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Divergence Estimation for Multidimensional
Densities Via k-Nearest-Neighbor Distances

Qing Wang, Sanjeev R. Kulkarni, Fellow, IEEE, and Sergio Verdd, Fellow, IEEE

Abstract—A new universal estimator of divergence is pre-
sented for multidimensional continuous densities based on
k-nearest-neighbor (4-NN) distances. Assuming independent and
identically distributed (i.i.d.) samples, the new estimator is proved
to be asymptotically unbiased and mean-square consistent. In
experiments with high-dimensional data, the %£-NN approach
generally exhibits faster convergence than previous algorithms. It
is also shown that the speed of convergence of the £-NN method
can be further improved by an adaptive choice of %.

Index Terms—Divergence, information measure, Kaull-
back-Leibler, nearest-neighbor, partition, random vector, uni-
versal estimation.

I. INTRODUCTION

A. Universal Estimation of Divergence

UPPOSE P and () are probability distributions on

IR BRd The divergence between P and @ is defined
as 23
dpP
D(P = dP1 1
(Plo)= [ Pz S5 m

when P is absolutely continuous with respect to (), and 400
otherwise. If the densities of P and ) with respect to the
Lebesgue measure exist, denoted by p(z) and ¢(x), respec-
tively, with p(z) = 0 for P-almost every x such that ¢(z) = 0
and 0 log% = 0, then

Dl = [ ploytos 2. @

q(x)

The key role of divergence in information theory and large de-
viations is well known. There has also been a growing interest in
applying divergence to various fields of science and engineering
for the purpose of gauging distances between distributions. In
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[2], Bhattacharya considers the problem of estimating the shift
parameter 6, given samples { X;} and {Y;} generated according
to density functions p(x) and p(z — @), respectively. The esti-
mate f is the minimizer of the divergence between {X,} and
{Y; — 0} Divergence also proves to be useful in neuroscience.
Johnson et al. [18] employs divergence to quantify the differ-
ence between neural response patterns. These techniques are
then applied in assessing neural codes, especially, in analyzing
which portion of the response is most relevant in stimulus dis-
crimination. In addition, divergence has been used for detecting
changes or testing stationarity in Internet measurements [6],
[21], and for classification purposes in speech recognition [30],
image registration [15], [29], text/multimedia clustering [11],
and in a general classification framework called KLBoosting
[26]. Finally, since mutual information is a special case of di-
vergence, divergence estimators can be employed to estimate
mutual information. This finds application, for example, in se-
cure wireless communications, where mutual information esti-
mates can approximate secrecy capacity and are useful for eval-
uating secrecy generation algorithms [40], [41]. In biology and
neuroscience, mutual information has been employed in gene
clustering [4], [5], [31], [34], neuron classification [32], etc.
Despite its wide range of applications, relatively limited work
has been done on the universal estimation of divergence, see
[36], [38] and references therein. The traditional approach is to
use histograms with equally sized bins to estimate the densi-
ties p(x) and q(x) and substitute the density estimates p(z) and
4(z) into (2). In [38], we proposed an estimator based on data-
dependent partitioning. Instead of estimating the two densities
separately, this method estimates the Radon—Nikodym deriva-
tive d P/d( using frequency counts on a statistically equivalent
partition of R?. The estimation bias of this method originates
from two sources: finite resolutions and finite sample sizes. The
basic estimator in [38] can be improved by choosing the number
of partitions adaptively or by correcting the error due to finite
sample sizes. Algorithm G (a self-contained description of this
algorithm is provided in the Appendix) is the most advanced
version which combines these two schemes. Although this al-
gorithm is applicable to estimating divergence for multidimen-
sional data, the computational complexity is exponential in d
and the estimation accuracy deteriorates quickly as the dimen-
sion increases. The intuition is that to attain a fixed accuracy,
the required number of samples grows exponentially with the
dimension. However, in many applications, e.g., neural coding
[37], only moderately large sizes of high-dimensional data are
available. This motivates us to search for alternative approaches
to efficiently estimate divergence for data in R?. In this paper,
we present a new estimator based on k-nearest-neighbor (k-NN)
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distances which bypasses the difficulties associated with parti-
tioning in a high-dimensional space. A 1-nearest-neighbor di-
vergence estimator is introduced in the conference version [39]
of this paper.

B. Nearest Neighbor Methods

Since its inception in 1951 [13], the nearest neighbor method
has been shown to be a powerful nonparametric technique for
classification [3], [9], density estimation [28], and regression
estimation [8], [22]. In [19], Kozachenko and Leonenko used
1-NN distances to estimate differential entropy h(X) and
proved the mean-square consistency of the resulting estimator
for data of any dimension. Tsybakov and van der Meulen
[35] considered a truncated version of the differential entropy
estimator introduced in [19] and showed its 1//n-rate of
convergence for a class of one-dimensional densities with
unbounded support and exponentially decreasing tails. Goria
et al. [16] extended the 1-NN differential entropy estimator
to k-NN estimation, where k£ can be any constant. The recent
work [25] considered the estimation of Rényi entropy and
divergence via nearest-neighbor distances. The assumptions
and the corresponding consistency results are different from
those presented in this work for divergence estimation. In [37]
and [20], the differential entropy based on nearest-neighbor
distances is applied to estimate mutual information I(X;Y),
via

I(X;Y)=h(X)+h(Y)—-h(X,Y). 3)

Suppose we are to estimate the divergence D(pl|q) be-
tween two continuous densities p and ¢. Let {Xy,..., X}
and {Y3,...,Y,,} be independent and identically dlstrlbuted
(i.i.d.) d- d1mens1onal samples drawn independently from the
densities p and g, respectively. Let p and ¢ be consistent density
estimates. Then, by the law of large numbers

n ~

1 Z log 13(X )

n = (X
will give us a consistent estimate of D(p||q) provided that the
density estimates p and ¢ satisfy certain consistency conditions.
Particulary, if p = Py and § = ¢ are obtained through k-NN
density estimation, k£ should grow with the sample size such that
the density estimates are guaranteed to be consistent [28]. In
contrast, in this paper, we propose a k-NN divergence estimator
that is consistent for any fixed k. The consistency is shown in the
sense that both the bias and the variance vanish as the sample
sizes increase. These consistency results are motivated by the
analysis of the 1-NN differential entropy estimator introduced
in [19] and the k-NN version presented in [16]. However, our

emphasis is on divergence estimation which involves two sets
of samples generated from the two underlying distributions.

“)

C. k-NN Universal Divergence Estimator

Suppose p and ¢ are continuous densities on R?. Let
{X1,...,X,} and {Y1,...,Y,,,} be iid. d-dimensional
samples drawn independently from p and ¢, respectively. Let
pr(1) be the Euclidean distance! between X; and its k-NN

10ther distance metrics can also be used, for example, L?-norm distance,
1<p<oop#2
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in {X;};2i. The k-NN of z in {z,...,
i(1),...,i(n) is such that

lz = ziyll < llz =zl < -+

Zn} 18 2i(x) Where

<z = zigwyll-

The distance from X; to its k-NN in {Y}} is denoted by v (7).
Our proposed estimator for D(p||q) is

Zl
-1
To motivate the estlmator in (5), denote the d-dimensional
open Euclidean ball centered at x with radius p by B(z,p).
Since p is a continuous density, the closure of B(X;, px(i)) con-

tains £ samples { X; };; almost surely. The £-NN density esti-
mate of p at X is

(&)

D (pllg) =

A ok 1
W)= L@ ©
where )
d/2
er(d) = ——— %
T2 +1)

is the volume of the unit ball. Note that the Gamma function
I'(-) is defined as

+o0
I'(z) = / t*~tetdt ®)
0
and satisfies
I'(z+1) = 2I'(2). )
Similarly, the k-NN density estimate of ¢ evaluated at X is
. k 1
ar(X;) = (10)

m - e(d()’
Putting together (4), (6), and (10), we arrive at (5).

D. Paper Organization

Detailed convergence analysis of the divergence estimator in
(5) is given in Section II. Section III proposes a generalized
version of the k-NN divergence estimator with a data-depen-
dent choice of k£ and discusses strategies to improve the conver-
gence speed. Experimental results are provided in Section IV.
Appendix A describes Algorithm G which serves as a bench-
mark of comparison in Section IV. The remainder of the Ap-
pendix is devoted to the proofs.

II. ANALYSIS

In this section, we prove that the bias (Theorem 1) and the
variance (Theorem 2) of the k-NN divergence estimator (5)
vanish as sample sizes increase, provided that certain mild
regularity conditions are satisfied.

Definition 1: A pair of probability density functions (p, q) is
called “p-regular” if p and q satisfy the following conditions for
some n > u:

|10gp )|"p(a)dz < oo (11)

/ / |10g||x—y||| p(x)p(y)dedy < 0o (12)
/ |log ()| "p(z)dz < oo (13)

/ / |10g||1: —y||| p(z)q(y)dady < oco. (14)

Authorized licensed use limited to: Princeton University. Downloaded on July 28, 2009 at 12:24 from IEEE Xplore. Restrictions apply.



2394

Theorem 1: Suppose that the pair of probability density func-
tions (p, ¢) is 1-regular. Then the divergence estimator as shown
in (5) is asymptotically unbiased, i.e.,

lim E [f)n,m(pllq)] = D(pllq). (15)

n,m— oo

Theorem 2 shows that the k-NN estimator (5) is mean-square
consistent. In contrast to our estimators based on partitioning
[38], in this analysis, we assume that { X1, ..., X, } is indepen-
dent of {Y1,...,Y,,} in order to establish mean-square consis-

tency (Theorem 2) whereas this assumption is not required for
showing the asymptotic unbiasedness (Theorem 1).

Theorem 2: Suppose that the pair of probability density func-
tions (p, q) is 2-regular. Then

(16)

n,m—oo

i€ [(Dntoll)  Dll)) | 0.

III. ADAPTIVE CHOICE OF k

A. A Generalized k-NN Divergence Estimator

In Section II, k is a fixed constant independent of the data.
This section presents a generalized k-NN estimator where k can
be chosen differently at different sample points. The generalized
k-NN divergence estimator is

Dy,m(pllq)

1 — D (Xz) ¢
= — 1 i — oo 2t _ kt Zi
n 5 [quﬁw ) ~log g — (k) + ()

:%Z[lgm;] +3

a7)

where pg, (X;) is the £;-NN density estimate of p, g, (X;) is
the k;-NN density estimate of ¢ defined in (6) and (10). Com-
pared to (5), a correction term = "7, [4)(¢;) — 1(k;)] is added
to guarantee consistency, where ¢ () is the Digamma function
defined by

(18)

Theorems 3 and 4 show that the divergence estimator (17) is
asymptotically consistent.

Theorem 3: Suppose that the pair of probability density func-
tions (p, q) is 1-regular. If k;,¢; < K almost surely for some
K < oo, then the divergence estimator as shown in (17) is
asymptotically unbiased, i.e.,

E [Dum(pllo)] = Dplla).

lim
n,m— oo

19)

Theorem 4: Suppose that the pair of probability density func-
tions (p, q) is 2-regular. If k;,¢; < K almost surely for some
K < oo, then

. 2
fin_E | (ool - DGl0) | =0. €0

n,m—oo
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The proofs of Theorems 3 and 4 follow the same lines as those
of Theorems 1 and 2 except that we take into account the fact
that the value of k£ depends on the given samples.

Alternatively, k£ can be identical for various samples but up-
dated as a function of the sample size. As discussed in [7], [33],
the choice of k trades off bias and variance: a smaller £ will lead
to a lower bias and a higher variance. In most cases, it is easier
to further reduce the variance by taking the average of multiple
runs of the estimator. If the sample sizes are large enough, we
can select a larger k to decrease the variance while still guaran-
teeing a small bias.

Specifically, let us consider the following divergence esti-
mator:

1 - An X1
Dy m(pllg) = — > log Pu(X:) 1)

i=1 (jm (X % ) 7
where p,, is the £,,-NN density estimate of p and ¢, is the
k,,,-NN density estimate of g and {X;};=1,__,, arei.i.d. samples
generated according to p. The following theorem establishes the
consistency of the divergence estimator in (21) provided certain
regularity conditions.

Theorem 5: Suppose densities p and g are uniformly contin-
uous on R? and D(p||q) < co. Let k,, and £, be positive inte-
gers satisfying

km km,
— — 00 (22)
m logm
ln ln
L, — 0. (23)
n logn
If inf,,(;)s0 p(2) > 0 and infy ;)0 q(x) > 0, then
lim Dy .. (pllg) = D(pllq), almost surely. (24)

B. Bias Reduction

To improve the accuracy of the divergence estimator (5),
we need to reduce the estimation bias at finite sample sizes.
One source of bias is the nonuniformity of the distribution
near the vicinity of each sample point. For example, when the
underlying multidimensional distributions are skewed [20],
the £-NN divergence estimator will tend to overestimate. To
tackle this problem, instead of fixing a constant k, we fix the
nearest neighbor distance (denoted as ¢(i)) and count how
many X samples and Y samples fall into the ball B(X;, (%))
respectively, the intuition being that the biases induced by the
two density estimates can empirically cancel each other. By the
generalized estimator (17), we could estimate the divergence by

n

D lle) = - S T (6) (ko) + log

i=1

(25)

m
n —

where /; (or k;) is the number of samples X (or samples Y')
contained in the ball B(X;,€(7)).
Then the problem is how to choose €(%): one possibility is

€(i) = max{p(i), v(i)}, 26)
where
p(i) = min |IX;— X 27)
7=1,...,n,5#1
v(i)= min || X; - Y;|. (28)

=1,...,
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1.9+

1.8

Divergence Estimate (nats)

---Divergence
—+—1-Nearest Neighbor
=%~Kernel Plug-In

&~ Algorithm G

10°

10’

Sample Size: n

Fig. 1. X ~ P = Exp(1),Y ~ @ = Exp(12), D(P||Q) =
Ly log 2 (Xi) , where the kernel method is used for density estimation.
n Lui=1 a(X;)

i

Note that in this case €(i) may not be the exact £;-NN distance
from X; to {X;}ix; or the exact k;-NN distance from X; to
{Y;}. To correct this error, we may keep the distance terms in
the NN estimator and use the divergence estimator in (17) i.e.,

D2 (pllg) = Dy (plla)
_g n OVk1—(Z) l n o
> [l “ <z‘>] + 2 ) =ik

+log —~
(o) .
gn—l

(29)

On the other hand, since the skewness of the distribution
causes the problem, we could apply a linear transformation such
that the covariance matrix of the transformed data is close to
identity matrix. The idea is to calculate the sample covariance
matrix C based on the data { X1, ..., X,,Y7,...,Y,,} via

’

R 1 n
I X — WX, — )T
c ”*m_ll;(L )X — )
+Y Y- )" G0
1=1
where
1 n m
[ = X; Y,
= 2; +; 31)

is the sample mean. Then we multiply each centered sample
(X, —p) (or (Y;— 1)) by the inverse of the square root of C such
that the sample covariance matrix of the transformed samples is
the identity matrix. Namely

Xi= (é)_1/2 (X — 1)

vi=(6) -,

(32)

(33)

1.5682 nats. k& = 1. In the kernel plug-in method, the divergence is estimated by

TABLE 1
ESTIMATION VARIANCE FOR k = 1,2,4
Sample Size | 500 1000 2000
1-NN 0.0349 | 0.0068 | 0.0016
2-NN 0.0188 | 0.0054 | 0.0012
4-NN 0.0182 | 0.0049 | 0.0010

IV. EXPERIMENTS

An advantage of the k-NN divergence estimators is that they
are more easily generalized and implemented for higher dimen-
sional data than our previous algorithms via data-dependent
partitions [38]. Furthermore, various algorithms [1], [14] have
been proposed to speed up the k-NN search. However, the NN
method becomes unreliable in a high-dimensional space due
to the sparsity of the data objects. Hinneburg et al. [17] put
forward a new notion of NN search, which does not treat all
dimensions equally but uses a quality criterion to select relevant
dimensions with respect to a given query.

The following experiments are performed on simulated data
to compare the NN method with Algorithm G (see Appendix)
from our previous work using data-dependent partitions [38].
Algorithm G combines locally adaptive partitions and fi-
nite-sample-size error corrections ([38, Algorithms C and E,
respectively]). The figures show the average of 25 independent
runs, and n and m are equal in the experiments. Fig. 1 shows
a case with two exponential distributions. The k-NN method
exhibits better convergence than Algorithm G as sample sizes
increase. In general, for scalar distributions, Algorithm G
suffers from relatively higher bias even when a large number of
samples are available. The k-NN method has higher variance
for small sample sizes, but as sample sizes increase, the vari-
ance decreases quickly. Fig. 1 is for k¥ = 1; other choices of &k
give similar performance in terms of the average of multiple
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=-»-Nearest Neighbor
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10’ 10? 10° 10* 10°

Sample Size: n

Fig. 2. X ~ P = Gaussian(p”,C"),Y ~ Q = Gaussian(u?,C?); dim = 4;p4” = [0.1 0.3 0.6 0.9]", 2 =[0000]",CF, =1,CF, = 0.5,
CP,=1,C¢ =01,forl=1,...,4,s=1,...,4,0 # s; D(P||Q) = 0.9009 nats. k = 1.

)]
T

Divergence Estimate (nats)
@ =

ol i
- - =-=--Divergence

1T i —»— Nearest Neighbor ]

o -©~ Algorithm G

0 > 3 " S

10 10 10 10 10

Sample Size: n

Fig. 3. X ~ P = Gaussian(p”,C?),Y ~ Q = Gaussian(u®,C?); dim = 10; uf = [.l? =0,Cf,=1,C}, = 0.9,0?_2 = 1,C[Q_S = 0.1, for

c=1,...,

10,s = 1,...,10,0 # s; D(P||Q) = 6.9990 nats. k = 1.

independent estimates. The estimation variance decreases with
k (see Table I).

In Fig. 2, we consider a pair of four-dimensional Gaussian
distributions with different means and different covariance ma-
trices. The 1-NN estimator converges very quickly to the actual
divergence whereas Algorithm G is biased and exhibits slower
convergence.

In Fig. 3, both distributions are ten-dimensional Gaussian
with equal means but different covariance matrices. The esti-
mates by the 1-NN method are closer to the true value, whereas
Algorithm G seriously underestimates the divergence.

In Fig. 4, we have two identical distributions in R29. The
1-NN method outperforms Algorithm G, which has a very large
positive bias. Note that in the experiments on high-dimensional
data, the 1-NN estimator suffers from a larger estimation vari-
ance than Algorithm G.

In the experiments, we also apply the £-NN variants (25) and
(29) to the raw data (see curves corresponding to € 1 and € 2, re-
spectively) and we apply the original k-NN estimator (5) (with
k = 1) to the whitening filtered data (33). Results are shown in
Figs. 5 and 6. It is observed that the original 1-NN method with
unprocessed data is overestimating and Algorithm G also suf-

Authorized licensed use limited to: Princeton University. Downloaded on July 28, 2009 at 12:24 from IEEE Xplore. Restrictions apply.



WANG et al.: DIVERGENCE ESTIMATION FOR MULTIDIMENSIONAL DENSITIES VIA k-NEAREST-NEIGHBOR DISTANCES

2397

0.3 '
R R
025 g R Q?\ \ AL AR
02l \\ @f/ \ é’ O
g \/
o 0.15f
®
£
& o4}
(0]
(8]
c
S 0.05-
o}
2
a
ol D(P||Q)
| ---Divergence |
-0.05 - Nearest Neighbor
-©-Algorithm G
-0.1 — : - Y
10! 10° 10° 10° 10°

Sample Size: n

Fig. 4. X ~ P = Gaussian(p?,C?),Y ~ Q = Gaussian(u?, C?); dim = 20; p? = p@ =0, cr, = Cgf =1,C7, = C?S = 0.2, for

¢=1,...,20,s =1,...,20,¢ # s; D(P||Q) = O nats. k = 1.

3 ; —T
- - -Divergence
—»—Nearest Neighbor Method
=7~ Nearest Neighbor Method (g 1)
2.5F -B-Nearest Neighbor Method (¢ 2) 7
Nearest Neighbor Method (with Whitening Filter)
-©- Algorithm G
g 3
£
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©
£
8 1.5r
Q
o
c
()
2
£ 1t
a
0.5F
0 ‘ :

Sample Size: n

Fig.5. X ~ P = Gaussian(p”,C"),Y ~ Q = Gaussian(p®,C?); dim = 10; P = 0,42 = 1,C

P

£, —

1,CP, =0.999,C¢, =1,C¢, =0.999,

fort =1,...,10,s = 1,...,10,( # s; D(P||Q) = 0.5005 nats. For each sample point X, () is chosenyaccording o (26).

fers from serious bias. The performance of (25), (29), and the
whitening approach is not quite distinguishable for these exam-
ples. All of these approaches can give more accurate results for
highly skewed distributions.

In summary, the divergence estimator using the k-NN dis-
tances is preferable to partitioning-based methods, especially
for multidimensional distributions when the number of samples
is limited.

APPENDIX

A. Algorithm G

Algorithm G is a universal divergence estimator which incor-
porates two methods from [38].

Let P and Q be absolutely continuous probability dis-
tributions defined on (R,Bgr), with D(P]|Q) < oo.
{X1,Xo,....,Xpn} and {¥1,Y5,...,Y,,} are iid. samples
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10 —— T
- = =Divergence
9- =% Nearest Neighbor Method i
=7 Nearest Neighbor Method (e 1)
-8~ Nearest Neighbor Method (e 2)
8 Nearest Neighbor Method (with Whitening Filter)| |
~&-Algorithm G

Divergence Estimate (nats)
L

Sample Size: n

Fig.6. X ~ P = Gaussian(p?,C"),Y ~ @ = Gaussian(p?,C?);dim = 25;puF
.25, # s; D(P||Q) = 0.5 nats. For each sample point X, €(¢) is chosen according to (26)

for¢ =1,...,25,s =1,...

generated from P and @, respectively. According to Algorithm
A [38], the divergence is estimated by

) Po (17")

Drnn(PQ) 2 ;P (1 tos G i

where P,, @, are the empmcal probability measures based on

the given samples, {I;"},_; 5 is the statistically uniform

partition based on £, —spacmg of samples Y (ie., Q (I") =
1/T,,, foralli =1,. — 1.

The estimation bias of (34) can be decomposed into two terms

Bum 2 |Dinn(PIQ) — D(P|Q)]
i P(I;)

S b (1) 1o o U5). o P
<12 P (1) os 5 s ;P”’”gmm

E:Q / de

=B + Bg.
B; is due to finite sample sizes, and can be approximated by
T, -1 ~~ P, (I'")
— =1 (36)
> gni

p _
2n 2m
where T), is the total number of cells with ,, > 0 and ),
denotes that the sum is taken over all I/ with Q,,, (I/™) > 0.
B> is due to finite resolution. The magnitude of By relies
on the partition as well as the underlying distributions and can
be decreased by updating the partition according to the distri-
butions. In [38], Algorithm C is proposed to reduce B5 by lo-
cally updating the partition according to %; Algorithm E com-
pensates for finite sample sizes by subtracting an approxima-
tion of B;. Algorithm G, which combines approaches C and E,
achieves better accuracy for various distributions.

(34)

(35)

Blz

=0,pu? =1,C;,=1,CF, =09999,C?, = 1,02, =0.9999,

Algorithm G can be generalized to estimate divergence for
distributions defined on (Rd, BRd) . We first partition R into T
slabs according to projections onto the first coordinate such that
each slab contains an equal number of Y samples (generated
from distribution ()). Then we scan through all the 77 slabs.
For each slab, if there are many more X samples (generated
from distribution P) than Y samples, we further partition that
slab into 75 subsegments according to projections on the second
axis. Let k; (or £;) denote the number of X (or Y') samples in
block i. We continue this process until £; < £,,;, or k; < al;
(a > 11s a parameter) or the partitioning has gone through all
the d dimensions of the data. Reduction of finite-sample bias is
integrated in Algorithm G using the approximation (36), where
the summation is over all the partitions produced by the algo-
rithm.

B. Auxiliary Results

Lemma 1: [12, vol. 2, p. 251] Let &,, » = 1,2,... be a
sequence of random variables, which converges in distribution
to a random variable ¢, and suppose there exists ¢ > 0 and a
constant ¢ > 0 such that

E [|&.]'T] <, forallm > 1. (37)
Then, for all @« < 1 4 € and all integers r < 1 + ¢
Efl&n|*] — E[l€]*],  El&,] — E[€"], asn — oo, (38)

Lemma 2: Let F(u) be a distribution function. Then for
a>1

'/01 <log %)a dF(u) = a/ol <log %)al u~ L F(u)du.

(39)
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Proof: First let us assume both integrals are finite. Inte-
grating by parts, we get

/b 1 <log %) " dF(w)
::_F@)<bg%>a+¢3él<bg%>a_lu—uwumu (40)

where 0 < b < 1.
The fact that if one integral diverges so does the other is easy
to show. Assume the left side of (39) it converges, then
b 1\
lim <log —> dF(u) = 0.
0 Uu

lim (41)

Since

/0 b (log %) ’ dF (u)

(A%
7N

—_

o

o2
S| =
N—
Q
c\
o
7N

—_

o

o
N—
Q

o

!

—~

S—

1 «
= <10g Z) F(b) 42)
we have
lim F(b) <10g b> =0 (43)
Therefore
1 1 a—1
a/ <10g—> ™ F(u)du
Jo u
1 1 a—1
= lim a/ <log —) u L F(u)du
b—0 b (A
1 1\ ©
1 N\
= / <10g —> dF(u) < . (44)
0 u

If the right side of (39) converges, the equality (39) can be
proved similarly. O

Lemma 3: Let F(u) be a distribution function. Then for
a>1

/loo(logu)“dF(u) =a /loo(logu)”_lu_l(l — F(u))du.

(45)
Proof: Integrating by parts, we get
B
/ (log u)*dF(u)
1
B
—~ [ logu)d(1 - Fw)
1
= —(log B)*(1 - F(B))
B
+ a/ (logu)* tu=1(1 — F(u))du (46)
1
where B > 1.
By considering the limit as B — oo, (45) can be obtained
similarly as in the proof of Lemma 2 O

2399
C. Proof of Theorem 1
Rewrite D, ,,(p||q) as
1 n
Drm(pllg) = — Zj k(i) = Gur(D] (4D
where
S k(i) 2 log (mufl (i), Gap(i) £ log((n = 1)pl(i)).

Thus, we have

ZE[M

Now it suffices to show that the right-hand side of (48) con-
verges to D(p||q) as m,n — oo. Using some of the techniques
in [19] and [16], we proceed to obtain lim, o E [ 1 (%)].
Then lim, o0 E[(n,x(¢)] can be derived similarly and
E [¢m.k(7)] can be obtained by the following the

E [Dnm pllq}

lim,,,— 00

steps.

Step 1: Get the conditional distribution of exp(¢, k()
given X; = z and the limit of the distribution as
m — oo.

Step 2: Show that the limit of the conditional expectation
E[¢m.x(7)|X; = ] as m — oo can be obtained
using the limit of the distribution of exp(¢y, k()
conditioned on X; = x

Step 3: Calculate the limit of E[¢y, 1 (7)] using the limit of
El¢pm x(7)|X; = x] asm — 0.

Step 1:
Let Gy k. be the conditional distribution of exp(¢p., x (7))
given X; = z. Then, for almost all =z € R4, for all k € N

G ke (1w) 2 P lexp(dm i(i) < ulX; = ]

- [Vk(i) < (u/m)V4|X; = x] (49)

k—1 S
m
- ( ) / q<y>dy>
; $ (B(a(u/m)l/d)
: (1 - / q(y)dy) ,
B(a,(u/m)!/?)

k—1
=1- Zfﬁ(m“)
s=0

where u > 0, (49) is equivalent to the probability that there exist
at least k points in {Y;} belonging to B(z, (u/m)'/%), and

.fs<m,u>:(m) / a(y)dy
s B(z,(u/m)!/d)
-(1—/ q(y)dy> . (51)
B, (u/m)L/4)

Note that for almost all z € R?, as the radius » — 0, if
q(z) € L (R?), we have [19], [24]

1
lim

i S /B A =4

(50)

(52)
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where A represents the Lebesgue measure. Then it can be shown
that, as m — oo

(cag(z)u)” exp(—caq(z)u). (53)

Let &, 1, be a random variable with the distribution function
G i,z (u) and &, be a random variable with the distribu-
tion function G, ..(u). The corresponding density function of
Gk7$(u) is

dGS,Z(u) -5 _1 1)!qu($) (cdq(x)u)k—l

exp(—caq(z)u).
(54)
Then for g(z) > 0

[E[loggk,r]
:/0 logu(zdz(f;! (cdq(:v)u)k_l

= ﬁ /Ooolog [#@J e~ fth1de

where the last equality is obtained by the change of the variable
t = cqq(z)u. To calculate the integral in (55), first note that

/ e~ Hthldt = (k)
0

and I'(k) = (k — 1)! due to the property of Gamma function,
which leads to

1 o .
_— log(cdq(x))e_ttk_ldt =logq(z) + logcq.
(k=1 Jo
(57
Now we only need to consider the first integral in (56). By taking
the derivative of (56) with respect to k, we obtain

exp(—cqq(z)u)du

(55)

(56)

(k) :/ e ttF1logtdt. (58)
0
Recall that the Digamma function satisfies
I (k
(k) = ¢ _( 1))!7 for integer k. (59)
Thus
1 k1
—_— t"" " logtdt = (k).
o et = . 60
Therefore, with (57) and (60), we have
E[log &k .] = ¢ (k) — log g(x) — log ca. (61)

Step 2:
Note that E[log &, 1.2] = E [¢m 1 (4)|X; = x]. Hence

n}i_l)noo E [¢m.x(1)|X; = ] = (k) — log g(x) — logca, (62)
for any = such that

mlgnoo E [10g fm,k,z] = [E[IOg fk,z] (63)

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 55, NO. 5, MAY 2009

Since we already know that &, 1 » 2, &k,z» then according to
Lemma 2, (63) holds, if we have

E [|logémk|' ] < C (64)

for some ¢ > 0 and some C > 0.
Now we are to prove (64). E [|log &m kx| T¢] can be decom-
posed as

E [llog gm,k,m |1+6 ]

1 “+oco
:/ |10gu|1+EdGm7k7$(u)+/ (log u) T ¢dGm g 2 (u).
0 1
(65)

By Lemmas 2 and 3, it is equivalent to consider the following
integrals:

(1+e¢) '/01 <10g %)6 " G ke (u)du
+oo
+(1+ e)/l (logu)‘u_l(l — G p,p(u))du
=(1+¢) /01 <log %)E G g (u)du
Jm
+(1+ e)/l (logu)u™ (1 — Gy g o (u))du

+o0
+(1+e) /r (logu) u™" (1 = G .o (u))du

=0+ 1+ Is. (66)

We estimate the integrals in (66) separately.
Note that

m—k
fs(m,yu) < m” <1 — / q(y)dy) (67)
J B(z,(u/m)t/d)

thus

132(14‘6)./\/5

m—k—1
< (14 e)km” <1 - / q(y)dy>
B(x,(1/v/m)'/*)

+oo g
/ (logu)“u™! <1 —/ Q(y)dy> du
v B(x,(u/m)!/7)
(68)

400 k—1
(log u)“u™? Z fs(m,u)du
s=0

where

m—k—1
m" (1 - / q(y)dy>
B(e ufmyrra)

< m"exp <—(m —k— 1)/ q(y)dy>
B(a,(u/m)!/?)

(69)

<mF exp(—(m —k—1)(q(z) = 96)
MB(a, (u/m)'/") (10)
= mFexp <—(m—k— 1)(q(z) —6)\;—%) (71)
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and

“+o0
/ (log u)“u™" (1 —/ q(x)dx) du
Vm B(z,(u/m)t/4)
“+o00
:/ (log(mt))“t™" <1 —/ q(x)dx) dt
1/\/m B(a,t1/4)

(72)
1 “+oo
_ ( / + / ) (log(mi))“t™!
Jijym N1
. (1 —/ q(:v)d:v) dt
B(a,t1/4)
< Vm(logm)*
—+oo
+ Ce(logm)e/ ut (1 — G 0(u)du
1
+oo
e / (logu)u=' (1 = Groa(u)du  (73)
1
< Vm(logm)® + B(logm)® + D. (74)
The inequality (69) is due to the fact that
(1-a)t <e™” (75)

and (70) holds for 6 > 0, ¢(z) — é > 0, and sufficiently large
m. Equation (72) is obtained by change of variable: ¢t = u/m.
The inequality (73) holds because for z,y > 0,3 C. > 0, s.t.
(z+y)° < Cexf+C.y°. Equation (74) is true for some constants
B.,D > 0.

To prove that the integrals in (73) converge, it suffices to show
that

+oo
/ (logu)u™ (1 = Gy 1.2(w))du < 0. (76)
J1

By Lemma 3, equivalently we need to show

+oo
/ (logu)**<dGy 1 o (u) < o0 (77)
1
which is implied by the fact that
+oo
/ |logu|1+EdG1117w(u)
0
—E [|1og51,1,_r|1+‘} (78)
1+4e€
= E [ |tog Iz — oIl "] (79)
= [ Toglle—ull " alu)dy <. (50)

Equation (80) holds since (p, ¢) is 1-regular and the condition
(14) is satisfied forn = 1 + e.
By (71) and (74), it follows that

lim Is =0.

m—00

81)

Next consider I

N
IL=(1+ e)/1 (logu)u™ (1 — Gy gz (u))du

2401

k=1 . /m s
<40y [ toguwrut( sw o)

s—0 /1 supp(q)

U\ -

-m® (cq— 1—/ q(y)dy) du
( m) ( B(z,(u/m)t/4)

k-1 Jm
S(l—i—e)ZMch/l (log u)cu®~1

s=0

N
/ (log u)“u* ! exp (—cqq(z)u) du (83)
1

- vm
<(l+¢) Z Mscfl/ uu’ "t exp (—eqq(z)u) du

o0
<(1+¢) ZMscd q(z)™*~ / tste-le—tdqr  (84)
J0

=(1+¢) Z M *q(x) """ T (s +¢) < o0

s=0

(85)

where M = sup,,;,,(g) 2(y) in (82), the inequality (83) holds
for sufficiently large m, and (84) is obtained by change of vari-
able t = cqq(x)u.

Finally, we bound I

1 €
L =01+ e)/ <log l) ™ G g (u)du

0 u

1 €

S
0 u
. <1 — <1 - / q(y)dy) ) du.  (86)
JB(@,(u/m)/*)

Since
lim <1 — / q(y)dy) = exp (—caq(z)u)
meee B(z,(u/m)'/?)
(87)
and
1—e " <z, forpositive x (88)
for sufficiently large m,
! 1
L <(1+e / <log —> Yeaq(z)udu
0 U
1
= €)caq(w) / <log —) du
Jo u
=( q(x)I(1+¢€) < 0 (89)

Combining (89), (85) and (81), we have proved (64) and thus,
(63) and as a consequence, the desired result (62).
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Step 3: We need only to show that for m — oo

sl = [ Elbmali}X; = olpla)da

(¥(k) —log q(z) —logcqg)p(z)dz  (90)
Rd
which follows from [27, p. 176] and the fact that
timsup [ [E b ()1X: = 2]+ pla)ds
m—o00 R4
< [ tnsup [E g 1D = ol *pla)ds 1)
Rd m—oo
N / (k) — log q(z) — log ca| ™ p(x)da (92)
Rd
< 00 93)

where (91) is by Fatou’s lemma, (92) follows from (62), and the
last inequality is implied by condition (13)) for n = 1 + €. The
proof of (90) is completed.

Using the same approach and the conditions (11) and (12) for
n = 1 + ¢, if follows that

Jim B[] = [ (6(0) = log (o) ~ log ca)pla)da.

By (48), (90) and (94), we conclude that ©4)
JimE [Dow(pll)] = Diplla). O

D. Proof of Theorem 2

By the triangle inequality, we have

\/[E [(Do.ntoll) - D310 ]
< \/[E (Do) = ED,0l10)) |

+¢EKEammmw—D@MD1- ©95)

Theorem 1 implies that the second term on the right-hand side
of (95) will vanish as n, m increase. Thus, it suffices to show
that Var [Dn,m(pnq)]

— 0 as n,m — oo. By the alternative
expression (47) for D, m(pllg), Var [f)nm] can be written in
terms of (, 1 (7) and ¢y, x(4), i.e.,

Var [ Dy

n

% ZVar an ]—i—ZCOV an an( )]

i#]
Zvar[¢mk N+ 3 Cv (b, bk ()]
i#]
—ZCOV Gk (4); Pk (4)]

:—Var[an -]-—ZCOV G,k ()5 G,k (9)]

i#]

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 55, NO. 5, MAY 2009

ZCOV[¢mk 1), pmk (5]

i#]
- l<:ov (G (0), G (0]

ZCOV an (,bm k( )]

i#]
Let us first consider the third term on the right-hand side of
the preceding equation. As in the proof of Theorem 1, for almost
all z

hm [E[

1
+ —Var ¢, 1 (
n

(96)

w ()X = x]

[ o caa(@)(caq(@)u) " exp(—caa(w)u)
—/0 log®u 1)

1 - 2
= m/0 [logt — log(caq(x))] e

where (97) follows from the change of the integra-
tion variable ¢ = cqq(z)u. Then it can be shown that
lim,, o0 Var [¢m k()] = C < oo. Therefore, the third
term in (96) goes to zero as n, m — 0o. Now we need to prove
that as m,m — oo and i # j

du

“tE=lde (97)

CoV [pm.k(7), pm.k(5)] — 0. (98)
Fori # j, u,w > 0, z,y € R?, and k € N, we have
P [exp(¢m k(1)) < u, exp(dm k(7)) < w]
Xi = LIZ,X' = ]
=1—=Plexp(dm, (i) 2 ulX; =z, X; = y]
= Plexp(dmx(f)) 2 w|Xi =2, X; =y

+P [exp((bm,k( )) > u, exp((;bm k( )) > U)|

X, =X, =1 (99)

The following can be proven by similar reasoning as in The-
orem 1:

P [exp(pom 1 (i) > u|X; = 2, X; = y]
k—1
m—oo 1 s
=1 — > g(cdq(:v)u) exp(—caq(z)u);  (100)
memmm wlX; = 2, X, = y]
k—1
m—)oo 1
Z_' caq(y)w)" exp(=cag(y)w).  (101)
t=0

For the last term in (99), for m sufficiently large, we should
have B(z, (u/m)Y*) N B(y, (w/m)Y?) = (). Therefore, when

m is large enough
P [exp(qﬁm k( )) >u eXp((bm k( )) 2 w|
Xi=zX; =19
k—1k—1 s
= q(z)dz)
g tz(:) S't' - S — t) <'/B(l.’(u/m)l/d)
t
. (/ q(z)dz)
B(y,(w/m)/)
m—s—t
: (1 —/ q(z)dz)
B(=,(u/m)" )UB(y,(w/m)'/¢)
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k—1k—1

_’ZZSW caq(w

s=0 t=0
-exp(—caq(z)u — caq(y)w).
Substituting (100)—(102) into (99) and taking derivatives with

respect to u and w, we can obtain the conditional joint density
of exp(¢m, k(i) and exp(¢m, x(7))- This joint density gives

(Cde(y)w)t

(102)

Jim E [k (1) i ()| Xi = 2, X;j =y

/ / log ulog w k‘”( § (Zdz(%!(c(zq(x)u)kl
(cdq(y) ) exp( caq(x)u — cqaq(y)w )dudw
= [(k) —log(a(x)ca)] [¢(k) —log(a(y)eca)] . (103)

The passing to the limit in (103) can be justified as in Step 2 in
the proof of Theorem 1 by applying the condition (14).
Then

hm E [(:bm k (;bm k( )]

// (k) — log(q(x)ca)

log( (U)Cd)) dzdy

which can be proved by condition (13) and the argument in (93)
The right-hand side of (104) is equal to

Jim E ¢,k (D] E [$a (D] = lim(E [, (D))

Thus, (98) holds. Therefore, the third and fourth terms of (96)
vanish as m — oo. In the same fashion, we can show that the
first two terms of (96) also diminish as sample sizes increase.
Now let us consider the last two terms in the right side of
(96). Since the samples {X1,...,X,} and {Y1,...,Y,,} are
assumed to be independent from each other, ,, x(¢) and ¢.,, 1 (j)
are independent given X; and X; (i can be equal to 7). We have

E [<n k(/>§bm k()|X =z, X' = y]
= E[Gu k()| Xi = 2, X; = Y| E [pm k()| X; = y]
where

lim E [C’I’L,k(l)|XL = x,Xj

(104)

(105)

=yl = lim E[C(0)|X; = 7]

= (k) — log(p(z)ca)
(106)
llme[¢m ()X = y] = ¥(k) — log(q(y)ca)-
(107)
If © # j, we have
. }rilrgoo E [Cn,k (4)Prm,k (5)]
/R d / (k) — log(p(x)ea)] [4(F) — log(a(y)ea)]

y)dzdy,
which is equal to lim,, oo

E [Cn,k ()] E [¢m,x(j)]. Hence

lim Cov [Cn k( ) Qsm k( )] 07

n,m—oo

ifi#j. (108

2403

If i = j, since (p, q) is 2-regular, by conditions (11) and (13),
we obtain

/ |log p(z)|¢|log q(z)|*p(z)dz < 0o, for some € > 1.
d
" (109)

Thus, limy, 11— 00 E [Ga,k (1) m,k (i)] < 0o, which implies

lim Cov [ k(%) pm.x(7)] < 0

n,m—0o0

(110)

since we already have (90) and (94). Therefore, the last two
terms of (96) are guaranteed to vanish as n, m — co. O

E. Proof of Theorem 5

Consider the following decomposition of the error:

|D;, . (pllg) — D(pllq)]
I (X)) 1 p(Xi)
<|= log = - — lo
= n; ® G (X) n; ®a(X)
+ lilogp( — D(pllq)
n <
1 n
< =S log p,(X;) — log p(X;
_nglogz),( ) — log p(X;)]
1 n
+ [log Gm (X;) — log q(X;)]
=1
I, p(Xy)
+ |- log — D(pl|lq
n; (X)) (rllq)
=e1 +e2+ e3. (111)

By the Law of Large Numbers, it follows that e3 — 0 almost
surely. Hence, for V € > 0, there exists Ny such that e3 < €/3
forVn > Ny,.

By aresult from [10, p. 537] and the conditions (22) and (23),
it can be shown that p,, () and §,,(x) are uniformly strongly
consistent, i.e.,

lim sup [pn(z) — p(x)] — 0, almost surely ~ (112)
lim sup |¢m(z) — p(x)| — 0, almost surely. (113)

Therefore, for almost every z in the support of p, for suffi-
ciently large n

p(z)

|Pn(z) — p(2)| < —~ almost surely. (114)

Now let us consider

Dl = [P (Xi) — p(Xi)|
0pn(X;) + (1 = 0)p(X;)
< 2|pn (Xi) — p(X;)]
- p(Xi)
< 2|pn(Xi) — p(X;)]
o infp(m)>0 p(.ﬁlﬁ'

log P (Xi) — log p(X.

(115)
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where § € [0, 1] and the first equality is obtained by Taylor’s
expansion and the first inequality is due to the fact (114). Then
because of the uniform convergence of p,,, we could find N, >
Ny such that V n > Na, 6]p, () — p(z)| < infy,)sop(x) for
all 2, which implies that e; < €/3.

Similarly, it can be shown that there exists M > 0 such that
ez < €/3 for YV m > M. Therefore, (111) is upper-bounded by
eifn > No,m > M. O
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