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The meeting point of the two main branches of the Shan-
non theory is the joint source-channel coding theorem. This
theorem has two parts: a direct part that states that if the
minimum achievable source coding rate of a given source is
strictly below the capacity of a channel, then the source can
be reliably transmitted through the channel by appropriate
encoding and decoding operations; and a converse part stating
that if the source coding rate is strictly greater than capacity,
then reliable transmission is impossible. Implicit in the direct
source-channel coding theorem is the fact that reliable trans-
mission can be accomplished by separate source and channel
coding, where the source [resp. channel] encoder and decoder
need not take into account the channel [resp. source] statis-
tics. Because of the converse part (and except for the residual
uncertainty in the case when the minimum source coding rate
is equal to the channel capacity) it follows that either reliable
transmission is possible by separate source-channel coding or
it is not possible at all. This is the reason why the joint
source-channel coding theorem is commonly referred to as the
separation theorem.

Ever since Shannon’s 1948 paper [1], where the result was
stated for stationary memoryless sources and channels, the
separation theorem has received considerable attention, with
a number of researchers proving versions that apply to more
and more general classes of sources and channels. Even though
most analytically tractable channels and sources are encom-
passed by previous versions of the separation theorem, it is of
considerable theoretical interest to study the validity of this
theorem in the context of very general sources and channels.
In particular, we do not impose restrictions such as memory-
lessness, stationarity, ergodicity, causality, information stabil-
ity, etc. This is motivated by the recent papers [2] and [3],
which find general expressions for the minimal source coding
rate and channel capacity that apply without those restric-
tions. A result (Theorem 4 of (3]} which leads to a new general
converse to the channel coding theorem in {3], proves to be a
key tool in our investigation of the source-channel coding the-
orem. Despite the generality of [2, 3] and the present paper,
the proofs are, in fact, conceptually simple.

Let us first show an example of a memoryless informa-
tion stable source-channel pair for which the separation the-
orem fails to hold. The source switches between a binary
Bexnoul.li(‘;) source and a deterministic binary sequence; the
channel switches between a noiseless binary channel and a
BSC with crossover probability equal to % Switching takes
place deterministically at times 2'. The capacity of the chan-
nel is 1 bit/use and the minimum achievable fixed-length
source coding rate is % bit/symbol. Yet, the source is trans-
missible through the channel (with zero error). Note that all
previous instances where the separation theorem was known
to fail were always within the context of multiterminal sources
and channels.

This example reveals that, in general, the channel capacity
and the minimum source coding rate do not provide sufficient
knowledge in order to determine whether the source can be

reliably transmitted through the channel. A finer look at the
statistical structure of the channel and source is necessary.
We prove that two similar conditions which we call domina-
tion and strict domination are necessary and sufficient, respec-
tively, for reliable transmissibility which is defined as

Definition 1 A source Z is said to be reliably transmissible
over W if there ezists a sequence of encoders and decoders such
that the lim,—.co P(Z™ # Z™) = 0, where Z™ is the response
of the cascade encoder-channel-decoder to Z™.

‘The domination conditions involve the overlap between the
information spectra of the source and channel. Let
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and
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Then the definitions of strict domination and domination are
as follows:

ixnwn(a™;8") = log

Definition 2 A channel W is said to strictly dominate a
source Z if there exists a § > 0 and a channel input process
X such that
. N 1 "
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Definition 3 A channel W is said to dominate a source Z
if for any § > 0 and any sequence of monnegative numbers
{en}oL,, there exists X such that

lim P %hzn(zn) > c,.} J3 [%.’x..wn(x";y") <on— 5] =0

Using these results we characterize those channels for which
the classical statement of the separation theorem holds for ev-
ery source. It turns out that those are the channels whose
definition of capacity is insensitive to whether good codes are
required for all sufficiently long blocklengths or for only in-
finitely many blocklengths. We also characterize those sources
for which the separation theorem holds for every channel. This
class of sources includes but is not restricted to stationary
sources. A conclusion to be drawn from our results is that
when dealing with nonstationary probabilistic models, care
should be exercised before applying the separation theorem.
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