAMPLE: CODING AN ARBITRARILY VARYING SOURCE nee " " es
. . . . ) 1 n
In this section we will use bounds on the performance of universal + lim sup H(Qn41)

codes on individual sequences to investigate their performance on the n—oo M A1

arbitrarily varying source, studied as an example in [2]. The arbitrarijyhere()r, is the empiricab-dimensional distribution of .

m

varying source can be used to model, for example, the piecewise-sta- pygof: To prove the theorem we will require a bound&ny,,, in

tionary Bernoulli source studied in [9]. terms ofH,,,+1 . This would be easy if the empirical distributions were

Let.5 be a finite set andk be the finite alphabet on which the sourceiationary. We note that the empirical distributions defined above are
takes values. Lep(-|s) be a probability distribution ond for each stationary, that is

s € 5. An Arbitrarily Varying Source (AVS) is a honstationary source

defined by an infinite sequen@e e S°°. The probability of a string Z Playy') # Z P(yrayi").
xy € A" occurring is given by ypeam—1 yrypeam—1
nl n & To make this distribution stationary we can define the empirical distri-
Pelst) = [T pteilso) bution by
=1
i i i i i B omy A 1 - i+m— m
If the unc_ierlylng §tate sequence is known then the optimal fixed-vari- Py} Al Z STy
able coding rate is clearly s
) 1 & where all indices are consideraebd .. We then have for the corre-
limsup — 3 H(P(|s:)). sponding entropies
n—00 " i—=1

N7 1 N7
Hl\m S 7 Hm+1'

This is also the block-to-block coding rate (see [7]). m1
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Now Note that, although it is not explicit in the notation, all the empirical
5 ~ A distributions depend on the sequende and/or the underlying state
| Hi o = Hyj| < me WIIHPClyr) = H(P (i) sequence. We can take expectations on both sides of the previous in-
vire . . » equality assuming a fixed underlying state sequence. Also since
+ |[P(y") — P (y7)|H(P (-]ly1")) . . A
mezw ' ' ' 1 (Qutts Wont1 ) < H (Quisn )
< Z Py L Py, we have
Yy rEA™ , ,
l{(p(X™ 1 A m
P ( |U1 ))log » m H/ m n m+ zmtlcgmtl
L(P(ly?), P (lyi))
+ Y0 WP P ) EE () 3) E(H (W (1)) +H (Qu)
yyreAm™
wherel; (-, -) denotes thé, distance between two distributions on the m(|A+2™) | n—m
n—m 2m

same alphabet. The last inequality follows for sufficiently largieom
[1, Theorem 16.3.2] since we can show that

2m|A|

n—im

WP, Plyi) < (4)

and hence satisfies the condition required in the theorem for sufficiently

largen. Using (3) and (4) we have

o 2m|A —m  2m|A]2™
] < m| |10.n m m|A| log [A].
n—m 2m n—m i
Similarly we can show that
- N 2m2™ n—m
Hm - Hm 3
+ = 0n—m 2m
Now we can bound the performance of the cgdas follows:
l(o(z"))
Snﬁl\m +O(n)
< "tf:’{pn
2m|A ) — 1 2m|A|2™
—|—n< m|A| log T m|A] log |A|>+o(n)
n—m 2m n—m
n T
—0H
= TIL+1 m-+1
2m|A —m  2m|A|2
+n< m|A4| log T 2m log A>+o(n)
n—m 2m n—m
no o
< —Hm
“—m+1 +t
2m(|A|+2™ —m  2m|A]2™
—|—77< m]Al+ )log‘ nom  2mlA| log |A|)—|—o(n).
n—m c2m n—m i

Let us consider the underlying state sequesackVe can define, as
before, a conditional empirical distributio’ (y™*!|z™*1) where

y™ e A andzmt € §™F'. We will denote the empirical
distribution of the underlying state sequence(byNow we have

Z (W (|2 S )-I—[( 1 s ﬁ/m+1)

smtlegmetl

C’?(Zn)-l»]

-H (Pmﬂ) .
Thus we have

n

6N 1

Q" (W)

smtlesm+l

+I (Qm+1 , I/i’rerl)

m

n <2m(|A|—|—2 “) log n— 2m|Al2™

2m n—

log |A|)

n—m m

+o(n).

2m|Al2™
+ 2 g
n—m

log 4]+ 2.
n
SinceH (-) is concave we have

<l(<b(X"))>
1

limsup E;

n—o0

< lim sup Z Qn(zm-H)
el zmtlegmtl
H (E,ﬁ/‘"(~|zm+l)) +H (Q;;Hrl)

= lim sup Z Qn(zm-H)

n—oo M 1.,m+1€5m+1

. H( 7n+1( | _m41 ) —+ H (Q:lJ’,l)
< lim sup Z Q" (2)H(P(:|2))
n—oo ;65
1 An
m + 1H (Q"L'H) ’
The last equality follows becaud®, ., (-|z™"") has a product form

so that the corresponding entropy is just the sum of the entropies of the
one dimensional distributions. O

Q)

+ lim sup

n—oo

If we assume that the state sequence has zero empirical entropy rate
(as defined in [11]) then as» — oo the second term in (5) goes to
zero. Assuming that the underlying state has zero empirical entropy rate
means that the state sequence has patterns that can be learned by the
coding algorithm. The first term in (5) is independentofind is equal
to the coding performance that would be achieved if the underlying
state sequence were known.

IV. Lossy CODING

We consider a sourcX = (X5, X, ---) with distribution P. As
before, let the sourc&™ = (X, Xo, ---, X,,) take values ind™.
Let P, govern the probabilities of strings. The probability measure
P is possibly nonstationary. We assume thas a finite set. We assume
that the reproduction alphabet is aldoLetp : A x A — [0, o) be
the distortion measure. Usingwe can define distortion fot strings
as

n

T yn)) = % Z ;O('ri7 y,:).

=1

pn((z1, ooy @n), (y1, -

A block code of block sizeV is defined by a map : A~ — AN,

The average distortion for a codeis defined as
p(P. ¢) = limsup Z P(x")pa(a", ¢(2")).

zEANT
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Clearly, if¢ is a block code of siz&" and( is a stationary source then Sincee > 0 was arbitrary and sinc®; is a convex (and hence contin-

50, 6) = Z 0 (;p”) o (x”, 5 (:ITN>> ' uous) function ofR (from [3]) we have

SN AN limsup E (p (B, (R))(X™)) < Dy (R, P). O
It is shown in [3] that the best possible distortion achievable for a
source with measur using block codes of rat& is given by APPENDIX
Dy(R, P)= sup Dy(R, Q). We now state and prove a lemma which is useful in proving Theo-
T Qes(P) - rems 1 and 3. We are given a random procKswith distribution P

Since(Q is stationaryDs (R, Q) is known. which takes values in.

We will use the coding method given in [10]. As before, 1 («" ) Lemma 1: For any real functions defined onA‘, there exists
denote the Lempel-Ziv coding length of a strin@. By Lempel-Ziv. z ¢ §(P) such that
coding we mean the incremental parsing scheme given in [11]. Let

. 1 ¢ (it _ .
B.(R)={a" € A" : LZ(2") < nR}. limsup - > F (o (x7 1)) =E (7).
N =1
Now the size ofB, (R) is no more thar2!"**). To code a string." Proof: Itis clear that we can find a subset of the natural numbers

we choose that string i¥,, (1) that has minimum distortion with™. A0 gych that

Thus we code the source usifg () as our code book. We can code 1 & ‘

eachn block with no more tharn R| bits. limsup = > F (q’; (X;‘*’_l»
Given a set”,, which is a subset oft” let p(C,, )(z") denote the "> " =i

minimum distortion incurred when coding the stria usingC,, as a . 1 — i1
code book. =l S X E((T). @
’ : =1
Theorem 3: SupposeX  is a source with distributio” that takes The Jimit on the right-hand side denotes a limit along integer® fn
values in a finite set then Since the alphabet is finite we can findV' C N° such that
limsup E(p(Bn,(R)(X"™)) < D; (R, P). n
msup Ep( NEXT) b ) im 1S p(xi=a

Proof: We have from the discussion after [3, eq. (3.8)], that for noeen€NT M
anye > ( there exists a block code : AY — AY of rate less than exists for eactn € A. Let this limiting one-dimensional distribution
R — e and block lengthV > 4/¢ such that beP{. Continuing this argument we can fild' C N2 C N* C ---
. ) such that thet-dimensional distributions converge along integers in
P(Q. 0) S Dy(R =2, P)+e/d. N* to a distributionP, . Let Z be a process defineg by thege sta?ionary
Since the rate of the code is at m&st « there exists a length functien  distributions. Now from the set¥" C N* C N? C --- we can form
which satisfies Kraft's inequality and such thdtyV ) < N(R—e)+2 asetN~ in the following way: Pick the smallest element from N°.
for any stringy™ in ¢(A"). For eachk pickny € N* such thatr, > nx—1. By the construction
Asin[10], from the block code we can define a codg, as follows: 0f N* andZ it is easy- to see that
o (a2t é¢(I;+N71) if 1<i<n—N+1andi=j mod N. ) n
At coordinates not defined by the above equatiomigtc™ ). 2 4, for MJ}E}EAH 21 E(f(Xi, Xigr, ) = E(f(2))

somea, in A. Now using Lemma 1 in [10, Appendix] we have . n
holds for all real-valued functions that depend only on finitely many

LZ(¢h (")) < n(R—e+2/N +6,) coordinates. Thug isin the stationary hull ok . Also sinceV* C N°

wheres, — 0 asn — oo. Once again we point out that we couldVe have using (6)

use the bound in [5] instead of Lemma 1 in [10, Appendix] and obtain i 1 £ o
essentially the same result. SirB&V < /2 we have that for suffi- Hmsup Z (¢ (1 i ))
ciently largen, ¢7, mapsA™ into B, (R). Thuswe havefor < j < N

n—oo -
1=1

L 1 ¢ T
np(Ba(R))(X") < > N = _dm > E(e(x)
i=jmod N, 1<i<n—N+1 R =1
. (Xi+A/\"7la & (X#Nﬂ)) + N s =F (@ (Z1)) : U
wherepmax = max.ca p(x, ao). Averaging overj and dividing by REFERENCES

W . )
n we get [1] T. M. Cover and J. A. Thomaglements of Information Theory (Wiley
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b n Z PN (Xi . @ (XZ )) + a [3] J. C. Kieffer, “Fixed rate encoding of nonstationary sourcéEEE
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In 1990, Berger and Yeung [1] introduced a new variant of this
problem. They defined geasibleor 1-endedcode to be a prefix-free
code in which every word is restricted to end withla™Such codes
are used, for example, in the design of self-synchronizing codes [3]
and testing. Giver®, the problem is to find the minimum-coktended
code. Fig. 1 gives some examples.

In their paper, Berger and Yeung derived properties of such codes,
such as the relationship of a min-cost feasible code to the entropy of
P, and then described an algorithm to construct them. Their algorithm
works by examining all codes of a particular type, returning the min-

Abstract—The generic Huffman-Encoding Problemof finding a min-  imum one. They noted that experimental evidence seemed to indicate
imum cost prefix-free code is almost completely understood. There still that their algorithm runs in time exponential#n A few years later,
tel")l(iSt hmagy Vafiafgs °f_thits problem V‘t’:]‘icth areh ”C}t tf]s Weg U”d%rStOOg' Capocelli, De Santis, and Persiano [4] noted that the min-cost code
e s o v ot e sont €A be shown 10 belong (Gaopersubset of he code-set examined by
algorithms known for finding such codes running in exponential time. Bergerand Yeung. They, therefore, proposed a more efficient algorithm
In this correspondence we develop a simpl€@(=n?) time algorithm for ~ that examines only the codes in their subset. Unfortunately, even their

A Dynamic Programming Algorithm for Constructing
Optimal “ 1"-Ended Binary Prefix-Free Codes

Sze-Lok Chan and Mordecai J. Galidember, IEEE

solving the problem. restricted subset contains an exponential number of écxtetheir al-
Index Terms—Dynamic programming, one-ended codes, prefix-free 9orithm also runs in exponential time.
codes. In this correspondence we describe another approach to solving the

problem. Instead of enumerating all of the codes of a particular type it
uses dynamic programming to find an optimum on®im?) time.
I. INTRODUCTION

In this correspondence we discuss the problem of efficiently con- II. TREES AND CODES
structing minimum-cost binary prefix-free codes having the property
that each codeword ends with &.*

We start with a quick review of basic definitions. @deis a set
of binary wordsC' = {w;, w2, --,w,} C {0,1}*. Awordw =
0i, 04y - - - 05, 1S aprefix of another wordw' = o} oi, -0}, if w
is the start ofw’. Formally, this occurs if < [’ and, for all; < I,
oi; = o}.. For example)0 is a prefix of00011. Finally, a code is said £

to beprefix-freeif for all pairsw, w' € C, w is not a prefix ofu’. Definition 1: Let T be a binary tree. A leaf € T is aleft leafif

Let” = {p1,p2,ps,---.pn } be adiscrete probability distribution, it is a left child of its parent; it is aight leafif it is a right child of its
that is,Vi, 0 < p; < 1 and}’; pi = 1. The cost of code” with  parent.
distribution P is

There is a very well-known standard correspondence between
prefix-free codes and binatyrees. In this section we quickly dis-
cuss its restriction to thé-ended code problem. This will permit
us to reformulate the min-cost feasible code problem as one that
finds a min-cost tree. In this new formulation we will require that
> p2 > -+ > pa > 0 butwill no longer require thal ", p; = 1.

Thedepthof a nodev € T', denoted bylepth (v), is the number of
Cost (C, P) = Z |w;| - pi edges on the path connecting the root to
i We build the correspondence between trees and codes as follows.
FirstletT be a tree. Label every left edgeThwith a0 and every right

wherelw| is the length of wordw; Cost (C', P) is, therefore, the av- edge with al. Associate with a leaf the wordw(v) read off by fol-

erage length of a word under probability distributidh The prefix- .

9 g L - P ] y - p . lowing the path from the root &f down tov. Now letwy, vz, - - -, v, be
coding problems, givenP, to find a prefix-free cod€’ that minimizes ihe set ofright leaves &F. ThenC(T) = {w (1 ), w(vs) w(on)}
Cost (C, P). It is well known that such a code can be found in . - ) = AWAOL), WhT2), "5 WA,

ost (€ P) Is the code associated wifh. Note that this code is feasible since all
of its words end with 4. Note also that there can be many trees corre-
Manuscript received March 8, 1998; revised October 6, 1999. This work wgponding to the same feasible code. See Fig. 2 for an example.
supported in part by Hong Kong RGC/CRG under Grants HKUST652/95E,
6082/97E , and 6137/98E. _ _ , , _
The authors are with the Department of Computer Science, Hong Kong Uni-fThe proof of this fact is a straightforward argument that recursively builds
versity of Science and Technology, Clear Water Bay, Kowloon, Hong Korf) €xponentially sized set of codes that belong to the restricted subset. Because

(e-mail: SZELOK@cs. ust.hkzoLIN@cs. ust.hk). of space considerations we do not include it here but the interested reader can
Communicated by D. Stinson, Associate Editor for Complexity and Cryptodind the details in [2].

raphy. 2In this correspondence we use the slightly nonstandard convention that a
Publisher Item Identifier S 0018-9448(00)04283-8. binary tree is a tree in which every internal node base or twochildren.

0018-9448/00$10.00 © 2000 IEEE
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Fig. 2. Two trees with deptt having seven right leaves. Note that these two trees both correspond to thg@é6de 001, 01, 1001, 101, 1101, 111}. The
left tree is nonfull while the right one is full.

Fig. 3. The left tree is nonfeasible because, at d8ptttontains both an internal right nodada left leaf. The right tree is feasible.

Now letC = {w1, w2, -, w, } be any feasible code. L&t(C') be the weights are, 6, 5, 4, 3, 2, 1, then the trees in Fig. 2 have cost
the smallest tree that contains all of the paths corresponding to;the 2- 74+ 3- (6 +5+4) +4-(3+ 2+ 1) = 83.
SinceC' is prefix-free we have that the right leavesiafC') are exactly The Optimal Feasible Coding Problem is now seen to be equivalent
the nodes corresponding to the wordsCaf to the following tree problem.

Let T be a tree withn right leaves labeled, vs,---,v,, P =

{prp2s s+ pn} and define Definition 2: The Optimal Tree ProblenGivenpy > p2 > --->py,
Ll ’ Ll s Un

find a treel” with n right leaves with minimum cost over all trees with
Cost (C,T) = Zdepth (vi) - pi. n right leaves, i.e.,

o ) . ) cost (T') = min{cost (T) : T hasn right leaves.
This is theweighted-external path lengtf T restricted to right leaves

(external nodes). In all that follows = {p1,p2, ps, - -+, pa} Will be We end this section by pointing out that there must be an optimal
considered fixed and the dependence of quantities suchasC,T)  iree with a very specific structure.
on P will be implicitly assumed.

Now suppose thaf' corresponds to some codéandv € T is a Definition 3: A tree T is full if every internal node ifl” has two
right leaf corresponding tor € C'; by definition depth (v) = |w|.  children.

Thus AtreeT isfeasiblef T is full and it also has the additional property:
Cost (C,T) = Zdeth (v;) - pi if w € T is aright node and internal thall left nodesv € T with
3 depth (v) = depth (v) are also internal.
_ Z lw;| - p; = Cost (C, P). Fig. 2 illustrates a nonfull tree and a full one. Fig. 3 illustrates a

nonfeasible tree and a feasible one.

Since every feasible code corresponds to some tree(s) and every trgeemma 1: For every probability distribution
corresponds to one feasible code this last equation tells us that we can P (ot oo
find a min-cost code by constructing a min-code tree and returning the = {pr.p2psscpnd
feasible code corresponding to it. there exists an optimal trég that is feasible.
There is a technical problem that we need to address befor
proceeding. It is that our definition of cost formally requires that th
right leaves ofT" be labeledl, 2, -- -, n. Different labelings of the
right leaves could lead to different costs. We note though that, fo
particular tree, the minimum cost over all labelingsaliwaysachieved
when the highest node in the tree is assigned the largest weigtite
second highest node the second highest wegighand in general the  Our approach will be a modification of one developed in [7]. The
ith highest node (with height ties broken arbitrarily) thk weight problem considered there was to build a min-dogsided treg(tree
pi. Since we are interested in finding a minimum cost tree we wilh which edges have different length). The solution was to build trees
always assume that the labeling used for any particular tree is fn@m the top, root node, down, accumulating the cost as levels were
canonical labeling withy; being theith highest node. For example, if added. We will follow the same approach in this correspondence to

The proof of the lemma is straightforward but technical. To avoid
Ereaking the flow of the correspondence it has, therefore, been rele-
rggted to the Appendix.

I1l. TRUNCATED TREES AND SIGNATURES
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To = Trunce(T) Ty = Trunc, (T")
sige(To) = (0,1) sigy (Th) = (0,2)

VARNAR

Tp = Trunce(T) T3 = Truncs(T) =T
sigy(T2) = (1,3) sig3(T3) = (4,3)

Fig. 4. Thetreedy, T, T», T5 are the truncations of the right tree in Fig. 2 which we will cBllIEachT’; is an:-level tree for that value of and the dotted
horizontal line across each tree is the truncation level. NoteTthat Trunc,(T") with sig,(T4) = (7,0).

construct min-cost feasible trees. Since Lemma 1 guarantees that tieélse number of right leaves ifi with depth at most and
thus constructed will be min-cost trees amailgtrees we will have
solved the problem.

To use this approach we need to define the following. is the number of right leaves ifi at leveli + 1 (bottom level). Note
that there ar@b (left and right) leaves at level+ 1.

Now letT be ani-level tree withsig,(7) = (m,b) with m < n.
The:-level partial costof 7" is

b= |{v €T :visarightleafdepth (v) =i+ 1}

Definition 4: Let T be a tree and a nonnegative integer. The
ith-level truncation off" is the tre€Trunc,;(7") containing all nodes
in T" of depth at most + 1

Trunc,(T) = {u € T : depth (u) < i+ 1}. Costi(T) = ;depth (ve) -peti- t_Erlpt @
whereuvy, - - -, v,,, are then highestright leaves dF ordered by depth,

A treeT is ani-level treeif all the internal nodes € T satisfy

depth (U) < g e.g., those Withlt‘pth < i.

Note thatCost;(T") is not only dependent upof but also upon
See Fig. 4 for examples. We note tHaunc; (1) is always ari-level  i. For example, the right tre€ in Fig. 2 is both a three-level and a
tree and that truncation preserves feasibility, i.€l; i§ a feasible tree four-level treesig, (7)) = (4, 3) andsig, (T') = (7,0). Its associated
thenTrunc, (T') is also a feasible tree. We also note th&f ifias depth i-level costs are
dthenVi > d — 1, Trunc,(T) = T. )
The dynamic programming algorithm will strongly use the idea of Costs (1) = 2p1 + 3(p2 + p3 +pa) + 3(ps + s +p7)
subproblem optimality, i.e., if a feasible tr@eis optimal then all of Costy(T) = 2p1 + 3(p2 + p3 + psa) + 4(ps + ps + p7)
its i-level truncationsItunc, (7') are also optimal. In order for this _ . .
. - ; which are obviously not the same.
observation to make sense we must define what it means for a feasible
i-level tree (that might have fewer thanright leaves) to be optimal. ~ We can now define what it means for a tree with fewer thaight
That is, we must define a cost function dfevel trees. leaves to be optimal.

Definition 5: Let T be a feasiblé-level tree. The-level signature Definition 6: Let (m,b) be a valid signature, i.em,b > 0. Set
of T is an ordered pair OPT [m, b] to be the minimum cost over alland all feasible-level
treesT” with signature(mn, b). More precisely

sigy(T) = (m, b) OPT [m, b] = min{Cost;(T) : 3. T,

in which T is a feasible-level tree withsig, (T") = (m,b)}

A tree T is min-costor optimal if, for someji, it is ani-level tree,
m = |{v € T : vis arightleafdepth (v) < i| sig,(T") = (m,b) andCost;(T) = OPT [m, b].
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SRaNr e
e Ve!

Fig. 5. The tree in the top row is our original tré&éwhich is a one-level tree witkig, (T") = (0,2). The next two rows are the four possible expansions
Expand (T,1), Expand (T. 2), Expand (T, 3), andExpand (T, 4). We do not dravExpand (T, 0) which is simplyT".

Note that ifT is a feasible tree with right leaves and depth < ¢ In Fig. 5 we see a tree and all of its expansions.
thensig; (T') = (n,0) so, ifT" is an optimal feasible tree (withright Oncey is fixed bothCost; 1 (1), the number of nodes at levie}- 2,
leaves), then and the signatursig,  , (7") of 7" can be found.
OPT [n, 0] = Cost:(T') = Zdepth (01) - pe. lLemma 2: Supposd’ i_s ani-level tree Withsig,;gr) = (m, b). Let
= T" = Expand (T, ¢q) be itsqth expansion. Thefi” is ani + 1-level
Thus OPT [n, 0] is exactly the cost of the optimal tree that we ardree with
trying to calculate. We will calculate its value by using a dynamic pro- Costisr (T') = Costi(T) + Z e

gramming approach to fill in the OPT table. Backtracking the dynamic
programming will permit us to construgt'.

Before continuing we briefly digress to explain why we define@nd
OPT [m, b] to be the minimum cost only amoifigasibletrees and not
among all tree8. The reason is that we will be building optimal trees
level-by-level. Since Lemma 1 tells us that our final result is a feasible « if » +1 < ¢ < 2b, thensig, , (T") = (m + 2b — q,q).
tree and we know that all truncations of feasible trees are feasible trees . ) e , ,
our construction will work by building feasible trees level by level, . ~T00f Let (m',b') = sig, , (T"). SinceI" has exactlyn’ —m
always storing the min-cost ones. right leaves on level + 1 we find

m<t<n

 if 0 < ¢ < bthensig, 1 (T') = (m +b,q),

Now suppose thdf is an:-level tree withsig, (T') = (m,b). What m’ n
feasible(i + 1)-level trees cafi’ be grown into? The only way to grow Costiy1(T') = Z depth(ve) - pe+ (i +1)- Z Dt
afeasible tree is by making some of tHienodes on level + 1 internal t=1 t=m’+1
and making the remainder of the nodes leaves. From Lemma 1 we know m’
that all of the left nodes must be made internal before any of the right = Zdepth(m) pe+(@+1)- Z P
ones are. We therefore define Brpansioroperator as follows. t=1 t=m+1
Definition 7: LetT" be ani-level tree withsig, (T') = (m,b). Let +(i+1)- Z e
0 < ¢ < 2b. Thegqth expansion of’ is the tree t=m/+1
T' = Expand (T, q) = Cost;(T) + Z Pt
constructed by making of the leaves at level+ 1 (bottom level) of metsn
T internal nodes as follows: The proof of the second part of the lemma follows directly from the
definition of theExpandoperator. O

* if ¢ < b, makeq left nodes at level + 1 internal.
This lemma tells us that to calculate the extra cost added by adevel-

. ?f ¢ > b, make alb leftnodes ang — b right nodes atlevel+ 1 expansion off' and the signature of the new expanded tree it is not
internal. necessary to knoW" or i but onlysig,(7). We can, therefore, de-

3The algorithm to be presented actually remains correct even if we optimizgge arecurrence relationship for calculatiof’T'[. ]. In what follows

overall trees and not just all feasible ones. The reason for the restriction4d! (7', ') is exactly the set of signaturés:, b) that have some ex-
feasible trees is that it makes the result both easier to understand and provgpansion with signaturém’,b’).
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Fig. 6. These three trees have the property ¢hat(S:) = sig,(S2) = sig,(Ss) = (4,3). In fact, these three trees are the only way to realize the signature
(4,3) and thusM (4, 3) = {(0,4),(1,3).(3,2)}.

Lemma 3: Set Such ag must exist by the definition of\(m’,b'). Let T" =

Expand (T, ¢). Then from Lemma 2ig, ,(T") = (m',") and

M(m' b)) = {(m,b) : (m,b) # (m',b) and
Jgst.0<g<band(m',b") = (m+0b,q)
ordgstb+1<¢<2b

Cost; 41 (T") = Cost,; (T) + Z pe

mt<n

= OPT [m,b] + Z Di-

and(m',b') = (m—|—2b—q,q)}. m<i<n
Then Since this is true for everym,b) € M(m',v") we thus find that
OPT[0,1] =0 2 .
[0.1] @ OPT [m/,b'] < min OPT [m, b] + Z Dt

(m,BYEM(m,b) m<it<n

and, for(m', ") # (0,1) -

completing the proof. O
OPT[m', 0] = min OPT [m, b] + pt ». (3
(bl (m,b)EM(m’,b') [m. 9] Z b ®) IV. THE ALGORITHM

m<t<n

o ] L Using Lemma 3 we can directly design an algorithm for calculating
Proof: Fig. 6 illustrates an example oé (", b'). the OPT[,] values and constructing an optimal tree. Code for the al-

~ To prove (2) we note that thenly feasible tree with signatui®, 1) goyrithm is given in Fig. 7 and a worked example is shown in Table |

is theO-level tree consisting of the root and its two children and thigp,q Fig. 8. In the algorithm, the entfy[’, b'] stores the paifin., b) €

tree had)-level costo. M(m',b') such that
To prove (3) first suppose th&PT [m', b'] is realized by an + 1- o
level treeT” with sig,  (T") = (m/,b’) and OPT [m',b'] = OPT [m.b] + Z .

Costi1 (T') = OPT [m', b']. s
We will now prove the correctness of the algorithm and then show
Now set? = Trunc;(7") and letg be the number of internal nodesthat it runs inO(»?*) time. We start by recalling the definition of a
onlevel: +1 of T'. Also set(m, b) = sig,(T'). Then, by the definition lexicographical orderingon pairs.
of the TruncandExpandoperators we have th# = Expand (T, q).

i . Y f H inAL
Thus from Lemma 2 and the definition 6fPT [, ] Definition 8: Let (m,b), (m’,b") be given. Ther{m, b) is lexico

graphically smalletthan (', v")
OPT [n',b'] = Costig1 (T)

(m,b) < (m',b")
=Cost:(I)+ Y. m

m<t<n if and only if
ZOPT[m’b]—i_m;Snpt m<m' or m=m' and b<V.
S i OPT [m.b] 4 Z b It is now easy to see that
(m.byeM(m’,b7) metn Lemma 4: Let (m,b), (m’,b") be signatures such thét,b) €
M(m', V). Then(m,b) < (m',b').
To see the other direction lét, b) € M(m/,b") and sefl” to be such Proof: This follows from the definition ofA1(m/,b"). We first
that point out thath # 0 because it is impossible fom,b) € M(m',b")
if b = 0. Thusb > 1.
sig;(T) = (m.b) and OPT [m,b] = Cost;(T). There are two cases. In the first cage < b such that(m',0") =
(m+0,q).Inthis case, sinck > 1 we have thatn < m’ so(m,b) <
Let ¢ be such that (m',0").

In the second casély with b + 1 < ¢ < 2b such that(m',b') =
sig, ,; Expand(T, ¢) = (m',b"). (m+2b—q,q). Inthis case, iy < 2b then againn < m’ som < m’
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The Algorithm

Initialize the OPT],] table

Ym,n, 0<m<n, 1<b<n—m,
Set OPT[m, b] := oc;

Vm,0<m <nSet Pyi=3 cicn Pt

OPT0,1] := 0; OPT[n,0] := o0;

Calculate OPT],] values
form:=0ton
forb:=1ton-m
Process the pair (m,b)
forg:=0tob
X :=min (OPTm,b] + Ppn, OPT[m + b, q])
if X < OPTIm + b, 4]
{OPTim + b,q) := X; Q[m +b,q] := (m,b);}
forg:=b+1to2b
X :=min (OPT[m,b] + P, OPTIm + 2b - q,q])
if X < OPTim + 2b—q,q]
{OPTIm + 2b - q,q] := X;
Q[m +2b- g, q] = (m7 b)a }

Backtracking and outputting tree

m:=n; b:=0;

repeat {(m,b) = Q[m,b]; print ¢; }
until (m,b) = (1,0)

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 46, NO. 4, JULY 2000

Fig. 8. An optimal tree for. = 7 with weights7, 6, 5, 4, 3, 2, 1. This tree
is derived from Table I.

Note that if(mm,b) € M(m/,b") then eithel(m’,b") = (m + b, ¢)
or (m',b') = (m + 2b — ¢,q). In both of these cases we find that
m+b < m' +b'. Now note that the set of signatures processed by the
algorithm is exactly

M

{(m,0):0<m<n, 0<b<n—m}
={(m,b):0<m,b, m+b<n}.

Thus if (m', ") € M and(m,b) € M(m',b') thenm +b < m' +
b < nso(m,b) € M. Therefore M(m',b") C M.

Fig. 7. The dynamic programming algorithm plus backtracking. The Next note that the algorithm actually processes the signatures in
algorithm will output the number of right leaves on every level of some optimal 4 lexicographical orderso, from Lemma 4all signatures in

tree.
TABLE |
VALUES FORn = 7 WITH WEIGHTS7, 6, 5, 4, 3, 2. 1
b=0 1 2 3 4 5 6 7
m=0 00 0 28 00 56 ) 00 | 00
(0,1 (0,2)
1 28 28 49 56 70 ) 77
(0,1)] (0,1 | (1,1) | (0,2) | (1,2) (1,3)
2 49 49 56 70 71 77
(1,1 1,1 ](0,2) | (1,2) | (2,2) | (1,3)

3] 64| 64| w0 71| 77
201 2Y] 1,222 ]1,3)
Z I 5 W B 6 O
2,2) | 2,2 (2,2) | (1,3)
51 77| 77| 80
CRRNCR N NCR))

6] 77| 77
4,2) | (4,2)

7| 78
(6,1)

so(m,b) < (m',b").If ¢ = 2bthenm’ = m + 2b — ¢ = m but then

b < 2b =1’ so we still havegm,b) < (m',b').

We now show that the algorithm correctly fills in thEPT (m, b)

M(m',b") are processed befofe:’,b’) and no such signatures are
processed after it.

Correctness now follows by induction dmz’, "), the induction
order being the lexicographic order. The induction hypothesis is that,
at the time immediately preceding the processingnef, ') the value
of OPT [m, b] will already have been correctly set

The first signature processed(is 1) and sinceDPT [0, 1] is orig-
inally set to0 and never changed afterwards, the statement is correct
for (0,1). Now suppose all signatures preceding’,b') in the lex-
icographic order have already been processed and it is now the turn
of (m',d"). In particular, this implies that allm,b) with (m,b) €
M(m',b") have already been processed. By the induction hypothesis,
at the time such afmn, b) was processe@PT [m, b] was already cor-
rectly set. Thus the statement executed at the time of processirig
was equivalent to

OPT [m',b'] = min{OPT [m',b'], OPT [m, b] + P, }.

Since this is done for allm,b) € M(m',b’) but no other(m,b)’s,
the value stored iDPT [m', '] is exactly

OPT[m,b] + Z Pt P

min
(m,byeM(m’, b’
T (m?,6) m<t<n

completing the proof that th@PT [, ] table is filled in correctly.

values (using a standard dynamic programming correctness groof). While filling in the table, the algorithm also keeps track of where the

optima came from by storing the approprig}e»’, '] = (m,b) such

4We quickly sketch a second way of proving this, one similar to that developélat
in [7]. Essentially, one can create a weighted grépk (V, E) in whichV' in
the set of all signatures ar{@m, b), (m’,b’)) € E if (m,b) € M(m’, V).
The weight of this edge is defined to B€,. _, ., p«. ThenOPT [m, b] can
be shown to be equal to the cost of timnimum-cost patitonnecting(0, 1)
to (m,d) in G. The graphG can be shown to be acyclic and the algorithm - i i
presented in Fig. 8 is exactly the code for finding shortest paths in a directedAfter filling in the table, the algorithm then uses th#, | table to
acyclic graph, see, e.g., [8]. backtrack and print out the number of right nodes on every level of the

OPT[m/,b'] = OPT[m,b] + Z Dt-

m<t<n
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A>K -

Fig. 9. Cases | and Il in the proof.

fﬂguﬂ oo |

Fig. 10. Cases lll and IV in the proof.

Fig. 11. lllustration of why some optimal tree must be feasible.

optimal tree. Since the tree is full with every right node being matchetynamic programming on an appropriate subproblem space. The main
by some left node this gives the full tree and we are done. open question is whether it is possible to improve the algorithm, per-
Finally, we note that for each of th@(n?) signaturegs, b) gener- haps even t@(n) time, matching the linear time used by the standard
ated, the algorithm do&3(n) work (the twofor loops overg). Thus Huffman-encoding algorithm.
the algorithm runs irD(»?) total time.
Table | contains a worked example for= 7 with weights7, 6, APPENDIX
E’ 4, 3,2, 1..The top element in .each enFry @PT [m. b] and the In this section we prove Lemma 1, that there is always a feasible
ottom one i)[m, b]. Theoo entries are signatures that are unreal- .
izable by any feasible tree. The boldface entries are the ones that (E)(?rt-'maI tree.
respond to the optimal tree found by the backtracking section of Fig. 7. Proof (of Lemma 1): We first show that there exists an optimal
Reading them off we find that the number of right nodes on the leveflsl tree. If T is a tree and: € 7" an internal node we will calt badif
of the optimal tree are, starting from the top level and working dowit,has only one child. If a tree has no bad nodes it is a full tree.
1,2, 2, 2, 1. The tree itself can be seen in Fig. 8. Note that this tree Let B be the minimal number of bad nodes an optimal tree can have.
has (optimal) cosT8 as compared to the trees in Fig. 2. These haué B = 0 there is a full optimal tree and we are done. Otherwise, let
cost83 for the same weights T be an optimal tree witl3 bad nodes and the fewest total number
of nodes among all optimal trees wif® bad nodes. We will show a
contradiction by building a new optimal tree with fewer bad nodes or
the same number of bad nodes and fewer total nodes.
In this correspondence we have shown that it is possible to calculet « be a highest bad node ifi. Note thatu cannot be the root
late optimal one-ended binary prefix-free codesifn®) time im- because if the root were bad we could simply erase it; its (only) child
proving upon the old exponential time algorithms. Our approach uséetn becomes the root of the new tree and, since the depth of every

V. CONCLUSION
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leaf has been decreasedhythis new tree is cheaper than the old one, A Quantum Analog of Huffman Coding
contradicting optimality.
In what follows refer to Figs. 9 and 10 for illustration as we do aSamuel L. Braunstein, Christopher A. Fuchs, Daniel Gottesman, and
case-by-case analysis. Hoi-Kwong Lo
(Case ) Ifu had a right child but no left one we could simply add
its left c_hil_d to getaheyy tree with the same cost but fewer_ bad nodes, Abstract_We analyze a generalization of Huffman coding to the
Cont.radlctlrlg the definition of". Thusu must have a left chila but quantum case. In particular, we notice various difficulties in using
no right child. There are two cases. instantaneous codes for quantum communication. Nevertheless, for the
(Case Il) Ifv is the root of some tre®’ then we could mov&” tobe  storage of quantum information, we have succeeded in constructing a
rooted at the right child of and leaver a leaf. The new resulting tree Huffman-coding-inspired quantum scheme. The number of computational

has the same cost but fewer bad nodes, again leading to a contradicfiffifs In the encoding and decoding processes ¥ quantum signals
. R can be made to be of polylogarithmic depth by a massively parallel
Otherwise 'Sj itself a Iegf. Let: be the pa_lrent ok ) implementation of a quantum gate array. This is to be compared with the
(Case Ill) Ifu is a left child ofx then we simply remove, leaving  O(IN?) computational steps required in the sequential implementation by
u as a left leaf. The cost of the resulting tree is the same as before 6lgve and DiVincenzo of the well-known quantum noiseless block-coding
it has one fewer bad node. Again a contradiction. scheme of Schumacher. We also show th&®(IN?(log IN)®) sequential

. . . . ) - computational steps are needed for thecommunication of gquantum
(Case IV) Otherwisey is the right child of and removing: could information using another Huffman-coding-inspired scheme where the

add a new right child to the tree, possibly even raising its cost. Theinder must disentangle her encoding device before the receiver can
fore, in this case we remowmthu andv. Sincex was not bad before perform any measurements on his signals.

(because itis higher thar) remo"'“g" does not a‘?'d anew right Iegf Index Terms—Data compression, Huffman coding, instantaneous codes,
to the tree so the cost of the resulting tree remains the same. BinGg,antum coding, quantum information, variable-length codes.
has now become bad the new tree still Bakad nodes but it has fewer
total nodes thafi’, again causing a contradiction.
We have just seen that there exists some optimal fullfre&e now I. INTRODUCTION

prove thatl is feasible. See Fig. 11 for illustration. There has been much recent interest in the subject of quantum infor-
Supposé€ is not feasible. Then there exists some right internal noggation processing. Quantum information is a natural generalization of
v €T and leftleafu € T such thatlepth (v) = depth (u). LetS be  jassical information. It is based on guantum mechanics, a well-tested

the subtree rooted ai y the deepest right node € 5, andx the left  scientific theory in real experiments. This correspondence concerns
sibling of y (= andy must exist becausE is full). Also suppose that quantum information.

probability p; is assigned tg. Now detachS from v and attach itto  The goal of this correspondence is to find a quantum source coding

u, €rasey and assigi; to nodev. Denote the new tree thus created byicheme analogous to Huffman coding in the classical source coding
T". Since the only probability whose assigned right leaf has changeqigory [3]. Let us recapitulate the result of classical theory. Consider

pi we find that the simple example of a memoryless source that emits a sequence of
independent and identically distributed signals each of which is chosen
Cost (T") = Cost (T) + (depth (v) — depth (y))p;. from a listw;, w2, - - -, w, with probabilitiesp., p2, ---, p.. The

task of source coding is to store such signals with a minimal amount
But depth (v) < depth (y) soCost (T') < Cost (T) contradicting ©f resources. In classical information theory, resources are measured
optimality of 7. ThusT must be feasible. 7 in bits. A standard coding scheme to use is the optimally efficient
Huffman coding algorithm, which is a well-known lossless coding
scheme for data compression.
Apart from being highly efficient, it has the advantage of being in-
stantaneous, i.e., unlike block coding schemes, the encoding and de-
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below, these two features—instantaneousness and variable length-setfeme of quantum computation. It is also highly analogous to the
Huffman coding are difficult to generalize to the quantum case.  synchronization problem in the execution of subroutines in a quantum
Now let us consider quantum information. In tgeantumcase, computer: A quantum computer program runs various computational
we are given a quantum source which emits a time sequencepgths simultaneously. Different computational paths may take different
independent and identically distributed pure-state quantum signglsmbers of computational steps. A quantum computer is, therefore,
each of which is chosen frofa.), [us), - -- [u..) with probabilities generally unsure whether a subroutine has been completed or not. We
Q15 g2+, qm, respectively. Notice thatu;)’s are normalized (i.e., o not have a satisfactory resolution to those subtle issues in the general
unit vectors) but not necessarily orthogonal to each other. Classieghe of course, the sender can always avoid this problem by adding re-
coding theory can be regarded as a special case when the ignals 4 \ngancies (i.e., adding enough zeros to the codewords to make them

tahre orth%gona]!.dThe gqal of ?thantuHrqbsotLJrce coding és (;Ofm'n'lm'ﬁe{ixed length). However, such a prescription is highly inefficient and
Io:slr:ai? :r:cgdinlm?)rf]smunasntc:;m zi nIaI:r ;Eﬁ:emna?r?ta?ninoraa ?:i(i) self-defeating for our purpose of efficient quantum coding. For this
fidelity between i?]put gnd output gFor é pure input sthte)gthe gf]eason, we reject such a prescription in our current discussion.
fidelity of the output density matriy; is defined as the probability In the hope of saving resources, the natural next step to try is to

for it to pass a yes/no test of being the statg . Mathematically, it stack the_ sigpals in Ii_ne in g single tape during the transmission. To
is given by (u:|p:|«:) [4]. In particular, we will be concerned with greatly simplify our discussion we shall suppose that the read/write

the average fidelityf' = 3. g:(u:|pi|u:) It is convenient to measure hegd of the machine is quantl_Jm-me.chanicaI with_ its location given by
the dimensionality of a Hilbert space in terms of the number of qubigd! internal state of the machine (this head location could be thought
(i.e., quantum bits) composing it; that is, the basegarithm of the Of as being specified on a separate tape). But then the second problem
dimension. arises. Assuming a fixed speed of transmission, the receiver can never
Though there has been some preliminary work on quantum HuffmB@ sure when a particular signal, say the seventh signal, arrives. This
coding [9], the most well-known quantum source coding scheme idssbecause thiotal length of the signals up to that point (from the first
block coding scheme [10], [5]. The converse of this coding theoretm seventh signals) is a quantum-mechanical variable (i.e., it is in a
was proven rigorously in [1]. In block coding, if the signals are drawsuperposition of many possible values). Therefore, Bob generally has
from an ensemble with density matyix= > ¢; |u;)(u;|, Schumacher a hard time in deciding when would be the correct instant to decode the
coding, which is almost lossless, compres3esignals intoN.S(p)  seventh signal in an instantaneous quantum code.
qubits, whereS(p) = —trp log p is the von Neumann entropy. To  Let us suppose that the above problem can be solved. For example,
encodeV signalssequentiallyit requiresO(V*) computational steps Bob may wait “long enough” before performing any measurements.
[2]. The encoding and decoding processes are far from instantaneqyg.argue that there remains a third difficulty which is fatalifestan-

Moreover, the lengths of all the codewords are the same. taneousquantum codes—that the head location of the encoden-is
tangledwith the total length of the signals. If the decoder consumes the
[l. DIFFICULTIES IN A QUANTUM GENERALIZATION quantum signal (i.e., performs measurements on the signals) before the

A notable feature of quantum information is that measurement of§ficoding is completed, the record of the total length of the signals in
generally leads to disturbance. While measurement is a passive pf§: encoder head will destroy quantum coherence. This decoherence
cedure in classical information theory, it is an integral part of the fogffect is physically the same as a “which path” measurement that de-
malism of quantum mechanics and is an active process. Therefore,stigys the interference pattern in a double-slit experiment. One can also
big challenge in quantum coding is: How to encode and decode withautderstand this effect simply by considering an exampl& afopies
disturbing the signals too much by the measurements involved? Todf-a state:|0) + b|1). It is easy to show that if the encoder couples an
lustrate the difficulties involved, we shall first attempt a naive generaéncoder head to the system and keeps a record of the total number of
ization of Huffman coding to the quantum case. Consider the densitgros, the state of each signal will become impure. Consequently, the
matrix for each signgh = > ¢; |u;)(u;| and diagonalize it into fidelity between the input and the output is rather poor.

p=> pildi) (sl (1) [ll. STORAGE OFQUANTUM SIGNALS

Nevertheless, we will show here that Huffman-coding-inspired
. . . ) . quantum schemes do exist for both storage and communication of
where|¢;) is an eigenstate and the eigenvalpe's are arranged in - . . . .

. . . : uantum information. In this section we consider the problem of
decreasing order. Huffman coding of a corresponding classical sou?fe . e .
with the same probability distributiop;’s allows one to construct a S o_rage. Notice that the a_bove dlffl_cultles are due to the reqwre.ment
one-to-one correspondence between Huffman codewardsd the of |nstantaneousne§s. This .Ieads in a naturgl way to the qyestlon of
eigenstates;). Any input quantum state:;) may now be written as storageof quz.intu.m |nf0r.mat|on, where .there is no need fgr instanta-
a sum over the complete get). Remarkably, this means that, for suci'80US decoding in the first place. In this case, the decoding does not
a naive generalization of Huffman coding, the length of each signal§&rt until the whole encoding process is done. This immediately gets
a quantum-mechanical variable with its value in a superposition of tfifl of the second (namely, when to decode) and third (namely, the
length eigenstates. It is not clear what this really means nor howr@cord in the encoder head) problems mentioned in the last section.
deal with such an object. If one performs a measurement on the lenij@wever, the first problem reappears in a new incarnation: tote
variable, the statement that measurements lead to disturbance mégmgth of saylV signals is unknown and the encoder is not sure about
that irreversible changes to th€ signals will be introduced which the number of qubits that he should use. A solution to this problem
disastrously reduce the fidelity. is to use essentially the law of large numbersMfis large, then

Therefore, to encode the signals faithfully, the sender and the esymptotically the length variable of tH€ signals has a probability
ceiver are forbidden to measure the length of each signal. We emphmyplitudeconcentrated in the subspace of values betwgéh — 6)
size that this difficulty—that the sender is ignorant of the length of thend N (L + é) for anyé > 0 [10], [5], [1]. Here L is the weighted
signals to be sent—is, in fact, very general. It appears in any distributeerage length of a Huffman codeword. One can, therefore, truncate
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the signal tape into one withfixedlength sayN (L + 6) (“0’s” can be The first step is the merging of two signals into a single message.
padded to the end of the tape to make up the number if necessary.)L&ff us introduce a message tape. For simplicity, we simply denote
course, the whole tape is not of variable length anymore. Nonetheld§s,- - 0%i, ) by |h1), etc.,

we will now demonstrate that this tape can be a useful component IR 1) R2)|l2)  [0)eape
of a new coding scheme—which we shall call quantum Huffman swap IO) ) |R)|l2) |0+ Ok heape
coding—that shares some of the advantages of Huffman coding over shift
. . . —  [0)|1)[h2)|12) |10+~ O)tape 2)
block coding. In particular, assuming that quantum gates can be 200} 1) [0} i) 110+ - 0hs)
applied inparallel, the encoding and decoding of quantum Huffman e R ! 2/tape

coding can be done efficiently. While a sequential implementation — [0} [1)10)]12) 71720+ - 0)tape.
of quantum sourcélock coding [10], [5], [1] for N signals requires  We remark that the swap operation between any two qubits can be
O(N?) computational steps [2], a parallel implementation of quantugione efficiently by using an array of three XOR’s with the two qubits
Huffman coding has only)((log N)*) depth for some positive in- alternately used as the control and the tafgetie shift operation is just
tegere, and a sequential implementation still uses U6V (log N)¢) @ permutation and therefore can be done in constant depth [7]. How-
gates. ever, we actually need something slightly stronger: a controlled shift,
We will now describe our coding scheme for the storage of quafontrolled by functions of the lengtiis ) and|Z), which are quantum
tum signals. As before, we consider a quantum source emitting a ¥@tiables. To do a shift controlled by the regigtgr we expand in bi-
quence of independent and identically distributed quantum signals witi"y: and performa shift i/ positions conditioned on the appropriate

a density matrix for each signal shown in (1) wherss are the eigen- pit of s. When|s) is a quantum register in a sup_erposiFion, this opera-
B(_)n performed coherently will entangle the register with the tape, just

values. Considering Huffman coding for a classical source with prob-". N . )
L X as in the third difficulty described above. Itis no longer a problem here,
abilitiesp;’s allows one to construct a one-to-one correspondence be

tween Huffman codewords, and the eigenstatés; ). For parallel im- since we will disentangle the reglgtgr and the tape durlng_decodlng.
. o . Now the encoder keeps the original length tapedachsignal as
plementation, we find it useful to represdnt) by two pieces, the

. . - well as the message tape for two messages, i.e.,
first being the Huffman codeword, padded by the appropriate number

of zeros to make it into constant length) - - - 0%;), the second being [11}12)|h1 720 - - O)tape.

the length of the Huffman codeworfd;), wherel; = length(h:). We \ ieq that it is relatively fast to compute the lendth+ I, of the two
also pad zeros to the second piece so that it becomes of fixed Ienlgl%ssages fronh, andl.—O(log 1) steps for the obvious sequential

[log Imax | Wherelm.x is the length of the longest Huffman COdewordmethod (wherd is the larger of; and!), andO(log log {) depth

Therefore|¢;) is mapped intq0 - - - O;)|I;). Notice that the length of it 5 good parallel algorithm. Therefore, the merging procedure can
the second tape log /.| which is generally small comparedto  pe performed in polylogarithmic depth.

The usage of the second tape is a small price to pay for efficient parallefjore concretely, at the end the encoder obtains
implementation.
In this section, we use the model of a quantum gate array for quantum 1)) == [In) ke - AN O -+ 0)tape. ®3)

computation. The complexity cla@\lc is the c_Iass_ofquantum COM- He has performedlog N merges. Merging two messages of max-
putations that can be performed in polylogarithmic parallel depth [Aum lengthi requires[log 7] shifts (each of constant depth) plus
We prove the following theorem. swaps (of constant depth) and one addition (of depttog log 1)).

Theorem 1: Encoding or decoding of a quantum Huffman code fo-ll—he maximum length = Nimax, S0 the full merging procedure re-

o : . . quires depthO((log N)? + log N log lmax. In addition, there is a
storage is in the complexity cla@NC. Solving the classical Huffman .constant depth cost for performing the initial encoding, which we ne-

coding proplemforthe eigenvalues of the density rr_watnx glvesacodlaﬁect in the larged limit. We will also neglect thdog N 1og lmas
scheme with average codeword lengthand maximum codeword erm

lengthl... Foranys > 0, for large enougl, the quantum Huffman g oy the encoder truncates the message tape: He keeps only say
code s_tores data using less th&iL j|-26 + [log lmax|) qubits. The o firstN (L + 6) qubits in the message tafig his - - - =y 0 - - - 0)cape
encoding network has depth((log N)). for somes > 0 and throws away the other qubits. This truncation min-
imizes the number of qubits needed. The only overhead cost compared
to the classical case is the storage of the length tapes of the individual
signals. This takes onl¥ [ log Irax | qubits4

The proof follows in the next two subsections.

A. Encoding
Without much loss of generality, we suppose that the total numb@r Decoding

of messages "_‘N = 2 for some pc_)smve |nte_g_ef. We propose to . Decoding can be done by adding an appropriate number of qubits in
encode by divide and conquer. First, we divide the messages i@ ;erq stat) behind the truncated message tape and simply running
pairs and apply a merging procedure to be discussed in (2) to e@ﬁg encoding process backward (again with only dé€ptHog N)*)).

pair. The merging effectively reduces the total number of messagesyhat about fidelity? The key observation is the following:'

to 27!, We can repeat this process. Therefore, aftapplications

of the merging procedure below, we obtain a single tape containingDefinition 2: The typical subspacss is the subspace where the first
all the messages (in addition to the various length tapes containiNgL + ¢) qubits are arbitrary, and any qubits beyond that are in the
the length information). fixed state|0 - - - 0).

3In (2), we do notinclude the position of the head, since itis simply dependent
IThe second piece contains no new information. However, it is useful forom the sum of the message lengths and can be re$etfter the process is
massively parallel implementation of the shifting operations, which is an inecempleted.
portant component in our construction. 4Further optimization may be possible. For instanckygf ... is large, one
2The encoding process to be discussed below will allow us to reduce the tatah save storage space by repeating the procedure, i.e., one can now use quantum
length needed folV signals. Huffman coding for the problem of storing the quantum sigialss.
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Proposition 3: Ve, 6 > 0,3Ny > 0 such thatYy N > No, shift [0)|11)[0)|12) - - - [y YT Y| Re1 20 - - - 0)sape
F > 1 — e whereF is the fidelity between the true stateof the N )
guantum signals and the projection0bn the typical subspacgs in Ol )total tength
our quantum Huffman coding scheme. 299 10)|1)|0) 1) - -+ [ha ) In )| R1B20 -+ O)iape
Proof: The proof is identical to the case of Schumacher’s noiseless
guantum coding theorem [10], [5], [1]. @l + 12 }total length

Therefore, the truncation and subsequent replacement of the dis- _,;;,
carded portion by0 - - - 0) still lead to a high fidelity in the decoding. — [0)[11}|0)[12) - -+ [O}In)[ahz - - BNO - -+ O)tape

In conclusion, we have constructed an explicit parallel encoding and Ol 4 -+ In—1)total tongth
decoding scheme for the storage’diindependent and identically dis- add
tributed quantum signals that asymptotically has ofil{log N)®) — [O)11)]0)|T2) - - [OMIn )i Do - Ben O <<+ O)gape
depth and use¥ (L+ 6+ [log Imax]) qubits for storage whet is the Ol 4 - 4 I Viotal length -
average length of the Huffman coding for the classical coding problem 4

for the set of probabilities given by the eigenvalues of the density ma-
trix of each signal. Heré can be any positive number ahg., is the We have included an ancillary space storing the total length of the code-
length of the longest Huffman codeword. words generated so farThis space requirdsg(N/max) qubits.
o _ _ Even though the encoding of signals themselves are done one by one,
Corollary 4: A sequential implementation of the encoding algoge shifting operation can be sped up by parallel computation. Indeed,
rithm requires onlyO (N (log V)*) gates. as before, the required controlled-shifting operation can be performed
Proof: This follows immediately from the fact that the encoding igy, O(log N +log L.y ) depth. As before, if a sequential implementa-
in QNC and use®)(N') qubits: At each time step of a parallel imple-tion, s used instead, the complete encoding of one signal still requires
mentation, onlyO(NV) steps are implemented. Since the network hasyly O( ¥ (log N)*) gates.
depthO((log N)”), there can be at mogl(N (log V)*) gatesinthe  Now the encoding of theV signals in quantum communication is
network. done sequentially, implying (V) applications of the shifting opera-
tion. Therefore, with a parallel implementation of the shifting opera-
tion, the whole process has degii N (log N)*). With a sequential
IV. COMMUNICATION implementation, it take®(N*(log N)*) steps.

We now attempt to use the quantum Huffman coding for comm&- Transmission

nication rather than for the storage of quantum signals. By commu-Notice that the message is written on the message tape from left to
nication, we assume that Alice receives the sigioale by ondrom  right. Moreover, starting from left to right, the state of each qubit once
a source and is compelled to encode them one by one. As we Wilitten remains unchanged throughout the encoding process. This de-
show below, the number of qubits required is slightly more, namelypupling effect suggests that rather than waiting for the completion of
N(L + 6 + [log lmax]) + [log (Nlmax)]. The code that we will con- the whole encoding process, the sender, Alice, can start the transmis-
struct is not instantaneous, but Alice and Bob can pay a small penadiyn immediately after the encoding. For instance, after encoding the
in stopping the transmission any time. In fact, we have the followingst » signals, Alice is absolutely sure that at least the fitst,, (where
theorem. lmin 1S the minimal length of each codeword) qubits on the tape have
I%Iready been written. She is free to send those qubits to Bob immedi-
ately. There is no penalty for such a transmission because it is easy to
see that the remaining encoding process requires no help from Bob at
all. (Note that in the asymptotic limit of large after encoding: sig-

Theorem 5: Sequential encoding and decoding of a quantu
Huffman code for communication requird¥ L + 6 + [10g lmax]) +
[log ( Nlmax )] qubits and onyO(N?(log N)“) computational gates.

The proof follows in the next three subsections. nals, Alice can even sendL — ¢) qubits for any > 0 to Bob without
worrying about fidelity.)
A. Encoding In addition, Alice can send the first length variableg,, ---, 1.,

but she must retain the total-length variable for continued encoding.
The encoding algorithm is similar to that of Section Ill except thaBince the total-length variable is entangled with each branch of the
the signals are encoded one by one. More concretely, it is done throegltoded state, decoding cannot be completed by Bob without use of
alternating applications of the swap-and-shift operations. this information. In other words, Alice must disentangle her system
from the encoded message before decoding may be completed.
||t} ha)ll2) -« [ MIN)]O)tape

@ |()>total length

C. Decoding

swap With the length information of each signal and the received qubits,
— 01 [R2)ll2) -+ (AN YIN)]0 - - OF 1 )ape Bob canstart the decoding process before the whole transmission is
completeprovided thathe does not perform any measurement at this
moment. For instance, having receivég;, qubits in the message tape

& |0>total length

5 (oM ho)lia) - [ha )N B0 -+ O)iape from Alice, Bob is sure that at least= |rlmin/Imax| Signals have
D10 total length already arrived. He can separate thesggnals immediately using the
dd length information of each signal. This part of the decoding process is
— [0)|I) R |l2) -+ [hn ) In) A1 O - -+ O)sape rather straightforward and we will skip its description here.
11 Yeotal length The important observation |s however, the foIIowing:'If Bob were to
R0V [1)[0Y i) -+ [ha M) |B10 - OFa ) eape perform a measurement on his signals now, he would find that they are

@11 )total length 5As in (2), we do not include the position of the head.
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of poor fidelity. The reason behind this has already been noted in Secth one, but not the others. There exists a more efficient scheme for
tion 1. Even though the subsequent encoding process does not invadaing it. We shall skip the discussion here.

Bob's system, there is still entanglement between Alice and Bob's sys-
tems. More specifically, the shifting operations in the remaining en-
coding process by Alice require explicitly the information on the total
length of decoded signals. Before Bob performs any measurement odve have successfully constructed a Huffman-coding-inspired
his signals, it is, therefore, crucial for Alice to disentangle her systesgheme for the storage of quantum information. Our scheme is highly
first, as mentioned above. efficient. The encoding and decoding processe¥ afuantum signals
San be donen parallel with depth polynomial ifog V. (If parallel

already received{L qubits from Alice, Bob suddenly would like to machines are _unavailable, ai Sh‘?W",‘ ln Section ly'A our encoding
perform a measurement on his signals. He shall first inform Alice §Fheme will still take onlyO(N(log V')*) computational steps for

his intention. Afterwards, one way to proceed is the following: Theg sequential implementation. In contrast, a naive implementation of
choose some convenient point, say thth signal, to stop and consider Schumacher’s scheme will requitg N'*) computational steps.) This

quantum Huffman coding for only the first signals and complete the Massive parallelism is possible because we explicitly use another tape
encoding and decoding processes. to store th?j Izngth |nforTe;F|Zr&$()fftTgngl\?aduza; S|g]n)als.hThefs.torage

. ) space needed is asymptotic 0g Imax|) WhereL is

. We shall consider two subf:ases'. In the f|rst sub(_:age, the numbeEhe average length of the corresponding classical Huffman coding
1S gh0§en such that theth $!gnal IS meSF likely still in thg sfer?der problem for the density matrix in the diagonal forfis an arbitrary
(Alice)'s hands (e.gqn > K + O(y/) in the asymptotic limit). ¢y bositive number, anida is the length of the longest Huffman
The sender Alice now disentangles the remaining signal from the f'rc%deword.

m quantum signals by ap.plying a quantum shifting operation. She €@Ne also considered the problem of using quantum Huffman coding
now complete the encoding process for quantum Huffman coding f%i communication in which case Alice encodes the signals one

them signals and send Bob any untransmitted qubits on the tape.blsl? one. N(I + & + [log luax]) + O(log N) qubits are needed
the asymptotic limit of largds, O(,/m) qubits of forward transmis- ith a parallel implementation of the sbhifting operation, depth of

sion (from Alice to Bob) are needed. (The required depth of the networ N(log N)*) is needed. On the other hand, with a sequential

is polynomial inlog 1 if a parallel implementation of a quantum gatg plementation,0(N*(log N)*) computational steps are needed.
array is used.) In addition, Alice must send her record of the total lenmr‘geither case, the code is not instantaneous, but, by paying a small

ofthe signals. However, this requires only an additidia (11/umax)] Eenalty in terms of communication and computational costs, Alice

qubitg, so'the total number which must be transmitted for disentang £.d Bob have the option of stopping the transmission and Bob may
ment is still O(y/m). then start measuring his signals.

In the second subcase, the numbeiis chosen such that theth  More specifically, while the receiver Bob is free to separate the
signal is most likely already in the receiver (Bob)'s hands (ewgs.  signals from one another, he is not allowed to measure them until the
K — O(/K) in the asymptotic limit). The receiver Bob now attemptsender Alice has completed the encoding process. This is because
to disentangle the remaining signals from the fisstquantum sig- Alice’s encoder head generally contains the information of the total
nals by applying a quantum shifting operation. Of course, he neegfgth of the signals. In other words, its state is entangled with Bob'’s
to shift some of his qubits back to Alice. This asymptotically amount§ignals. Therefore, whenever Bob would like to perform a measure-
to O(/m) qubits ofbackwardcommunication. This is a penalty thatment, he should first inform Alice and the two should proceed with
one must pay for this method. After this is done, Alice must again sefifbentanglement. We present two alternative methods of achieving
her length register to Bob (after subtracting the lengths of the signalsch disentanglement one of which involves forward communication
returned to her). This requires an additionélog m) qubits. and the other of which involves both forward and backward.

If m is chosen betweeR” — O(\/K) and K + O(/K), neither Since real communication channels are always noisy, in actual im-
sending signals forward or backward will suffice to properly diserplementation source coding is always followed by encoding into an
tangle the varying lengths of the signals. One possible solution is&tror-correcting code. Following the pioneering work by Shor [11] and
choosen’ > K + O(y/K) and perform the above procedure, sendingidependently by Steane [12], various quantum error-correcting codes
m' total signals to Bob. Then Bob decodes and returnsthem extra have been constructed. We remark that quantum Huffman coding algo-
signals to Alice. This method requir€X /K') qubits transmitted for- rithm (even the version for communication) can be immediately com-
ward andO(,/K’) qubits transmitted backward to disentangle. bined with the encoding process of a quantum error-correcting code for

We remark that the shifting operation can be done rather easily§fficient communication through a noisy channel. _
distributed quantum computation between Alice and Bob. This is a*S duantum information is fragile against noises in the environ-
nontrivial observation because the number of qubits to be shifted frdRENL: it may be useful to work out a fault-tolerant procedure for
Alice to Bob is itself a quantum-mechanical variable. This, howevefuantum source coding. The generalizations of other classical coding
does not create much problem. Bob can always communicate mﬁﬂleme_s to the quantum case are also |'nterest|ng [6]. Mqreover, there
Alice using a bus of fixed length. For example, he applies local oper&iSt universal quantum data compression schemes motivated by the
tions to swap the desired quantum superposition of various numberd8fPel-Ziv compression algorithm for classical information [8].
qubits from his tape to the bus, sends such a bus to Alice, etc.

The result is the following theorem. ACKNOWLEDGMENT

V. CONCLUDING REMARKS

Suppose in the middle of their communication in which Bob h

Theorem 6: Alice and Bob may truncate a communication session H.-K. Lo would like to thank D. P. DiVincenzo, J. Preskill, and T.
after the transmission of encoded signals, retaining high fidelity with Spiller for helpful discussions.
the cost ofO(/m) additional qubits transmitted.
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Optimization of Distributed Detection Systems Under the II. SYSTEM MODEL AND PROBLEM STATEMENT

Minimum Average Misclassification Risk Criterion For the sake of simplicity, consider two scalar observations and

Maurizio Magarini and Arnaldo Spalvieri binary detection. Extensions are straightforward. ket x> denote
the observations, and assume that they are drawn from the continuous
spacests, X-. In the classical formulation of the detection problem,
Abstract—A common model for distributed detection systems is that of a hidden discrete random variable (tbiass or the hypothesiy is
several separated sensors each of which measures some observable, quartirawn together with the observation vector according to some known
tizes it, and communicates to a fusion center the quantized observation. jnint probability distribution. We call such a discrete random variable

The fusion center collects the quantized observations and takes the deci- c— Th | of the detecti tem is t th
sion. The present correspondence deals with the design of the quantizers® € C = {c1, e2}. The goal of the detection system is to guess the

and of the fusion center under a rate constraint. The system of interest al- hidden class given the observation vector.
lows soft nonbreakpoint quantizers and nonindependent observations. Our
finding is that locally optimal design of the distributed detection systemis A, System Description
feasible via alternate minimization of the average misclassification risk.
The decentralized detection system we are concerned with is mod-

eled as a decision rule made by two scalar quantizers and a fusion
center. Each scalar quantizer is allowed here to be a nonbreakpoint one.
Quantizer?,, (z,),n = 1, 2, is modeled as a mapping froi, toZ,,,
|. INTRODUCTION whereZ,, ={0, 1, ---, I,,—1}. Of course, the rat&,, of thenth quan-

. . . tizerisR,, =log, I, . Inversion of@, (z) is hereafter intended as
Distributed detection systems have received a lot of attention 082 @n (@)

in the past two decades, as documented in the special issue of the Q;l(i) = {an € Xo: Qu(n) =i}

PROCEEDINGS OF THEIEEE [1]. A common model for these systems

involves several separated sensors, each of which measures sbRfe decision function performed by the fusion center, denoted
observable, quantizes it, and communicates to a fusion center 1. iz), is @ mapping fron¥, x 7 to C. The decision rule of the
guantized observation. The fusion center collects the quantizégcentralized detection system, denote?:(x1), Qz(x2)), is a
observations and takes the decision. Since the rate of transmisdieaPping from¥; x x> toC. Asin [5], we assume that the processing
between the sensors and the fusion center is a cost, fine quantizatfbfe performed at the fusion center is unlimited in complexity. In
of data may be not allowed. A crucial problem is therefore the desigf@ctice, this means that the fusion center is a lookup table with
of coarse quantizers that satisfy a rate constraint and that introddéa ™™ entries. A pictorial example of the decision rule for a specific
low degradation in the detection capability of the system. Tsitsik|f¥/o-dimensional decentralized detection system is later illustrated in
and Athans have shown in [2] that, when conditional independencefdg. 6.

Index Terms—Alternate optimization, average misclassification risk, dis-
tributed detection.

B. Statement of the Problem
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whereb(c; — ¢) > 0 is the risk of deciding in favor of classwhen In the alternate optimization, we look for a n@wonly when both
¢ = ¢;, and the familiar notation is adopted for the conditional probguantizers are optimal for the ofel Hence, after a proper initialization
ability of the class given the observation. l®tx;, x2) be a decision to be discussed in the next section, the alternate optimization proceeds
rule. The classification performance ®fis measured by the expecta-as follows:
tion of the local risk (1) over the observation space .

@) P 1) determine?; by (5),

R(®) = / / R(®(x1, x2)|1, 22)p(1, 20)dey dee  (2) 2) determing). by (5), if the new()- is different from the oldy-
Xy J Xy then go to 1),
wherep(x1, =) is the (bivariate) probability density function of the ~3) determineb by (6), if the newd is different from the oldP then
observation. If we sélt(c; — c;) = 1 fori # j andb(c; — ¢;) =0 go to 1), else STOP.
for i = j, then the average misclassification risk (or, in short, average
risk) is equal to the average error probability. The optimal decision ruIIers
that is the rule minimizing the risk, is the Bayes test

Since each of the optimization steps does not increase the average

k, the procedure will terminate in a local optimum.

To compare the computational complexity of the proposed method

) with the method [5], it should be noted that the method [5] aims to
approximate the conditional probabilities of the observation given the

Before enunciating the statement of the problem, we recall that tRgPothesis, independently of the decision threshold. The decision rule

Dp(x1, x2) = arg min R(&|zy, z2).
sce

a prefixed constant, with probabilities. Note that one optimization leads to a set of decision rules

i when a set of the decision thresholds is considered. Conversely, our

o= / p(a1, 22]c1)dV,  (probability of type I error) method aims to approximate the Bayesian decision rule; hence the
D(ez) decision threshold is embedded in the alternate optimization. If the

Bayesian approach is considered, where only one value of the threshold
is of interest, then the optimization method that we propose has the
same computational complexity as the method proposed in [5], because
whereD(c) is the decision region of classanddV’.. is the differential {he proposed alternate optimization must run only one time. Elsewhere,
volume in the observation space. The testresulting from the constraiggsbn, the Neyman—Pearson approach is considered, then, as noted in
minimization has the form the previous section, one has to find experimentally the valuetoft
makess equal to the prefixed constant. This task is performed by run-
ning the proposed alternate optimization for a set of values, aind
where X is the decision threshold of the Neyman—Pearson test atrpqm selt/actlng that vglue of that yields the closest to_ the desired

. . . . ) value of 3. However, it should be noted that the practice of both pro-
plas, ".B2|C).'s the conditional probabl_llty density fungtlon Of. the.Ob-.cedures is limited by the complexity of calculation of the optimality
servation given the class. In the practice, the constrained mm'mlzat'ggnditions and by the size of the lookup table: both are proportional
is worked out by finding experimentally or numerically the value\of X

i . to 271+ %2 Therefore, these methods can be actually applied only to
that makes? equal to the prefixed constant. Note that, with coarse quantization of low-dimensional spaces.

8= / p(x1, a2|c2)dV,  (probability of type Il error)
D(er)

Pnp(wr, v2) = arg (max, {p(z1, 22ler), Ap(r, 22]e2)}  (4)
1,09

A= P(c2)b(cz — c1)/P(c1)b(c1 — c2)
) IV. COMPUTERIMPLEMENTATION AND EXPERIMENTAL RESULTS
P(eo)b(ea — 1) # 0,b(c; — ¢;) = 0fori = j, one readily gets ) ) )
from (3), (4)® 5 = & . Therefore, both from the Bayesian approach !N the computer implementation, as well as in many actual detec-

and from the Neyman—Pearson approach, one comes to the fO”O\N“%] systems, where continuous signals are digitally processed after
statement of the problem: analog-to-digital conversion, the continuous spateandX’ are dis-

Fix P(ci)b(cs — ;) Vi, j,and ind® (i1, i2), Q1 (1), and cretlzeq. In our experlme_r)ﬂs] and., are dls_c_retlzed in 25§ _sllce_s of
L . ) equal size. We have verified that such a slicing has negligible impact
Q2 (x2) that minimizeR(®(Q (x1), Qz(x2))). . o . ;
on system performance. Dealing with discrete signals, the integrals ap-
pearing in (5) and (6) are replaced by sums in an obvious way.
The major trouble that we encountered in the experimental part of
The optimization algorithm is based on alternate optimization of thbis work was that of local minima. It is well known that, when dealing
three functions (two guantizers and the decision rule). The optimalityith a cost function having local minima, the result of an alternate min-
condition for@; givenQ» and® is obtained from (1). Specifically, for imization is strongly influenced by the initial guess, and, to our knowl-
all the points int; one finds the best index by taking the expectatiordge, methods that guarantee a good initialization do not exist. We have

Ill. THE ALTERNATE OPTIMIZATION

of the local risk overts tested two initial guesses. The first were the quantizers found by [5].
L1 . The second was to initialize the quantizers from breakpoint quantizers
QP (1) = arg min Z / R(®(i1, Qa(x2)) |21, 22) with equally sized cells. We observed that often one has the chance of
el S0 Jo  (ia) i ?mprov_ing the minimum found by the alternate o_pt_imiz_ation. Spec_if-
p(a2) daes, Vi € X (5) |caII_y, it sometimes happt_ans_ that, af_ter the optlmlzgthn, the region
’ assigned to one or more indices vanishes, and the indices remain in-
A similar condition holds foy» given@; and®. active. Some other times two (or more) rows (and/or columns) of the

The optimality condition fofb (i, , 72) givenQ, andQ: is obtained decision matrixp (i1, i2), say rows) andl, are identical. Then the re-
by taking the expectation of the local risk over the region indéxed, ~ gionsQ; ' (0) and@y ' (1) can be grouped in an unique region without
. . loosing performance. After grouping, only one of the two (or more) in-
<1>0Pf(i1, is) = arg min / / R(c|er, x2) dices is still active. In some trivial cases, the global minimum can be
c€C JQ (i) JQ T (i2) obtained with a reduced number of indices; therefore, the inactive in-
p(x1, x2) dey dzs, Vii, iz € 7y x Io. (6) dices can be discarded. However, often the presence of inactive indices
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indicates that the minimization procedure has found a nonglobal mil 0.4

1651

imum. Hence, aiming to improve performance, one can try to re-in

tialize the inactive indices. Again, neither method can guarantee s. .35}

cessful re-initialization. Note, however, that now one has to initializ

only a few indices, not the whole system. Hence extensive search o 0.3
good re-initialization may become feasible. Assume that there is on
one inactive index, and, without loosing generality, assume that it b
longs toQ),. We assign one slice to the inactive index, apply (6), an
check the newp against the ol@. If & has been modified by the re-ini-
tialization, then the average risk has been improved, and one is cert.
that, by repeating the alternate optimization from the new guess, tl
procedure will eventually find some new minimum better than the ol 0.1
one. Or else, we sequentially examine the remaining slices, until sor
slice can be conveniently assigned to the inactive index. If there a
more than one inactive indices €, then we repeat the above proce-

ge Risk

Avera
o
o

T T

> < *

Initial breakpoint quantizers
MBD

MARR

BT

dure to re-initialize the alternate optimization. If none of the slices ca 0
be conveniently re-assigned, then this search fails. Assume now tt
there is at least one inactive index per dimension. Actually this often

happens, at least in the studied examples. With a procedure simila[:i;é)_ 1. Example 1. SNR=
the one above, one can try to jointly reassign two slices. Note that, if thigs/sample for each quantizer.

minimum is nonglobal, then it is guaranteed that proper joint re-initial-
ization of the two indices improves the average risk. To see this, assur--

10

—5 dB, correlation coefficient = 0, R = 2

that the decision rule found by the alternate optimization differs fron--- 0.35

the Bayes rule at poin(t, j). Then assigning the inactive indices to

slicesi andj leads to a convenient relabeling of the point, hence to a 0.3r

improved risk. Conversely, it is not guaranteed that, adding only on

index, one can modify the label of the above mentioned point, becau 0.25

of the constraints imposed by quantization in the second dimension. ‘&
The results of the alternate optimization with re-initialization seen @€ 4,

to be insensitive to the initial guess (breakpoint or [5]), at least in th %

studied examples. This fact makes us confident of having found goc @ 4

minima. To summarize, the results to be presented have been work °>’

out by the following pseudocode: <

o
o

1) initialize @ andQ2;

*

Initial breakpoint quantizers
MBD

MARR

BT

2) determined by (6); 0.05"
3) apply the alternate optimization; o
4) check the minimum: if there are no inactive indices then STOF 0

else try to reactivate them;

5) if reactivation fails then STOP, or else go to 3). Fig. 2

sults are compared to the results of [5]. We assiitfg ) = P(c2) =

0.5, b(e1 — e1) = b(cz — ¢2) = 0, and repeat the optimization 0.35

> <o *

Initial breakpoint quantizers
MBD

MARR

BT

with several values ok = b(ci — c2)/b(ca — c1),b(c1 — c2) =
min{A, 1}_,b(c2 = ¢1) = min{A "', 1}. The results are presented as 0.3t
average risk against.
Example 1—Known Signal in Spatially Correlated Noisghe ob- . 0257
servation model is B
T o2}
ci: X=N %
co: X=A+N g0.15
>
where A is the known signal vector anlN is a zero-mean Gaussian <C 1
noise vector with covariance matrix (letbe the spatial correlation '
coefficient)
0.05
A ™
Y= . I r| < 1. 7
7‘0’2 0'2 00
As in [5], the experiment concerns signals having equal energy,
say | ]* = E

SNR =

i Example 1. SNR:_—S dB, correlation coefficient = 0.5, R = 2
The examples of interest are the same considered in [5], and our$és/sample for each quantizer.

10

laz|* = &, and per-channel signal-to-noise ratiorig. 3, Example 1. SNR= —5 dB, correlation coefficient = 0.9, R = 2
£/o?. Figs. 1-3 report the performance of the initiabits/sample for each quantizer.
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TABLE |
AVERAGE RISK WITH A = 1 FOR EXAMPLE 1. MAR: MINIMUM AVERAGE RISK; MARR: MINIMUM AVERAGE RISK WITH RE-INITIALIZATION ;
MBD: MINIMUM BHATTACHARYYA DISTANCE, BT: BAYES TEST

Correlation SNR Number Rate R Average Risk

r (dB) of Cells (bits/quan.) MAR MARR MBD BT
0.9 -5 256 2 0.1956 0.1774 0.2574 0.1015
-0.9 -5 256 2 0.3890 0.3865 0.3886 0.3853

0 -5 256 2 0.3503 0.3490 0.3568 0.3470
0.5 -5 256 2 0.3041 0.2999 0.3226 0.2844
0.99 -5 256 2 0.0645 0.0575 0.2291 3.5e-5
0.9 -10 256 2 0.3127 0.2994 0.3557 0.2383
0.9 0 256 2 0.0675 0.0532 0.1282 0.0127
0.9 5 256 2 0.0044 0.0023 0.0323 3.5e-5
0.9 -5 64 2 0.1960 0.1803 0.2575 0.1015
0.9 -5 256 1 0.3879 0.3879 0.3879 0.1015
0.9 -5 256 3 0.1276 0.1252 0.1701 0.1015
0.9 -5 256 4 0.1105 0.1104 0.1377 0.1015

TABLE I
AVERAGE RISK WITH A = 1 FOR EXAMPLE 2. MAR: MINIMUM AVERAGE RISK; MARR: MINIMUM AVERAGE RISK WITH RE-INITIALIZATION ;
MBD: MINIMUM BHATTACHARYYA DISTANCE, BT: BAYES TEST

Correlation SNR Number Rate R Average Risk

r (dB) of Cells (bits/quan.) MAR MARR MBD BT
0.9 10 256 2 0.2025 0.1994 0.2055 0.1829

0 10 256 2 0.1470 0.1431 0.1526 0.1424
0.5 10 256 2 0.1580 0.1542 0.1602 0.1518
0.99 10 256 2 0.2303 0.2290 0.2297 0.1889
0.9 -5 256 2 0.4536  0.4507 0.4542 0.4432
0.9 0 256 2 - 0.3933  0.3899 0.3922 0.3736
0.9 5 256 2 0.3046 0.3021 0.3062 0.2788

breakpoint quantizers, of our method initialized from the breakpoin g2 . . ;
quantizers with re-initialization of inactive indices (MARR, minimum . * Initial breakpoint quantizers
average risk with re-initialization), of the method of [5] initialized from 0.2 S o M

the breakpoint quantizers (MBD, minimum Bhattacharyya distance, 0.8} BT &
and of the Bayes test (BT), with ratédts/sampleSNR= -5 dB, and

. . . ~0.16 < 1
correlation coefficients = 0, » = 0.5, andr = 0.9, respectively. We & : : ; :
see that our proposed method giVeS Substantial benefltsiorOQ mo_14_.... * D P PR R i A
Figs. 4 and 5 report the performance of the above methods+£00.9, o2 : : :

and forR = 3, 4bits/sampleRegarding Fig. 5, it should be noted that, @ _
with A ~ 3, the performance of the method of [5] is slightly worse than £ O NS
the performance of the initial quantizers. This fact is not completely Loosk 4 NG gy
unexpected, since the method of [5] does not optimize the averag
misclassification risk. The benefits obtained with the re-initialization :
procedure are reported in Table I. From Table | one also appreciatt  0.04rf- SRS
that, withr = 0.9, R = 2, and SNR= 5 dB (row 8), the proposed
method outperforms method of [5] by one order of magnitude. The
CPU time spent to perform the alternate optimization by a Matlat
program processed by Intel Pentium 133 MHz is as follows: MBD: 8.0 ] o
s, MARR: 1161.9 s (Fig. 1); MBD: 9.1 s, MARR: 1560.0 s (Fig. ag;%):émﬁﬁrgrp;ih Sqt‘fzmiz—ef dB, correlation coefficient = 0.9, & =3
MBD: 15.8 s, MARR: 366.0 s (Fig. 3); MBD: 65.3 s, MARR: 1238.8 '
s (Fig. 4); MBD: 209.4 s, MARR: 6333.4 s (Fig. 5). Note that, with
the MARR method, the alternate optimization runs 20 times for each ™ ‘ ’
figure, while with the MBD method the alternate optimization rundloise: The observation model is
only once. For Figs. 3 and 4, the time for MARR is about 20 times the e X=W
time for MBD. In the other figures, the MARR method incurs some .

A . o . . e X=8+W
penalty, which is mainly due to the re-initialization. For instance, in
row 8 of Table I, the CPU time for MBD is 7.3 s, for MAR 5.7 s (nowhereW is a zero-mean Gaussian noise vector with independent, uni-
re-initialization), for MARR 143.2 s. tary variance components afds a Gaussian signal vector with covari-

0.06

.02
000

nhExample 2—Spatially Correlated Unknown Signal in Uncorrelated
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TABLE Il
AVERAGE RISK WITH A = 10 FOR EXAMPLE 2. MAR: MINIMUM AVERAGE RISK; MARR: MINIMUM AVERAGE RISK WITH RE-INITIALIZATION ;
MBD: MINIMUM BHATTACHARYYA DISTANCE, BT: BAYES TEST

Correlation SNR Number Rate R Average Risk
r (dB) of Cells (bits/quan.) MAR MARR MBD BT
0.9 10 256 2 0.0306 0.0298 0.0313 0.0255
0 10 256 2 0.0228 0.0218 0.0235 0.0216
0.5 10 256 2 0.0245 0.0235 0.0248 0.0228
0.99 10 256 2 0.0326 0.0318 0.0328 0.0255
0.9 ) 256 2 0.0500 0.0500 0.0500 0.0499
0.9 0 256 2 0.0488 0.0487 0.0492 0.0474
0.9 5 256 2 0.0431 0.0424 0.0452 0.0379
0.14 . : . . by our method for white signal and SNR10 dB are reported in Fig. 6.
* »  Initial breakpoint quantizers In this example, minor benefits are obtained by our proposed method.
0.121 ? : Z m}zgR i
A : , BTV V. CONCLUSIONS
%‘,, 0.1 . We have presented a design method for rate-constrained distributed
c detection systems. It is based on an alternate optimization procedure
8)008-' | that minimizes the average misclassification risk. Our method is in-
© ’ b4 : . . spired to the cooperative design of [5], the main difference being the
0>J & : 3 cost function. Also, it is similar to the design of [6], where continuous
< 0.06F R 3“@ R S parameter estimation is a concern, and can be seen as a special case of
2 % : Scheme A of [7], where a general cost function is considered. Since the
0.04} 2 g 3 S B proposed optimization technique often gets trapped in poor minima, a
& a2 % repeated initialization strategy that allows, at least in the studied exam-
; : . ples, to find good minima, has been worked out. The strength and the
0-020 2 "1 é é 10 novelty of our proposed method is that it guarantees a local optimum of
7\. the average misclassification risk, which is the actual measure of per-

formance of detection systems.

Fig. 5. Example 1. SNR= —5 dB, correlation coefficient = 0.9, R = 4
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Fig.6. Example 2. Two-bit quantizatigq0, 1, 2, 3}) and decision function
(white = noise; gray= signal+ noise) for white signal. Dotted line: Bayes
border.

ance matrix (7) where, now,represents the spatial correlation coeffi-
cient of the signal ane? is the per-channel SNR. In Tables Il and IlI

the performance of the same methods considered in Table | are reported
for R = 2 bits/sample. The quantization and the decision rule obtained



