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TABLE Il

DIFFERENTUPPERESTIMATES OFmax P,. FORBCH[255, 139, 31]

max Py, computed via Method A A896-24 Separation of Random Number Generation and
max P, computed via Method C .121e-26 Resolvability

max P,. computed via Method D .114e-26

max P, computed via mixed approach, s =44 | .122e-26 Karthik Visweswariah Member, IEEE

max P, computed via mixed approach, s =38 | .264e-25 Sanjeev R. KulkarniSenior Member, IEEEand

Sergio Verdy Fellow, IEEE

In Table | the first column contains the dimension/6f the second
one contains the distance of the dual codéiofor a lower estimate),
the following two COIumns Conta_'n the RES_ Ca'C‘_J'ated as above, t provide achievability and converse results for a general source and
last two columnbcontain, respectively, the dimensionsiof andHz.  channel. For the special case of a full-rank discrete memoryless channel
Table Il is similar to Table | except for the middle columns, whichve give a stronger converse result than we can give for a general channel.
containmax .. calculated as above. Index Terms—Approximation theory, channel output statistics, random

If the computation of RES 2 (hence &%, 2) is quite costly (@S number generation, resolvability, source—channel separation.
for the BCH255, 139, 31]) and the researcher is only interested in the

P,., we suggest a mixed approach between Method A and Method B
(or Method C), in three steps. First, one calculatesvalby Method

A. Second, one calculates only someby Method B (or Method C),  The classical separation theorem essentially states that source and
more precisely, the; with lower: (say: < s). Finally, one calculates channel coding can be done separately without losing optimality. In [5],
the estimate of thé”,. taking fori < s thea; obtained by the second 5 source—channel separation theorem was shown for sources and chan-
step and, for the remaining values, theobtained by the first one.  nels more general than those in the classical separation theorem. Here
A few results of the mixed approach for thmax P.. of \ye investigate an analogous separation theorem in the case of resolv-
BCH([255, 139, 31] are shown in Table II. ability and random number generation. Random number generation in-
volves finding a deterministic transformation to generate a sequence of
equiprobable bits from a given source of randomness. Resolvability is a
E.roperty of a channel which gives the amount of randomness required
10 simulate, at the output of the channel, any distribution that can be
achieved by a random input to the channel. We consider the two prob-
lems together, i.e., when can a given source of randomness be used to
simulate the output of a given channel due to any input, to arbitrary
accuracy. In Section Il, we give some notation and background to state

Abstract—We consider the problem of determining when a given source
an be used to approximate the output due to any input to a given channel.

|. INTRODUCTION
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the problem precisely. Sections lll and IV give achievability and corwhereY™ and Y" are the outputs of the channel duegt@z™) and
verse results for a source to approximate the output of a given chaniél, respectively.

due to any input. We have not been able to show results fully analogous, . . N o
sing this definition of are-approximating source we can now de-

to [5] and there is a gap between the achievability and converse resylt Z100b imati dor W if it is e imati
that we have not been able to bridge. Section V deals with the spei}%? 0 be anapproximating sourceor W 1T LS c-approximating
I

r W foralle > 0.

case when the channel is discrete-memoryless and of full rank. For ﬁ'he resolvability of a channel is the minimum number of random bits
special case we will be able to show a converse which is stronger than Y

the converse in Section IV for a general channel. required per input samplg to approximate arbitrarily well the out.pqt. of
the channel due to any input process (see [3] for a formal definition

of resolvability). The problem of resolvability of a channel was first

considered by Han and Verdu ([3]) where it was shown that the resolv-
In this section we give, some basic definitions, a precise stateméhility of a channelisupy I(X, Y') (For a definition off (X, ') see

of the problem to be considered, and results which are already knol@h- The problem we consider here is that of finding necessary and suf-

for the problem of separation of resolvability and random number gefitient conditions for a given sourcg to be an approximating source

Il. PRELIMINARIES AND PROBLEM FORMULATION

eration. for a channeW. To use a given source to approximate the output of
The following definition is as in [3] and we repeat it here for the saké channel due to another source we could use the source to generate
of completeness. random bits at the best possible rate and then use a deterministic trans-

formation of the random bits at the input of the channel. The problem of
random bit generation was considered by Vembu and Verdu [6], where
fundamental limits on the rate at which random bits can be generated
o) n n  n n nyoo from a given source were given. Using the results of [3] and [6] and
W ={W"(y"|a"): («", 1 A" x B"}02. i . !
(W "2 (@7 w) € X B haz the two-step process outlined above we can easily show the following

- . ~sufficient condition.
Definition 2: A source of randomnesX is a sequence of finite-

dimensional distribution§ Py~ }5%, with X taking values ind" . Theorem 1:1f H(Z) > S thenZ is an approximating source for a
channeW, whereS is the resolvability of the chann&¥ .
Note that there are no consistency requirements on the sequence of

finite-dimensional distributions, this is the difference between Defini- The converse below can also be derived using the results in [3]. A
tion 2 and the standard definition of a random process. Throughout §rceZ can be approximated usirigj(Z) random bits per sample [3,
assume that the source and channel alphabets are finite. Theorem 3]. This also means any process derived #ohy a deter-

We now give some notation that is used throughout this correspdilnistic transformation can be approximated usth@gZ) random bits
dence. Let the output distribution, when the input is distributed aBer sample. Thus if a sourégis an approximating source for a channel

Definition 1: A channelW with input alphabetd and output al-
phabetB is a sequence of conditional distributions

cording toQ", be denoted by W™ . Thus then we can approximate any output of the channel Witl%) random
bits per sample and so the resolvabibitpf the channel must be smaller
Q"W"(y") = Z W™ (y" |2™)Q" (z™). thanH(Z). Thus we have the following theorem.
arear Theorem 2: If H(Z) < S thenZ is not an approximating source
Also let for a channeW .
.. Wb |a™) In the next two sections we will give an achievable and converse

ixnwn(a™, ") 2 1o
XA D)= 08 T ) results in the spirit of [5].

whereP;- is the output distribution wheRx~ is input to the channel
w*, and lIl. A CHIEVABILITY
hzn(z") 2 log % In this section we give a sufficient condition for a soueo be
Pzn(zm) an approximating source for a chan®&lwhich implies the sufficient
distance to measure the difference between two diggndition given by Theorem 1. The sufficient condition is analogous to

We will usel - e - ; .
y ﬁufhuent condition derived in [5] for the source—channel separation

tributions on the same alphabet. We will denote the distance betwék

P andQ by d(P, Q). We note that problem. We will first define the notion of a source strictly dominating
a channel.
(P, Q) =2 sup |P(E) — Q(E)| Definition 4: A sourceZ is said to strictly dominate a chanridl

if for every channel input proces¥ there exists @ > 0 such that
whereA is the alphabet on which the two distributions are defined. If
X andY are two random variables on the same alphabet we some- . 1 "
times writed(X, Y') for thel, distance between the distributions®f mefr {P {E hon (Z7) < en 5}
andY’. 1 ,
We now define precisely what we mean by a soufceeing an ap- +P {; ixnwn (X" Y™) > 0} } =0.
proximating source for a chanriél. ’

Definition 3: For anye > 0, the sourceZ with alphabetF’ is e note that (Z) > S implies thatZ strictly dominated¥ since

called ane-approximating source for the chan&l if for any arbi- i we takec, = (H(Z)+ S)/2 the required condition is satisfied. The
trary input sourceX , there exists a sequence of deterministic mappinggnverse, however, is not true.

{¢pn: F" — A™} such that for sufficiently large
Theorem 3: If a sourceZ strictly dominates a chann® thenZ is

Y™, Y") < e an approximating source for the chanbEl
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Proof: If the sourceZ strictly dominates the chann®, then for a channeW then the source dominates the channel. The notion of
for each input procesX there exists a sequen€e, };=; andas > 0 a source dominating a channel would be defined (analogous to [5]) as

such that follows.
P F hoyn (Z7) < en + é} <7 ) Definition 5: A sourceZ dominates the chann&V if for every .
n processX, for everyé > 0, and for every sequence of nonnegative
and numbers{cy }o2;
. ]- n . ]- . WA el —
P |:;l7 ]:X”VV” (}(ﬂ,; }fn) 2 Cn:| S T (2) HIEI;O P g hzn(Z )S Cn —(5:| P |:; tXnWn (}x ) Y ) Z Cn —0

It can be verified that if a source strictly dominates a channel then it

yvherern —>.O asn — oo Equation (1) |mp||esr that;/ve can approx-y ) ninates the channel. Also note thatZ) < S implies that the
imate any distribution with type less tharp » (c, + 2 6) using the )
y source does not dominate the channel.

distribution Z™. What we mean by type here is the following: A dis-
tribution is of typek if all probabilities that it assigns are integral mul-  We have not been able to show this statement that we set out to prove
tiples of 1/k. To show this we use the procedure in the Aggregatidsut we give a weaker statement that neither implies nor is implied by

Lemma [6]. Theorem 2. The result is stated in contrapositive form and is weaker
Define than the statement that we would like to make in two ways. First it
n n n - —n(ent6 involves the notion of a source being a strong approximating source
5 = |z F": Pyn(2") < (ento)y Invo o
=" € zn (27) < exp } for a channel and secondly, the necessary condition that we show for
Consider anyM -type distributionPy; on {1, 2, ..., M}. We will asource to be strongly approximating for a channel is weaker than the
place elements 0§ in bin B,, (i) until we have notion of a source dominating a channel.

We now give the stronger definition of an approximating source, fol-
lowing which we can state a necessary condition for a given source to
We stop either when we complete this process foralll, 2, ..., M be a strong approximating source for a given channel.
or when we run out of sequences in the $&t. All remaining se-
guences irF™ are placed i3, (1). At the end of this process we have

Py (B (i) > Pu(i) — exp™ "9

Definition 6: For anye > 0, the sourceZ with alphabet is called

a stronge-approximating source for the chanridf if for any arbi-

M trary input sourceéX , there exists a sequence of deterministic mappings

> Pz (Bu(i) = Par (i) {én: F" — A"} such thatP;, zn) < P. and such that for suffi-

=l ciently largen

< max (2]% exp "t or 4 M cxp_77'("”+6)) . .
dY", Y") <€

ForanyM < exp n (cn + % 6) theright-hand side of the last equation ~ . ‘

goes to zero, since, — 0. whereY™ andY™ are the outputs of the channel due¢t6Z") and
We will now state and use alemma the proof of which readily follows" " respectively.

from the argument used in [3, Proof of Theorem 4]. We callZ a strong approximating source fi if it is a stronge-ap-

Lemma 1: If proximating source foW for all ¢ > 0.
1 Note that the only difference between Definitions 3 and 6 is that the
Pl—ixnwn(X"Y") > cn| <7 latter places an extra constraint that the deterministic transformation
" can only map to those sequences which have nonzero probability under
wherer,, — 0 asn — oo then for anyy > 0 there exists a proce§ ~ the source whose output we are trying to approximate.
(producing outpul”) such that The following theorem states precisely a necessary condition for the
. o o source to be a strong approximating source for a channel. We note that
Qi d(Y7, YY) =0 in (4) below if we did not haves,, going to1 but just being strictly
and X" is an M-type distribution with)f < exp n(cs + 7) ggg?;;t?:ﬁtgﬁ:ntnhéi condition would be the negation of a source
Equation (2) and Lemma 1 imply that there exists a proégssvith Theorem 4: Suppose that for some proceXs for somen, & > 0,

) 2 . .
type smaller thanxp » (.c" ts ﬁ).Wh!Ch approximates t.he Output o4 for some sequence of nonnegative numbers,Z,
due toX. We can approximate arbitrarily closely any distribution with

type less than or equal tap 7 (¢, + 26) (and henceX™) usingZ™.

This along with the fact that( PW, QW) < d(P, Q) for any channel

W and distributions?, @ imply thatZ can be used to approximate thean d
output of the channd¥ when the input process X. Since we can

find a sequencéc, },,—; and & > 0 which satisfy (1) and (2) for any
input processX, the sourceZ can approximate the output due to any
processX .

P {l hon(Z") < en — 5} > a @3)
n

1 . -1 ~n P
P |:; 7,/\'77.]/[/77.(1‘& Y ) > (Zn:| > /37, (4)

for all n € I wherel is an infinite set of integers and, — 1 as
n — oo. Then the sourc& is not a strong approximating source for
the channeW.

In this section we will give a converse result stating a condition under  Proof: Equation (4) along with Feinstein’s lemma [2] implies
which the source will not be an approximating source for a chanrtbiat there exists a code of lengthwith exp n (¢, — ;) codewords
in a certain sense. We would like to have a result completely anakmd with maximal probability of error less than for » € I where
gous to the necessary condition in [5] for the source—channel separa— 0 asn — oo. Consider agood code wit! = exp n (c,, -2 )

10
tion problem, which would have been:fis an approximating source codewords. Let the codewords bie } 2, and their corresponding de-

IV. CONVERSE



2240 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 46, NO. 6, SEPTEMBER 2000

coding sets b D;}?£,. Consider now the process” which places If a sourceZ does not dominat®” then there is a proces§ such
massﬁ on each of thélf codewords{b,}Z,. We will show that the that for somev, 6 > 0 and for some sequence of nonnegative numbers
output due to this process cannot be approximated well with our sour¢e, } 52

Consider the set

’ ‘ ‘ P |:l hyn (Z7) < ¢n — (5:| > (5)
S" = {" Lhyu(2") < cn — 61 n
and
By (3?, Py~ (S™) > « foralln € I. Consider any de_terministic p P o (Yn; }—,n) > Cn:| S ©)
mappinge,, (from F" to A™) and theN codewords to which the se- n

quences inS™ get mapped. Assume the codewords are numberedfgg all n
that these codewords afé, }'L,. Since|S™| < exp n(c, — 8), we '
haveN < exp n(c, — §).

Let

€ I where is an infinite set of integers. From [4,
Corollary 2] we have that for an FRDMGS = (. But for a DMC,
C = sup, I(X;Y). SinceS = supy I(X;Y) we have for a
FRDMC

B= U D; supI(X:;Y) =supI(X;Y).
. X X

Thus for an FRDMC if there is a proce38 such that (5) and (6) are

andY™ be the output due ta™". satisfied then there exists an i.i.d. proc&such that

N M C
1 1 o ) 6
Pyn(B) =57 > P(Blb:) + i > P(Bb) cw SIX:Y) + 15 )
i=1 T 4=N+41
N e, . for sufficiently largen € I. We will show that the sourc& cannot
< M + M (M -N) approximate the output due to process
< 2e, Define the set of sequencesAf that are noty-typical (v > 0) by

where the last inequality holds for sufficiently largec I. Let X be Dxn(v) = {wn; ‘l N(a|z™) — Px(a)| > ~ for somea € A}
¢(Z) andletY” be the output process wifki as the input to the channel n

o where N (a|z") denotes the number of times thabccurs in the se-

Pyn(B) = P(B|b;)Px~(b; quencex”.
v Z (Blbi) P (0] Also define the set of sequences jointhtypical with «™ by

i=1

N

> > P(Dilbi) Pxn (bi) Tw (2", v) = {?f ‘l Na, bla", y") - L N(alz" )W (b|a)

— n n
>(1—en)Prn(S™) < yforall(a, b) € A x B}
>(1—€n)a.

whereN (a, b|z", y™) denotes the number of times that &) occurs
Thus we have in (z", y").

Let W denote the matrix whose columns are the transition vectors

P (B) — Pyo(B) > (1 — €)= 26, {W(.|a)}aca. Letr be an|A|-dimensional vector and lat = Wr.
o ) ) SinceW is of full rank if |r;| > ~ for somei € {1, 2, ..., |A|} then
for all sufficiently largen € I. We note that the right-hand side of the|sj.| > k~forsomej € {1, 2, ..., |B|} and somé > 0 independent

equation a_bov_e does not goto zerouaisicreases and sB cannot be ¢ Thus we have that if” € D% (+) thenW N (2")/n differs from
an approximating source in the strong sense for the chabinel Oy p by k-~ in at least one component, whé¥é+" ), P are column

vectors consisting oV (a|z™), Px (a), respectively, fon € A. Now
V. A SPECIAL CASE if y* € Ty (x", v) then

We will now look at the special case of a full-rank, discrete, memo- 1 1
ryless channel (FRDMC). A chann®T is of full rank if the transition =N (bly") — Z = N(al|a™)W (bla)
vectors{ W (.|a)}ac are linearly independent. For the FRDMC we " aca
will be able to show a result analogous to [5], that we would liked t]%r all b € B. Thus we have that if
show for general channels.

Theorem 5: For a FRDMC, if the sourcéZ is an approximating 2" € DX (%) and y" €Ty <T" ﬁ
source for the chann® then the sourc€ dominates the channB . ' :
Proof: We will show that if the sourc& does not dominate the then N(yn>/77 differs from Py in some component by at |ea§l'
FRDMCW thenZ is not an approximating source for the charel  Thysy™ € D (%'). We have shown that if” € D% (%) then ’
At the outset we mention why we need the assumption of full rank. ’
We show that if sourc& does not dominate the chani®l, the source o n 27
: : ; - wla", 577 ) €Dy | +
cannot approximate the output due to a particular independent and iden- 3|A4| 3
tically distributed (i.i.d.) inputX . The reason we need the full rank
S . S u
assumption is that to approximate the output of an i.i.d. input to an
FRDMC it is necessary to place mass on the typical sequencEs of P Dr 2y 0 ’
This is not true if the channel is not full-rank. yeityilsg)) 7% asn—ee

<4

o
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and 0 asn — oo. Hence,Z cannot be an approximating source for the
FRDMCW. O
~

wr <TI%’ <”7n» 34| ) |=’l’n> -1 asn — oo We note that Theorem 5 implies thaiffi( Z) < S then the sourcg&
is not an approximating source fora FRDMC channel with resolvability

at a rate independent af* (from [1, Lemma 2.12]). So if the input -
¢"(Z") approximates the output due " then we must have
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for everyz"™ € D% (1) wheree(v) is continuous iny, independent
of " ande(v) — 0 asy — 0. Define

Qn = {Zn: lhzn(zn) S Cp — 6}
n

Clearly,|Q"| < exp(n(c, — §)). Also defineR™ as the image of)”
under the mapping™ and

St = U ot (;L —3|”4|>.

anerr DS, (1)
Then we have
|S™| < exp n(cn — 8) exp n(H(Y|X) 4 €(7))

and Pyn(znyW"(S™) > 5 for sufficiently largen. € I. This is be-

cause
o n n v n
% <TH7 <I . m) |.E ) — 1

asn — oo at a rate independent of'

¥

Pyn [w(z”) € Din (Z)] —1

asn — oo and
Pru[6"(2") € R"] > a

for all n € I. Using (7) we can upper-bound”| by

|97 < expn <H(Y) - % + e(~,)) <expn <H(Y) - g)

for sufficiently largen € I, where the second inequality holds if
we choosey > 0 sufficiently small. We have?y-(S™) — 0 as

n — oo (by the strong source coding theorem for i.i.d. sources). For
any deterministic mapping” we can find a se6™ C B" such that
Pyn(ymyW"(5") > ¢ for sufficiently largen € I andPy~(5") —



