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Abstract—A universal variable-to-fixed length algorithm for
binary memoryless sources which converges to the entropy of the
source at the optimal rate is known. We study the problem of
universal variable-to-fixed length coding for the class of Markov
sources with finite alphabets. We give an upper bound on the
performance of the code for large dictionary sizes and show that
the code is optimal in the sense that no codes exist that have
better asymptotic performance. The optimal redundancy is shown
to be log log log where is the entropy rate of
the source and is the code size. This result is analogous to
Rissanen’s result for fixed-to-variable length codes. We investigate
the performance of a variable-to-fixed coding method which
does not need to store the dictionaries, either at the coder or the
decoder. We also consider the performance of both these source
codes on individual sequences. For individual sequences we bound
the performance in terms of the best code length achievable by a
class of coders. All the codes that we consider are prefix-free and
complete.

Index Terms—Data compression, entropy, minimum description
length, Tunstall algorithm, universal coding, variable-fixed length
codes.

I. INTRODUCTION

CONSIDER a source which takes values in a finite set
. A variable-to-fixed length code is a finite dictionary

which is used to parse an infinite sequence into
variable-length phrases. Each phrase is then coded into a fixed
number of bits. The number of output bits per phrase depends
on the size of the dictionary. It is assumed that the dictionary
is complete and prefix-free. A complete dictionary is one such
that any infinite sequence will have a prefix in the dictionary.
As the source outputs a string we wait until the string matches
one in , we then code the string with a fixed number of bits,

. The dictionary being prefix-free ensures that there
is a unique way to parse every source string. We note that unlike
the completeness assumption, the prefix-free assumption is not
necessary to get a well-defined variable-to-fixed length code. It
is also possible in certain cases to improve performance using
a code which is not prefix-free [5]. For the dictionaryto be a
good source code it is required that the expected input phrase
length be as high as possible for a fixed output size (i.e., a fixed
dictionary size).
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The problem of variable-to-fixed length coding was first
looked at by Tunstall in [9], where an algorithm to find the
dictionary of a given size that maximizes the expected phrase
length for a given memoryless source is found. The method
requires the source distribution to be known. The problem
of finding good dictionaries for coding Markov sources was
investigated in [7] and [6], where codes which achieve the
entropy rate for sources with memory were given. Though
the coding rate achievable is still the entropy it is known that
variable-to-fixed length codes perform better than fixed-to-vari-
able length codes in certain ways [3]. Tjalkens and Willems
in [8] solved the universal coding problem for the class of
binary-valued and independent and identically distributed
(i.i.d.) sources. They show that their method converges to
the entropy at an optimal rate. Here a more general universal
coding problem is investigated in which the class of sources
consists of Markov sources that take values in a finite set of
size possibly greater than two.

In Section II, the problem looked at in this paper is for-
mally defined. In Section III, a variable-to-fixed source
code is found which is shown to achieve a redundancy of

, where is the entropy rate
of the source, is the size of the dictionary, is the alphabet
size, and is the number of states in the Markov source.
Throughout, we use a logarithm to an arbitrary base, and we
specifically mention the base when we need to use a particular
base. In Section IV, a converse for the above achievability
result is given by showing that the set of parameters for which
a code can achieve a better redundancy than the code in
Section III has vanishingly small volume. These results are a
generalization of [8] where the optimal redundancy was given
as for binary, memoryless sources
(i.e., and ). They are also analogous to the results
in [4] for fixed-to-variable length codes, the difference in the
two being the entropy multiplying the redundancy term. In
Section V, we consider the performance of this coding scheme
on individual sequences. In Section VI, we investigate the
performance of a variable-to-fixed length coding method given
in [1], which could be used to implement a practical coding
method since it does not need the dictionary to be stored at the
encoder or the decoder. The redundancy that we show for this
method is not optimal but is close to being optimal. This method
has the added advantage that it can be adapted efficiently and
can thus give smaller redundancies than predicted by our lower
bound for coding long strings of sequences. The lower bound
that we give holds for fixed coders and decoders.

II. PROBLEM FORMULATION AND PRELIMINARIES

Let the source output alphabet be and
the set of states of the Markov source be .

0018–9448/01$10.00 © 2001 IEEE
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The Markov source is fully defined by the next-state function
and the letter probabilities .

At each time the source outputs a letter fromand moves to
another state. The next state depends on the present state and the
output and is given by the next state function. The probability
of a particular output occurring when we are in state
is . We can consider the to be a matrix with the entry
in row and column being . Let be the random
variables denoting the output and state, respectively, at time.
The distribution of the Markov source is defined by

We will use to denote the set of strings of finite length with
letters from the alphabet. We will use for the proba-
bility of a string occurring starting in the state. Note
that this probability depends onand . We assume throughout
this paper that the underlying source is irreducible and aperi-
odic. Also note that Markov chains of a finite order are a spe-
cial case of the Markov source as we have defined it. The most
general case that we consider is when we do not knowand

. In most cases, we will discuss the situation when we know
and then indicate how the results change ifis not known.

Some of the methods we give are computationally efficient only
if we assume that the class of sources is the class of tree sources.
Though most of the results can be extended to the case when
is not known, we state results for less general classes if the re-
striction makes the algorithm more efficient. We indicate specif-
ically when the results do not hold for more general classes of
sources.

We consider the case when the encoder and the decoder can
keep track of the state of the source (and initial state are
known). This allows the encoder and the decoder to choose the
dictionary to be used depending on what state the source is in.
We cannot do this if we do not know since the coder and
decoder will not be able to keep track of the current state of the
source. When the methods described can be generalized beyond
this scenario we indicate how to do so. When the state can be
tracked, the encoder is a collection of dictionaries. A dic-
tionary is used to parse the source output if the source is in
state . When we do not know the state that the source is in, the
encoder will consist of just one dictionary.

We now describe the performance of a collection of dictio-
naries with a maximum of segments in a dictionary. The
performance of this collection of dictionaries will be determined
by the expected output length relative to . The case when
we only have one dictionary is easily dealt with by taking
to be independent of. To define the compression ratio pre-
cisely we first define a segment source as in [7]. The starting
state of a segment and the segment determine the state at the
start of the next segment. Also, the probability of a segment oc-
curring given the present state and the past states and segments
depends only on the present state. Thus, the segment source is
a Markov source induced by the original Markov source and

. Let denote the output of the induced segment
source. The state set of the segment source need not be ir-
reducible even if it is irreducible for the original source. Let

be the set of all the irreducible

subsets of . The performance of the code is governed by the
expected average phrase length given by

This is also given by (see [7])

where is the probability of the source entering the ir-
reducible set , and is the steady-state probability of

given that the source has entered. Our goal is to find
a collection of dictionaries independent of the letter proba-
bilities such that the compression con-
verges quickly (with increasing dictionary size) to the entropy of
the source. This definition of compression is as in [7]. It differs
from the definition in [11]. The two definitions are equivalent if
the segment source is ergodic. For a given code, we can increase
the number of codewords by a constant number to make the seg-
ment source ergodic (if the underlying source is irreducible).
Since our results are asymptotic they also hold for the stricter
definition. The argument that we can indeed make the segment
source ergodic is as follows. Suppose that the number of states
is . Consider the code tree for a given state. We can add a tree
with leaves to one of the leaves of the code tree. Call these

. Assume that in the underlying source we can go from
one state to any other in at moststeps. We can find such an

if the underlying source is irreducible. We extend leafby
the path needed to go from state that we are in at leafto state
. We can do this with a path of length no more than. We can

complete the tree with an addition of at mostleaves. So we
can add at most leaves to each tree and ensure that
we can go to any state from any state in one step of the segment
source.

III. A CHIEVABILITY

In this section, we will give a method to achieve optimal
coding for a Markov source. As mentioned earlier, we assume
that the encoder and the decoder know the next-state function
though the letter probability function is unknown.

We first describe a method to form a complete, prefix-free
dictionary given a distribution . We assume that satisfies

and

Define the dictionary by if and no prefix
of satisfies this property. Clearly, is prefix-free, it is also
complete if the distribution is such that goes to zero as
goes to infinity for any infinite sequence , where denotes
the prefix of length of the infinite sequence .

We will create dictionaries using the method described above
for a finite but growing set of possible letter probability ma-
trices and combine all these dictionaries to form a dictionary
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which will work well for any possible letter probability matrix.
The method we use for combining dictionaries was given in [6].
Suppose that we want to build a dictionary of size at most.

will be an integer parameter in our scheme and will need
to be chosen appropriately. Considercolumn vectors of in-
tegers , each vector of size. The vectors are
chosen so that each entry of a vector is betweenand and
the entries in a particular vector sum to . Thus,
defines a distribution on for each . Let

Then is a valid letter probability matrix for each set of vectors
chosen according to the restrictions above. Each validalong
with an initial state defines a distribution . We
will form by using the procedure described
above with

where is the minimum entry in vector .
We note that because of the way the dictionary is constructed

we have

for . Thus, since

we have

Substituting in the value ofwe have used to form the dictionary
we have

(1)

We have so far described how to form the dictionary for a par-
ticular letter probability matrix depending on .
We can thus obtain dictionaries for each of the different pos-
sible valid vectors . We will combine these dic-
tionaries by taking a union of all the dictionaries and then re-
moving elements so as to make the union prefix-free. Let the
dictionary so obtained be . The idea is that if we take large
enough then, for any parameter value, we will have a dictionary
tuned to some parameter close to the true parameter and so we
do not lose much in performance. On the other hand, taking large

imposes a larger penalty when combining the dictionaries to
form one dictionary. We will now show an upper bound to the
compression achieved by this scheme with .

Let us denote by the entropy rate of the source, which
is given by

where is the steady-state distribution of the Markov source.

Theorem 1: For any and for any letter probability
function with for each , ,
there exists such that

for all .
Proof: First let us upper-bound . Now

where the union is over all valid vectors . This
implies that

Because of the constraint that the components of each integer
vector should add up to we have that the number of valid
sets of vectors is bounded by . Thus, we have, using (1),
that for each and so . We
will now lower-bound .

Let

where is the steady-state distribution of the Markov source.
We have from [7]

(2)

for any and . In the above equation, is the
probability of the source entering the irreducible set, and

is the steady-state probability of given that the
source has entered . Let be the true letter probability
matrix and be the letter probability matrix which is com-
ponent-wise closest to . Let the vectors of integers which
result in this be . For any in we have
(by the construction of ) that

Thus, using (2) we have

(3)

for and where .
Now we will upper-bound . To do this, we will

upper-bound for each , using the two
lemmas below. Note that in Lemma 1, on the right-hand side
(RHS) the argument of the divergence is a real number and
not a distribution. By for we mean the
divergence between the distributions and .
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Lemma 1: Consider two distributions and on a finite
alphabet . Then

Proof of Lemma 1:The RHS equals

(4)

(5)

(6)

Equation (4) follows by the definition of . Equation (5)
follows by rearranging the terms in (4). Equation (6), by noting

that if the second term in (5) is denoted bythen the third term
is , and hence all but two of the terms cancel when we do
the outer sum over.

The use of this lemma is to write a divergence between dis-
tributions on an arbitrary finite alphabet in terms of divergences
between distributions on an alphabet of size two.

Each divergence on the RHS can be bounded using the fol-
lowing lemma.

Lemma 2: For

Proof of Theorem 1 (Cont.):Using Lemmas 1 and 2 to
bound the divergence we get the equation shown at the bottom
of the page. The last inequality holds for . Thus we
have for sufficiently large

Taking and using the upper bound on
in (3) we have the equation shown at the bottom of the following
page. The last inequality holds for sufficiently large, i.e., for

.
We have shown a scheme to code over a class of Markov

sources when the coder and decoder can keep track of the state
of the source. We can use the same idea to code when the next
state function is not known. Given a finite set of states and a
finite alphabet, the number of possible next-state functions is fi-
nite. For each next-state function, we can build a collection
of dictionaries . We can then combine the dictionaries for
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the various states using the same scheme as before to get a dic-
tionary with at most words. We now combine
these dictionaries for each next-state function to form one dic-
tionary with at most words.
denotes the number of next-state functionspossible when the
set of states has size and the alphabet has size . Now, as

gets large, the rate loss from combining these dictionaries
becomes insignificant since is finite. Thus,
the performance of this scheme is asymptotically equivalent to
the scheme when the next state function is known. For practical
dictionary sizes not knowing could cause significant penalties
since grows rapidly with and .

IV. CONVERSE

In this section, we will show a lower bound on the perfor-
mance achievable by any code. We will assume that the next-
state function is such that the states are irreducible. We will
also represent the letter probability matrixas a vector with

components with ,
and . Note that we do not need

components because of the constraint that the rows ofmust
sum to . The converse cannot be for every parameter valuebut
rather for “most” parameter values. This is because for any given
code there might be some parameter values for which the rate is
close to the entropy. What we show is that for any code the set of
parameter values for which the code performs “well” is small.
The converse result is stated precisely in the theorem below. The
proof is a modification of the converse for i.i.d. sources given in
[8] which in turn is analogous to Rissanen’s proof of the con-
verse result fixed-to-variable length codes [4].

Theorem 2: For all and any prefix-free variable-to-
fixed length code with large enough

for all valid except for those in a set whose
volume goes to zero as increases.

Proof: Fix and . Let .
Consider a code which consists of dictionaries for each

with for each .
Let

and

where as before is the probability of the source entering
the irreducible set , and is the steady-state proba-
bility of given that the source has entered.

Also let

and

Now

Thus, we have .
Now from [7, proof of Theorem 3] we have

so we have

Thus,

(7)

We will make a few more definitions. Let denote
the number of times state is visited when the source emits
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and the initial state is. Also, let be the
number of times the output occurs when the source is in
state . Let

if else let . is a matrix
which is an estimate of the letter probability matrix. Again
we will convert to a vector with

for and . Now
let

where denotes the distance between the two vectors
and is a constant to be specified later. Let .

is the probability that the event occurs given the
starting state is. Also let

Since we have

(8)

where the first inequality follows from the log-sum inequality,
the second inequality follows from

and the fact that for .
Equation (8) can also be written as

Since we have

(9)

Let

Due to (7) and (9) we have that

for sufficiently large . Thus, if we can show that the volume
of is vanishing as increases we will be done. Let

. Then we have , where
denotes the volume of a set.

Let be a ball of radius centered at . Let be
the maximal number of nonintersecting balls of radius
that can be packed into and let be the corresponding set of
centers of these balls. Then the volume ofis bounded by

where is a constant. Thus, to bound the volume of we
need to find a bound for . To bound we will need a lower
bound on . We can lower-bound as follows:

(10)

where both inequalities follow from the log-sum inequality and

is defined similarly from .
From (10), for , we have

This implies that

(11)

(12)

We will need the following lemma which essentially says that
is close to one.

Lemma 3: For every there exist and such that
for all .

We give the proof of this lemma in the Appendix. Lemma 3
implies that for sufficiently large we have for some
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Now, since the set of balls of radius are noninter-
secting, we have

By the definition of we have and hence
. Using the fact that

we have . Thus,

for some constant independent of .
Thus, we have for sufficiently large
depending on and .

V. PERFORMANCE ONINDIVIDUAL SEQUENCES

So far we have considered coding of the output of a Markov
source using a universal variable-to-fixed length code. Our mea-
sure of performance was , so we tried to
find codes of a given size for which is maximized. We
now analyze the performance of the coding method described
in Section III on an individual sequence . Here we do
not assume to be generated by a probabilistic source. Given
a variable-to-fixed length code of size the output length is

per phrase. If a dictionary parses into
phrases (we denote theth phrase by ) the output length
is . The coding rate for this sequence is, thus,

. We will compare the code length achieved
by the code we constructed in Section III to the best perfor-
mance achievable on the sequenceby codes in a particular
class. This measure of performance easily incorporates adaptive
coding methods, as opposed to our earlier measure.

To construct the code in Section III, we needed to assume
that we know the underlying structure of the source (i.e., the
set of states, initial state, and the next-state function). The class
of codes we consider corresponds to the set of Markov sources
which have the given structure. This set is parameterized by

, the transition probability matrix. For each valid matrix
we have a corresponding code which assigns a code length

to the string . For a particular string
there will be a transition matrix which minimizes the code
length. The next theorem gives a bound on the performance
of code (described in Section III) in terms of this minimum
code length. The proof is similar to the proof of Theorem 1.

Theorem 3: Fix . For sufficiently large we have

for all with .

Proof: Given a next state function and an initial state
the probability of a string can be written as

where, as before, denotes the number of times
occurs in state when is the output of a source starting in
state . It is clear that is maximized by

where

Let be the transition matrix on the grid (see Section III) which
is component-wise closest to . By the construction of the dic-
tionary for any we have

where is the minimal entry in the matrix . We assume
that so that there is at least one completed phrase. Now
we have

Since so we have

The last inequality follows due to the following argument:
is the closest point to on a grid of uniform

spacing on the segment . Point on the grid is
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at . Thus, the largest that can be is
. Hence, we have

Taking (as in Section III) and for sufficiently
large , we have

Again, although we have stated this result for the case when
the state can be tracked by the encoder and decoder, we can use
a modification (described at the end of Section III) to remove
this restriction. The minimum on the RHS of our result would
then be over and (the next state function), and the constants
on the RHS would be larger.

VI. A NOTHER CODING METHOD

The method described in Section III is optimal but requires
the dictionary for each state to be precomputed and stored un-
like the coding method given by Nissenbaum and Feder [1]. In
[1], the performance of the coding method is investigated for
i.i.d. sources. We describe and investigate the performance of
this coding method described for Markov sources. The method
gives a variable-to-fixed length source-coding method which
can be used in conjunction with a modeler for the source sta-
tistics which provides estimates of probabilities based on the
past data. This scheme can be used to obtain a variable-to-fixed
length coder for Markov sources and, in general, for stationary
ergodic sources. For Markov sources we will find the rate at
which coding rate converges to the entropy. The coding method
is closely related to arithmetic coding.

We will first describe the method for variable-to-fixed length
coding in detail. As before, we assume that our input is from a
source that takes values on an alphabet of
size . Let be a function which satisfies

and

for any . We will use the probabilities given by to
code the source. Suppose that we want to build a coding tree
with leaves. Initially, the range for our output index is .
Suppose that the source output is a string .
As each letter of the string is processed we will narrow the range
for the index. When the range is strictly smaller thanwe stop.
Suppose that after stageour index range is .
Let the size of this set be . At each stage we reduce the
range of indexes roughly proportional to the probability of the
symbol that occurs. Suppose that . We make the size
of the new index set

if . If we make the index set size

By the construction above we have that

(13)

Once we have found the sizes of the index range for various pos-
sible output letters we can then determine the lower and upper
limits of the range when by

and

We proceed in this way until the size of the index range is
smaller than the size of the input alphabet. We arbitrarily
choose the low end of the range to be the codeword for the input
string and since we started with a range of we can code
each output index with bits. If goes to zero as

increases for each infinite stringthen the method described
above always terminates and thus describes a tree withleaves
that can be used for variable-to-fixed length coding. Note that
we need not build and store the tree, we can compute the parsing
and the output index if can be computed for each string

. The decoder must have access to the sameand then
the coding process of the encoder can be reversed at the de-
coding end. We have two choices once we code a phrase: we
can either use past information to estimate probabilities of sym-
bols or we can reset and start afresh. If we do not reset we are
in effect adapting the code tree and so is not a meaningful
measure for the code. We will consider both these alternatives.

As an example of this coding method, consider the case when
the source is binary and we code using distribution

. Also, let . Initially our index range is
. If we see a , the new size of index set is

(the index set is ) and hence is a codeword. If we see a,
the index set is . Repeating this procedure, we see that the
codewords are .

A. Performance of the Coding Method

We will investigate in this section the performance of the
coding method for Markov sources. Although the rate that we
show the coding scheme achieves, is not optimal, it is close to
being optimal. The coding method described needs a method
to estimate probabilities. We will use the Krichevsky–Trofimov
estimator [2]. This estimates the probability of seeing output
in state as

after seeing a string starting from state . As before,
is the number of times outputoccurs when the

source is in state and is the number of times
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that state occurs. Thus, the estimate of the probability of a
string is

We fix a given initial state and omit it from the notation. Thus,
we will write for .

To determine the performance of the coding method we will
need to upper-bound the probability of the leaves of the coding
tree. Consider a string which is a leaf of the coding tree de-
scribed above. Since is a leaf we know that afterstages the
size of the index range is at most . Using this fact
and (13) we have that . Pro-
ceeding backward we have that

Equivalently, we have

(14)

The theorem below bounds the performance achieved by the
coding method described above with the counts being reset after
the coding of a phrase. Clearly, this does not make sense if the
source is stationary, but it has advantages of not propagating er-
rors and in bounding the peak rates. The code does not propagate
errors because the output codeword is of a fixed length, and the
code does not change with the bits coded so far. Note though
that, in case of an error, we do lose synchronization.

Theorem 4: Consider a Markov source with nonzero entropy
rate. For any we have for sufficiently large

where is the number of states andis the size of the alphabet.
Proof: Using (39) and (40) from [7] we have

(15)

As before, are the irreducible sets that are induced by the
coding trees, is the probability that the source will be in
a state in , and is the probability the source is in state

given that the source state is in . Since

(16)

we can lower-bound by lower-bounding the two terms on
the RHS of (16). Now, from [2, eq, (2.6)], we have

where is a memoryless distribution, is the Krichevsky–
Trofimov estimate for the probability of under the i.i.d. as-
sumption, and is a positive constant independent if. In our
case, since we have a Markov source, we can apply this result
to subsequences of each subsequence consisting of sym-
bols which share a common underlying state. Using this and the
concavity of the logarithm twice we get

Consider now the second term. We have

The first inequality follows from (14), the second because
, and the third from the convexity of .

Combining these two lower bounds with (15) we have

where the second inequality follows from the definition of
and the convexity of the function.

Using (15) and the fact that the entropy of a distribution on
an alphabet of size is no larger than we have that

. Thus, we have from the monotonicity of

Equivalently, the compression ratio is upper-
bounded as shown in the equation at the bottom of the following
page.

Thus, for any we have for sufficiently large de-
pending on the source entropy and
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The redundancy we have shown is of the order of
, thus, it exceeds the optimal re-

dundancy by . We have seen the perfor-
mance of the Nissenbaum–Feder coding method on a Markov
source when the next-state function is known. If we do not know
the next-state function, then we could use an average of the
Krichevsky–Trofimov estimator over various next-state func-
tions and since these are finite in number this will not affect
the result of the previous theorem. Computationally we will
be worse off since we will have to compute the average of a
possibly large number (exponential in the number of states) of
estimators. When the source is a tree source with memory at
most there are efficient ways to compute the average distri-
bution without knowing the exact structure of the source [10].
These methods can be used with the Nissenbaum–Feder coding
method to give efficient compression algorithms.

The Nissenbaum–Feder coding method can be used adap-
tively by not resetting the counts when a phrase end is reached.
In Section VI-B, we look at the performance of adaptive and
nonadaptive methods on individual sequences.

B. Performance on Individual Sequences

We consider the performance of the variable-to-fixed length
coding method described above along with the Krichevsky–
Trofimov estimator for estimating probabilities. We will bound
our code length in terms of the best achievable code length from
the set of codes which correspond to sources with a given set
of states , alphabet , and next-state function . Different
sources in this class correspond to different parameter values.
Let be the number of phrases when is coded and

denote the probability if the source and parameters
given by the matrix . Also, let and . If we
reset counts after the coding of each phrase then we have the
bound given by the following theorem.

Theorem 5: For any we have for sufficiently large

where

Proof: From (14), we have for any phrase ,
. Thus, we have

(17)

Now and ,
thus we have

or, equivalently,

where

Substituting this back into (17) and using the fact that
is increasing we get

Since this equation holds for all valid we have the required
result.

In the above analysis, we assumed that the counts are reset
when a phrase is coded. If we do not reset these counts we will
perform better if the source is stationary. We now analyze the
case when the counts are not reset, i.e., the whole past is used to
estimate probabilities. This is just a minor modification to the
previous analysis.

Theorem 6: For any we have for sufficiently large
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Proof: From (14), we have for any phrase ,
. Thus, we have

We can now proceed as in the proof of the preceding theorem to
obtain the required upper bound.

APPENDIX

In this appendix we prove Lemma 3.

Lemma: For every , there exist and such that
for all .

Proof: To lower-bound we will lower-bound
for each . By definition

(18)

We will first upper-bound

We drop the explicit dependence on the output sequence and the
initial state and let

and

Then we have

(19)

Consider one of the terms in the above summation.

(20)

We can bound the first term in (20) using the Chebyshev in-
equality for

for

Let be the random variable which gives the output value
when the source enters statefor the th time. The sequence of
random variables is an i.i.d. sequence for each state.
Then the second term in (20) can be bounded as follows:

where the second inequality follows for sufficiently large
and the last inequality follows from the Chebyshev inequality
for sufficiently large. Thus, we have

for

Thus we have for

and sufficiently large that
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Since for and

we have for sufficiently large , .
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