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Optlmum Multluser Asymptotic Efficiency

SERGIO VERDU MEMBER, IEEE

Abstract—The degradation -in bit error rate due to. the presence of
multiple access interference in a white Gaussian channel can be measured
by the multinser asymptotic efflclency, defined as the ratio between the
SNR required to achieve the same uncoded bit error rate in the absence of
interfering users and the actual SNR. In this paper, the asymptotic
efficiency of the optimum multiuser demodulator (a bank of matched
filters followed by a Viterbi algorlthm) is mvestlgated and compared to
that of the conventlonal single-user matched filter receiver. The computa-
tion of the optimum asymptotic efficiency of any given user is equlva]ent
to ‘the minimization -of the Euclidean distance between -any pair of
"multiuser signals which differ in atleast one of the symbols -of that user. It
is shown that the optimum multiuser eff1c1ency of asynchronous- systems
is nonzero with probability 1, and therefore the optimum demodulator
‘does not bhecome multlple-access limjted in contrast to the smgle user
receiver. A class of signal constellations with moderate cross-correlation
requirements is shown_to achieve unit optimum multluser efficiencies
" and, hence, to be equivalent to.orthogonal signal sets from the viewpoint
of performance of the optimum multluser detector.

T. INTRODUCTION

COMMON strategy to share an additive white Gaussian
. multiple-access channel among several users is to let each

user modulate a given signal waveform, without using a’

multiple-dccess protocol to coordinate transmission penods
with the rest of the users. If symbol-epoch synchronism is
maintained and the assigned waveforms are mutually -ortho=
gonal, then the channel decouples into single-uiser channels
and a bank of conventional single-user matched filter receivers
achieves - optimum demodulation. Due to lack of symbol

synchronism -among the users or bandwidth limitations,

orthogonality is usually not feasible and other users’ signals

are not transparent to each matched filter. In these circum--

stances, the usual strategy in practice (i.e., in code-division
spread-spectrum multiple-access) is to design signals with low

cross correlations for all possible mutual offsets and to employ -

single-user signal detectors, thus neglecting the lack of
orthogonality of the signal set. Recently [1] (see also [2, sect.

5.3]), an optimum multiuser detector has been obtained and -

analyzed, and it has been shown that unless the background
 Gaussian noise is dominant, the conventional single-user
detector is far from optimum.

The purpose of this paper is to study the performance .

dependence of the optimum multiuser detector on the energies
and cross correlations of the signal constellation. Performance
degradation due to the existence of other active users in the
channel is measured by the efficiency or ratio of effective to
actual SNR’s of each user—the effective SNR being that
" required to achieve the same bit error rate in the absence of
interfering users. The asymptotic efficiencies provide, as the
Gaussian noise level goes to zero, an intuitive and manageable
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characterization of uncoded performance which is equivalent
to the bit ertor rate curve in the region of usual interest (rates
lower than approximately 107%), and they determine the
multiple-access capability of the optimum detector, i.e., the
degree of quasi- orthogonahty requlred to accommodate a
certain number of users with given energies and bit error rates.

Analogous measures for characterizing the performance of
error control coded multiuser systems can be obtained by
defining the effective SNR of a user of rate R as the SNR of a

smgle—user channel whose capacity is equal to R.!

. To fix ideas, consider the antipodal bit-synchronous K-
user problem. This is equivalent to a 2% hypothes1s test
corresponding fo the multiuser signals given by =¥ i1 by 5, (6,
b, € {-1,1}, ¢t € [0, T]. Asymptotlcally as the SNR
increases, the probability that the kth user’s output of the
maximum likelihood detector is erroneous coincides with the
error probablhty of ‘a binary hypothe31s test- between the
closest palr of multiuser s1gnals differing in the kth user’s bit.
Then, it is a simple exercise to show that the effective energy
of the kth user is equal to the minimum of the quadratic fort

xTHx over all K-vectors whose components belong to {—1,
0, 1} and satisfy x; # 0, and where H is the cross-correlation
matrix, Hy = | si(®)s;(?) dt. If ‘the restriction of bit-synchro-
nism is dropped the one-shot approach is no longer feasible
and the effective energies are given by the minimum Euclidean
distances between signals modulated by sequences of K-
vectors.

The organization of the rest of the paper is as follows In
Section II, the asymptotic efficiencies achieved by the opti-
mum and single-user receivers are obtained for antipodal
systems with arbitrary signal waveforms and symbol offsets. It
is shown that in completely asynchronous systems, the
optimum asymptotic efficiencies are nonzero with probablhty
1—a property not shared by the single-user receiver which
becomes multiple-access limited, i.€., its bit error rate may be
norizero in the absence of background Gaussian noise. Section
II concludes with the derivation of an explicit formula of the
two-user optimum asymptotic efficiency. Section III derives
sufficient conditions on the energies and cross correlations of
the signal constellation that guarantee unit optimum asymp-
totic efficiencies, i.e., no performance degradation due to the
presence of other active users in the channel. Interestingly, a
large class of signal designs (with mild cross-correlation
requirements) is shown to be equivalent, from the viewpoint of
optimum performance, to orthogonal signal sets. The compu-
tation of the optimum asymptotic efficiency is a combinatorial
optimization problem for which an algorithm is presented in
Section IV, along with a numerical example contrasting the
behaviors of the optimum and conventional single-user receiv-
ers in a spread-spectrum application.

1. AsyMPTOTIC EFFICIENCIES FOR ASYNCHRONOUS
MULTIPLE-ACCESS CHANNELS

Suppose that K users share an asynchronous Gaussian
multiple-access channel, modulating antipodally a set of signal

! Note that this appears to be a much more fundamental measure of the
multiple-access capability of error control coded CDMA systems than a
single-user analysis [3] (via the Gaussian approximation of the multiple-access
interference) of the maximum rate in bits/chip.
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waveforms {s.(9), ¢t € [0, T1, kK = 1, - - -, K}, The receiver
observes the signal

S®)=3 3 bst-iT-r) O

i=—o k=1

imbedded in additive white Gaussian noise whose power
spectral level is denoted by ¢2. Without loss of generality, it is
assumed that the users are numbered such that the delay
parameters accounting for the symbol asynchronism satisfy O
<7 =+ = 7¢ < T.In (1) b denotes the sequence of bits
transmitted by all users,.i.e., b = {b() = (bi(@), -,
be())T € {—1, 1}X},. Since the noise is white and Gaussian,
the performance of any receiver that generates a sequence of
statistics by matched filtering is determined by o and the signal
energies and cross correlations: '

T ’ . ! )
ij,(i)=S0 se(O)s;(t+iT—7+7) dt, i€ {~1, 0, 1}.

@

In addition to. (2), the following notation will be used in the
sequel: ) . :

w;=H ;(0). B

o VH (- 0 ifi+j=sK .
Gy= {H,.H_Kj(O) i i+ j>K 4)
Rii=Gk-ii+p )

fori=1,---,K—1,j=1, -, K, and where x(n) € {1,
+++, K} is the remainder of the modulo-K decomposition of
the integer n = n(n}K + .x(n). Note that G; and R represent
the cross correlations of the jth user’s signal with the ith
preceding and succeeding signals, respectively, in the order of
arrival at the receiver. ~ ,

The kth user asymptotic efficiency of a detector whose kth
user bit error rate is equal to Py is defined formally as?

B | . W‘Wk ' 7 J 7
ne=sup 10<r<l; 11n(} Pi(0)/Q — J<+00¢ , 7 (6)
) land g

" i.e., the log bit error rate of the kth user go,es‘ to zero with the

same slope as that of a single user with energy n; wi. Since in.

the absence of other users.the minimum bit error rate is equal
to Q(W/0), 13 is equal to the limit as ¢ — O of the ratio
between the effective energy (that required by a single user to
achieve the same error probability) and wy, the actual energy

" of the kth user. Therefore, in the region of error probabilities

of interest, it quantifies the performance loss due to the
existence of other active users in' the channel. )

It is shown in [1] that for any 6 > 0, therée exists ap > 0
such that for all ¢ < gy, the minimum error probability of the
kth user satisfies '

" CLO(di, min/ ) S Pp= C/(1+8)Q(dk, min/ 0) )

where C% and C{ are positive constants and dj, min is the
minimum distance of the kth user, i.c.,

2 = mi 2 min - 2 S
0}, o= 00 [ S Eengxggs,(e)»dz ®

{e() €

and Z is the set of finite-length error sequences e =

L exp (—u?%/2) du.

2 ow=] =

oo
z
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{—-1,0, IV}K},v that affect the kth user, i.e., e(Jj) # 0 for
some j and only a finite number of e(/) are nonzero.

Therefore, it follows that the optimum asymptotic efficiency
is given by

M= i/ Wi O

The optimum asymptotic efficiency is achieved not only by the
minimum' error probability detector, but by the maximum
likelihood sequence detector, which consists of a bank of
matched filters followed by a Viterbi algorithm whose metric

is a function of the signal cross correlations [1].

In this paper we .will compare the optimum asymptotic
efficiencies with those attained by suboptimum detectors, in
particular the conventional single-user receiver (a matched
filter followed by a threshold comparison). The kth user error
probability- of this receiver is given by [1] -

Pk=E [Q({Wk‘i- 2 (o‘jGjl;:""BjRjk)} /MU)] . \ (10)

j=1

where the expectation is over the ensemble of independent,
uniformly distributed o; € {—1, 1}, 8; € {-1,1},j =1,
-++, K — 1. Inthelow-noise region the right-hand side of (10)
is dominated by the summand with- the smallest argument:

K-1 ' .
ze=we— > {Giel + | Riel} | (11

PO ' LY

which is the term corresponding to o; = —sgn (Gy)and 8; =
—sgn (By). If zx < 0, then the probability of error of the
conventional single-user receiver has a nonzero limitaso = 0
and the asymptotic efficiency is equal to zero. If z; > 0, then
the low-noise effective energy is equal to 22/wy, and therefore
the kth user asymptotic efficiency of the single user detector is
given by’ '

(12)-

The phenomenon of multiple-access limitation or nonzero
limit- of the bit error rate that plagues the single-user receiver
occurs even if the cross-correlation properties of the sighal set
are good, provided that the number and relative power of the
interfering users are large enough (e.g., [5]). This is in sharp
contrast with the behavior of the multiuser maximum likeli-
hood sequence detector, or any other detector achieving
maximum multiuser asymptotic efficiencies. For 7y = 0 or-
equivalently dj iz = 0O it is necessary that two different
transmitted sequences result in the same received noiseless
signal, ‘and this can only happen for signal constellations with
extremely poor-cross correlations. Moreover, even if for a set
of delays, carrier phases, and received energies the minimum
distance of the kth user is 0, dy nn = 0 occurs with zero
probability if the delays are uniformly distributed. This fact is
a.corollary of the following result.
Proposition 1:* Suppose that

ng=max? {0, .2/ Wi}

i) 7¢ is a continuous random variable, :
i) {71, - -, 7x} are independent random variables, and
iif) we = 0. o
Then, di, min # O almost surely. -
The simplest illustration of Proposition 1 is the case where
two equal-energy users employ identical signals. .If they are
synchronous (i.e., 71 = 73), then for any ¢ the minimum error

3 Notice the discrepancy between 5¢, which is based on an exact analysis of
the single-user receiver, and previously proposed measures [4_] of SNR
degradation based on the Gaussian approximation of the multiple-access
interference.

4 Proofs of the results in this paper can be found in the Appendix.
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probability is greater than 1/4 and the asymptotic efficiencies
are equal to zero. If the users do not cooperate to' maintain bit-
synchronism, then their délays -are independent and uniformly

distributed, and the asymptotic efficiencies are nonzero with

probability . 1.

The asymptotic efficiencies of the. optimum and the single- .

user detectors depend exclusively on the energies and. cross
correlations of the signal constellation. While the asymptotic
efficiency of the single-user detector admits a simple closed-
form expressmn (12), the ‘computation of 'the optimum
efficiency (9).-is. an .NP-hard combinatorial optimization
problem [6]. However, even though general closed-form
' expresswns do not exist, the two-user asymptotic efficiéncies
are given by the explicit formula of the following resuit.
Proposition 2: Let K = 2. Denote py; = |H3(0)| = [Gral
and oy = |Hp(1)| = |Gyl|. If ¢, k) € {(1,2), (2, 1)}, then

ne=1—max {0, 2p;5— W;,

Wi, 2010+ 2001 = 2W; }/ Wi

Zpil -

N BT

Proposition 2 is illustrated in the example of Fig. 1, which
shows the dependence of the error signal achieving d), min On
the offset between both users. The asymptotic efficiency of
user 1 is equal to 1, 5/8, 15/16; and 1 for offsets equal to 0,
T/4, T/2, and 3T/4, respectively, and it is linear between

those values. Notice from (13) that:in order for 7; to equal zero,

~ it.is necessary and sufficient that w; = wy=p; -and p;=20; i.e.,
“both waveforms are identical modulo a circular shift. We can
also see from (13) and the Schwarz inequality that in the

“‘Stationary’’ case in which wi = w; and piy = pa1, Which

corresponds to single-user intersymbol interference with two

overlapping symbols, we obtain n, = 1 (cf. [7, ex. 6.7.2]). In
fact, Proposition 2 implies that max {012, 021} =< w;/2 suffices
for 9 = 1, i.e., in the two-user case any pair of waveforms
with- mediocre cross-correlation properties will result in unit

~asymptotic efficiencies, provided the received energles are not

overly dissimilar.

III. SUFFICIENT CONDITIONS FOR UNIT EFFICIENCY

If 4, = 1, then the effective kth-user SNR suffers no
-degradatlon due to the existence of other active users.in the
channel, and P,-approaches asymptotically the single user bit
error rate..In asynchronous systems, performance insensitivity
with respect to a priori unknown delays and carrier phases can
be-achieved by employing signal constellations that attain unit
asymptotic efficiencies_for the whole range of unknown
quantities. Once unit efficiencies are achieved, further im-
provements of the signal cross- correlations yield negligible
gains in bit error rate. Hence, an important question is.to

determine what values of signal energies and cross correla- -

. tions ensure unit efficiencies. Equation (12) implies that the
kth-user asymptotic efficiency of the single-user receiver is
equal to 1 only if the kth signal is orthogonal to the signals of
the other users. Fortunately, the requirements for unit opti-
mum efficiency are much less stringent. In Section II we saw
that in the two-user case, if the magnitude of the partial cross
correlations do not exceed half-of the energy of. one of the
users; then the efficiency of thé other user is equal to 1.
Hence, unless the energies are very dissimilar, very simple
signal constellations achieve unit efficiencies for both users.
The sufficient conditions for 9 = 1 obtained in the remainder
of this section 1mp1y that similar conclusmns hold for any
number of users.

It is instructive to consider first the synchronous problem.

. (14) is greater than or equal to ;. |&|[wy —

Then n, = 1.
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€ (0) =711
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T
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€ Q) = |
€ (0) -l
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Fig. 1. Dependence of user 1 asymptotlc efficiency - and error signal

achieving dj, min ON the relative delay
In this case, 7, = 1 if and only if

| 2E'eimk+2'2"e,-ejmjzo |

itk i%k j#k

(14)

foralle € {—1, 0, 1}, i # k, If we take the worst-case
approach of replacing the cross correlations with the negative
of their ‘magnitude, then it suffices to evaluate (14) for
coefficients drawn from {0, 1}. Since the left- hand de of
j#l IHU -
| Hy |1, a simple sufficient condition that implies that the 24~
— 1 inequalities resulting from (14) are satisfied is that z; =
|Hy| for i # k[cf. (11)]. The following results generalize this
sufficient condition to the asynchronous problem.
Proposition 3: Fix k € {1, , K'}. Suppose that

i) 2 = |Hy(0)| fori # k 2
i) z; = [Hy(1)| for i < kand z; = |Hy(—1)| fori > k

S Ha0), 0] 20

r=—1

. X ‘
iii) we+; min {z,-—
=1 R
:‘;Ek

‘ : Lo v
Corollary: If z; = -y | Hy (|, fori # k, then 9 = 1.

One noteworthy conclusion that can be drawn from (14) and
Proposition 3 is that as long as the signals of the interfering
users are linearly independent,. the asymptotic efficiency of
any given user is equal to unity, provided his ‘signal is
sufficiently weak compared to the rest (cf. Section IV).

As shown in the next result, generally less restrictive
conditions are sufficient when the energies of all’ users
coincide.

Proposition 4: Suppose that the energy of all users is the
same (w; = --‘ = wg = w). Then any of the following
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conditions implies that ;. = -+ = ng = 1:
k-1 ' .
i) W—ZE |G1k|20, k=1, ---, K
=1
iy w=2 E |R,k|>0 k=1, -+, K
) =1
ifi) z,=0, k=1, -+, K and, for i, j=1,

RN K

n=1

L K-1 =1 5
: w—Y max {|sz(i~1)|‘*2 | Gre-n)s 0}
=1

k—l ) | ' : CK-1 . ‘
- E max {lle(j—l)|_ E 1Rm((j—1)'s 0} =0.
I1=1 Cop=lel '
: - .V
The sufficient conditions of Propositions 3 and 4 are slightly

stronger than z; = O (recall that the asymptotic efficiency of

the single-user receiver is nonzero if and only if z; > 0). In

fact, when particularized to the intersymbol interference

problem (Rik = RU = Gk_-,'j'= Gg_ix, for i= 1, -, K-—-1;
i k=1, , K ), each of the conditions in Proposition 4
reduces to 2, > 0, i.e., peak distortion of the matched filter
output less than umty (open eye dlagram)—a sufficient
. condition shown by Ungerboeck [8]. In the general case,
however, although the second condition in Pr’oposition 4-iii) is
frequently less restrictive than z; = 0 for all k¥ = -, K
(and, hence, it is not common to find cases where 9§ #: 0and
e #E 1), counterexamples can be found where this condition is
satisfied and the maximum asymptotic efficiency is not equal
to unity (e.g., it K = 2; wy = w, = 1; p;p = 2/3, p3; = 0,
thenz =2, = 1/3;m = 9 = 2/3; 9] = 9§ = 1/9).

Iv. COMPUTATION OF OPTIMUM ASYMPTOTIC EFFICIENCIES

If K > 2 and the signal cross correlations are not good
enough to satisfy any of the above sufficient conditions, one
“has ‘to" resort to numerical computation of the ' multiuser
asymptotic efficiencies. This combinatorial optimization prob-
lem is somewhat akin to the computation of minimum distance
for intersymbol interference channels which has received
ample attention in the literature; we can cite the Viterbi=
Forney symbolic transfer function approach [9], the branch-
and-bound technique of Fredricsson [10], the exhaustive
search over a reduced subset of Anderson and Foschini [11],

the convergent bounds of Messerschmitt [12], and the search ]

for bounds to the minimum distance of signal space codes and

continuous phase modulations of Aulin and Sundberg [13] and

Seshadri and Anderson [14]. The main difficulty in applying
any of these ideas towards an efficient solution of the multiuser
problem is the  time-varying periodic nature [1] of the
transition costs and state spaces. This could be circumvented at
the expense of a notoriously inefficent solution, using a
vectorial approach, e.g., computing min-cost cycles in a fully
connected directed graph on { — 1, 0, 1}X where the weight of
an arc from y to x is equal to xT[H(0)x + 2H(1)y]; since
_ weights may be negative and no sparsity can be exploited, the
most efficient solution known to date is the Floyd-Warshall

algorithm {15], resulting in an overall complexity of O(27X).

Although the computation of the multiuser asymptotic efficien-
cies is an NP-hard problem in the number of users, a much
more efficient algorithm can be shown to exist. Our approach
is, first, to show that the computation of the multiuser
minimum energies, dZ .. is equivalent to a min-cost cycle

problem in a cyclic layered network, and second, to derive an
efficient solution to this combinatorial optimization problem

" to d?

893

by explomng the special structure of the graph. The first step
is given by the following result. :
Proposition . 5: Define the following. welghted directed
graph. The set.of nodes is equal to the union of X copies’ of
{-1, 0, 1}%X-1/R — {0} (denoted by L;, +-+, Lg, respec-
tively) and the ground node {0}. There exists an arc from
ground to each node or state z E L,,n= 1 -, K, and vice
versa with respectxve costs, . :

0, z)="h,(z)

k-1 [0 B -1
= 2 [‘Z’|chn+i)+2 E z! ZJGK~i+jk(n+i):| s
i=1 =1
c(z, 0)=0. ‘ »
There exists an arc fromz € Lyto 2! € Ly, n = 1, * =+,

K if there exists j = 0, , K — 2 such that

K=l _
2 Z’G,’..j,‘(ﬂ.'.j)?‘:o,

: i=f+1
énd z! = Rf(Z, @) where a € {=1, 0, 1¥ and Z isa
représentative of z. The cost of the arc fromz € L,toz €

Ly is given by

' B k-1
‘ C(Z, Zl)=gn(z, ZI)=ld|‘w,,+2£l 2 ZiGin

L=l

where |a| and azZ are defined uniquely by (z, Z1). Then the

followmg two statements are true.

1) There are not negative- ~cost cycles in the dxgraph
ii) The minimum cost of a cycle that includes ground and at
least one state z € Lm, m # k, such that z"(" m 0, i$ equal
k, min*® ‘ . T
Proposition 5 implies that the asymptotic efficiencies of all
users can be obtained by solving a single-source and a single-
sink problem (i.e., find the shortest paths from ground to all
nodes, and from all nodes to ground). Apparently, to date, the
most efficient algorithm for the single-source problem in-a
network (without negative-cost cycles) with 7 nodes and e arcs
has a running time of O (min (n2*¢ + ne, n? log n + nelog

" n)) [16], [17]: -Applied to our case, this results-in a time

complexity of OXK? log K). It turns out that we can
improve upon this: complexity by taking advantage of the
special -structure (cyclic and layered) of our graph (Fig. 2).
The formal statement of the problem is the followmg (the
single-sink problem is the directional dual).

Problem (P): Single-source shortest paths in a cyclic
layered network. Given a cyclic network with K layers: L,

, Lg, such that the cost of an arc from z € L, toz! €
LK(,,H) is equal to g,(z, z}) (costs may be negative, but there
are no negative-cost cycles), and a ground node connected to
all nodes z € L, through arcs of cost £4,(z), find the cost of a
shortest path from ground to 2 € L,, J.(3), forall z € L,,.n
=1, ¢, K: :

The above single-source shortest-path problem in a layered
network readily invites.a dynamic programming. solution if it
were not for the fact that all nodes are directly connectéd to the
source and the network is cyclic. To overcome this difficulty,
first, instead of running a sequential dynamic programming
recursion, we carry out K recursions in parallel, one for each
layer-transition. Second, the tentative distance of each node is
updated only. if the value computed by the dynamlc program-

>The set {—1, 0, 1}¥~1/R denotes the -quotient with respect to the
equivalence relation xRy iff y = +x.
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L L Ls L

Fig. 2. Cyclic layered directed graph for the comiputation of multiuser
" asymptotic efficiencies (K = 3). Ground node (connected to all nodes) not
shown. o

i

ming iteration is lower than the current tentative distance.

Otherwise, not only the tentative distance is unchanged but the

node is ignored (or deactivated) during the next iteration.
Although nodes can become active after having been deacti-
vated, eventually all of them become deactivated (and the
algorithm - terminates) because. there are no negative-cost
cycles. The formalization ‘of this idea and its correctness
appear in Fig. 3 and Proposition 6, respectively.
Proposition 6: The algorithm of Fig.. 3 correctly solves
Problem (P) in O(IKD|L|) time, where I and |L| are upper
bounds to the indegree’ of each node and the cardinality of
each layer, respectively, D = maXyer{1,...x} MaXzeyz, LA2),
and /,(z) is the minimum number of arcs of a shortest path
from ground to z € L,. )
For the computation of the multiuser asymptotic efficien-

cies, the indegree -of each- node in the layered network (not
“counting arcs from ground) is equal to either 2 or 3, and the
number of rodes in -each layer is equal to (3¥~! — 1)/2,
Hence, the overall asymptotic time complexity of finding the
multiuser asymptotic efficiencies is equal to O(DK 3%).. The
maximum length of a shortest path, D, depends on the cross
correlations of the signal constellation and is usually a small
positive integer. For example, suppose that

k-1 : )
Wy=2 3 |Rin| 20.

i=1

Then it can be shown that £,(x) < A,/ _1(2) + Lun-1y(Z, x) for
all (z, x) € Lyy-1 X Ly, and hence D. = 1. ’

We turn to the study of a numerical example of a direct-
sequence spread-spectrum - signal ‘constellation, namely the

* three - maximum-length signature sequences of length 31

obtained in [19]. The error probability -achieved with this
signal set by the conventional single-user receiver and the
optimum multiuser receiver has been obtained in [20],-[21],
and [1], respectively. The main goal of the present example is
to investigate the effects of unequal received signal energies
(the  near—far "problem) -on the single-user and optimum
efficiencies. These efficiencies are shown for usér 2 in Fig. 4,
as a function of the relative energy of the interfering user n =
1, 3. Both the best and worst cases with respect to the mutual
bit-epoch delays are shown. As should be expected, the
conventional -detector approaches the optimum efficiency as

the interfering user becomes weaker, and decreases monotoni-

cally with the energy ratio until ‘it reaches zero (multiple-
access limitation) for relative energies in the intervals (+ 6.3,
+.30-dB (users 2 and 1) and (+9, -+ 30 dB) (users 2 and 3).
For, equal-energy users, the efficiency of the single-user

6 Notice that this. algorithm is unrelated to Luenberger’s cyclic dynamic
programming [18]. ' ‘ , ,

7 The indegree of z € L, in the layered network is equal to the number of
arcs of the form (z!, 2) € Lyu-1) X Ligs.

input: ha(2), (212", pu(2); 2€Ly, 21€L gy aiyn =1,...K
(comment: p,(2) = {21€L~(n.1), Ira-1){7,2) < 00} )
Jolz), z€ly, n=1,.. . K

(comment: minimum distance from ground to z)

output:

begin
for all n €{1,.,K}do
begin
forall z¢L, do

begin
Jalz) = ha(z);
a(z)=7
end

end

up =7Y;
while up.= Y do
begin
up = N;
for all ne{1,..,K } do DP (Qy,J xa1)» 24ta 1, 1 );
for all ne{l,...K } do
for all z2¢L, do
“if @u{z) < J,(z) then do
begin
o(z) = Qu2)
ca,(2)=T7;
up =Y,
end
else 4,(z)=N
end
end

procedure DP (Q, J, a, n)

begin
for all 2'e¢l, do
Q) = min{J(2) + guwr)(z,2Y); 2€p, (') and a(z) = ¥}

end

Fig. 3. Single-source shortest paths algorithm for Problem (P).

100

095

Q
©
o]

o
@
Jai]

- Asympftotic Efficiency User_ 2

Optimum Detector

———
-

| ———Best Case o Best Case |
______ \ —
osol Worst Case ! \ Worst Case _|
Tk v an=3 1
. a4 ]
n=1 Vo
|- [ N
VoA
. [ \ 7
075 IS I WA W I [——
R S =5

SNRy, /SNR; (dB)

Fig. 4. Asymptotic efficiency as a function of the relative energy of the
: _interfering user.

receiver is extremely dependent on the mutual delays ranging
from 0.93 to 0,24. The behavior of the optimum asymptotic
efficiency is radically different; the most striking discrepancy
is that the optimum efficiency is not monotonic in the energy
of the interfering users, and in fact it is identically equal to 1
for sufficiently powerful interference (in particular for equal-
energy users). Note that while the efficiency computed for
most-favorable delays is indistinguishable from unity for all
cases, the least-favorable efficiency achieves its minimum
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(around 0.9) when the interferer is 10 dB weaker. Another
interesting observation is that the points of discontinuity of the
derivative of the opt1mum asymptotlc efficiency curves signal
the fact that the minimum distance is achieved by different
error sequences, depending on the energy of the interfering
user. (Specifically, these sequences are zero everywhere
except (¢;(0), &(0), ex(1)) = {(1, 1, —1), (0, 1, —1), (0, 1,
" 0)}, respectively, from left to right in Figure 4. ) Notice also
that the optimum detector is near—far resistant, in the sense
that jt guarantees that performance degradation is no higher
than 0.6 dB regardless of the energy of the interferers.

The remarkable behavior of the optxmum asymptotic effi-
ciency as the ‘energy of the interference increases resembles
that of the capacity of the Gaussian inferference channel.
Carleial [22] solved the two-user case showing that for
sufficiently high interference, the capacity coincides with that
of a single-user channel. Both phenomena find the same
explanation. Noise, rather than the randomness of the infor-
mation of the 1nterfer1ng users, is the primary source of the
errors committed in the optimum demodulation of the user of
interest, if the 1nterfer1ng users- are sufficiently powerful.
Since in this case there is little uncertamty about. the
information sent by the interfering users, one can subtract their
noiseless transmitted signals from the received process,
resulting in a single-user channel, Interestingly, we can do this
in the foregoing example even if the interferer is 5 dB weaker
‘than the user of interest. :

APPENDIX

Proof of Proposition 1: Since there exists at least one
error sequence attajining the minimum in (8), it is sufficient to
show that || S(e)|| #= 0 a.s. for all e € Z;. To that end, fix €
and denote _

Vi =3 ek(i)sk(t—iT—r).

i=—

(A.1)

If |[S(e; 1, * -+, 7)|| > O for all (ry, -+, 7%) € [0, T)X,

then we obtain the desired result; otherwise suppose that for a

certain set of delays (T¥F, +r0, 7E) we have ||S(e 7, -,
7¥)|| = 0. Then, using the trlangle inequality, we obtain
IS(e; 7%, <+, 7 <+, D2
=HS(E; .T;k! "'5‘7" Lt TK)HZ )
+'“S(e'; TH, i, Tla(k’ e 71’§)||2

(| Vo= V=20V, 212= (V. VD=0  (A2)

forany 7 € [0, T1. If w; # O then the last inequality reduces
to equality only if 7 = 7 because V(?) has finite support.
Hence if the delays of the rest of the users are 75, - - -, 7} o
¥, 1+, T, the only possible kth user delay which results in
{ S(e)|| = 0'is 7¥. Therefore, the result follows from the
independence assumptions and the fact that 7 is a continuous
random var1able
. - \v4
Proof of Proposition 2: For the sake ‘of -notational
s1mpl101ty, the proof is glVen for (i, k) = (2, 1). The main step
is to prove that dl min iS attained by an error sequence that
satisfies =

{0 11, 0 0], [0 —11} j=-1
ef(y € A 1L 010} [T ~11} j=0 (A.3)
{[0 01} otherwise.

To that end we show that the energy of any sequence that does
not fulfill (A.3) is greater than or equal to the energy of one of
1ts subsequences belonging to Z,. Note first that since ||.S(e}|

= ||S(—¢€)| and at least one of the components of the first
user has to be nonzero, attention can be restr1cted to sequences
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that satisfy €(0) 1. For any error sequence e -having
nonzero vectors beyond the origin, i.e., there exists an integer
s such that e(s) # 0 and e(j) = O for 0<s < j,wefinda
subsequence €! € Z; such that || S(e!)|| = ||S(e)| in the
following way.

) If e(S)ea(s — 1) = O, thenlete!(j) = e(j) forj # sand
el(s) = 0, It is stra1ghtforward to check that ||S(e)]* =
ISE)]* + IS — €Dl

i) I e)(s) # 0and ex(s) # O, then select €!as ini). We have

[IS@I12=1| SN
=w+w,+ 2H12(1)€2(S Dei(s) + 2H12(0)62(S)61(S)
(A.4)

where the last inequality is a generalization of ST [si(®) =
5] dt = 0 to the asynchronous case, whxch follows by
notlcmg that - :

Zwtwy— 2P21 —2p1220

T ' ' '
SO (s1()=8(0)* dt=wi+w,—2p12—2pn (A.5)

‘where

()= sgn (HIZ(I))‘Sz(f-l- T—7+71i)
- sgn . (H5(0))sx(f— 72+ 71)

0<t<r,—
To— T]<t$ T.
(A.6)

i) Ife(s) # 0, ex(s. — 1) # 0, and e;(s) = 0, then let el(s)
=elis — 1) =0ande)(j) = e,,(j)forallotherjandn In .
this case,

NSEIP=11SEDI?
= W+ W+ 2Hp(Der(s)ea(s — 1)
+2 Hyp(0)ex(s— Der(s— 1)
= Wy + Wy = 2031~ 2012 20. AT

An entxrely parallel- argument shows that if e is such that e( j)
# Qforj < —1ore(—1) + 0, then a subsequence of €
whose energy is nat greater than || S(e)||* can be found. Thus,
at least one of the sequences that sat1sfy (A.3) achleves d,, mia-
The energy of those sequences is given by

H S (E)” 2w+ le2(0)|[ w2+ 2 H, 12(0)172(0)]
+ e~ 1)|[W2+2H12(1)b2(—1)] (A.8)

and (13) readily follows from the minimization of the right—
hand side of (A.8) with respect to ex(—=1) and €,(0).

Proof.of Proposition 3: Select € € Z such that ¢,(0) = 1
and let (/) = u;.x. The energy of an error sequence admits
the followmg decomposmon, .which is the basis for the
dynamic programmmg xmplementatlon of the opt1mum mul-
tiuser receiver [1]

[ S@I*= E lulex(z)+2uz E u1+l kG- (A 9)

i= 00 I=1

An analogous. decomposition using the forward correlation
matrix R is possible:

®

K-1 .
[S@I*= Y |wlwe+2u; Y, Uis 1Ry

i=—o0 . =1

(A.10)

Consequently, we can write the energy of the sequence € as the



-average of (A.9) and (A‘.IO):

IS()|2= E ;| Wiy + 14 2 Uitl- KGlx(t)+ut+lRlK(t)

i=—00 Lof=1

=3 lecm)|wi Ag(m)

m==co w

_ 'where

Ai(m)= 2 |umK+k+I|

I=1
“Lzaesn— lex(m)|| R | = |ex(m + 1)” Gull.
The right- hand side of (A.11)1is greater than or equal to Wi,

“and hence M = 1 if

Ak(m)+'|e',c(m)'|wk20, ' m>0 . (A.k12a)

Alm) +|e(m— 1wz, m<0.  (A.12b)

In order to show (A. 12a), consider first the case where |ek(m)|
=. 1. Then, .

Ae(m) +|ex(rm) Wi

>Wk+2 IumK+k+1|[zx(k+l) |R1kl IG/kU
I=1

S k-1 I ) 1 R
=wp+ Y, ]umK+k+1| [zx(k+l)_ E |‘Hx(k+l)k,(r)l]
=1 ‘ : r=-1

=0 [assurnption i)l (A.13)

Otherwise, if ek(m) =0, then

AN

- :
Ap(m)+ |€k(m)| W= E umK+k+1|[Z,é((c+1) —| Gl

=0 [assumptions i) and .ii)].

(A‘. 14)

- Thie proof of (A.12b) is identical and the proposition follows.

s . w \v4

Proof of Proposition 4: Fix any error sequence having at

least two nonzero components. Denote ¢;({) = #;..x, and let ¢

< tbe suchthat |u,| = |u,] = 1andu,—01ft<qor1>t

Since |u|wiy—x| = |ul fori =g, - ,tand/ = 1,++-, K
—1 w1th strict 1nequahty fori = g, (A.9), results in

”S(E)”2>W+ E Iu, <W 2 2 IG[K(,_-)|> (A.lS)

i=g+1 I=1

This shows that i) is sufficient condition for 5, = 1, & = 1,

» K. Analogously, (A.10) and the above reasoning show
that if the energies coincide, ii) is also a sufficient condition
for unit asymptotic efficiencies. To show the sufficiency of
condition iii), we can write following the first’ equation in
(A. 11) :

PP -
> lui+'1—K’l G| + |ui+l“Rlx(i)|] .

=1

Is@l=3) Jul [w—

(A.16)

=g+l

(A.11)
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Recalling that u; = Ofori < gand / > ¢, and |u,| = |u,| =
1, the rlght-hand side of the last equation is equal to

S:l lu,-l I:W--‘

k=1
2 Iuiﬂ—K” Gl + |ui+[||R1K(i)l]

=1

K1 :
+2w— 3 [ugedl| Rico| + [4141-x || Greo ]

=1

r—1 : g+K-2 g-i+K-1
= E Iu,lzk(,ﬁ— > lwl > Gl
: i= q+1 i=g+1 I=1 .
i =1 K-l
-t E | E | Ry
it K2 I=t—it]
K-1

+2w— E [luq+l"Rlx(q)l+|ut+1 K“Glx(t)|]
[=1""

= ‘ ‘
= E IuiIZK(i)+2W

i=g+1

l -K—l‘ : Koi-1 ‘

- [|‘”q+1|<|R1x<q)|‘ > |an<q+l)|>
=1 "=l

(A.17)

. ' K-1 .
+ |y -k| <IGlx(t),|_ E [ Roue+)] )]

n=K-i+1

where the 1nequa11ty follows by retr1ev1ng from Zg+ls "0,
Zgrk-2and Zy_gig, ), Z;-1 the null terms that correspond to
u,i< q,i>t. Recalhng (5), the right-hand side of (A.17) is
equal to

: K-1
2w— ['“q+1< 1|<|th(q I)I“E | Griq- 1)|>

I=1 n=1
- .. | ) K-1
+|ut-1|<|R1K(i-1)|" > R 1)|>]
. ‘ \ - n=l+1
t-1 7 :
+ ) |u;|zqpy=w [condition iii)]. (A.18)
d=g+i o
V4

Proof of Proposition 5: It is stralghtforward (cf. [23]) to
show that for every walk of weight w, starting from ground,
there exists a sequence ‘whose energy is equal to w, and that
for any indecomposable sequence € (i.e., € is such that there
exists no subsequence €' such that || S(e)||? = | S(e!)|> +
[[S(e — Y|l there exists a walk along the dlgraph whose
weight is equal to ” S| 2 ,

v

Proof of Proposzz‘zon 6 First, we show by induction that

J (z), i.e., the value of J,(3) at the beglnmng of the ith

1terat10n of the algorithm, is equal to the minimum cost from
ground to z & L, of any path with no more than / arcs. After
the initialization of the algorithm, / = 1 and the claim is true
because of the definition of A,(z). Assumlng that the claim

‘holds for the ith iteration, it follows that the minimum distance

to z € L, with no more than i + 1 arcs is equal to g
min {J! (z) o

min {Jx(n n(z! )+gx(n izt Z), V€ pu(2)}}.
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In order to show that this expression is indeed equal to Ji¥1(2),
1t is enough to show that if a,,-1(z") = N (see Fig. 3), then
J o1& Y + gu-1' 2) = J1(2). To see this, notice that if
e p,,(z) C L=y is not avallable for the ith iteration, i.e.,
aK(n y(z!) =.N, then J i " 1)(z ) is-the minimum dlstance of a
path from ground to z! with i '— 1 arcs or fewer since it was
not updated durlng the (; — Dth iteration. Therefore, the left-

hand side of (4 1) is.equal to the cost of a path from ground to

z €L, thh i arcs or fewer, and (4.1) follows. Hence, aftet.
the  (/,(z) .

Dth ‘iteration the wvalue of J,(z) remains
unchanged so at the Dth iteration no update takes place, and
the ‘algorithm terminates. The running time read11y follows
from the fact that at each iteration the algorlthm carries out at
most I sumis and I comparxsons for each node in each layer..

\
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