
IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 54, NO. 12, DECEMBER 2008 5563

Universal Lossless Compression of Erased Symbols
Jiming Yu and Sergio Verdœ, Fellow, IEEE

Abstract—A source ��� goes through an erasure channel whose
output is ��� . The goal is to compress losslessly ��� when the com-
pressor knows ��� and ��� and the decompressor knows ��� . We pro-
pose a universal algorithm based on context-tree weighting (CTW),
parameterized by a memory-length parameter �. We show that if
the erasure channel is stationary and memoryless, and ��� is sta-
tionary and ergodic, then the proposed algorithm achieves a com-
pression rate of ��������

��
� ��� bits per erasure.

Index Terms—Context-tree weighting, discrete memoryless era-
sure channel, entropy, erasure entropy, side information, universal
lossless compression.

I. INTRODUCTION
A. Setup

E FFICIENT algorithms for universal lossless compression
with side information known to both the encoder and de-

coder have been developed in [1] based on the celebrated con-
text-tree weighting (CTW) algorithms [2], [3]. The Lempel�Ziv
class of algorithms can also deal with some types of side in-
formation [4], [5]. More recently, [6] has analyzed the funda-
mental limits of data compression when the side information
is the output of a memoryless erasure channel driven by the
source. The algorithms in [1] not only can be applied to this
setup but they achieve asymptotically the minimum compres-
sion rate. However, in this paper, we show an algorithm that
outperforms (nonasymptotically) the algorithms in [1] by ex-
ploiting the special structure of the side information, namely,
the original source corrupted by memoryless erasures.

The setup is illustrated in Fig. 1, where

if
if

with representing the erasure, and the stationary erasure
process having erasure rate .
We assume that takes values on a �nite alphabet , so
takes values in the �nite alphabet . The goal is
to universally and losslessly compress the source sequence
when is available at both the encoder and decoder.

B. Fundamental Limit

Generally, the optimal information rate for the encoder to al-
most losslessly describe the source to the decoder is the con-
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ditional entropy rate , regardless of whether is avail-
able at the compressor [7], [8]. If is also available at the en-
coder, then the source can be recovered strictly losslessly with
simpler schemes [1], [6].

In general, evaluating analytically is a challenging
task. Obviously , and .
Another information measure related to the conditional entropy
rate is the erasure entropy de�ned in [6] as

(1)

where

(2)

Theorem 1 ([6]): If is stationary, and the erasure process
is independent and identically distributed (i.i.d.) with marginal

and independent of , then
(3)
(4)

Reference [6] also provides a formula for the case when is
a binary symmetric Markov chain.

Theorem 2 ([6]): If is the output of 1 with a gen-
eral �rst-order Markov chain input , and , then

(5)

where

(6)

In addition, for a binary symmetric Markov chain with tran-
sition probability ,

(7)

where is the binary entropy function.
In Section II we present the compression algorithm CTW

for Erased symbols (CTWE) which borrows ideas from both
CTW [2], [3] and the lossless compressor with side information
[1]. The algorithm is analyzed in Section III when the erasure
channel is memoryless. In Section IV, we give experimental
results testing the algorithm with English texts and Markov
sources.

1We denote the discrete memoryless erasure (DME) channel with erasure rate
by ���� �.
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Fig. 1. Lossless compression with an erased version of the source as side information at encoder and decoder.

II. THE CTWE ALGORITHM

A. Motivation
It is easy to verify that if is the response of to ,

then

(8)

and consequently

(9)

Equalities (8) and (9) not only quantify how many bits
are required for lossless compression of each erasure
but suggest encoding the erased symbols according to

. Thus, a bidirectional model is
needed for this cross-bidirectional conditional distribution,
i.e., the past being conditioned upon and the future being
conditioned upon .

To construct a model for the estimation of
, we restrict to a �nite memory

approximation

(10)

for some .
The basis for applying the basic CTW is the following con-

sequence of (8):

(11)

for any .

B. The Compression Algorithm CTWE
Fix the memory length . With the source and side informa-

tion realization being , the aim is to obtain estimates
for , based only on the knowledge of

and , for each . Because is an erased version of ,
the symbols in that are not the erasure must coincide with
the corresponding symbols in : it is this property that we ex-
ploit in our initial construction of a cross-bidirectional CTW
tree and its updating rules. Later on, as we have more knowl-
edge of the source sequence (corresponding to the reconstruc-
tion of source symbols one-by-one at the decoder), we can up-
date this tree sequentially to obtain more accurate estimates of

.

The terminology and notation in this section are those in [2].
In our modi�ed tree structure, the branches in this tree and the
nodes they point to are labeled by some and some

, respectively. For any cross-bidirectional
context (or node, they are used interchangeably in this paper)

with some , de�ne
� : the number of occurrences of in the cross-

bidirectional context ;
� : the estimated probability (the Krichevsky�Tro�mov

(KT) estimate [9]) for node ;
� : the weighted probability for node .

We focus our description on the compressor with the decom-
pressor proceeding in parallel as the process is recovered. A
frequently used subprocedure is the updating rule for the CTW
tree as described in [2], but we modify it to the cross-bidirec-
tional setting as follows.

Procedure 1: Update
Update the tree according to symbol in the context

as follows.
� Step 1: start from the root node, go through the branches

labeled by

to arrive at the node .
� Step 2: starting from the leaf node reached at the end of

Step 1, we update each node along the traversed path in
Step 1.
� Step 2.1: Update the estimated probability for node as

� Step 2.2: Update the counts for in this context as

� Step 2.3: Update the weighted probability for node as

if
if

where is the set of all children of denotes
the depth of node .

� Step 2.4: If is the root node, stop; otherwise let

father node of

and go to Step 2.1.

Remark 1: Before describing the CTWE algorithm, we notice
that after encoding at the encoder and reconstructing it at the
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decoder, both the encoder and the decoder now know , thus,
can be used to update the model at both the encoder and de-

coder. Essentially, the maximum exploitation of available data
is achieved, namely, by knowing as an additional symbol at
both the encoder and decoder we can update the empirical count
of and estimated/weighted probabilities in the cross-bidirec-
tional context , as well as the empirical count of

and estimated/weighted probabilities in any cross-bidirec-
tional context in which was erased originally

if other symbols in are not erased
(notice is available at both the encoder and decoder, so
must also be available).

Now we are ready to describe our encoding algorithm CTWE.
� Step 1: construct a basic CTW tree with maximal depth

according to , but during the construction whenever an
erasure is encountered, directly skip that symbol.
� Step 1.1: initially a complete, balanced -ary tree

with depth is easily constructed. All estimated proba-
bilities and weighted probabilities for any node

in the tree are initially set to be .
Set .

� Step 1.2: if there are erasures in , then go to Step 1.3;
otherwise, , then necessarily we have

, and execute the procedure.
Update where

� Step 1.3: set . If , go to Step 1.2,
otherwise stop.

� For each character ,
� Step 2: if is not an erasure, then we do not need to encode

; otherwise, do the following to encode .
� Step 2.1: if , we cannot use the estimated

model yet, so do the following:
Step 2.1.1: compress by using a trivial �xed-

length code for the source alphabet, by �rst con-
veying to the decoder the maximal depth chosen
by the encoder. The decoder can directly decode this

.
Step 2.1.2: update the basic CTW tree as follows

(notice is available to both the encoder and de-
coder now, after reconstructing at the decoder):

For , if .
Update .

� Step 2.2: if , we can use the CTW
model to encode :

Step 2.2.1: feed the coding distribution
estimated by the CTW

tree model into the arithmetic coder that compresses
. This estimation is achieved by the current sym-

metric bidirectional basic CTW model speci�ed by
the current tree and its current statistics.2
Step 2.2.2: update the basic CTW tree as follows
(notice is available to both the encoder and de-
coder now, after reconstructing at the decoder):

2For details, cf. [10], [11] and notice the obvious modi�cation in our case
with cross-bidirectional contexts (namely, the past and future contexts are given
by different processes ������� , respectively).

Update ;
For , if
Update .

� Step 2.3: if , we can use the
CTW model to encode :

Step 2.3.1: feed the coding distribution
estimated by the CTW

tree model into the arithmetic coder that compresses
. This estimation is performed as in Step 2.2.1.
Step 2.3.2: update the basic CTW tree as follows

(notice is available to both the encoder and de-
coder now, after reconstructing at the decoder):

Update ;
For , if ,
Update .

� Step 2.4: if , we cannot use the CTW
tree model, then compress by using a trivial �xed-
length code for the source alphabet, by �rst conveying to
the decoder the maximal depth chosen by the encoder.
The decoder can directly decode this . We do not need
to further update the CTW tree model since there are no
more symbols to encode other than the erasures in those
last symbols.

Example 1: Take binary alphabet and , suppose the
source sequence to be compressed is , the
erased version of it is . Initially, Step 1
updates according to the bold-face symbol and its length- un-
derlined cross-bidirectional context below:

namely, Update is executed at both the encoder and
decoder, as is available to both. Similarly, there are two more
updates executed in Step 1:

� Update :

� Update :

Next, in Step 2, �rst two symbols are encoded using a trivial
�xed-length code; the �rst erasure is encoded according to the
estimates from the tree constructed up to now and the decoder
knows this symbol from decoding. At the decoder, we actually
know the following now:

and at the encoder and decoder we can only utilize this infor-
mation in order to maintain synchronization. Now Step 2 up-
dates the tree by executing Update for the bold-face
symbol and its length- underlined cross-bidirectional context
shown above. Following this update, the second erasure is en-
coded according to the estimates from the tree. After decoding,
the following is known at both the encoder and decoder:
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The updates at both the encoder and decoder are as follows:
� Update :

� Update :

� Update :

Now we are in a better position to encode the last erasure ,
and the maximum exploitation of available data is achieved. The
remaining steps can be similarly derived from the algorithm de-
scription.

C. Complexity Issues and Implementation Considerations
The basic CTW tree in Section II-B has levels of

nodes, consuming constant memory size and linear time
to construct; storing the source sequence or the side information
sequence consumes linear memory size at the encoder or
decoder. Therefore, the time and space complexities are both
linear in the data length .

Implementation considerations for our CTWE algorithm are
the same as for other CTW-based algorithms, namely, a bi-
nary symbol decomposition method is used for general �nite
alphabet , cf. [1], [10]�[13].

III. CONSISTENCY RESULTS

We analyze algorithm CTWE in Section II-B under the as-
sumption that the process is obtained by passing through
the DME , though CTWE applies to the case of general era-
sure channel. The analysis here is similar to those of [1], [10],
[11], but to deal with erasures, there are a number of important
differences (especially in obtaining the formulae for the empir-
ical counts in Proposition 1, and proving Lemma 1 and Propo-
sition 2 below).

As Step 2 of the algorithm, we encode and update the
basic CTW tree if and only if is an erasure. We have
the following intuitive fact.

Proposition 1: Assuming we have successfully encoded and
described to the decoder all the erased symbols in (the
decoder can then reconstruct ), the following updated em-
pirical counts for the nodes

in the basic CTW tree are used to encode when

(12)

(13)

for and

(14)

(15)

for , where depends only on

, as well as and .
Proof: Obviously, (12) implies (13) and (14) implies (15),

but with the (unnecessary) dependence on , which is conve-
nient for the purpose of analyzing the algorithm. Showing (12)
and (14) is a lengthy veri�cation with many possible subcases,
detailed in [14].

Proposition 1 con�rms that CTWE has utilized the data to
the largest extent, as expected from our algorithm description.
The empirical counts for when encoding (if

) can be similarly obtained (corresponding to Step 2.3),
but are not important in our asymptotic analysis.

Note that although we only de�ne for the
sample paths with , actually through (12)
and (14) we can de�ne it for any sample path , and
we indeed do so in the sequel. However, note that only those

with are used in compression.
Notice that every estimate or quantity used in encoding

(when ) is derived from the empirical counts
. In particular, the estimated probabilities

and weighted probabilities at each node
are deterministic functions of those counts when

encoding , where the terminology is from [2], [3]. Let us
recall from [2], [3] that is the KT estimator [9] for
the empirical counts , and the relation between

and is

if
if

De�ne

(16)

and for any let us de�ne
.

� If , then

� If , then
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Notice that for

According to Step 2 of the algorithm in Section II-B (cf. [10],
[11] for a detailed description of Steps 2.2.1, 2.3.1, as well as
for the following formula), the conditional distribution used for
encoding (if necessary) is the probability vector speci�ed by

(17)

for any . Notice from (17), tht a trivial bound for
is

(18)

for any , which holds for every �nite-length sample path
of .

Lemma 1: Let be stationary and ergodic. Let
with be such that there

exists an offspring of with
and a different conditional probability

distribution, i.e., there exist
such that

Then for a node in the basic CTW tree of Section II-B

a.s. (19)

Proof: We assume because the asymp-
totic case of is aimed at in this lemma, thus
(14) and (15) hold.

One has

(20)

And by recursively applying the de�nition of for cer-
tain node as in (20) until we have reached the leaf nodes, with

denoting all the leaf nodes of the same depth in the sub-
tree rooted at node , we �nally get (by letting

)

(21)

The fraction in (21) is

(22)

where , and the
last equality is due to the fact that if , then

.
Since

(23)

De�ne

(24)

which takes values in , and the random variables

(25)

(26)

For any
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(27)
by Proposition 1. Since is jointly stationary and ergodic
as is stationary and ergodic, by the ergodic theorem (e.g.,
[15]), as , the �rst term in the right side of (27) con-
verges almost surely to . Similarly, as
converges to

(28)

almost surely. Therefore, the second term in the right side of
(27) converges almost surely to .

Hence, as and in (27), almost surely we
have

(29)

for any , implying

(30)

Thus, if , then for large enough and

a.s. (31)

Notice that for any node such that
, is a KT estimator [9] satisfying

[9, Sec. II, eq. (2.6)] (which is based on Stirling�s formula for
Gamma functions)

(32)
where is a strictly positive constant not dependent on ,
and

(33)

is the empirical estimate of the entropy for the conditional dis-
tribution of given that its cross-bidi-
rectional context is (namely, the past is given by

and the future is speci�ed by ). Dividing

the numerators and denominators by in both frac-
tions in (33), we have in view of (29)

a.s. (34)

Hence, by (32), note , then
with , almost surely

we have

(35)

(36)

by (29) again, where (35) is also due to the fact that
as . Note that

for any with ,
almost surely we have

(37)

Because implies
, we have

(38)

where the inequality holds by the concavity of entropy and be-
comes equality if and only if for any with

, we have

(39)

But the equality cannot hold for all with
, since this would contra-

dict our assumption. Thus, strict inequality in (38) holds.
Hence, by (64), almost surely the exponent on the right-hand

side of (22) becomes (note (31) holds for and for any
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with , when both and
are large enough)

(40)

where the last sum is over all ,
and this is a strictly positive constant, because our assumption
implies and because of the strict in-
equality in (38). The result then follows from (22) and (23).

De�ne

(41)

Lemma 2: If is stationary and ergodic, and the erasure
channel is memoryless, then

a.s. (42)

as for any .
Proof: In view of (14) and (15), we assume

.
If (which is equivalent to

), (17) becomes

(43)

with and

(44)

for

(45)

Now let be the smallest integer such that

(46)

for any . Obviously
such an integer always exists since always satis�es (46).
Thus, it follows that

� Case 1: for each node such that its depth
, we have

(47)

Thus

a.s. (48)

by the stationarity and ergodicity of (cf. (29) and
the derivation of (34) in the proof of Lemma 1).

� Case 2: for each node such that its depth
, the conditions in Lemma 1 is satis�ed,

thus

a.s. (49)

implying

a.s. (50)

In view of (43), notice that there are only terms, and the
coef�cients of those estimated probabilities

sum up to . By (48) and (50), we see immediately

a.s. (51)
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Fig. 2. Compression rate per erasure versus erasure rate: Markov source.

as for any , and the result follows
from the continuity of the logarithm.

Now we are ready to analyze the length of the
compressed version of given . The total code length

does not exceed

(52)

where the �rst term accounts for the binary representation of
[16], [17] with a universal constant ; the second term is
because, in the �rst symbols and last symbols, each source
symbol is directly encoded with a trivial �xed-length code
for the alphabet when is an erasure, so they contribute
at most information bits to the code length; the third
and fourth terms re�ect of the arithmetic coding operations.

Proposition 2: If is stationary and ergodic, and is ob-
tained by passing through the , then

a.s.

Proof: The case reduces to the case without side
information. Thus, we assume .

Let

(53)

(54)

(55)

(56)

(57)

(58)

for all .
Let us write

a.s. (59)

The �rst sum in the right side of (59) is equal to

(60)
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TABLE I
COMPRESSION RATES FOR BINARY MARKOV SOURCE WITH TRANSITION PROBABILITY � � ���

almost surely, where the inner sum is over all . By
Lemma 2, the inner sum converges to almost surely as

. Notice the bound (18) for (uniform in )
and the inner sum range is , we see each inner sum
is of the order (uniform in ). Thus, the normalized
sum (60) converges to almost surely as , because if

and for some , then
.

According to whether or , almost surely the
second sum in (59) is equal to

(61)

(62)

(63)
as , where the sums over are always understood
to be over all ; (61) follows from the stationarity
and ergodicity of ; (62) follows from the fact that is
the output of DME with input .

Thus, (59) converges to almost surely as according
to the facts that (60) converges to almost surely as
and (63). One more use of the ergodic theorem (e.g., [15]) gives

a.s. (64)

by using the same trick in deriving (63), avoiding the veri�ca-
tion of an integrability condition involving the logarithm of the
probabilities. The desired result follows from (64) and the fact
that (59) converges to almost surely.

We can achieve the same compression rate as that of [1,
Theorem 1], shown in Theorem 3. We illustrate in Section IV
that our compressor CTWE outperforms both the basic and
extended algorithms in [1] in many practical situations. We
also remark that results such as [18] indicate that a judiciously
chosen memory length leads to convergence to the conditional
entropy .

Theorem 3: If is stationary and ergodic, and is obtained
by passing through the DME , then the asymptotic com-
pression rate per symbol is

a.s.

Proof: It follows from (52), Proposition 2, and (11).

IV. EXPERIMENTAL RESULTS

We experiment with the following algorithms:
� CTWE algorithm (cf. Section II-B);
� CKV Basic CTW algorithm [1]; and
� CKV Extended CTW algorithm [1];

in the case where the erasure channel is stationary and memory-
less. Notice the performance of those algorithms is measured by
the compression rate per erasure, that is, the code length divided
by the number of erasures. Under the hypotheses of Theorem 1,
we have ; similarly (cf. [6]),

. We will compare the perfor-
mance of our algorithm CTWE and the algorithms of [1] (nor-
malized by the number of erasures) to erasure entropy
and entropy per erasure , in the cases when is close to

and is close to , respectively. In the general case ,
we are able to compare the algorithms against the theoretical
values of the optimal information rate per erasure
for binary symmetric Markov chains, thanks to Theorem 2; but
in general, we can only compare the algorithms themselves (nor-
malized by the number of erasures) while providing estimates
for entropy per erasure and erasure entropy .
In addition, we list the entropy per symbol for reference.

Furthermore, in CTWE, we need to specify the best parameter
for compression: this is simple, we always choose the para-
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TABLE II
COMPRESSION RATES FOR ENGLISH TEXTS WITH ERASURE RATE � ���

TABLE III
COMPRESSION RATES FOR ENGLISH TEXTS WITH ERASURE RATE � ���

meter that results in the smallest compression rate (similarly
for the Cai�Kulkarni�Verdœ (CKV) Basic CTW algorithm [1]).
While this criterion is heuristic, it is supported by information-
theoretic results such as [18].

In the binary Markov source experiment, as the algorithms in
[1] are already close to the conditional entropy rate per erasure,
CTWE exhibits only small improvements; whereas in the mor-
einteresting case of English texts, CTWE has notable improve-
ments over the algorithms in [1] in most cases. This means that
our purpose has been achieved: exploiting the structure of the
erasure channel in order to improve upon the general-purpose
algorithms in [1].

A. Binary Markov Source

For the binary Markov source experiment, every data point
is obtained by running the algorithms 100 times and recording
the average, each point being for the data length of . In this
case, we can compute entropy, conditional entropy, and erasure
entropy analytically (cf. (5), (7), and [6]).

We have experimented with transition probabilities
and erasure rates .

Since the cases are similar to the cases
(Fig. 2 and Table I), the �gures and tables corresponding to

are omitted. From Fig. 2, notice that the CKV
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Fig. 3. Compression rate per erasure versus erasure rate: English text.

Fig. 4. Compression rate per erasure versus erasure rate: English text.

algorithms essentially have achieved the conditional entropy
per erasure in this �nite-length regime, CTWE has some small
improvements over the CKV algorithms in most cases. CTWE

only works slightly worse than the CKV algorithms in the case
. In Table I, we see the compression rate per

erasure is indeed close to erasure entropy when erasure rate
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