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Universal Variable-to-Fixed Length Source Codes
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~ Abstract—A universal variable-to-fixed length algorithm for The problem of variable-to-fixed length coding was first
binary memoryless sources which converges to the entropy of the |ooked at by Tunstall in [9], where an algorithm to find the
source at the optimal rate is known. We study the problem of ictionary of a given size that maximizes the expected phrase

universal variable-to-fixed length coding for the class of Markov I th f . | is f d. Th thod
sources with finite alphabets. We give an upper bound on the ENngth ior a given Memoryless SOUrce 1S ound. SRLL UL

performance of the code for large dictionary sizes and show that eéquires the source distribution to be known. The problem
the code is optimal in the sense that no codes exist that haveof finding good dictionaries for coding Markov sources was
better asymptotic performance. The optimal redundancy is shown jnvestigated in [7] and [6], where codes which achieve the
to be H log log M/log M where H is the entropy rate of anyopy rate for sources with memory were given. Though
the source and M is the code size. This result is analogous to th di ¢ hi ble is still th t it is k that
Rissanen’s result for fixed-to-variable length codes. We investigate e_ coding r_a e achievable IS st € entropy | 'S_ nown a
the performance of a variable-to-fixed Coding method which Val’lable-to—flxed |ength COdeS pel’form betterthan f|Xed't0'Var|'
does not need to store the dictionaries, either at the coder or the able length codes in certain ways [3]. Tjalkens and Willems
decoder. We also consider the performance of both these sourceijn [8] solved the universal coding problem for the class of
codes on |nd|V|du_a| sequences. For individual seguences we bo””dbinary-valued and independent and identically distributed
the performance in terms of the best code length achievable by a . . d Th h that thei thod t

class of coders. All the codes that we consider are prefix-free and (ii.d.) sources. ey_ show tha eir metho converges 0
complete. the entropy at an optimal rate. Here a more general universal
coding problem is investigated in which the class of sources

Index Terms—Data compression, entropy, minimum description . . .
P 4 b consists of Markov sources that take values in a finite set of

length, Tunstall algorithm, universal coding, variable-fixed length

codes. size possibly greater than two.
In Section Il, the problem looked at in this paper is for-
mally defined. In Section lll, a variable-to-fixed source

|. INTRODUCTION code is found which is shown to achieve a redundancy of

ONSIDER a sourceéX which takes values in a finite setHk(a — 1) log log M /2 log M, whereH is the entropy rate
A. A variable-to-fixed length code is a finite dictionaryof the source}! is the size of the dictionary; is the alphabet
D € A which is used to parse an infinite sequence intsize, andk is the number of states in the Markov source.
variable-length phrases. Each phrase is then coded into a fidddoughout, we use a logarithm to an arbitrary base, and we
number of bits. The number of output bits per phrase depersjcifically mention the base when we need to use a particular
on the size of the dictionary. It is assumed that the dictionabase. In Section IV, a converse for the above achievability
is complete and prefix-free. A complete dictionary is one sucksult is given by showing that the set of parameters for which
that any infinite sequence will have a prefix in the dictionana code can achieve a better redundancy than the code in
As the source outputs a string we wait until the string match&ection Il has vanishingly small volume. These results are a
one inD, we then code the string with a fixed number of bitsgeneralization of [8] where the optimal redundancy was given
[log, |D[]. The dictionary being prefix-free ensures that theras H log log M/2 log M for binary, memoryless sources
is a unique way to parse every source string. We note that unle., k = 1 anda = 2). They are also analogous to the results
the completeness assumption, the prefix-free assumption is mof4] for fixed-to-variable length codes, the difference in the
necessary to get a well-defined variable-to-fixed length codetwto being the entropy multiplying the redundancy term. In
is also possible in certain cases to improve performance uskgction V, we consider the performance of this coding scheme
a code which is not prefix-free [5]. For the dictiondyto be a on individual sequences. In Section VI, we investigate the
good source code it is required that the expected input phrasaformance of a variable-to-fixed length coding method given
length be as high as possible for a fixed output size (i.e., a fixeéd[1], which could be used to implement a practical coding
dictionary size). method since it does not need the dictionary to be stored at the
encoder or the decoder. The redundancy that we show for this
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The Markov source is fully defined by the next-state functiosubsets ofS. The performance of the code is governed by the
T: Ax S — Sandthe letter probabilitieB(-|-): Ax.S — [0, 1]. expected average phrase length given by

At each time the source outputs a letter frotrand moves to "

another state. The next state depends on the present state and the E(L) = lim E 1 Z I(x3).

output and is given by the next state functibnThe probability n—eo Mmoo

of a particular output € A occurring when we are in stage= .S
is P(i|s). We can consider th& to be a matrix with the entry
in row ¢ and columnj being P(i|j). Let X;, S; be the random R
variables denoting the output and state, respectively, attime ~ E(L) =Y Pr(G;) Y _ q(s|G;) > U(z*)P(z*]s)
The distribution of the Markov source is defined by i=1

This is also given by (see [7])

seG; z* €D,

wherePr(G,;) is the probability of the source entering the ir-
reducible set?;, andg(s|G;) is the steady-state probability of
s € (; given that the source has enter@d Our goal is to find

We will use A™ to denote the set of strings of finite length W'tha collection of dictionarie®, independent of the letter proba-

letters from the alphabet. We will useP(z"|s) for the proba- Lo b sich that the compressiomx, log |D,|/E(L) con-

bility of a stringz™ € A* occurring starting in the state Note : s : L -
: o erges quickly (with increasing dictionary size) to the entropy of
that this probability depends dhandT". We assume thrOthOUtthe source. This definition of compression is as in [7]. It differs

thd'.s p:Fer that t?]e u,\r)ldelzlymghspurcef |sf!rr_educ(|jble and aP&5m the definition in [11]. The two definitions are equivalent if
odic. Also note that Markov chains of a finite order are a spg; o segment source is ergodic. For a given code, we can increase

cial case of the Markov source as we have defined it. The MoSE \ymper of codewords by a constant number to make the seg-
general case that we cqn5|_der IS When_we _do not d ment source ergodic (if the underlying source is irreducible).
2. In most cases, we will discuss the S|tuat|(?_n when we kn nce our results are asymptotic they also hold for the stricter
T"and then indicate how the results chang@“ il not k_nc_)wn. efinition. The argument that we can indeed make the segment
Some of the methods we give are computationally efficient Ongé)urce ergodic is as follows. Suppose that the number of states

if we assume that the class of sources is the class of tree SOUIGES- onsider the code tree for a given state. We can add a tree
Though most of the results can be extended to the case Whep, 1 jaaves to one of the leaves of the code tree. Call these

is not known, we state results for less general classes if the 1€ .. Assume that in the underlying source we can go from

striction makes the algorithm more efficient. We indicate specig- e state to any other in at moststeps. We can find such an
ically when the results do not hold for more general classesT% if the underlying source is irreducible. We extend lgaby

so\l;\;ces. ider th hen th q 4 the decod the path needed to go from state that we are in at/}aafstate
€ consider the case when the enco eran the decoder Cafle can do this with a path of length no more thanWe can
keep track of the state of the sourcg &nd initial statesy are

. omplete the tree with an addition of at mastleaves. So we
known). This allows the encoder and the decoder to choose {he - 4 at mostn + 1)k leaves to each tree and ensure that

dictionary to be used depending on what state the source is\mg can go to any state from any state in one step of the segment
We cannot do this if we do not kno@' since the coder and urce

decoder will not be able to keep track of the current state of the '
source. When the methods described can be generalized beyond
this scenario we indicate how to do so. When the state can be
tracked, the encodé? is a collection of S| dictionaries. Adic-  In this section, we will give a method to achieve optimal
tionary D, is used to parse the source output if the source is @@ding for a Markov source. As mentioned earlier, we assume
states. When we do not know the state that the source is in, tieat the encoder and the decoder know the next-state function
encoder will consist of just one dictionafy. though the letter probability function is unknown.

We now describe the performance of a collection of dictio- We first describe a method to form a complete, prefix-free
nariesD, with a maximum ofA/ segments ina dictionary_ Thedictionary given a distributio®®. We assume tha? satisfies
performance of this collection of dictionaries will be determined Z P(y*z) = P(y*)
by the expected output length relativdag A . The case when reA
we only have one dictionary is easily dealt with by takiflg
to be independent of. To define the compression ratio preijmd
cisely we first define a segment source as in [7]. The starting Z P(z)=1.
state of a segment and the segment determine the state at the TEA
start of the next segment. Also, the probability of a segment ddefine the dictionanD by «* € D if P(z*) < ¢ and no prefix
curring given the present state and the past states and segmeints satisfies this property. Clearl§? is prefix-free, it is also
depends only on the present state. Thus, the segment soura@®isplete if the distribution is such th&(z7) goes to zero as
a Markov source induced by the original Markov source argbes to infinity for any infinite sequeneg®, wherez} denotes
D. Let X7, X3, ... denote the output of the induced segmerthe prefix of lengthn of the infinite sequences®.
source. The state sét of the segment source need not be ir- We will create dictionaries using the method described above
reducible even if it is irreducible for the original source. Lefor a finite but growing set of possible letter probability ma-
G = {G,.:r = 1,2, ..., R} be the set of all the irreducible trices and combine all these dictionaries to form a dictionary

Pr(X, =z|S, = s, Xou—1, Sn—1, -..) = P(z]s).

I1l. A CHIEVABILITY
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which will work well for any possible letter probability matrix. Theorem 1:For anyé > 0 and for any letter probability
The method we use for combining dictionaries was given in [8unction P with 0 < P(z|s) < 1 for eachz € A, s € S,
Suppose that we want to build a dictionary of size at nidst there exists\/ (P, §) < oo such that

m will be an integer parameter in our scheme and will need log |

to be chosen appropriately. Considecolumn vectors of in- R= maxs—cw

tegersly, I,, ..., I;, each vector of size. The vectors are E(L)

chosen so that each entry of a vector is betweandm and < H(P) <1 ++0) k(a — 1) log log M)
the entries in a particular vector sumvior-1. Thus,I; /(m+1) 2log M
defines a distribution onl for eachj. Let for all M > M(P, 6).

Q1 1.1 = Iy ... L]/ (m + 1). Proof: First let us upper-boun;|. Now

Then( is a valid letter probability matrix for each set of vectors D, © U DIy, Iy, ..., Iy)
chosen according to the restrictions above. Each valalong
with an initial states defines a distributio®y, . z,. ... 1, (-|s). We
will form Dy(I1, I, ..., I) by using the procedure describe

above with ID,| < |UDS(Il, L, ..., 1)

where the union is over all valid vectols, I, ..., I,. This
dmplies that

o= m*e=D (m +1) Because of the constraint that the components of each integer
M min(iy,da,..., i) vector should add up ta + 1 we have that the number of valid
sets of vectors is bounded by*(*—1). Thus, we have, using (1),

wherei; is the minimum entry in vectaf,. that|D,| < M for eachs € S and soR < log M/E(L). We
We note that because of the way the dictionary is constructggl now lower-boundE(L).

we have Let

. min(iq, 42, ..., i)
>
@ty 1 (27]s) 2 e === 12 D(P, Q) = 3" a(s)D(P(1)[QC]5))
for z* € D,(I,, I, ..., I;). Thus, since °eS

Z 0 (*]s) = 1 wheregq is the steady-state distribution of the Markov source.
I 1o, LA\ |5) = We have from [7]
z* €D (I, Iz, ..., Ti)

E(L)(H(P)+ D(P, Q)

we have n
m—+1 N 1
DI, I, ..., I})| < — —. = Pr (G, q(s|G P(z"|s) log -
DL, I ol ¢ min(is, 42, ..., ix) ; ( )sgC;T ; )m;.g s Qarls)
Substituting in the value efwe have used to form the dictionary (2)
we have for any P(-|-) and@Q(-|-). In the above equatio®r(G..) is the
M probability of the source entering the irreducible &&t, and

Doy, Lo, s D) < mka—1)" @ q(s|G,) is the steady-state probability efe G,. given that the

) o source has entered,.. Let P(-|-) be the true letter probability
We have so far described how to form the dictionary for a pat; 5rix andQ(|-) be the letter probability matrix which is com-

ticularletter probability matrix) depending od 1, I», ..., Ir.  ponent-wise closest t8(-|-). Let the vectors of integers which
We can thus obtain dictionaries for each of the different pogsg it in thisQ be I, I, ..., I'.. For anyz* in D, we have

sible valid vectord {, I», ..., I}.. We will combine these dic- (by the construction ob,) that

tionaries by taking a union of all the dictionaries and then re- ’

moving elements so as to make the union prefix-free. Let the 1 M min(¢f, ..., )
dictionary so obtained bB,. The idea is that if we take: large log Q(z*|s) 2 log mFE=D(m +1)

enough then, for any parameter value, we will have a dictionary

tuned to some parameter close to the true parameter and solas, using (2) we have

do notlose much in performance. On the other hand, taking large

m imposes a larger penalty when combining the dictionaries tog 7y > log M — k(a — 1) log m + log(pmin — 1/m) 3)
form one dictionary. We will now show an upper bound to the - H(P)+D(P, Q)

compression achieved by this scheme with= \/log M.

Let us denote by (P) the entropy rate of the source, whichOf 7 > 1/Pmin @nd Where,in, = min,. s P(x|s). ,
is given by Now we will upper-boundD(P, Q). To do this, we will

upper-boundD(P(-|s)||Q(-|s)) for eachs € S, using the two
H(P) = Z a(s)H(P(|s)) lemmas below. Note that in Lemma 1, on the right-hand side

(RHS) the argument of the divergence is a real number and
not a distribution. ByD(p||q) for p, ¢ € [0, 1] we mean the
wheregq is the steady-state distribution of the Markov source.divergence between the distributionsl — p andg, 1 — q.

sCS
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Lemma 1: Consider two distribution$’, and % on a finite thatif the second termin (5) is denoted Bythen the third term

alphabetd = {1, 2, ..., a}. Then is — f;+1, and hence all but two of the terms cancel when we do
the outer sum over. O
a—1 . . a
Pi(j P (g . The use of this lemma is to write a divergence between dis-
DBOIP) =3 D | 2| LU | s~ p), g

tributions on an arbitrary finite alphabet in terms of divergences
between distributions on an alphabet of size two.

Each divergence on the RHS can be bounded using the fol-
lowing lemma.

j=1 ZajPl(i) Z::PQ(L) i=j

i=j

Proof of Lemma 1:The RHS equals

atl Pi(5) - P (i) Lemma 2: Foré,, 6, € (0, 1)
Py(j) log = (61 — 62)*
=t Py(5)> Pi(4) D(6,]|62) < PRGN log e.
= 2(1 = 62)
o 2 )2 Pa(d) Proof of Theorem 1 (Cont.)Using Lemmas 1 and 2 to
+ Z Py (i) log Z:Ja*l Z? (4) bound the divergence we get the equation shown at the bottom
i—j+1 S Py(i) 3] Pi(d) of the page. The last inequality holds far > 1/p.,i,. Thus we
i=j+1 i=j have for sufficiently largen
a1 . a > P(i) a(a/m)?
9 =7 < > C.
= Pi(j) log ]Jj ;8 ; + ) Pi(i) log 2 D(P, Q) < P (Do — 1/ log ¢
=t = Ejpl @) Takingm = +/log M and using the upper bound &K P, Q)
a in (3) we have the equation shown at the bottom of the following
a 2 (i) page. The last inequality holds for sufficiently lary i.e., for
~ 3 Pii)log T (5) M > M(P,6).
i=j+1 S Pi(i) We have shown a scheme to code over a class of Markov
i=j+1 sources when the coder and decoder can keep track of the state
- ‘ Pi(5) of the source. We can use the same idea to code when the next
- ZlPl (7) log Py(5) (6)  state function is not known. Given a finite set of states and a
=

finite alphabet, the number of possible next-state functions is fi-
Equation (4) follows by the definition ab(p||¢). Equation (5) nite. For each next-state functi@i we can build a collection
follows by rearranging the terms in (4). Equation (6), by notingf dictionariesD,(T"). We can then combine the dictionaries for

PGls)  _ _QGls)
a—1 2 PGls) D oQUils) a

Quls) | | _ _Quls

> Qs > Qs

< log ¢
~ (;.P<L|s>> (P(jls) = 1/m) <:z+ (PAils) - 1/m>>
< ala/m)? log ¢

- pmin(pmin - 1/m)2
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the various states using the same scheme as before to get awliere as beforBr(G,.) is the probability of the source entering
tionary D(T’) with at mostM x |S| words. We now combine the irreducible set;., andq(s|G,) is the steady-state proba-
these dictionaries for each next-state function to form one diaility of s € G, given that the source has entel@gl.

tionaryD with at mostd x |.S|x f(|S|, |A|) words.f(|S], | A]) Also let

denotes the number of next-state functi@hgossible when the A 1

set of states has siz8| and the alphabet has siz¢|. Now, as HE . (P)= Z P(z*|s) log Biels

M gets large, the rate loss from combining these dictionaries @ CD, (27]s)

becomes insignificant since| x f(|S|, |A|) is finite. Thus, and

the performance of this scheme is asymptotically equivalent to Heo(P) 2 Z Pr(G,) Z q(s|Gr)HZ. (P).

the scheme when the next state function is known. For practical - s€C,

dictionary sizes not knowing could cause significant penalties

sincef(|S|, |A|) grows rapidly with|S| and|A]. Now
S * . 1
IV. CONVERSE Hoe(P) = *.I(Z):d _ Plat]s) log P(xz*|s)
In this section, we will show a lower bound on the perfor-
mance achievable by any code. We will assume that the next- + Z P(x*|s) log Blor
state function is such that the states are irreducible. We will @t Uz ) >lmin (7]s)
also represent the letter probability matfixas a vectop with BOAP) + AS H(X*1(X*
. = s < lmin

k(a — 1) components Withp; _1ya—1y+; = P(jls = i), i = 1(Ap) F ApHL(XTIUXT) )
1,2,...,kandj =1, 2, ..., a— 1. Note that we do not need + (1= Ap) H (X |I(X™) > liin)

ka components because of the constraint that the ro#stist
sumtol. The converse cannot be for every parameter vatue
rather for “most” parameter values. This is because for any given <14+ (1-A5(1 7)) log M.

code there might be some parameter values for which the rate is

close to the entropy. What we show is that for any code the setidtus, We have ¢, (P) < 1+ (1 — Ap(1 — 7)) log M.
parameter values for which the code performs “well” is small. Now from [7, proof of Theorem 3] we havB(L)H(P) =
The converse result is stated precisely in the theorem below. TPhes(£) SO we have

<1+ A2 log a5~ (1 - A2) log M

proof is a modification of the converse for i.i.d. sources givenin loe M

S ) . 0g
[8] which in turn is analogous to Rissanen’s proof of the con- Ry, = B(L)
verse result fixed-to-variable length codes [4].

) . log M
Theorem 2:For all 6 > 0 and any prefix-free variable-to- ZH(P)l T (1= Ay(1—n)) log M
fixed length code with\/ large enough ) p K &
H(P
k(a—1) log log M =
>H(P)|1 1-— 1—A,(1 - 1/log M
Rz H(P) (141 - 0) O o) +1/1og

‘ >H(P)1+ Ap(1 —~)—1/log M).
for all valid p € [0, 1]*““ " except for those in a set whose
volume goes to zero a¥ increases. Thus,

Proof: Fixé > 0and0 < v < 1.Letlyin = [y log, M]. k(a — 1) log log M
g 108 =

Conside_r a code which consists of dictionariBs for each  Ap(l —~) > 5 log M R,
s € S with |D,| < M for eachs € S. &
Let 2H(P)<1+/€(a—1)loglogM_ 1 )
452 Pr({a" €D 1) < in} ) Zlos el
and
Ap 2 ZPr(G") Z q(s|G,) A5 Wewillmake_afew more de_finit.iqns. Léfj(xi"““, s) denote_
- fyer=4 the number of times stagec S is visited when the source emits

log M a® loge
E(L) S <H(P) i IOg Mpmin (pmin - 1/\/ log M)2>
1 (oa=1)/2) log log M +10g (1 (pun — 1//I08 7))
log M — (k{a —1)/2) log log M —log (1/ (pmin — 1/v/10g M ))

k(a — 1) log log M
2log M '

< H(P) <1+(1+6)
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min_and the initial state is. Also, let N;, Z( min - s) be the Due to (7) and (9) we have that
number of times the outpute A occurs when the source is in

statej. Let Bs= Ry > H(P) 14(1—26) Fla=1) los log M
P Bs= Iy 2 H(P)  1+(1-20) =" B0
R . Nj i(xllman’ 3)
P4 (./L' min 3) _ SN L L. .
i\ N»(a:l“‘i“ 5) for sufficiently largeM . Thus, if we can show that the volume
J 1 ’

of Bs is vanishing as\/ increases we will be done. Lét; =
if N;(zl, 5) > 0 else letBy; (x5, 5) = 1/a. Pisamatrix BsNle, 1]**~Y. Thenwe havéBs| < | Bj|+k(a—1)e, where

which is an estimate of the letter probability mat#ix Again | - | denotes the volume of a set.

we will convert to a vectorp with fr;_1)(a_1y4i(z*, 5) = Let B, be a ball of radius:/v/l,min Centered ap. Let N be
PI (z*, s)forj =1, 2, ckandi=1,2,...,a— 1. Now the maximal number of nonintersecting balls of radiig/l ;.
IetJ that can be packed intB; and letC be the corresponding set of

centers of these balls. Then the volumeZjfis bounded by

8 A * ol Imin
Ap: {.’IZ’ GDS;Z( ) lmma (p( < C/ V mm}

e (2 )"
wherep(p, p) denotes thd., distance between the two vectors =41ro

V lmin
andc > 0 is a constant to be specified later. uag,|

P(X;3]s) is the probability that the evert; occurs given the wherel; is a constant. Thus, to bound the volumef we
starting state is. Also let need to find a bound fa¥. To boundV we will need a lower

bound ort/},. We can lower-bound}, as follows:

A P(x*|s)
;2 ) Pa*|s) log . .
p 1/M " P(z*|s
/ 1= SIPHG) 3 afolde) Y Pl os g
sCG, z* CAp
SinceE(L)H(P) = H..;(P) we have - - P(X2]s)
> Pr(G q(s|G.)P(X]|s) log —2-—~
log M = E(L ZPr Z (s|G)) Z g; ? Mg /M
e > Pa(X2) log L2eltp) (10)
. * ; = fav p) 108 ————
Z P(z"|s) log M P(z"|s) g\p M,/ M
z* €D,
)+ Z Pr(G Z (s|Gy) where both inequalities follow from the log-sum inequality and
sEG,
VNI b G AD) Pusl3) £ 3P 3 allGP(G])
Ty + (1= P(X]]s) OQW s€G,
>E(LYH(P)+1T,—log e (8) M, is defined similarly fromM;.
From (10), forp € Bs, we have
where the first inequality follows from the log-sum inequality,
the second inequality follows from s Pavg(Ay) k(a—1
e Pavg(Ay) log 7M1g,/]\4p <(1-9) Ma-1) 5 ) log log M
= Pr(G s|G, )T,
P
Z gc; This implies that

and the fact thaliog = > (1 — 1/x) log ¢ for 2 < 0. M, 1-6)k(a—1
g e 2 ( /) log cfor —logﬁpg—log Pavg(.?\’;)—l——( k(a )log log M

Equation (8) can also be written as 2Pavg (X3)
log M Ty log e (11)
- log log M Pavg(X;)
SinceE(L)H(P) < log M we have log log M
- - B (12)
—1 2
T, > (1—5)’“(“2 ) log log M = R,

We will need the following lemma which essentially says that

—1)loglog M log .
> H(P) <1+(1_5)k(a 2)10;;%]\/[0% _10(;%]\‘}) (9) Pavg(X;y)is close to one.

Lemma 3: For everyé > 0 there existc and A/ such that

Let Pag(X5) > 1—§/2forallp € Bj.
Bs 2 {p: Ap(1—7) < k(a — 1) log log M7 We give the proof of this lemma in the Appendix. Lemma 3
2log M implies that for sufficiently large/ we have for somer < 1
k(a —

1)
Tp < (1 — 6) T 108 108 M} . Mp > ‘2\4(10g M)fk(afl)oz/Q'
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Now, since the set of balls of radiug'v/l,,;, are noninter- Proof: Given a next state function and an initial state
secting, we have the probability of a string:™ can be written as
n N (2™,
ZM; <M. P(z"|so) = H H P(a|s)Ne-ale"s20)
pCC sES acA

By the definition of M, we haveM, < Y. _¢ M and hence where, as beforel o(«", so) denotes the number of times
> e Mp < kM. Using the fact that occurs in states whenz™ is the output of a source starting in
» < EM.

statesg. It is clear thatP(z"|sg) is maximized by

. —k(a—1)a/2
My > M(log M) KD P*(als) = N...o(a", 50)/N.(a", 50)
we haveN < k(log M)*@—1Ye/2 Thus, where
4Vpchla—1) N(z™, s0) = Z N, o(2", s0).

Zror : —k(a—1)(1—a)/2
= k(a-1)/2 (log M) a€A

Let@ be the transition matrix on the grid (see Section 1) which
is component-wise closest 1¢*. By the construction of the dic-
tionary for anyz* € D, we have

for some constant;, independent of\/.
Thus, we havéBs| < (1 + k(a — 1)) for sufficiently large
M depending or andsé. O
. mk(afl)
V. PERFORMANCE ONINDIVIDUAL SEQUENCES Qzls) < MQmin

So far we have considered coding of the output of a Mark‘WhereQmin is the minimal entry in the matrig). We assume

source using a universal variable-to-fixed length code. Our mggz;,, > M so that there is at least one completed phrase. Now
sure of performance wasax, log |D,|/E(L), so we tried t0 \ye have

find codes of a given size for whicE(L) is maximized. We

now analyze the performance of the coding method described (@, D) 4 k=" D)
in Section 11l on an individual sequenag € A”. Herewe do ~ @(z"[s0) = H QzWsi_1) < <MQ . )
not assume™ to be generated by a probabilistic source. Given i=1 -
a variable-to-fixed length code of sizel the output length is ginceq,.., > 1/(m + 1) so we have
log M per phrase. If a dictionar parsesc™ into »(z", D)
phrases (we denote théh phrase byz(?) the output length r(z", D) log M
is r(z™, D) log M. The coding rate for this sequence is, thus, =~ ’ & mbka=1(m 4 1)
r(z™, D) log M/n. We will compare the code length achieved < log
by the code we constructed in Section Il to the best perfor- — & Q(z™|s0)
mance achievable on the sequenteby codes in a particular 1 P*(2™s0)
class. This measure of performance easily incorporates adaptive= log P (x"[50) +log Qa"s0)
coding methods, as opposed to our earlier measure. 1
To construct the code in Section Ill, we needed to assume = log Prasg) > N(@", 50)D(P*(-]5)]|Q(:s))
that we know the underlying structure of the source (i.e., the 0 €s
set of states, initial state, and the next-state function). The class 1

o [ P(i]s)?
of codes we consider corresponds to the set of Markov sources < 108 P (x"[50) + 2 Na(a", 50) 10gz <%)
which have the given structure. This set is parameterized by . ses =1
P, the transition probability matrix. For each valid matifix <log 5 + (log ¢) ZNS (", s0)
we have a corresponding code which assigns a code length P (x"]s0)

s€ES

[log 1/P(x™|so)] to the stringz™. For a particular string:™ L PH(i]s)? — Q(ils)?
there will be a transition matrix”> which minimizes the code X Z 0(is)
length. The next theorem gives a bound on the performance i=1
of codeD (described in Section 1) in terms of this minimum < 1, 1 + (log ¢) Z N,(z", s0)
code length. The proof is similar to the proof of Theorem 1. - Pr(z™|s0) ses 7

Theorem 3:Fix § > 0. For sufficiently largel we have N za: P*(i|s) + Q(i|s)

< mQ(ils)
r(z", D) log M < 1 min loe 1 n 5a log e ! 1 5a
T Sa P Bany Yoy i =108 Py 108 g
a(k(a—1) +1)(1+6) log log M ’
* log M The last inequality follows due to the following argument:

Q(i]s) is the closest point td” * (i|s) on a grid of uniform
for all z™ € A™ with n > M. spacingl /(m + 1) on the segmer(0, 1). Pointi on the grid is
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ati/(m + 1). Thus, the largest that = (i|s)/Q(i|s) can be is if i < a. If i = a we make the index set size

3/2. Hence, we have

a—1

r(z™, D) log M 1 1 S5a r(2f*) = r(z]") - r(x7").
P (a 108 ey T8 @) Zm) =
. < log M ) By the construction above we have that
log M —(k(a—1)+1) log m+1 - o o
Takingm = +/Iog M (as in Section IIl) and for sufficiently @l 2 @) Pomgaet) — o (13)
large M > M(6), we have Once we have found the sizes of the index range for various pos-
r(z", D) log M - 1 _— 1 N 5a log ¢ s_|b!e output letters we can thein[determme the lower and upper
., S tunlos P(z[so) | 2+/log M limits of the range whem,,,; = ¢ by
N a(k{a—1)+1)(1+6) log log M. O i—1
log M a(ef') = ae) + Y ret))
=1

Again, although we have stated this result for the case whand
the state can be tracked by the encoder and decoder, we can use in(@) = (@) + (@) — 1.
a modification (described at the end of Section Ill) to remove
this restriction. The minimum on the RHS of our result woulglve proceed in this way until the size of the index range is
then be ovel” andZ’ (the next state function), and the constantsmaller than the size of the input alphab&t We arbitrarily
on the RHS would be larger. choose the low end of the range to be the codeword for the input
string and since we started with a rangdof M| we can code
each output index witfilog M] bits. If P(z}) goes to zero as
[ increases for each infinite stringthen the method described

The method described in Section Il is optimal but requireghove always terminates and thus describes a treeWtitraves
the dictionary for each state to be precomputed and stored it can be used for variable-to-fixed length coding. Note that
like the coding method given by Nissenbaum and Feder [1]. {{ie need not build and store the tree, we can compute the parsing
[1], the performance of the coding method is investigated f@h the output index iP(0|z) can be computed for each string
i.i.d. sources. We describe and investigate the performance,0f 4+ The decoder must have access to the s&raed then
this coding method described for Markov sources. The methggs coding process of the encoder can be reversed at the de-
gives a variable-to-fixed length source-coding method whiGhding end. We have two choices once we code a phrase: we
can be used in conjunction with a modeler for the source stgsn ejther use past information to estimate probabilities of sym-
tistics which provides estimates of probabilities based on thg|s or we can reset and start afresh. If we do not reset we are
past data. This scheme can be used to obtain a variable-to-fixgdtfect adapting the code tree andS6L.) is not a meaningful
length coder for Markov sources and, in general, for stationagyeasure for the code. We will consider both these alternatives.
ergodic sources. For Markov sources we will find the rate at o5 gn example of this coding method, consider the case when
which coding rate converges to the entropy. The coding methgg source is binary and we code using distributidfo) =

N

is closely related to arithmetic coding. . 1 — P(1) = 0.25. Also, letM = 4. Initially our index range is
We will first describe the method for variable-to-fixed length; 4], 1f we see ®, the new size ofindex set j§4—2)%0.25] =

coding in detail. As before, we assume that our input is froms(the index set i§1]) and hence is a codeword. If we seela

VI. ANOTHER CODING METHOD

sourcer that takes values on an alphabet= {1, 2, ..., a} of  the index set i§2, 4]. Repeating this procedure, we see that the
sizea. Let P: A* — [0, 1] be a function which satisfies codewords are, 10, 110, 111.

E;P(a) =1 and E;P(m) = P(z) A. Performance of the Coding Method

aC A ac A

R We will investigate in this section the performance of the
foranyz € A*. We will use the probabilities given b¥ to  ¢oding method for Markov sources. Although the rate that we
code the source. Suppose that we want to build a coding tigfyw the coding scheme achieves, is not optimal, it is close to
with M leaves. Initially, the range for our outputindeXis M].  peing optimal. The coding method described needs a method
Suppose that the source output is a stting =1, z2, z3, ....  to estimate probabilities. We will use the Krichevsky—Trofimov

As each letter of the string is processed we will narrow the ranggtimator [2]. This estimates the probability of seeing output
for the index. When the range is strictly smaller thane stop. jn statej as

Suppose that after stageour index range i&;(z7"), . (z7)].
Let the size of this set be(z7"). At each stage we reduce the
range of indexes roughly proportional to the probability of the
symbol that occurs. Suppose that., = ¢. We make the size
of the new index set

N;i(z™, s0) +1/a
Nj(];", s0) +1

P([Lba xna 30) =

after seeing a string:™ starting from statesy,. As before,
X N; i(z™, so) is the number of times outptitoccurs when the
r(z7) = [(r(z]") — a) % P(ilzT)] + 1 source is in statg and.V,;(z™, so) + 1 is the number of times
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that statej occurs. Thus, the estimate of the probability of avhere @ is a memoryless distributior) is the Krichevsky—
string z™ is Trofimov estimate for the probability of* under the i.i.d. as-
" sumption, and’ is a positive constant independentif. In our
P(z7|s) = H (i]si_1, 271, s0). case, since we have a Markov source, we can apply this result
=1 to k& subsequences af* each subsequence consisting of sym-
bols which share a common underlying state. Using this and the

We fix a given initial state, and omit it from the notation. Thus, concavity of the logarithm twice we get

we will write P(z™) for P(z™|s0).

To determine the performance of the coding method we will )l P(z*|s)
need to upper-bound the probability of the leaves of the coding Z ) (x*|s)
tree. Consider a string} which is a leaf of the coding tree de- f .
scribed above. Sincg, is a leaf we know that aftdrstages the > Z P(z*|s) < (a—1) log < (& )> + kC)
size of the index range(z! ) is at mosta — 1. Using this fact D, 2 k
and (13) we have thatz' 1) « P(z|z'"!) — a < a — 1. Pro- k(a—1) E(L|s)
ceeding backward we have that 2 - < log < 3 ) + kO) .
(- (MP(z1) — a)P(z2|z1) — @) Pxs|a?) —a) - ) Consider now the second term. We have
D =1y _
P(zy|lzy7 ) —a<a—1. Z P("]s) log - 1*
Equivalently, we have zreD, Plz*]s)
R -1 ' > Z P(z"|s) log l(m*)ﬂ_{
MP(z}) §2a—1+aZP(x§»+l|x{). (24) z* €D, 20—14a 3 P(wi(ﬂ)lwi)
j=1 =1
The theorem below bounds the performance achieved by the = log M — > P(z*|s) log(al(z*) + a — 1)
coding method described above with the counts being reset after z* CDs

the coding of a phrase. Clearly, this does not make sense if the >log M —log(aE(L|s) +a — 1).

source is stationary, but it has advantages of not propagatmg%% first inequality follows from (14), the second because

J+1|a:1) < 1, and the third from the convexity 6f log.
ombining these two lower bounds with (15) we have

rors and in bounding the peak rates. The code does not propal
errors because the output codeword is of a fixed length, and
code does not change with the bits coded so far. Note though

that, in case of an error, we do lose synchronization. L)H > Z P(G Z s|G,)
Theorem 4: Consider a Markov source with nonzero entropy 5€Gn
rate. For any > 0 we have for sufficiently largé/ ) <_k(“2_ 1) log <E(JI;J|5)> —Ck+log M
log M (k(a— 1)+ 2) log log M
= <H+(1 H
R=poy sH+1+9) 2 log M — log(aE(L|s) + a— 1))
wherek is the number of states amrds the size of the alphabet. k(a —1) E(L)
Proof: Using (39) and (40) from [7] we have Z - < 2 log < k ) + Ck)
. 1 +logM —log(aE(L) +a—1)
ZP DD |G)ZP($|S)1°8‘W . .
s€G, T ED, where the second inequality follows from the definitiorEyfL )

= E(L)H. (15) and the convexity of the-log function.
) ) ) Using (15) and the fact that the entropy of a distribution on
As before ;. are the irreducible sets that are induced byithean alphabet of sizé/ is no larger tharog M we have that

coding trees>(G,.) is the probability that the source will be in i (1) < log M. Thus, we have from the monotonicity o
a state in7,., andg(s|G,.) is the probability the source is in state -

s € G, given that the source state isd¥.. Since E(L)H > — <k(a -1 log <108‘ M) n Ck)
- 2 HE

) 1 ! Pla]s) +log M —log(a log M/H +a—1
P * 1 . — P * 1 - 0g Og(a 0og / +CL )
2, Pk los pr Z % ) | . .
s D, @"eDhs Equivalently, the compression ratfo= log M/E(L)is upper-
+ Z s)log — 1 (16) bounded as shownin the equation at the bottom of the following
o+ eD, P(z*]s) page.

Thus, for anyd > 0 we have for sufficiently largél/ de-
we can lower-bound’ (L) by lower-bounding the two terms on pending on the source entropy afd

the RHS of (16). Now, from [2, eq, (2.6)], we have
(k(a — )+2)10g10gM>H O

log 2% <oy @ 2 log M

Q)

—1 log I(x*) fis <1+(1+6)
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The redundancy we have shown is of the ordeHgtk(a — 1 7ED 1 a—1
1) +2) log log M)/2 log M, thus, it exceeds the optimal re- < > <10g P05y T kC +k
dundancy byH (log log M)/log M. We have seen the perfor- =1 1
mance of the Nissenbaum-Feder coding method on a Markov (1(2) ‘ @)
source when the next-state function is known. If we do not know Hlog | —7— | +log (Za —3+a (w ))

the next-state function, then we could use an average of the

- . : : 1 rk  rk(a—1) n
Krichevsky—Trofimov estimator over various next-state func< = log 5 tC—+—,—"log (—)
tions and since these are finite in number this will not affect ”T P(a"s0) an " 2n vk
the result of the previous theorem. Computationally we will + — log (2a -3+ —)
be worse off since we will have to compute the average of a !

: - 1 rk k(a—1)

possibly large number (exponential in the number of states) of =~ log = +C0—+ | —5—+1
estimators. When the source is a tree source with memory at " P(a"]s0) "
most D there are efficient ways to compute the average distri- - r log (2a -3+ ﬂ) . a7
bution without knowing the exact structure of the source [10]. " !
These methods can be used with the Nissenbaum—Feder codifgow log(1 + z) < z(log ¢) and% minp log m <1,

method to give efficient compression algorithms. thus we have

The Nissenbaum—Feder coding method can be used adap:~) 1og M rk
tively by not resetting the counts when a phrase end is reachedT <1+0C r
In Sectior_1 VI-B, we look at Fh_e performance of adaptive and k(a—1) r an log ¢
nonadaptive methods on individual sequences. 5 +1 - log(2a — 3) + "(20a-3)
B. Performance on Individual Sequences or, equivalently,

We consider the performance of the variable-to-fixed length r(z™) < c”
coding method described above along with the Krichevsky— n ~logM—C'

Trofimov estimator for estimating probabilities. We will boun

our code length in terms of the best achievable code length from
: ; : k(a —1)

the set of codes which correspond to sources with a given set C'=Ck+ | =—=4+1) log(2a — 3).

of statesS, alphabetA, and next-state functioff’. Different 2

sources in this class correspond to different parameter valuggbstituting this back into (17) and using the fact that

Let »(x™) be the number of phrases wheft is coded and log(2a — 3 4 a/x) is increasing we get

P(z"|so) denote the probability if the source and parameters

ere

- n - . "
given by the matrixP. Also, let|S| = k and|4| = a. If we r(a") log M < 1 log 1 kCC -
reset counts after the coding of each phrase then we have the n n P(zn|so)  log M —C
bound given by the following theorem. n <k(a -1 n 1) c”
. 2 log M — C’
Theorem 5: For anyé > 0 we have for sufficiently largé/ (1OZgM o
—_—— < - min log Blals)
" " (z"[s0) loe oz M Since this equation holds for all valit we have the required
+(1+ 8)C" (k(a —1)/2+1) f—ﬁw result. O
og
where In the above analysis, we assumed that the counts are reset
when a phrase is coded. If we do not reset these counts we will
o =14 k(a—1) 1) log e perform better if the source is stationary. We now analyze the
N 2 20— 3" case when the counts are not reset, i.e., the whole past is used to

‘ estimate probabilities. This is just a minor modification to the
_Proof: From (14), we have for any phrase®, previous analysis.
MP(xD|s;_1) < 2a — 3+ al(zD). Thus, we have o
Theorem 6: For anyé > 0 we have for sufficiently largé/

r(z™) log M
- r(z") log M
r(z™) n
1 1 : oo
< - log ————— +log (2a — 3 +al (2@ . o1 log log M
- ; < & B 8( ( ))) < - in (log s )+ (140 S R
log M

R<

- H.
log M — log (al"gTM +a— 1) _ (k(a2—1) log (10§’£4> 4 Ck)
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_Proof: From (14), we have for any phrase®, We can bound the first term in (20) using the Chebyshev in-
MP(z®|s;_1) < 2a — 3+ al(z@D). Thus, we have equality forp € [e, 1]% (1)
7(.’13'”) IOg M N i C < 2lmin +€ 64
n P < lmln (I( ) - 8 \/ min - €3 CQZmin
1(1}”) be
1 ; <
<= —— +log(2a—3+al (2@ = _
<32 (i g el v () =
1 1 for
< — log f—i—— log(2a—3+aﬁ)).
no " P(at|so) ! ¢ = \/3072k(a — 1)/(%).
We can now proceed as in the proof of the preceding theorem t ; . . .
obtain the required upper bound. 0 ci_etY be the random variable which gives the output value

when the source enters statéor theith time. The sequence of
random var|able$YJ} is an i.i.d. sequence for each stgte

APPENDIX Then the second term |n (20) can be bounded as follows:

In this appendix we prove Lemma 3.

. C
Lemma: For every§ > 0, there existc and M such that P P(x|j) ‘ \/7 (‘7)‘<T>
Pavg(X3) > 1—6/2forallp € B;. min | fin min
Proof: To lower-boundP,,, (&) we will lower-bound mmq(JHV 0/81 yi—
P(X,;|s) for eachs € S. By definition ( z) Pl > ¢
1) 2 —F/—
P(X; |S) Hllnq Hlln c/8 llllin
=P ({a: €D;: U(z*) = Liin, p ( ( 3) ,p) Lminq(§)— \/ min €/8 -
< o/Vlmn} Is) = e e
P(z|j) < -
> 1 — ({,’L’ c D l( *) < lmln}| ) mlnq + \/ min C/8 \% lmin
-P min p i > lmin
I'p ({ : PP (371 ) , p) C/ } |3) . nq(])_{_ /s j
21y P (o (X8 2) > o/ Vi ) s
qg(s —P(z|7) =
(18) mmq + Imin 6/8 2V/1min
We will first upper-bound lninal J) T o/8 '
. WY =x)
P( ( X mm C/ \/ nun +P = 1 ! —P(x|j) < _ C
lminq(j) Y lmin C/8 - 2 V lmin

We drop the explicit dependence on the output sequence and the
initial state and let 3
< —.
Nj _ Nj(X{l]lilj’ Sl) and Nj,ac _ NLx(Ximin’ Sl) = ec?
where the second inequality follows féy;, sufficiently large

Then we have and the last inequality follows from the Chebyshev inequality

P (p (f’ (X{) ’ p) >c/ /—lmin) for 1,,;, sufficiently large. Thus, we have
k a—1 N; » | N; c
N c ;
<Y Y Pl |=2E-P( x|1)‘ ———]. (19) P( N, (x17) ‘ 5 [ 7Y )‘ < Tm)
ot k(a_]-)lmin \/ min p
€
Consider one of the terms in the above summation. = 16k(a — 1)
N; . for
P ( S P(xm\ > )
j ’“(“ = Dlmin 48k(a — 1)/%6
N;
=F < Lmin — )‘ - 8«/ Tonin ) Thus we have for
N; & . — ma _ 4 _ 2
e (] _P(w)‘ . c ’ ¢ = max (\/3072k(a 1)/(%6), \/48k(a — 1)/ 5)
Nj k(a - 1)lmin

and sufficiently largd,,;, that
N;

lmin - q(J)‘ < V lmin ) ' (20) P(p(ﬁ(X{mi“% p) > C/ V lmiﬂ) S 66/8
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Sinceq(s) > /2 forp € [¢, 1]*@=Y) and

we have for sufficiently largé/, Pavg(Xg) >1-6/2.

k(a—1) log log M

A
P < 2(1 —~v) log M

O
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