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for all real-valued functiong that depend only on finitely many coor-

Abstract—n this correspondence we investigate the performance of dinates.
the Lempel-Ziv incremental parsing scheme on nonstationary sources. . . . . .
We show that it achieves the best rate achievable by a finite-state block ~ Processes in the stationary hull capture properties of finite-dimen-
coder for the nonstationary source. We also show a similar result for a sional distributions along various convergent subsequences. In partic-

lossy coding scheme given by Yang and Kieffer which uses a Lempel-Ziv ylar, if for a given sizen the bestn-block code has bad performance
scheme to perform lossy coding. on the nonstationary source along a particular subsequence then there
Index Terms—Data compression, entropy, Lempel-Ziv algorithm, non- is a source in the stationary hull which reflects this. It is shown in [3]
stationary sources, universal source coding. that the best possible average rate at which the source can be coded
using a finite-state adaptive block to variable-length code is given by

l. INTRODUCTION
R(P)= sup H(Z)
We investigate the use of universal coding methods for coding non- ZeSs(P)
stationary sources. Itis widely known that Lempel-Ziv coding methods
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We will show that for lossless coding of finite possibly nonstationarghow that this rate is achieved asymptotically by the Lempel-Ziv
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Proof: Fixe > 0. From Lemma A2 in [3, Appendix] there exists =~ Consider a string? € A" and a string/i” € A™ with m < n. Let
a block lengtht and a prefix-free code : A* — {0, 11 such that us define the empirical probability distributid® by

1(@(2{))) € e A 1 O e
B2 - ) < R(P)+ = 1 ng,my A 2: pitm=1_ m
< t = ( ) 2 ( ) Pm(yl ) n—m+ 1 < 6(‘11 s Y1

for Z € S(P). Using Lemma 1 in [10, Appendix] with block length
and code) we have a sequenég of positive numbers tending to zero
asn — oc such that

whereé(x, y) = 1if x = y and is zero otherwise. L&, denote the
entropy of the empirical distribution om blocks defined above. We
can also define the conditional empirical probability distribution and

n . o it— entropy b
L2 < i 3 (o)) 4 nb o A
T 1=j mod t N m
1<i<n—t+1 Pn((l|yln) A Pp((yl (l))
ym
This implies that '
and
;n 1 o itt—1 ' N . .
L2 < g 3 X fo(aT)) 4 nen = Y PP,

1<j<t i=jmodt e
1<i<n—t+1 yTrEA™

Dividing both sides by and taking expectations and limits we have Similarly, we can define the empirical distribution af blocks on the
state sequencs’, we denote this distribution b¥;, . Note that when

lim sup 1 E(LZ(X")) we write xy wherez andy are two strings we meap concatenated
n—oo M with «. We also drop then andn in the notation for the empirical
distribution, the dimension of the distribution, and the length of the
. 1 itt—1 underlying string when these are clear from the context.
< h:}fip nt 1<Z - Z E (l (@ (Y‘ ))) + o Suppose we have a codesuch that for any fixedn
SIS S .
Ho(x1)) < nHyjm + o(n). 2
s 1 Fidt—1 : q
< limsup { Z B (Z (('b ()" ))) +Hmsup o Note that theo(n) term does not depend on the sequenfeCodes
St based on the Lempel-Ziv incremental parsing scheme and the infinite
_1ly (1 (q‘; (Zf*’”))) depth context tree weighting method can be shown to have such a prop-
t . erty [6], [5], [8]- We can bound the performance of such codes on ar-
< R(P)+ 3 bitrarily varying sources and the result is given in Theorem 2. The the-

orem implies that if the underlying state sequence has low complexity
where the equality is for som#& € S(P) and follows from Lemma 1 then codes can learn the source and perform as well asymptotically as
in the Appendix, and the last inequality follows from (1). New 0  if the underlying state sequence were known.

was arbitrary so we have that . . .
y Theorem 2: If a code¢ satisfies (2) then for an arbitrarily varying

. E(LZ(X™)) sourceX with an underlying state sequencand for any integemn >
lim sup < R(P). O o we have
limsup E, <M) < lim sup Z Q" (z)H(P(:|2))
I1l. EXAMPLE: CODING AN ARBITRARILY VARYING SOURCE nee " "0 es
. . . . ) 1 n
In this section we will use bounds on the performance of universal + lim sup H(Qn41)

codes on individual sequences to investigate their performance on the n—oo M A1

arbitrarily varying source, studied as an example in [2]. The arbitrarijyhere()r, is the empiricab-dimensional distribution of .

m

varying source can be used to model, for example, the piecewise-sta- pyoof: To prove the theorem we will require a bound&n,,, in

tionary Bernoulli source studied in [9]. terms ofH,,,+1 . This would be easy if the empirical distributions were

Let.5 be afinite set andk be the finite alphabet on which the source;iationary. We note that the empirical distributions defined above are
takes values. Lep(-|s) be a probability distribution ond for each stationary, that is

s € 5. An Arbitrarily Varying Source (AVS) is a honstationary source

defined by an infinite sequen@e e S°°. The probability of a string Z Playy') # Z P(yrayi").
xy € A" occurring is given by ypeam—1 yrypeam—1
nl n & To make this distribution stationary we can define the empirical distri-
PGlst) = [T pteilso) bution by
=1
i i i i i A omy A 1 - i+m— m
If the unc_ierlylng §tate sequence is known then the optimal fixed-vari- Py} Al Z STy
able coding rate is clearly L)
) 1 & where all indices are consideraebd .. We then have for the corre-
limsup — 3 H(P(|s:)). sponding entropies
n—00 " i—1

N7 1 N7
Hl\m S 7 Hm+1'

This is also the block-to-block coding rate (see [7]). m1
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Now Note that, although it is not explicit in the notation, all the empirical
5 o A distributions depend on the sequende and/or the underlying state
| Hjon = Hyjn| < me WIDIHPClyr) = H(P (i) sequence. We can take expectations on both sides of the previous in-
vire . . Ny equality assuming a fixed underlying state sequence. Also since
+ |[P(y") — P (y")|H(P (-]ly1")) . . A
mezw ' ' ' L (Qutts W1 ) < H (Quisn )
< Z Py L Py, we have
Yy EA™ , ,
l(p(X™ 1 A m
P ( |U1 ))log » m H/ m n m+ zmtlecgmtl
L(P(ly?), P (lyi))
+ Y WP P ) EE () 3) EL(H (W (1)) +H (Qut)
yrreA™
wherel; (-, -) denotes thé, distance between two distributions on the m(|A+2™) | n—m
n—m 2m

same alphabet. The last inequality follows for sufficiently largieom
[1, Theorem 16.3.2] since we can show that

2m|A|

n—im

WP, Plyi) < (4)

and hence satisfies the condition required in the theorem for sufficiently

largen. Using (3) and (4) we have

o 2m|A —m  2m|A]2™
] < m| |10.n m m|A| log [A].
n—m 2m n—m i
Similarly we can show that
- 7 2m2™ n—m
Hm - Hm 3
+ = n—m 2m
Now we can bound the performance of the cgdas follows:
l(o(z"))
Snﬁl\m +O(n)
< "tf:’ﬁm
2m|A ) — 1 2m|A|2™
—|—n< m|A| log T m|A] log |A|>+o(n)
n—m 2m n—m
n T
—H
= TIL+1 m-+1
2m|A —m  2m|A|2
+n< m|A4| log T 2m log A>+o(n)
n—m 2m n—m
no o
< —an
“—m+1 +t
2m(|A|+2™ —m  2m|A]2™
—|—77< m]Al+ )log‘ nom  2mlA| log |A|)—|—o(n).
n—m c2m n—m i

Let us consider the underlying state sequesackVe can define, as
before, a conditional empirical distributio” (y™*!|z™*1) where

y™ e 4™ andzmt € §™F'. We will denote the empirical
distribution of the underlying state sequence(byNow we have

Z (” (-] m-H )-l-[( 1 s ﬁ/'m_H)

smtlegmtl

C’?(Zn)-l»]

-H (Pmﬂ) .
Thus we have

n

o)< 1

QE"HH (W)

smtlesm+l

+ (Qm+1 s I/i’rerl)

m

n <2m(|A|—|—2 ‘) log n— 2m|Al2™

2m n—

log |A|)

n—m m

+o(n).

2m|Al2™
+ 5 g
n—m

log 4]+ 2.
n
SinceH (-) is concave we have

<l(<b(X"))>
1

limsup E;

n—o0

< lim sup Z QH(ZHI-H)
n—oo rmtlegm+tl
H (E,ﬁ/‘"(~|zm+l)) +H (Q;;Hrl)

= lim sup Z QH(ZHI-H)

n—oo M 1.,m+165m+1

. H( 7n+1( | _m41 ) —+ H (Q:lJ’,l)
< lim sup Z Q" (2)H(P(:|2))
n—0oo ;65
1 An
m + 1H (Q"L'H) ’
The last equality follows becaud®, ., (-|z™"") has a product form

so that the corresponding entropy is just the sum of the entropies of the
one dimensional distributions. O

Q)

+ lim sup

n—oo

If we assume that the state sequence has zero empirical entropy rate
(as defined in [11]) then as» — oo the second term in (5) goes to
zero. Assuming that the underlying state has zero empirical entropy rate
means that the state sequence has patterns that can be learned by the
coding algorithm. The first term in (5) is independent:ofind is equal
to the coding performance that would be achieved if the underlying
state sequence were known.

IV. Lossy CODING

We consider a sourcX = (X5, X, ---) with distribution P. As
before, let the sourc&™ = (X, Xo, ---, X,,) take values ind™.
Let P, govern the probabilities of strings. The probability measure
P is possibly nonstationary. We assume thas a finite set. We assume
that the reproduction alphabet is aldoLetp : A x A — [0, o) be
the distortion measure. Usingwe can define distortion fot strings
as

n

T yn)) = % Z ;O('ri7 y,:).

=1

pn((z1, ooy 2n), (y1, -

A block code of block sizeV is defined by a map : AY — AN,

The average distortion for a codeis defined as
p(P. ¢) = limsup Z P(x")pn(a", ¢(2")).

zEAN
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Clearly, if¢ is a block code of siz&" and( is a stationary source then Sincee > 0 was arbitrary and sinc®; is a convex (and hence contin-

50, 6) = Z 0 (;p”) o (x”, 5 (:ITN>> ' uous) function ofR (from [3]) we have

sNeAN limsup E (p (B, (R)) (X)) SD;(R'/ P). o
It is shown in [3] that the best possible distortion achievable for a
source with measur® using block codes of rat& is given by APPENDIX
Dy(R, P)= sup Dy(R, Q). We now state and prove a lemma which is useful in proving Theo-
T Qes(P) - rems 1 and 3. We are given a random procKswith distribution P

Since(Q is stationaryDs (R, Q) is known. which takes values in.

We will use the coding method given in [10]. As before, 1 («" ) Lemma 1: For any real functions defined onA‘, there exists
denote the Lempel-Ziv coding length of a strin@. By Lempel-Ziv Z ¢ §(P) such that
coding we mean the incremental parsing scheme given in [11]. Let

. 1 ¢ (i) _ .
B.(R)={a" € A" : LZ(2") < nR}. limsup - > F (o (x7 1)) =E (7).
N =1
Now the size ofB, (R) is no more thar2!"**). To code a string." Proof: Itis clear that we can find a subset of the natural numbers

we choose that string i¥,, (1) that has minimum distortion with™.  x° gych that

Thus we code the source usifg () as our code book. We can code 1 & ‘

eachn block with no more tharn R| bits. limsup = > F (q’; (X,’-‘*’“»
Given a set”,, which is a subset oft” let p(C,,)(z") denote the "~ " =i

minimum distortion incurred when coding the stria usingC,, as a . 1 — i1
code book. =l S X E((T). @
? . i=1
Theorem 3: SupposeX  is a source with distributio” that takes The Jimit on the right-hand side denotes a limit along integer fn
values in a finite set then Since the alphabet is finite we can findV' C N° such that
limsup E(p(Bn,(R)(X"™)) < D; (R, P). n
msup Ep( NEXT) b ) im 1S p(xi—a

Proof: We have from the discussion after [3, eq. (3.8)], that for noeen€NT I
anye > ( there exists a block code : AY — AY of rate less than exists for eactn € A. Let this limiting one-dimensional distribution
R — e and block lengthV > 4/¢ such that beP{. Continuing this argument we can fifd' C N2 C N* C ---
. ) such that thet-dimensional distributions converge along integers in
P(Q. 0) < Dy(R =2, P)+e/d. N to a distributionP, . Let Z be a process defineg by thege sta?ionary
Since the rate of the code is at m&st « there exists a length functien  distributions. Now from the set¥" C N* C N? C --- we can form
which satisfies Kraft's inequality and such thdtyV ) < N(R—e)+2 asetN~in the following way: Pick the smallest element from N°.
for any stringy™ in ¢(A4™). For eachk pickny € N* such thatr, > nx—1. By the construction
Asin[10], from the block code we can define a codg/, as follows: 0f N* andZ it is easy- to see that
o (xm)N L é¢(I;+N71) if 1<i<n—N+1andi=j mod N. ) n
At coordinates not defined by the above equatiomigtc™ ). 2 4, for MJ}H}EM 21 E(f(Xi, Xigr, ) = E(f(2))

somea, in A. Now using Lemma 1 in [10, Appendix] we have . n
holds for all real-valued functions that depend only on finitely many

LZ(¢h (")) < n(R—e+2/N +6,) coordinates. Thug isin the stationary hull ok . Also sinceV* C N°

wheres, — 0 asn — oo. Once again we point out that we couldVe have using (6)

use the bound in [5] instead of Lemma 1 in [10, Appendix] and obtain i 1 £ o
essentially the same result. SirB&V < /2 we have that for suffi- Hmsup Z (¢ (1 i ))
ciently largen, ¢7, mapsA™ into B, (R). Thuswe havefor < j < N

n—oo -
1=1

L 1 ¢ T
np(Ba(R)(X™) < > N = _dm > E(e(x)
i=jmod N, 1<i<n—N+1 R =1
. (Xi+A/\"7la o (X#Nﬂ)) + N s =F (@ (Z1)) : U
wherepm.x = max.ca p(x, ao). Averaging overj and dividing by REFERENCES
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In 1990, Berger and Yeung [1] introduced a new variant of this
problem. They defined geasibleor 1-endedcode to be a prefix-free
code in which every word is restricted to end withla™Such codes
are used, for example, in the design of self-synchronizing codes [3]
and testing. Giver®, the problem is to find the minimum-coktended
code. Fig. 1 gives some examples.

In their paper, Berger and Yeung derived properties of such codes,
such as the relationship of a min-cost feasible code to the entropy of
P, and then described an algorithm to construct them. Their algorithm
works by examining all codes of a particular type, returning the min-

Abstract—The generic Huffman-Encoding Problemof finding a min-  imum one. They noted that experimental evidence seemed to indicate
imum cost prefix-free code is almost completely understood. There still that their algorithm runs in time exponential+#n A few years later,
tel")l(iSt hmagy Vafiafgs °f_thits problem V‘t’:]“cth areh ”C}t tf]s Weg U”d%rStOOg' Capocelli, De Santis, and Persiano [4] noted that the min-cost code
e s s v ot e sont €A be shown 10 blong (Gaopersubset of he code-set examined by
algorithms known for finding such codes running in exponential time. Bergerand Yeung. They, therefore, proposed a more efficient algorithm
In this correspondence we develop a simpl@(=n?) time algorithm for ~ that examines only the codes in their subset. Unfortunately, even their

A Dynamic Programming Algorithm for Constructing
Optimal “ 1"-Ended Binary Prefix-Free Codes

Sze-Lok Chan and Mordecai J. Galidember, IEEE

solving the problem. restricted subset contains an exponential number of écxtetheir al-
Index Terms—Dynamic programming, one-ended codes, prefix-free 9orithm also runs in exponential time.
codes. In this correspondence we describe another approach to solving the

problem. Instead of enumerating all of the codes of a particular type it
uses dynamic programming to find an optimum on®im?) time.
I. INTRODUCTION

In this correspondence we discuss the problem of efficiently con- II. TREES AND CODES
structing minimum-cost binary prefix-free codes having the property
that each codeword ends with &.*

We start with a quick review of basic definitions. @deis a set
of binary wordsC' = {w;, w2, -, w,} C {0,1}*. Awordw =
0i, 04y - - 05, IS aprefix of another wordw' = o} oi, -0}, if w
is the start ofw’. Formally, this occurs if < ' and, for all; < I,
oi; = o}.. For example)0 is a prefix of00011. Finally, a code is said

to beprefix-freeif for all pairsw, w' € C, w is not a prefix ofu’. Definition 1: Let T be a binary tree. A leaf € T is aleft leafif

Let” = {p1,p2,ps,---.pn } be adiscrete probability distribution, it is a left child of its parent; it is aight leafif it is a right child of its
that is,Vi, 0 < p; < 1 and}’; pi = 1. The cost of code” with  parent.
distribution P is

There is a very well-known standard correspondence between
prefix-free codes and binatyrees. In this section we quickly dis-
cuss its restriction to thé-ended code problem. This will permit
us to reformulate the min-cost feasible code problem as one that
finds a min-cost tree. In this new formulation we will require that
> p2 > -+ > pa > 0 butwill no longer require thal ", p; = 1.

Thedepthof a nodev € T', denoted bylepth (v), is the number of
Cost (C, P) = Z |w;| - pi edges on the path connecting the root to
i We build the correspondence between trees and codes as follows.
FirstletT be a tree. Label every left edgeThwith a0 and every right

wherelw| is the length of wordw; Cost (C', P) is, therefore, the av- edge with al. Associate with a leaf the wordw(v) read off by fol-

erage length of a word under probability distributidh The prefix- .

9 g L - P ] y - p . lowing the path from the root &f down tov. Now letwy, vz, - - -, v, be
coding problems, givenP, to find a prefix-free cod€’ that minimizes ihe set of right leaves &F. ThenC'(T) = {w (1), w(vs) w(on)}
Cost (C, P). It is well known that such a code can be found in . - ) = AWAOL), WhT2), "5 WA,

ost (€ P) Is the code associated wifh. Note that this code is feasible since all
of its words end with 4. Note also that there can be many trees corre-
Manuscript received March 8, 1998; revised October 6, 1999. This work wgponding to the same feasible code. See Fig. 2 for an example.
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raphy. 2In this correspondence we use the slightly nonstandard convention that a
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