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We show universal variable-to-fixed length codes which
achieve an optimal rate of convergence to the entropy. The
redundancy of the code is H log log M/2 log M per parameies
where # is the entropy of the source and M is the sumber of
codewords. This generalizes results known for bimary iid.
sources to the class of Markov sources. The coding method
requires storage of the dictionary which could be prohibitive o
achieve low redundancies. We analyze the coding faic of a
scheme that does not require the: storsge of dictionaries.

1. INTRODUCTION

We assume that the source X takes values in a finite set A. We code the source
using a finite dictionary 2 € A™ which is used to parse an mﬁnate SOWCE sequence
into variable length phrases. Each phrase is then coded ysing a fixed number of
bits. The number of bits required to code a phrase is fogl® ﬂ We require @‘35
the dictionary be complete. A complete dictionary is one such that any infinite
sequence will have a prefix in the dictionary. We also assume that the dictionary
is prefix free. The dictionary being preﬁx free ensures that there is 2 unigue way
10 parse gvery source string. For the dictionary D to be a good sousce code it is
required that the expected input phrase length be as high as possible for a fixed
output size (i.¢., a fixed dictionary size).

Tunstali (1967) gave an algorithm to find the dicticnary of a given size that
maximizes the expected phrase length for a given memoryless source. We require
an efficient algorithm because the number of dictionarics with M leaves is
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exponential in M. The methog requires the source distribution to be known. The
problem of finding good dictionaries for coding Markov sources was investigated
by Tjalkens and Willems (1987), and Savari ‘and Gallager (1997), where codes
which achieve the entropy rate for sources with memory were given, Tialkens and
Willems (1992) solved the universal coding problem for the class of binary valued
and i.i.d. sources. They show that their coding method converges to the entropy
at an optimal rate. Here a more general universal coding problem is investigated,
the class of sources consists of Markov sources which take values in a finite set
of size possibly greater than two.

In Section 2, the problem considered in this paper is formally defined. In
Section 3, a variable-to-fixed source code is found which is shown to achieve a
redundancy of Hk{a - 1) log log M/2 log M, where H is the entropy rate of the
source, M is the size of the dictionary, a is the alphabet size and £ is the number
of states in the Markov source. In Section 4, a converse for the above achievability
result is given by showing that the set of parameters for which a code can achieve
a hetter redundancy than the code in Section 3 has vanishingly small volume.
These results are a generalization of the results of Tjalkens and Willems (1992)
where the optimal redundancy was given as Hloglog M/2Zlog M for binary,
memoryless sources (i.e, k=1 and a=2). In Section 5, we investigate the
performance of a implementable variable-to-fixed length coding method, which
was proposed as an adaptive methed for coding memoryless sources by Nissen-
baum and Feder (1994).

2. PROBLEM FORMULATION

Let the source output alphabetbe A = {1,2,. .., 2} and the set of states of the
Markov source be §=1{1,2,...,%}. The Markov source is fully defincd by the
next-state function N : A X § — § and the letter probability matrix P(- |- ) which
is a matrix of size A x § and has entries belonging to (0, 1). At each time the
source cutputs a letter from A and moves to another state. The next state depends
on the present state and the output and is given by the next state function N, Let
X;. 5; be the random variables denoting the output and state respectively at time
i. The distribution of the Markov source is defined by

PriX,=x|8y=8X;-1.8-1,...)=Fx}s).
The notation P(x* | 5) for the probability of a string x* occuiring starting in the
state s will be used. Note that this probability depends on P and N. Also note that
Markov chains of a finite order are a special case of the Markov source as we
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have defined it. Throughout it shall be assumed that the next state function is
known to both the encoder and the decoeder while P( - |- ) is unknown.

We will allow the encoder and the decoder to choose the dictionary fo be used
depending on what state the source is in. Both the encoder and the decoder can
keep track of the state the source since we assume that the next state function is
known. Thus an encoder 9 is a collection of | S | dictionaries. A dictionary 2, is
used 10 parse the source output if the source is in state s. Consider a collection of
dictionaries 2, with a maximum of M segments in a dictionary. The performance
of this collection of dictionaries will be determined by the expected cutput length
relative to log M. To define the compression ratic precisely we first define a
segment source as in Tjalkens and Willems (1987). The starting state of a segment
and the segment determine the state at the start of the next segment. Also the
probability of a segment occurring given the present state and the past states and
segments depends only on the present state. Thus the segment source is a Markov
source induced by the original Markov source and D. Let X{', X5, . . . denote the
output of the induced segment source. The state set § of the segment source need
not be irreducible even if it is irreducible for the original source. Let G=
{G,:r=1,2,....R) be the set of all the irreducible subsets of 5. The perfor-
mance of the code is governed by the expected average phrase length givea by

E(L)= lim Ef'— T K.

7~ oo i=1
This is also given by (see Tialkens and Willems, 1987)

E()= % PrG) E qs]G) T IGHP(*]9)

i=1 se G; e s

where Pr{(7,) is the probability of the source entering the irreducible set G, and
g(s | G) is the steady state probability of s € G, given that the source has entered
G, Our goal is to find a collection of dictionaries D, independent of the letter
probabilities P such that the compression max, log | B, |/E(L) is close to the
entropy of the source. We note that this definition is in general different from the
definition of compression rate in Ziv (1990). The two are equivalent when the
resultant segment source is ergodic. If the underlying source is ergodic we can
ensure the segment source is ergodic by adding a constant number of code words
to the dictionary. Thus the definitions are equivalent in studying the asymptotic

rates of the code.
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3. A CODING METHOD

In this section we will give a method to achieve optimal coding for a Markov
source. As mentioned earlier we asswme that the encoder and the decoder know
the next-state function though the letter probability function is unknown.

We first describe a method to form a complete, prefix free dictionary givern a
distribution P. We assume that P satisfies , - s POy ) =P %) and Zec aP(x) = 1.
Define the dictionary D by x* € D if P(x*) £ ¢ and no prefix of x* satisfies this
property. Clearly D is prefix free, it is also complete if the distribution is such that
P(¥)) goes to zero as i goes to infinity for any infinite sequence x.

We will create dictionaries using the method described above for & finite but’
growing set of possible letter probability matrices and combine all these
dictionaries to form a dictionary which will work well for any possible letter
probability matrix, The method we use for combining dictionaries was given by
Savari and Gallager (1997). Consider & column vectors of integers
I;, L, ..., k. each vector of size a. The vectors are chosen so that each entry of
a vector is between 1 and m and the entries in a particular vector sum o m + 1.
Thus §/(m+1) defincs a distribution on A for each j. Let Q1. .5~
(£, ... K1 /(m+ 1). Then Q is a valid letter probability maix for each set of
vectors chosen according fo the restrictions above. Each valid Q) defines along
with an initial state s defines a distribution @y 1., 5(" |5). We will form
D,(I;, L, . . . , 1) by using the procedure described above with

o= ™ YVm + 1)
Moin s i, - -0 i)

where i; is the mixgimum entry in vector k.
We note that because of the way the dictionary is constructed we have

min (ig, iy 00 05 ik)
m+1

Ci1,.... 5" H2e
for x* € D,(I3, I, - - . , §). Thus since

% Osn,,. ... 3% =1
B

el ...

we have

m+ 1
P QL N SE——
| DL E . B S v G -0 ),
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Substituting in the value of ¢ we have used to form the dictionary we have

M
i Q);w(lb IZ’ nee E&') g S m,&(a-— 0 . (l)

We have so far described how to form the dictionary for a particular letter
probability matrix Q depending on Iy, Iy, . . . , §;. We can thus obtain dictionaries
for each of the different possible valid vectors I, I, . .. . L. We will combine
these dictionaries by taking a union of zil the dictionaries and then removing
elements so as to make the union prefix free. Let the dictionary so obtained be
@,

The compression achieved by this scheme with m = 'Jk}g M and when N results
in a irreducible, aperiodic source is given by the following theorem.

THEOREM 1. For any 820 and for any letter probability function P with
O<P(xls)<1foreachxe A, s€ §, there exists M(P, 8) <o such that

_ max, log | B | k(a - 1) log log M
_mE(L) SH(P{i +(1+5}WWW2 log 1 }

for all M= M(P, 8).

We have constructed the dictionary by a combining dictionaries for a finite set
of parameters in the parameter space. The closer the true parameter is © a
parameter within the finite set the better the cnding performance. This gainisto
be traded of against the loss occurring due to combining many dictionaries to
form one dictionary. It can be shown that if we take m = Vlog M we achieve a
good tradeoff between these two terms. Details of the proof can be found in
Visweswariah, Kulkami and Verdd (1999). ‘

4. CONVERSE

In this section we will give a lower bound on the performance achicvable by
any code. We will assume that the next-state function is such that the states are
irreducible. We will also represent the letter probability matrix P as a vector p
with k(a - 1) components with py.1ye-n+;=PGls=8, i=1,2,...,k and
i=12,... ,a-1 Note that we do not need ka components because of the
constraint that the rows of P must sum to 1. The converse will not be for every
parameter value p but rather for ‘most’ parameter values. The converse result is
stated precisely in the theorem below. The proof is a modification of the converse
for i.i.e. sources given in Tjalkens and Willems (3992)
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THEOREM 2. For all 8 > 0 and any variable-to-fixed length code with M large

enough

Rp2 H( 1+(1—§)k(“"i)‘0g10gM)

» 2log M
for all valid p € [0, 1191 except for those in a set whose volume goes 1o zer0

as M increases.

We give an outline of the proof, Let B be the st of parameiers for which the
rate R is ‘small’. Consider the set C€ 8 of maximal size such that every pair of
parameters in Care -apart. Let the size of Cbe N. We can upper bound the volume
of B by upper bounding N. To bound N we show that if a code is ‘good’ for a
parameter then the probability of a leaf oceurring which is typical with that
parameter is high. We can show that this requires the number of leaves typical
with that parameter to be high. Since the total number of leaves is limited by M
this limits the N. We can then show that the volume of B vamishes asymptotically.
The details of the proof can be found in Visweswariah, Kulkarni and Verdd (1999).

5. A PracTiCAL CODING METHOD

We describe and investigate the performance of a coding method described in
Nissenbaum and Feder (1994). The method gives a variable-to-fixed length source
coding method which can be used in conjunction with a model for the source
statistics which provides estimates of probabilities based on the past data. This
scheme can be used to obtain a variable-to-fixed length coder {or Markov sources
and in general for stationary ergodic sources. The coding method is closely related
1o arithietic coding. The method described in Section 3 is optimal but is not a
method which would be implementable in practice unlike the the coding method
in Nissenbaum and Feder (1994).

We will first describe the method for variable-to-fixed length coding in detail.
We will assume that our input is from a source X that takes values on a binary
alphabet A = {0, 1}. Weassume a binary alphabet for convenience and the method
described works for any finite alphabet. Let ?’ 1 A* o [0, 1;‘] bea function/\which
satisfies the following consistency conditions: F(0) + P()=1 and PO)+
g’(xi) = ?’(x) for any x € A®. Now we will use the probabilities that ?’ provides to
code the source. Suppose that we want to build a coding tree with M leaves,
Initially the range for our index is [1, M]. Suppose that the source ontput is asiring
X=Xy X2y X3y e o v - Suppdsc ihat after stage m our index range is Li(m), i{an)). W
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Xy =0 we change keep the lower end of the index range the same and we
change the higher end of the range to i(m)+ max (0, M_i;z(m) ~ fy{am}}) *
A

PO M- D Hx(n+ 1) =1 we keep the high end of the index mngc fixed and

we change the lower end to i;(m) + max (1, | (i(m) ~ i{m)) * P(O Jxi )j} We
proceed in this way until there is only one number in the index range. This number
is the codward for the input string and since we started with a range of {1, M} we
can code each output index with ﬁag M | bits. If ;’(x{) goes o zero as { increases
for each infinite string x then the method described above always terminates and
thus describes a tree with M leaves and can be used for variable-to-fixed length
coding. Note that we need not build and store the tree, we can compute the parsing

A -
and the output index if P(0}x) can be gomputad for each string x€ A”. The
decoder must have access to the same P and then the coding process of the
encoder can be reversed at the decoding end.

We investigate the performance of the coding method for Markov sources. The
performance bound that we show is not optimal but is close to being optimal. To
determine the performance of the coding methed we will need to upper bound the
probability of the leaves of the coding trec. Consider a string xi which is a leaf
of the coding tree described above. Suppose the number of possible indices left
after stage m is r(m) then the number of indices left after seeing x4 ; i5 af least
ri{m) # P(xm +1 15T ~ 1. Since x! is a leaf we }\nfow that df&i‘ { stages there is only
one index left. Thus we have that +{{- 1) » F{x;i “h-ig1 Proceeding
backward we have that

(- (((Mp(x) - Dp(x | x) = Dpla [ xD - 1) gply |l - - 1< 1

Equivalently we have

-1 )
Mp(x{) <2+ x PO X)), @)
j::

Suppose we know that our source is a Markov source with memory at most
D3. We use the Context-tree weighing method described in Willems, Shtarkov and
Tialkens (1995) to obtain the p required to code the source. This method gives us
a coding distribution p( - |x_}) depending on the past D bits. Thus the coding
method will utilize 2” coding trees choosing one based on the past D bits.

Mow using Equations (39} and (40) from Tjaltkens and Willems (1987} we have

i _ .
z P(G,)sfr gis | G) Z P(t |8y log PeH s E(L)H. (3)
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In the above equation E(L) is the expected phrase length, H is the entropy rate of
the source. (G, are the irreducible sets that are induced by the 22 coding trees.
P(G,) is the probability that the source will be in a state in G, and ¢(s | G,) s the
probabilisy the the source is in state s € G, given that the source-state is in G
Note that U G, = {0, 1}7. Since

_ _ pi*|s)
,\'*‘ED;,P(x ES) k)g P(x’ !S) x"'z:D_,P(A* E ‘) }Og P(x* B 5)

+ I PE*lsylog——T 4

A‘*;Ei)y( 8 ) gp(x“s) @
we can lower bound E(L) by lower bounding the two terms on the R.H.8. of
Equation 4. Now from Theorem 2 in Willews, Shtarkov and Tjalkens (1993) we

have

T Px*|s) log PO, g P(x*is)(kv[m)-hzak—l)

»e D P{*i ) x*e D, k ’

«_m(k‘y(ﬂffis))uk— 1)

* where & is the number of parameters in the unknown source and

z, forQ<z<li
Yo = k)gu&-l forzz1

The second inequality above follows from the fact that -y is convex.

Consider now the second term. We have

1 ﬂ M
T PeFls)log——r—2 Z Px*|s)lo w ;
e D, ( i ) gp(x*RS} x*eD,( 3 ) g2+zjil) l?( Hx*) 31:{)
zlogh— I P(x*|s)log(ix*)+1)
x*eD,

2 log M - log(E(L | s) + 1).
The first inequality follows from Equation 2, the second because P(x} +1 i,x{ 151
and the third from the convexity of ~log (- }.

Combining these two lower bound with Equation 3 we have,

i€ G,

EWHZEPG) 5 461G (;w(E @] s)} + 2k~ 1) +fog M — log(E(L | ) + 1)
> —(ky(—'%)} +2k - 1) + log M — log(E(L) + 1)
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where the second inequality follows from the definition of E(L) and the convexity
of ~y and ~log( - } functions,

Using Equation 3 and the fact that entropy of a distribution on an afphabet of
size M is no larger than log M we have that HE(L) < log M. Thus we have from
the monotonicity of log( - ) and ()

E(L)H = —(ky (i‘%ﬁi) +2k - 1) + log M ~ log(log M/H + 1),
Equivalently the compression ratio R = log M/E(L) is upper bounded as
R fog M
= Tog M ) log M
log M — k}g( gt le (ky( oE
Since ¥(z) < 1+ (log 2)/2 we have for any 8> 0 we have for sufficiently large A
depending on the source and 8,

H.

)+2&—1)

, j & loglog M

RE(L+(1+8)5 tog M

The redundancy we have shown is of the order of ({(k+2) loglog M2 log M
while the optimal redundancy is (k log log M)/2 log M, thus the extra redundancy

is (log log M)/log M.
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