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Mismatched Estimation and Relative Entropy

Sergio Verdu, Fellow, IEEE

Abstract—A random variable with distribution P is observed in
Gaussian noise and is estimated by a mismatched minimum mean-
square estimator that assumes that the distribution is (), instead
of P. This paper shows that the integral over all signal-to-noise
ratios (SNRs) of the excess mean-square estimation error incurred
by the mismatched estimator is twice the relative entropy D(P||Q)
(in nats). This representation of relative entropy can be generalized
to nonreal-valued random variables, and can be particularized to
give new general representations of mutual information in terms
of conditional means. Inspired by the new representation, we also
propose a definition of free relative entropy which fills a gap in, and
is consistent with, the literature on free probability.

Index Terms—Divergence, free probability, minimum mean-
square error (MMSE) estimation, mutual information, relative
entropy, Shannon theory, statistics.

I. INTRODUCTION

LINK between the central notions in estimation theory

[minimum mean-square error (MMSE)] and information
theory (entropy) was given in [1]: The entropy! of a discrete
random variable X can be expressed as [1, Th. 13]

H(X) = %/0 E[(X — E[X|\/7 X + N dy (D)
where N is a standard Gaussian random variable independent
of X. If X does not have a finite second moment or it takes
values on A C R, then X can be replaced on the right-hand
side of (1) by g(X) for any one-to-one function g : A — R,
such that E[¢g?(X)] < oo. Thus, the uncertainty in a random
variable is equal to the integral over signal-to-noise ratio (SNR)
of its MMSE when observed in Gaussian noise.

More generally, Guo et al. [1] show that for a real-valued
random variable X

1 snr
I(X;\/snr X+ N) = 3 / mmse(y) d~y 2)
Jo
where we have denoted the integrand in (1) by
mmse(y) = E[(X — EIX[yFX + N2 (3)
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IFor brevity, throughout the paper, information units are nats, and logarithms
are natural.

As shown in [1] (see also [2]), (2) can be generalized to com-
plex-valued random variables, random vectors, and continuous-
time random processes.

Furthermore, the non-Gaussianness (relative entropy with re-
spect to a Gaussian distribution with the same mean and vari-
ance) of a continuous random variable is equal to [1, Th. 14]

D(X) = D (Px |V (E[X],0%))

1 / > %

2 y 14~ 0‘%(
where the relative entropy (or divergence) of probability distri-
butions P < @ is

“4)

— mmse(7y) dy Q)

dP
D(P = [ log — dP.
Plo) = [1og 5
In the special case of Gaussian X, the MMSE estimator is
linear and

(6)

2
mmse(y) = b

= —. 7
1+~vy0% @

Therefore, the non-Gaussianness of a random variable is
equal to half the integral (over SNR) of the excess mean-square
error (MSE) incurred by the linear MMSE estimator over the
(nonlinear) MMSE estimator. Note that the representation in (5)
gives an estimation theoretic representation for the differential
entropy of continuous random variables in view of

h(X) = élog (2reck) — D(X). 8)

The various estimation-theoretic representations of informa-
tion-theoretic quantities are not more advantageous than their
conventional definitions from a computational standpoint. How-
ever, they have proved surprisingly useful in a variety of applica-
tions: (5) is instrumental to obtain particularly simple proofs of
Shannon’s entropy-power inequality [3] and of the monotonic
decrease with n of D(X; + --- + X,,) where X; are indepen-
dent identically distributed (i.i.d.) [4]; for other applications and
generalizations of (1), (2), and (5), see [1], [5] [2], [6], [7], [9],
[10], [11], and [12].

The purpose of this paper is to give a new estimation-theo-
retic representation for relative entropy. Since entropy, mutual
information, differential entropy, and non-Gaussianness can be
obtained through particularizations of relative entropy, the for-
mula in this paper can be used to recover the known relation-
ships (1), (2), and (5).

The new formula for D(P || Q) is presented in Section II,
along with several properties and examples; the proof is given
in Section III. The multivariate version of the formula is given
in Section IV, which is particularized to give new estimation
theoretic representations of mutual information in Section V.
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Fig. 1. Excess MSE for P = N(0,2),Q = AM(0,0.1).

Section VI uses the mismatched estimation approach to give a
new relationship between relative entropy and relative Fisher
information. Section VII gives a definition of free relative en-
tropy and explores its relationship with existing notions in free
probability.

II. NEw FORMULA

For clarity, we focus attention first on real-valued random
variables with finite second moments. The conditional mean
(conditioned on a particular value of the Gaussian-contaminated
observation) assuming that X is distributed according to @ is
equal to

J= e=W=02)"/2 4 (2)
f e*(y*av)2/2 d Q(’U)

EQ[X|aX + N =y]= ©)
where N is standard Gaussian independent of X and the inte-

grals are over the whole real line. Define now the mismatched
MSE as

mseq (7) = E[(X — Eq[X | y7X + N])°|.

In (10) and henceforth, we follow the convention that an unsub-
scripted expectation is with respect to X distributed according
to P and independent standard Gaussian IV, i.e., Ep = E. Al-
though, for brevity, mseg(-y) only shows explicitly its depen-
dence on (), it also depends on P: it is equal to the mismatched
MSE attained by an estimator that minimizes the MSE if X were
distributed according to 2, when the actual distribution is P.
Therefore, the MMSE in (3) can be written as

(10)

(1)

mmse(y) = msep (7).

The main result is the following.

Theorem 1:

DPIQ) = [ mseq() — mmse(r)dy (12

The nonnegativity of relative entropy follows immediately
from (12) since the integrand is nonnegative; the uniqueness of
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the minimum mean square estimator yields that relative entropy
can be 0 only if P = Q.

A variational representation for relative entropy can be ob-
tained writing

prle)
= sup l/ mseg(y) — mser(y) dy  (13)
PKLRKQ < Jo
R(X)}
= E |l . 14
230 % G 0

where X is distributed according to P. It can be shown that (14)
is equivalent to the Legendre—Fenchel representation of relative
entropy known as the Donsker—Varadhan formula [13].

Note that in the special case where the reference measure is
Gaussian with the same mean and variance as the first measure,
(12) reduces to (5) since in that case the mismatched MSE is the
linear MMSE

2
Ox

=& 15
1+yo% (15

mseq(7)

In the special case P = N (u1,07) and Q = N (p2,03), we
have

(p1 — p2)? + of + o3

mseg(y) = (16)
(1+703)°
mmse(y) = o 17
VeI vo?
and (cf., Fig. 1)
/ mseq(y) — mmse(7) dy
Jo
2 2 2 2
- +o07—0 o
_ (1 M2)02 1 2 +10g0_g (18)
2 1
=2D (N (p1,07) ||V (2, 03)) . (19)

For a random variable equally likely to take M values, (1)
states that the integral of the MMSE based on a Gaussian-con-
taminated observation is equal to the natural logarithm of M?2.
Interestingly, Theorem 1 enables us to prove a robustness prop-
erty of the MMSE estimator for the equiprobable distribution
when used for a nonequiprobable random variable (distributed
on the same M values): the integral of the ensuing mismatched
MSE

/ msey () dy = 2log M (20)
Jo
does not depend on the true distribution even though the mis-
matched MSE mseys () does depend on the true distribution.

The relative-entropy processing theorem states that the distri-

butions at the output of a system are closer than at the input

D(P|Q) > D(P| Q) 1)

where

Ply) = / W(y | 2)dP(x) 22)
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Fig. 2. SNR-incremental Gaussian channel.

Q) = [ Wiyla)d(). @3)
Theorem 1 suggests exploring a possible refinement of the
relative-entropy processing theorem whereby the excess MSE
mseg () — mmse(y) decreases with processing at any -y, and
not just its integral. A counterexample to such refinement is
easy to construct since a one-to-one transformation can indeed
change the excess MSE but not its integral. For example,
multiplication by a scalar « changes the excess square error to
a’mseg (a®y) — a’mmse(a?y).

III. PROOF

Proof: The idea is to show that

D(P+N(0,0%)]|Q*N(0,0?))

1

1/0?
=5 / mseq (v) — mmse(y) dy (24)
Jo

and therefore the relative entropy between two distributions ob-
served in Gaussian noise decreases, as the noise variance in-
creases infinitesimally, proportionally to the penalty incurred by
a mismatched estimator.

First, we give two auxiliary results (whose proofs follow that
of Theorem 1). In keeping with longstanding tradition in infor-
mation theory, it is convenient, and not subject to confusion, to
denote

D(U|V) = D(Py|Py) 25)
whenever U and V' are random variables defined on the same
measurable space with respective distributions Py and Py.

The local behavior of relative entropy is [15]

2
Dy || Py) = 1(0) + of#?) 26)
where 1(#) is Fisher’s information of the parametric family Py.
For the purposes of the next result, we do not need to deal with
the full generality of Fisher’s information since the perturba-
tions are around a Gaussian random variable; however, (26) is
not sufficient since the reference measure is also changing with
the parameter.

Lemma 1: Let N be standard Gaussian and let U and V' have
finite second moments and be independent of N. Then

2
D(N + U||N + 6V) = %(EU —EV)2+0(6%). @7)

Another auxiliary result gives an alternative expression for
the integrand in (12).
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Lemma 2:

mseq () — mmse(y) = E[(Eq[X |Y] - EIX[Y])?] (28)
where the outer expectation is with respectto Y = \/yX + N
with X distributed according to . Lemma 2 is reminiscent of
the well-known result that if the sigma-fields satisfy G C F,
then

E[(X — E[X [G])’] — E[(X — E[X | F])?]
= E[(E[X |G] - E[X | F])’]. (29)
As in the incremental-channel proof of [1, Th. 1], consider
the setup in Fig. 2 where N; and N, are independent standard
Gaussian random variables and

1
y+6 = ) (30a)
01
! (30b)
7= 0'%-}—0’%.

When X is distributed according to P (resp., ()), we denote
the joint distribution of Y; and Y> by Py, y, (resp., Qy,y;). The
relative entropy between Py, and @)y, is smaller than the rela-
tive entropy between Py, and (Jy, . Moreover, when 6 (and thus,
09) is small, the decrease is linear with 6 as the following result
shows.

Lemma 3:

D (PY1 || QY1) -D (PY2 || QY2)
= DE[(X ~ EqLX |%))” ~ (X — E[X | %2))?] + 0(s). @)

In view of Lemma 2 and (30), Lemma 3 is equivalent to

2o (rr(o o (+2)
dy v v

= %(mseQ(y) —mmse(v)) (32)

from which (24) follows since

iy 0 (£ (0.2) | @ea (0.2)) =0
=0 v v

for any P and Q). O

Proof (Lemma 1): We will assume EV = 0 and will re-
place EU by EU — EV at the end, since

(33)

D(N +0U || N + V)

= D(N +6(U —EV)||N +6(V —EV)). (34)

Let U be a Gaussian random variable with the same mean and
variance as U, and also independent of N. Denoting the standard
normal distribution by ®, it is immediate to check that

D(N + 60U || N + 6V) = D(N + 0U) + D(N + 6U || N)
PN+gv(N + eU)

—E|L
(N 1 00)

. (35)
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According to [16, Th. 1], the first term on the right-hand side of
(35) satisfies

D(N + 6U) = o(6%). (36)

The second term is equal to

2

D(N +0U||N) = %E[UQ] - %log (1+6%%) (37
2

= %EQ[U] + o(6%). (38)

The third term can be taken care analogously to (36) [16]
Py yov (N +0U)
E |log 3
{Og (N +0U) 39)

2772

=E [logE {exp <—9 v

+ (N + 9U)0V> ‘ N,U”
= E[(N + 0U)0V] + o(6?) (40)
= 0(6?) (41)
where V' is independent of U with distribution Py, (and zero

mean), and (39) follows by writing the density of N + 6V as an
expectation with respect to V. O

Proof (Lemma 2):

mseq(y) — mmse(y)

= E[(X — EQ[X |Y])* — (X — E[X |Y])?] (42)
= E[(2X — Eg[X | Y]

— E[X|Y])(E[X |Y] - EQ[X | Y])] (43)
= E[(Eq[X | Y] - E[X|Y])?]

+2E[(X —E[X |[Y])(E[X|Y] - EQ[X |Y])] (44)
= E[(EQ[X | Y] — E[X | Y])?] 45)

where (45) holds for any () on account of the orthogonality
principle. O

Proof (Lemma 3): As in [1], we write Y7 as a function of
YQ, X./ Nl, and N2

(’Y+6)Y1 :7(Y2—02N2)+5<X+01N1) (46)
=vYa+ 86X +VON (47)
where
1
N = % (601 N1 — Y O2 NQ). (48)

Recalling (30), it is straightforward to verify that:
¢ N is a standard Gaussian random variable;
* N is independent of the Gaussian noise o1 N1 + o9 No
affecting the observation

Y2:X+O'1N1+O'2N2. (49)
This is important because it allows us to view (47), upon condi-
tioning on Y5, as a simple single-input channel (with distribution
X conditioned on Y>) subject to additive independent Gaussian
noise and an irrelevant additive deterministic component.
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For every scalar y
D (PYI \YQZyH QYl |Y2:y)

=D (P\/5X+N|y2:y Q\/gXJrN‘YQ:y)
=D (/\f(O7 1) * Py | Yo=y N(0,1) * Q\/EX|y2:y) (51)

= g(E[XlY2 =y] — Eq[X | Y2 = y])* + o(9)

(50)

(52)

where (52) follows from Lemma 1. Averaging (52) over Y, = y
given by (49) where X is distributed according to P, we obtain2

O EI(ELX|Ya] — EQlX [ ¥5)?] +of9)

=D (Py, |v:]| @vi 121 Pr2)
= D(PY1 || QY1) - D(Pyz ” QYz)
where (54) follows from the fact that Py, |y, = Qy, |v;- Ap-

plying Lemma 2 (where Y takes the role of Y5) to the left-hand
side of (53), we obtain the desired result. O

(53)
(54)

IV. MULTIVARIATE VERSION

We now consider the case of random vectors with finite
second moments. The vector X can have multivariate distribu-
tions P or (). The Gaussian vector N is independent of X, has
zero mean, and its covariance matrix is the identity. Theorem
1 holds verbatim upon defining

mseq(7) = E[l| X — Eg[X | y7X + NJ|.

To verify that generalization of Theorem 1, we can follow the
incremental channel approach in Section III along with the more
general auxiliary results:

(55)

Lemma 4:

92
D(N+6U|[N+6V) = - | E[U - VI|I? + o(6%).  (56)
Lemma 5:

mseq () — mmse(y) = E[|| Eq[X | Y] - E[X|Y]|*]. (57)

As for the entropy formula (1), when P and () are not defined
on (R™, B™) but on some measurable space (A, F) (or are not
second order), the main formula still holds provided that X in
(55) is replaced by g(X) where X is the random variable that
can have distributions P or () and g is a measurable one-to-one
function g : A — R™, such that E[ || g(X)||?] < co under either
distribution.

V. MUTUAL INFORMATION

We can recover (2) from Theorem 1 noting that
I(X;vsnrX + N)
= /D(N +Vsnrz|| N + /snrX) dPx(x)

= /D(&Z * N(0,snr™1) || Px * N(0,snr™ 1)) dPx (x)
(59

(58)

2The issue of interchanging the expectation and limit with respect to § can be
handled as in the incremental-channel proof of (2) [18].
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= // msepy s — mmses, () dy dPx(x) (60)

= / mmse(~y) dy (61)
2 Jo

where (60) follows from (24) at 02 = 1/snr and the mismatched
MSE assuming distribution Px when the true distribution is 0.,
is denoted by

msep, 5, (7) = E[(v — E[X|\/yz + N])*]  (62)
mmse(7y) /msepx, ) d Px(x) (63)
mmses, (7) =0 (64)

since the MMSE is zero when the true distribution is an atom.
In addition to (2) giving the mutual information between a
random variable and its Gaussian contaminated version, a rela-
tionship between mutual information and estimation had been
found in [19]
d 1 9
—VI(X;\/?Y +N) [y=0 = SE[(EY' [ X] — E[Y])T]. (65)
In the remainder of this section, we give two general expres-

sions for mutual information between arbitrary random vari-
ables. To motivate the first expression, note that if X is discrete,

then (1) leads to
1 oo
3 /0 mmse(y)

—E[(X — E[X | 7X + N,Y])*dy.

H(X)-H(X|Y)=

(66)
More generally, applying Theorem 1 to the conditional rela-

tive entropy D(Py | x || Py | Px) and using (29), it is easy to
obtain the following result.

Theorem 2: If Y has finite second-order moment

1X:Y) =5 [ EEY A+
“E[Y | AY + N.X)dy (67

where N is standard Gaussian independent of X and Y.

Therefore, the mutual information between X and Y is the
integrated (over SNR) decrease in MMSE in the estimation of
Y thanks to the availability of X.

By specializing the multivariate version of Theorem 1 where
P = Pxy and Q = Px x Py and X and Y are real-valued
with finite second moments? we obtain the following symmetric
representation.

Theorem 3: The mutual information between real-valued
random variables with finite second moments is given by

1Y) = 5 [ EELX | 2]~ ELX ] 21,220 0

vy | EEY |2 - EY | 20 227y (69

3As usual, this restriction can be dropped appealing to one-to-one transfor-
mations.
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where

=7 X+ M
Zy = JAY + Ny

(69)
(70)

and N7 and N are standard Gaussian independent of each other
and of (X,Y).
Proof: Under Q = Px X Py, (55) becomes

mseq(7) = E[(X — E[X | Z1]))*] + E[(Y — E[Y | Z2])*] (71)

while under the true joint distribution Pxy

mmse(7)

— E[(X — E[X | 23, Zo])?) + EL(Y — E[Y | Z1, Z))?). (72)

Subtracting (72) from (71), it is easy to verify that we obtain

mseq () — mmse(7)

= E[E’[X | Z1, Z5] — E*[X | Z4]]
+E[E’[Y | Z1, Z5] — E*[Y | Z4]] (73)
= E[(E[X | Z1] - E[X | Z1, Z2])?]
+ E[(E[Y | 23] - E[Y | Z1, Zs))?) (74)
O

In the discrete case, (68) readily follows from (1) since under
the (mismatched) product distribution

1 oo
H(X)+H(Y) = 5/0 mserpr(’y) d’y. (75)

and

1 oo
H(X,)Y)= 5/ mmse(y) dy (76)
Jo
with the integrands in (75) and (76) given in (71) and (72),
respectively.
Recalling (29), note that

E[(E[X | Z1] — E[X | Z1, Z2])°]

is the increase in MSE incurred by neglecting the availability of
Z when estimating X (which goes to 0 as v — 0 or v — 00).
Theorem 3 suggests the dissection of mutual information into

I[(X;Y) = I[(X|Y) + (V| X) 77)

with the partial asymmetrical information of X provided by Y
defined as the nonnegative quantity

% /Ooo E[(E[X | /7X + Ni]

—E[X | VX + N1, /7Y + Na))?] dy

(78)
= %/0 mmse(y)

E[(X —E[X | yFX+ N1, 7Y + Na)?] do.
(79)

I(X]Y)
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Comparing (79) with (76), we see that if N, in (79) had
zero variance instead of unit variance we would obtain I(X;Y").
Note that for discrete random variables

1

I(X | X) = ZH(X). (80)

The generalization of Theorem 3 to the multivariate case
where X and Y are vectors of dimensions n and m, respec-
tively, is straightforward

1Y) = 3 [ EIEX 22 61X |21, 2] 0

4y [ ELIENY 22~ EY |20, Za] Py (8D
J0

where

7. = X+ N,
Zy; = /7Y + Ny

(82)
(83)
and N; and Ny are Gaussian vectors of dimensions n and m,

respectively, with unit covariance matrices, independent of each
other and of (X,Y).

VI. RELATIVE FISHER INFORMATION

Although it does not appear to have received widespread at-
tention, it is natural to define the relative Fisher information#
(e.g., [20]) as

IU|V)=E

dPy 2
(v log P’; (U)) (84)

In view of de Bruijn’s identity, we might expect that there is a
connection between the relative Fisher information and relative
entropy. One such connection, dual to Lemma 1, was unveiled
in [17, Th. 1]

%D(U—l— V8Z ||V +Vb6Z) |50 = —%I(U V) (85

where Z is a (not necessarily Gaussian) random variable inde-
pendent of U and V.

Instead, using mismatched estimation as a bridge, here we
establish the relationship

IG/AU+N VAV +N) = 21 DVAU + N 1| VAV + )

(86)
where N is standard normal independent of U and V. Inte-
grating (86), we obtain the following representation of relative
entropy in terms of relative Fisher information:

DU V) = %/0 I(U+ VN ||V +VBN) ds.  (87)

In view of (32), to verify (86), it suffices to show that

I(\AU + N | AV + N) = v(mseq(v) — mmse(7)) (88)

4In this brief treatment, we restrict attention to the scalar case.
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where P and @ take the role of Py and Py, respectively. In turn,
(88) follows by representing its right-hand side as in Lemma 2
and using the identity

1

VA

dP su+N
dP mv4n
_E[U]| AU+ N = 2] —E[V | 7V + N = 4]

Vlog
(89)

which can be obtained from (9).

VII. FREE RELATIVE ENTROPY

Free probability has emerged in the last two decades as a
major application of noncommutative operator algebras, and
has seen its most well-known success in the study of the spec-
tral distribution of large random matrices. Introductions to free
probability with the bare minimum required degree of abstrac-
tion can be found in [21] and [22]. A number of free counter-
parts of distributions and transforms are known; for example,
the free counterpart of the log-moment generating transform is
Voiculescu’s R-transform (the inverse R-transform of the sum
of R-transforms is the free convolution); the free counterpart of
the Gaussian distribution is the semicircle law

2 a2 — 12

we(z) = {62—” ’ I 90
whose second moment is a2 /4. The free counterpart of the cen-
tral limit theorem states that repeated free convolutions of prop-
erly normalized distributions converge to the semicircle law.
The free counterpart of the Cauchy distribution is the Cauchy
distribution itself. The free counterpart of the Poisson distribu-
tion is the Marcenko—Pastur distribution, which is the asymp-
totic distribution of the squared singular values of matrices with
i.i.d. entries [21]. Voiculescu has also introduced the free en-
tropy (to be more precise, the free differential entropy); in the
case of a univariate density f(¢), it takes the form [23], [24]

X(X)://log|t—s|f(t)f(s) dtds—f—%-{-%log?w
oD

while the free Fisher information is defined as

4 2
I(X) = = / JRORY 92)
which is equal to the reciprocal of the variance in the case of
the semicircle law. Among all distributions with second mo-
ment equal to 0% (91) is maximized by the semicircular law w5,
which attains the value
1
x(W) = 5 log 2mea?. (93)
The free counterpart of the -MMSE relationship (2) is given
in [12]. Also known [26] are free counterparts of the entropy
power inequality and of de Bruijn’s identity

XX + VaW) = x(X) = % /0 TIX VW) A 98)
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where W and X are free and W has the standard semicircle law.
(Recall that the distribution of the sum of free random variables
is obtained through the free convolution of their distributions.)
A particularly simple proof of the free entropy power inequality
(free analogue of that in [3]) is given in [12]. The monotonic de-
crease of nonsemicircularity is shown in [27]. However, a fully
satisfactory free counterpart of relative entropy has yet to be
found (cf., [28] and [29]).

In the remainder of this section, we put forward a definition of
free relative entropy. Consider a noncommutative von Neumann
algebra (an algebra of bounded operators on a Hilbert space that
is closed in the weak operator topology and contains the identity
operator) of self-adjoint operators endowed with a state (unit-
norm positive linear functional) 7 which is also a trace [30].
The probability measure px with compact support on the real
line associated with an element X of the algebra is uniquely
determined by its moments

/ 2 dpux () = T(X™). 95)
We define the free counterpart to (10) by
mseq(7) = 7((X — Eq[X [Y])?) (96)

where Y = /yX +W; X has measure P; W is standard semi-
circular; W and X are free; and Eg[- | Y] is the conditional
expectation (orthogonal projection with respect to the scalar
product derived from the trace) onto the von Neumann subal-
gebra generated by Y when X is distributed according to Q.

When Q = P, Ep[-|Y] = E[-| Y] is the projection onto the
W*-subalgebra generated by Y, and we write

o7
(98)

msep(y) = mmse(y)

= %(1 —I(V X +W))

where (98) is shown in [12] and is identical to the relationship
in [1, eq. (58)].

We now put forth the definition of the free relative entropy
between P and ) in parallel to the result given in Theorem 1

1 oo
D(P|Q) = 5/ mseg (y) — mmse(y) dy.  (99)
0
An alternative to Voiculescu’s liberation-based quantification of
the degree of freeness [25] is the free mutual information de-

fined in parallel to (68)
1 oo
TGY) =5 [ r(EX | 22~ EIX| 20, Z0)")
0
1 oo
wy [ Y |22 - EY 20227 dy - 100)
0

where

Zy =X+ W
ZQZﬁY‘i‘WQ

(101)
(102)

and W; and W, are standard semicircular freely independent
of each other and of (X, Y"). With this definition of free mutual
information, the free counterpart of (2) holds. Moreover, if X
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and W are freely independent semicircular with variances 0%
and 1, respectively, then we obtain the sweet formula

I(X;v/snr X + W) = %log (1+0%)- (103)
The “nonsemicircularity” of a measure P is then its free rel-
ative entropy with respect to the semicircle law with identical
first and second moments. But it is easy to check that Eg[X | Y]
is a scalar multiple of Y when X is semicircular under Q). Ap-
pealing to the orthogonality principle, it can be checked that for
any unit-variance measure absolutely continuous with respect
to Lebesgue measure on [—2, 2], we obtain

1

= — 104
1+~ (109

mse,, ()

and therefore, the nonsemicircularity of a unit variance X (the
unnormalized case readily follows by scaling that does not affect
the relative entropy) is given by

D(X) = 1/000 LI mmse(y) d-. (105)

This is consistent with Voiculescu’s definition of free differen-
tial entropy (91) since

x(X)

1 1 [ 1
5 log 2me - 5/0 I(X + VW) - T 4t (100)

~ Dogome L [T 1 se(y)dy  (107)
= 5 log2me — o 1 mmse(vy) dy

1
=5 log 2we — D(X) (108)

where (106) follows from (94) (e.g., [12]) and (107) follows
from (98). And so (108) is indeed what it should be.

As an application of (99), we proceed to obtain the free rela-
tive entropy between two semicircular laws D(w, || w). Using
the orthogonality principle, it is straightforward to check that if
Y = /X + W, then

Y
Ew, [X Y] = if Y (109)
b2
and therefore
4a”
msew, () = % (110)
(5 +7)
Then, the free relative entropy in nats is
1o del g, 1
D(w, || wb):g/ z“ S dy (111)
Jo (% +7) =+
1 [a? b
=—-|l=-1 log — 112
3 (b2 ) +log ~ (112)
= D(N(0,a) || N(0,b)) (113)

where (113) is the (classical) relative entropy in (19).

A representation for the free relative entropy (99) in terms of
the R-transforms of P and ) would be useful. However, this
appears to be a challenging problem if only because a direct
representation in terms of characteristic functions is unknown
for the classical relative entropy.
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VIII. CONCLUSION

The relative entropy D(P || @) is known to play various im-
portant operational roles (see, e.g., [31]):

* the reliability of rejecting (Q when P is true in Bayesian

hypothesis testing (via the law of large numbers);

« the difficulty of impersonating P by @ (large deviations);

» the asymptotic excess rate for a lossless data compressor
optimal for source (), when the true source is P (discrete
case);

* the capacity per unit cost of a binary-input channel with
conditional output distributions P and @), where the input
letter that produces () has zero cost.

To those roles we can add:

* the excess MSE (integrated over SNR) of an optimal esti-
mator for () when the true distribution is PP and the desired
random variable is observed in Gaussian noise.

In view of the well-known connections of relative entropy
with other measures of distance between probability distribu-
tions, the new formula links those measures with mismatched
estimation. For example, the Csiszar—-Kemperman—Pinsker in-
equality [14, p. 58], together with (12) and Lemma 2 leads to
the inequality

V2(P,Q) < / " E[(EqlX | yAX + N]
—E[X [AX + N]))ldy  (114)

where V (P, Q) is the variational distance between P and ), and
the bound is tight in the sense that the ratio of the left-hand side
to the right-hand side cannot be upper bounded by any constant
smaller than 1.

Another application of the main result in this paper has been
found in [32] which shows that the relationship found in [1] be-
tween the errors in causal and noncausal continuous-time fil-
tering carries over to the case of mismatched filters.

Estimation-theoretic representations of information-theoretic
quantities have proven useful both showing new results and pro-
viding the simplest known proofs for old results. The funda-
mental role of those representations is further hinted by the fact
that the projection representation of free relative entropy given
in this paper is the only known general definition of this quantity.
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