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Schemes for Bidirectional Modeling of Discrete
Stationary Sources
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Abstract—We develop adaptive schemes for bidirectional mod-
eling of unknown discrete stationary sources. These algorithms can
be applied to statistical inference problems such as noncausal uni-
versal discrete denoising that exploit bidirectional dependencies.
Efficient algorithms for constructing those models are developed
and we compare their performance to that of the DUDE algorithm
for universal discrete denoising.

Index Terms—Bidirectional modeling, discrete stationary
sources, universal algorithms, universal discrete denoising.

I. INTRODUCTION

A. Motivation

B IDIRECTIONAL models are concerned with estimating
the marginal conditional distribution of the current symbol

given the rest of the data, in contrast to unidirectional models
that care about the conditional distribution of the current symbol
given the past symbols. Noncausal universal discrete denoising
[1] is a typical application of bidirectional models. The main
application of sequentially available unidirectional models such
as context tree weighting [2], [3], is arithmetic coding based data
compression, where the decompressor maintains at each point
the same model as the compressor.

To be concrete, we explain why bidirectional models are
needed for noncausal discrete denoising, which is a major
application of bidirectional modeling. Denoising is the pro-
cedure of recovering the uncoded input to a channel with as
high a fidelity as possible, by only observing the output of the
channel. Universal discrete denoising [1] deals with discrete
input/output channels without knowledge of the input distribu-
tion. When the observations up to the previous time instant are
available for recovering the input symbol at the current time
instant, the problem is called universal prediction in a noisy
environment [4], [5]. When the observations up to the current
time instant are available for recovering the input symbol at the
current time instant, the problem is called (causal) universal
discrete filtering [6]. In contrast to the above two cases, which
can be categorized as causal universal discrete denoising,
the case when all observations are available to recover the
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input symbol at any time instant is called noncausal universal
discrete denoising, which is the main application of this paper.
Another relevant application of the algorithms presented here
is in universal channel decoding of uncompressed sources [7].

B. Unidirectional Modeling

Unidirectional models estimate the unidirectional conditional
distributions from a realization (either sequentially
available or not) for a stationary process on an
alphabet of size , where the th component of

is

for . Because of its importance in data com-
pression, unidirectional modeling has been subject to extensive
research, cf. [8]–[12] and references therein. Various context
tree methods are widely used in those models.

A quite different approach to modeling the source is the cel-
ebrated context-tree weighting (CTW) algorithm [2], [3]. Al-
though it is still based on constructing a context tree, its main
principle is to use a weighted mixture of all submodels, in which
Krichevsky–Trofimov (KT) estimators [13] for the empirical
counts are directly used. Here submodels refer to either models
with orders not exceeding the given memory length constraint

in the basic CTW [2], or equivalence classes of models with
all possible orders in the extended CTW [3]. The equivalence of
two models means they give the same distributions. Thus, by the
uniform bound [2, Sec. V, eq. (11)] derived for the KT estimator
[13], though the CTW mixture is strictly inferior compared to
the best submodel, it is quite close to the best submodel asymp-
totically. CTW essentially specifies a unidirectional model esti-
mating

on the basis of , for the given realization of
. With some modifications, this unidirectional model can be

turned into a partial bidirectional model, which will be discussed
in Section II-C. Recently, the consistency result [14] and its ef-
ficient implementation as a generalization of the context-tree
maximizing (CTM) algorithm [15] (which is quite related to
CTW) have shown great potential of the context-based unidirec-
tional modeling approach for stationary ergodic processes via
various information criteria.

C. DUDE

A stationary process with finite alphabet
goes through a discrete memoryless

channel (DMC) with a channel transition probability matrix
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and a noisy stationary output process with
alphabet is observed, where

A fixed loss function such that
is the loss of estimating by , is
represented by an matrix . in-
duces an average cumulative loss by giving

as the output of the denoiser, for finite-time input and
finite-time observations . The denoiser outputs an estimate

of with as small a loss as possible, by observing
and knowing the channel matrix and the loss matrix .

Under the assumption that the channel matrix has full row
rank, the input distribution is uniquely determined by the
output distribution and the channel matrix. For any realization

, this leads to the following optimal Bayesian denoiser
[1]:

(1)
where is the denoiser in vector form, i.e.,

is its th component representing the es-
timate of based on the observations ,

with th component specified as

and is the th column of , is the th column of , and
for any strictly positive integer

When the input distribution is known, the output distribution
is completely determined from the input distribution and the
channel matrix , and thus, can be obtained. In
the universal case where input distribution is unknown, the only
unknown quantities in (1) are the bidirectional conditional dis-
tributions

(2)

Thus, through (1), universal discrete denoising (at least under
the full row rank condition) reduces to bidirectional modeling
(cf. (2)) of the output process based on the observation of a re-
alization. Discrete Universal DEnoiser (DUDE) [1] uses static
symmetric bidirectional contexts to estimate ,
namely, the approximation

(3)

for some fixed integer , where with
the th component specified as

Furthermore, DUDE [1] replaces all bidirectional conditional
distributions by their corresponding empirical
distributions.

Fundamental to the problem of denoising (with other applica-
tions such as [16]) is the estimation of the marginal conditional
distribution of the input given the output being [1]

(4)

where the right-hand side of (4) can be estimated via estimates
of from a bidirectional model for process . Note
that (1) is derived from (4) by Bayesian estimation [1]. While the
known channel case is solved in [1], the case of a binary sym-
metric channel with unknown crossover probability is studied in
[17], [18] under a minimax criterion. But whether the channel
is known or not, our algorithms always apply to the bidirec-
tional modeling of the noisy channel output. When the input
process is a Markov chain, an alternative to compute the mar-
ginal conditional input distribution via (4) is backward–forward
dynamic programming. Hidden Markov modeling (HMM) tools
[19], [20] are popular in order to estimate both the channel and
the input Markov chain transition probability matrix when they
are unknown. More recently, HMM has been used to universally
filter noisy outputs of a known DMC [21].

D. Bidirectional Modeling Beyond DUDE

If the noisy observations were from an th-order Markov
chain, the approximation in (3) would be exact (assuming

). But in general, this static symmetric bidirectional
context-based approximation is not necessarily the best we can
do. After all, may depend on different number of symbols
for different in an asymmetric way, i.e.,

for some depending on both and , and is not
necessarily equal to , where

with the th component specified as

Adaptive bidirectional models that incorporate this dynamic
asymmetric bidirectional context-based approximation are
considered in this paper. Note that the static symmetric bidirec-
tional context approach taken in DUDE leads to performance
which is optimized by a finite (and unknown) context length.
Not only are short lengths suboptimal because they do not
fully exploit the source memory but because of the finiteness
of the reservoir of data also long context lengths give rise to
unreliable empirical bidirectional conditional distributions for
a given data length .

Independently of the work reported here (and in conference
version in [22]), Ordentlich et al. [23] (see also [24]) have solved
the related problem of finding the bidirectional context tree that
minimizes a given cost criterion. By estimating the unknown
true denoising performance, bidirectional context trees are con-
structed in [23] so as to minimize the estimated losses incurred
by the denoisers that are specified by those bidirectional context
trees. There are many conceptual similarities between [23] and
the BCT scheme in this paper (cf. Section II-D), e.g., both try
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to model the source by identifying bidirectional contexts with
tree structures. There are also fundamental differences in the
methodologies and the tree structures between [23] and BCT. In
terms of methodology, [23] assumes a given cost criterion de-
pending on bidirectional contexts, according to which they use
dynamic programming to optimize their tree; BCT directly aims
at the probabilistic bidirectional modeling of stationary sources,
and uses a divergence criterion to optimize its own tree. In terms
of tree structure, [23] allows the bidirectional context corre-
sponding to a child node to be exactly unit length longer than
that corresponding to its father node in one direction; whereas
as we discuss later, our BCT tree structure allows the bidirec-
tional context corresponding to a child node to be unit length(s)
longer than that corresponding to its father node in either direc-
tion or in both directions.

E. Organization

This paper is organized as follows. Section II introduces six
adaptive bidirectional models that estimate bidirectional condi-
tional distributions. Section III gives efficient algorithms to con-
struct the six adaptive bidirectional models. Section IV gives
comparative experimental results of various universal discrete
denoisers based on different models.

II. ADAPTIVE BIDIRECTIONAL MODELS FOR DISCRETE

STATIONARY SOURCES

In this paper, is fixed to be a given finite realization
of a stationary process based on which we estimate the uni-
directional or bidirectional models.

A. Unidirectional Modeling: Variable-Length Markov Chains
(VLMCs)

A powerful unidirectional model for discrete stationary
sources, the so-called Variable-Length Markov Chain (VLMC),
has been developed in [8]–[12]. This model can be constructed
both sequentially [8], [9] and nonsequentially [10]–[12], the
former of which can be applied directly to lossless data com-
pression based on arithmetic coding. The latter approach well
suits our purpose of noncausal universal discrete denoising,
and it is useful in other applications such as two-pass (or nonse-
quential) lossless data compression algorithms [25]. The main
idea is to model the discrete stationary source as
a Markov process with order that depends on the history of the
realization

(5)

for any and some
which can be estimated from a realization .
Here is called the unidirectional context of . The esti-
mation is accomplished by a context tree model [8]–[12], whose
construction requires the normalized divergence of unidirec-
tional conditional distribution estimates from all leaf nodes with
respect to that of their father nodes be larger than some prese-
lected parameter. This algorithm has been shown to consistently
estimate the unidirectional context tree and corresponding uni-
directional conditional distributions from the nodes in this tree
[8]–[12]. The examples of binary sources with memory which

give rise to first-order Markov processes when corrupted by bi-
nary symmetric channels (BSCs) [26], [27] further justify our
application of VLMCs to denoising.

B. Four Adaptive Bidirectional Models Based on VLMCs

In general, unidirectional models are not directly applicable
to bidirectional modeling. But there are some ways that bidirec-
tional dependencies can be reflected by unidirectional models.
In this subsection, we describe four methods for constructing
bidirectional models by utilizing unidirectional models (e.g.,
unidirectional models running forwards and backwards).

1) Backward–Forward Product (BFP): An extremely simple
way to estimate from
the unidirectional conditional probabilities is1

(6)

for any ,
where means “proportional to,” and stands for the esti-
mated probability law. Once equipped with any unidirectional
model (e.g., the one mentioned in Section II-A), the first term
in the right-hand side of (6) can be estimated from data ,
and the second term can be estimated from time-reversed data

. Then (6) can be used in specifying a corre-
sponding bidirectional model. This ad hoc approximation ob-
viously has the merit that it is straightforward to implement
once we have a computationally efficient unidirectional model.
A first-order Markov chain with equiprobable one-dimensional
marginal distribution on satisfies (6), by the more general
formula (16) in Section II-B2 below, which is exact under the

th-order Markov assumption. In this case, BFP gives
the exact bidirectional conditional distribution up to a normal-
izing constant.

2) Generalized Markov (GM) Scheme: We make the assump-
tion that there exists an integer such that given any

, the past and the future are conditionally independent,
that is, and are conditionally independent
given . Under that as-
sumption which is equivalent to the assumption that is

th-order Markovian, we first see that

(7)

is the product of

(8)

and

(9)

1In many applications (e.g., universal discrete denoising) unnormalized con-
ditional marginals are sufficient.
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That is, (7) (8) (9). Now by our assumption, (9) can be de-
composed as

(10)

which can be written as

(11)

So (7) (8) (9) (8) (10) (8) (11) becomes

(12)

Let

(13)

which is the sum of (7) (12) over all . By noticing the
common factors in (12) and , we have

(14)

where is defined as

(15)

which is a normalizing constant that does not depend on . So
we directly use

(16)

in many applications by (14).
From a realization , DUDE [1] gives estimates for (i.e.,

empirical distributions for)

(17)

And furthermore we only use (14) or (16) when
actually has appeared in the sequence , otherwise, we let the
estimate for be , since
the true value is indeed if .

Now, by the definition of conditional probabilities, we have

(18)

and

(19)

Note that terms in (18) can be estimated by a unidirectional
model (e.g., the one mentioned in Section II-A) for data ,
and terms in (19) can be estimated by a unidirectional model
for time-reversed data . Plugging estimates
for (17), (18), and (19) into (14) or (16) for

, and assigning arbitrary values to the conditional
probabilities for other values of :

, we can get a bidirectional model under the
above assumption.

The idea of GM can be illustrated by Fig. 1. The bars of
this figure represent conditional distributions of the quantities
in black given the quantities in white. The left-hand side of
(16) is represented by ( ) which should be interpreted as the
conditional distribution of a single symbol given the contexts
on two sides. First, expand the single symbol in ( ) to encom-
pass of its neighbors on both left and right as the second
bar (corresponding to (7)) indicates, and denote the remaining
conditioning blocks by “L” and “R.” Then we decompose this
expanded version into two bars; the third bar representing the
conditional distribution of the black block given the “L” block,
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Fig. 1. (�) / (17) � (18)=(16).

corresponding to (18); the fourth bar representing the condi-
tional distribution of the black block given the “R” block, cor-
responding to (19). By multiplying (18) and (19), we have in-
cluded the black block (17) twice. Thus, (16) simply means

(18) (19) (17).
Our approach here is different from directly estimating tran-

sition probabilities for the th-order Markov approxima-
tion of the original process , which obviously is quite inaccu-
rate either when is big (data length is then relatively small)
or when is small (cannot capture long memory), and is com-
putationally intensive because of the large state space and the

-term factorization of the joint distribution of that is pro-
portional to the desired bidirectional conditional distribution.
However, we use the unidirectional model VLMC to estimate
the “forward” and “backward” unidirectional conditional dis-
tributions (18), (19) in a parsimonious way, capitalizing on the
constant number of terms on the right-hand side in (14) or (16).
This justifies the name “generalized Markov.”

3) Forward and Backward One-Sided Generalized Markov
(f-OGM and b-OGM) Schemes: The following is straightfor-
ward ( ):

That is, for

(20)

with the normalizing constant (not depending on ) being the
reciprocal of . Similarly, from
another direction, we can get ( )

(21)

with the normalizing constant (not depending on ) being the
reciprocal of .

From (20) and (21), we can use any unidirectional model
(e.g., the one mentioned in Section II-A) to estimate the de-
sired bidirectional conditional distributions. But the problem is
that the number of multiplications used in those two estimators
is quite large. Even assuming that estimating all the unidirec-
tional conditional distributions involved in either (20) or (21)
has overall constant time complexity (which underestimates the
time complexity, see Section IV-A for details), the total time
complexity incurred in an application like denoising would be

because of the -term or the -term product for
each in (20) or (21). To circumvent this, it is necessary to re-
duce the number of terms. Assume the process is a th-order
Markov process, we first show the time-reversed sequence of
random variables is also th-order Markov:
for any ,

(22)

Now we have for any :

(23)

where follows from the th-order Markov assumption for
, follows by (22) from the th-order Markov property of

the time-reversed sequence . What (23) says
is that a Markov process indexed by is also a Markov random
field indexed by . In fact, the converse is true if assuming all
finite realizations have strictly positive probabilities and station-
arity, that is, a stationary Markov process indexed by is equiv-
alent to a stationary Markov random field indexed by if this
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positivity condition holds [28]–[32]. From this point of view, it
is easy to understand intuitively why the time-reversed version
of a Markov process indexed by is still Markovian.

Based on (23), with the same method used in deriving (20),
we have for any ,

(24)

because of the th-order Markov assumption. And the normal-
izing constant is the reciprocal of

And from another direction with the same method used in de-
riving (21), based on (23), for any :

(25)

because the time-reversed sequence is still
th-order Markov. And the normalizing constant is the recip-

rocal of

We refer to the model specified by (24) as forward OGM or
f-OGM; and we refer to the model specified by (25) as back-
ward OGM or b-OGM. It is interesting to compare (20) with
(24), and to compare (21) with (25). The idea of the memory
length has its direct intuitive meaning here. It is also inter-
esting to compare GM with f-OGM or b-OGM, that is, (14)
(or (16)) versus (24) or (25). When the process is th-order
Markov with , those three expressions coincide the-
oretically up to a normalizing constant that does not depend on

, though they may have differences in practical estimation. And
GM combines the unidirectional conditional distributions from
two sides; whereas f-OGM or b-OGM utilizes only unidirec-
tional conditional distributions from one side. In GM, f-OGM
and b-OGM, if , f-OGM and b-OGM have less time
complexity in computing the bidirectional conditional distribu-
tions.

In practice, we use any unidirectional model (e.g., the one
mentioned in Section II-A) to estimate those terms in the f-OGM
and b-OGM schemes (either (24) or (25) or both), instead of
directly estimating the unidirectional conditional distributions
of the th-order Markov approximation of the process with
state space size , in the same spirit of GM, where

represents the length of a string or the cardinality of a set.

C. The Adaptive Bidirectional Model Based on CTW

CTW is a widely used method in lossless data compression
[2], [3], and traditionally it is viewed as a sequentially available
prediction scheme that is crucial in model-based data compres-
sion algorithms such as arithmetic coding. But by some modifi-
cations of the CTW algorithm, we can get an adaptive (partial)
bidirectional model based on CTW.

Notice that CTW estimates block probabilities (i.e., joint
probabilities) instead of conditional probabilities. The observa-
tion that

with the normalizing constant being independent of ,
leads to the conclusion that the problem of bidirectional
modeling of can be solved by estimating all block prob-
abilities. Only if is a realization of can we
directly use CTW to estimate . This is be-
cause the CTW estimate for an arbitrary is meaningless
unless it is intimately related to the given realization (say

). Therefore, it is more useful to discuss the CTW
approach in applications such as statistical inference (cf. (4)
and (1)) in which only is needed for any

, where is the given channel output
realization. In this case, pretending to be a real-
ization of only leads to negligible differences in all the
empirical distributions involved which converge to the true
probability law for the process . We specify our CTW-based
partial bidirectional model by the direct basic CTW estimates
for where

is any given maximum memory length to be considered. The
proofs of the results here are similar to those in [33], but with
the difference that ours is a one-pass approach. The algorithm
in Section III-B discusses an efficient implementation of the
scheme mentioned here.

We fix a specific and , and let
be the process such that

and thus, for any finite segment
with . Letting be generally depen-

dent on enables us to include both relatively small and rela-
tively large time indices that can be close to . We refer
to [2] for the original CTW algorithm and terminology of bi-
nary sources, and we use its obvious modification to the gen-
eral finite-alphabet case. The following point of view is taken
here: the basic CTW tree can be constructed indefinitely for the
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process itself as we increase the time horizon , thus we can
speak of statistics or the basic CTW tree for processes at any
time without paying attention to the actual total number
of available observations unless needed. Let denote the
number of occurrences of symbol in the unidirectional
context corresponding to in the original process after up-
dating the basic CTW tree for the th symbol ,
and the corresponding root node of the basic CTW tree is de-
noted by . Let denote the corresponding quantities
for for . Let be the estimated
and weighted probabilities at node after updating the basic
CTW tree of for the th symbol . Notice
here that only depends on and does not depend on

at all. The dependence of
on is only through its th observation ,
and only depend on . Both
the basic CTW trees for and are considered to be the
same complete, balanced -ary tree with common depth ,
but with different empirical counts associated to
each node . Thus, their root nodes are both denoted by the same
notation which is identified with the empty string. Define for
any node with some (we identify a node and
its corresponding unidirectional context):

where denotes the set of child nodes for node . Let
denote the set of nodes that belong to the path from

node back to node , including both nodes . The updating
path for the th symbol is defined as the set of nodes

. Furthermore, we notice that for any node
and any :

(26)

Lemma 1: Let be the updating path for the th
symbol , i.e., . Let

and for the node at depth , let

For , let

(27)

be the estimated unidirectional conditional distribution of
given at time (i.e., after updating the basic CTW
tree according to ) which is not dependent on .

Then, the unidirectional conditional distributions in (27) sat-
isfy

(28)

which is the weighted probability at root node and thus is the
estimated block (joint) probability of by the basic CTW
algorithm.

Proof: See Appendix I.

Proposition 1: Let be as in Lemma 1. Let be
stationary ergodic, then for any almost surely

A fortiori, as with , almost surely

Proof: See Appendix II.

To summarize Lemma 1 and Proposition 1, the basic
CTW-based algorithm at least gives an asymptotically good

th-order Markov approximation for the block (joint) proba-
bility up to a normalizing constant for any

in the sense of (28) in Lemma 1 and Proposition 1. Recall that
(28) is the final CTW estimate for

The problematic matter is the complexity of specifying
this partial bidirectional model for all needed sequences

. The basic CTW tree is
constructed to estimate the block probability of only a single
realization in linear time and space. Thus, for
example, using the basic CTW to get estimates for the
realizations
which are needed in statistical inference applications like non-
causal denoising (cf. (4) and (1)) takes time complexity.
By specifying a maximal memory length , the effect of a
symbol to the whole basic CTW tree is limited to a range
of constant length. Bearing in mind the statistical inference
applications such as in (4), we get a solution for building a
partial bidirectional model based on basic CTW as follows. To
estimate
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for any and any , we first build the basic
CTW tree for (note is our given realization to do all es-
timation) with the given memory length . Then we need to
modify this tree to incorporate any symbol at any posi-
tion without changing other symbols at positions other than
the th position. Notice the symbol at position only affects the
counts of nodes on the path from root to the leaves

in the basic CTW tree. Then we just change to symbol and
make necessary local modifications to the nodes in those paths
so that we can estimate as the weighted
probability in the root node. We need to recover the original
basic CTW tree for by reversing the above operations, in
order to get estimates for positions/time indices later than . The
estimations of all the probabilities of the realizations is
achieved within linear time and space complexity. This problem
now becomes mainly an algorithmic one, which is discussed in
detail in Section III-B specifically about the basic CTW-based
bidirectional modeling algorithm.

There are some other possible variants for bidirectional mod-
eling based on CTW ideas. Instead of using unidirectional con-
texts, we can construct CTW-like trees with symmetric bidirec-
tional contexts, from which we can estimate the desired bidirec-
tional conditional distributions by a two-pass approach (similar
to that of [33]) instead of block probabilities (joint probabil-
ities). There are similar equations like (27) for the two-pass-
based approach for the bidirectional versions of both the basic
and extended CTWs which directly give estimates of bidirec-
tional conditional distributions. Experimental results show that
their performance is inferior to the other models we propose
here, and thus they are not included in this paper.

D. The Adaptive BCT

Motivated by (5), we now construct a bidirectional model di-
rectly instead of only constructing bidirectional models from
unidirectional models. In addition to increased computational
complexity, when we consider bidirectional contexts we have
to cope with their nonuniqueness.

1) Bidirectional Contexts: Let be a stationary
process with finite alphabet . For a segment , a pair of
strings for some integers

is called a bidirectional context of
if

(29)

with the minimality property that for any
,

(30)

If , or equivalently, , the
bidirectional context is said to be trivial. Let be

the bidirectional context set for , namely, the set of
all bidirectional contexts for . In fact

Note that can be larger than , in contrast with
the unidirectional model [8]–[12], where a unique (minimal)
unidirectional context is identified for the same historical data

.
2) Bidirectional Context Trees: For a segment of a sta-

tionary process , let be the set consisting of only
the empty string, we define the set of bidirectional substrings of
bidirectional contexts in which consists of the
most recent past and future data with respect to time instant ,
namely

such that

(31)

The bidirectional context tree is the tree with all bidirectional
contexts identified as incomplete nodes2 in this tree, namely it
is defined as the set

(32)

with a tree structure, in which a node corresponds to a pair
of strings and vice versa. This correspondence is as
follows: the root corresponds to , and all branches
originating from a node are labeled by a pair of symbols in

, but not both in . If a node is obtained by traveling
through a path from root consisting of branches labeled
by (in that order) for some

, then this node corresponds to
the pair of strings by juxtapo-
sitions from inside to outside. Conversely, for any pair of strings

, if , then it corresponds to the node obtained by
traveling through the path
from the root; if , then the path is

similarly, for the case . Because of this correspondence,
a node in the bidirectional context tree and its corresponding
pair of strings (possibly a bidirectional context) are used inter-
changeably.

Bidirectional context sets completely characterize bidirec-
tional conditional distributions for a finite time segment ,
while bidirectional context trees are more suitable for the pur-
pose of estimating bidirectional context sets and hence those

2Incomplete nodes are those which actually do not have all the possible child
nodes, i.e., they only have some of the possible child nodes. They can be internal
nodes, and leaf nodes are necessarily incomplete.



YU AND VERDÚ: SCHEMES FOR BIDIRECTIONAL MODELING OF DISCRETE STATIONARY SOURCES 4797

bidirectional conditional distributions. In contrast to the unidi-
rectional case in [8]–[12], the data structure of a bidirectional
context tree is more complicated and needs further elaboration.

3) Estimation of the Bidirectional Context Sets From : Our
definitions of bidirectional models and their bidirectional con-
texts are suitable when we want to build a source model for a
finite data segment . We want (29) to hold approximately
for general discrete stationary process with estimates of the
bidirectional context sets for all .
We use to denote the estimated bidirectional
context set from , which can be obtained by an efficient algo-
rithm (see Section III-C for details). The estimated bidirectional
context tree corresponding to those estimated bidirectional con-
text sets is denoted by .

4) Two Constraints for an Estimated Bidirectional Context
Tree: The first constraint is the consecutive constraint, which is
implicit in the definition of bidirectional contexts, and it is better
made explicit. In addition, this consecutive constraint applies
to estimated bidirectional context trees as well as bidirectional
context trees. For a bidirectional context we have

for some and . By referring to
as the historical (left) side of this bidirectional context, and as
the future (right) side of this bidirectional context, we see that
only symbols in consecutive time instants are allowed to exist
in either side of a bidirectional context, i.e., . In the
construction of such a tree, this implicit constraint induces the
following alternative situations for node (recall that is
the empty string with length ).

• : Three possible kinds of child nodes with the
forms , , or for some .

• : One possible kind of child node with the form
for some .

• : One possible kind of child node with the form
for some .

The above constraint comes from simultaneous consideration of
contexts on two sides, allowing possible unit length increments
on two sides and preserving the consecutiveness. The philos-
ophy is that the nearest symbols in both the past and the future
are always the most relevant to the present data.

To achieve a good performance/complexity tradeoff we place
a constraint on the maximal tree depth (or the maximal single-
sided context length) of an estimated bidirectional context tree.
In the worst case, we have nodes in an estimated
bidirectional context tree, which is a constant not depending on
the data length , and we thus have linear complexity in both
time and space. In practice, this assumption works pretty well,
and a larger maximal tree depth does not necessarily lead to
better estimation accuracy (in terms of denoising performance,
cf. Section IV) compared to a smaller one.

5) Empirical Bidirectional Conditional Distributions From
: We define and

(33)

for all .

Note that (33) is an estimate for

for any if , since is stationary.
6) Estimators for Bidirectional Conditional Distributions
: For any , equipped with the bidirectional con-

text sets estimated from a realization , let
be any element in . Then by definition of

and (29), we know (33) becomes the estimate

(34)

of

for all . Note that the multiplicity
of valid choices for in (34) does not arise in the
unidirectional model [8]–[12]. To resolve the ambiguity in
finding a bidirectional context for the given bidirectional data

, an exponential weighting scheme is used. To
motivate this scheme, we notice the similarity of our problem
with that of estimating an unknown distribution from a col-
lection of distributions on a finite alphabet . A natural
method is to minimize the divergence between the mixture of

and . An optimization problem can be formulated as

minimize

subject to

Here we refer to [34] for terminology and corresponding
results. The convexity of the objective function in

follows directly from the con-
vexity of divergence in its two arguments. And constraints are
all affine, thus this problem is a convex optimization problem.
Now we proceed as if were known to get some idea of how to
choose the weighting factors . Since Slater’s condition
holds, we know strong duality holds, and Karush–Kuhn–Tucker
conditions are sufficient and necessary for to solve the above
optimization problem [34]. The Lagrangian is defined as

for dual variables . One
of the Karush–Kuhn–Tucker conditions is the gradient of La-
grangian with respect to vanishes

(35)
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for primal optimal variables and dual optimal variables .
Note (35) is equivalent to

for . Assuming

...
...

...
...

is a matrix with full column rank, we can solve above linear
equations for variables and after simplification
we have

(36)
for any , and , represents the
th component of the vector inside the brackets. Let

such that its th component is

then (36) is equivalent to , and one solution is

(37)

Though is not known and thus neither is , and the optimal
weights cannot be obtained from (37), the insight we
get from this formulation is that the optimal weights can be
viewed as linear combinations of exponential functions whose
exponents are linear combinations of optimal dual variables.
Regard those optimal exponents as simple linear combinations
of context lengths .
Then for any and some prespecified con-
stant , our estimator is defined as

(38)

where

(39)

for any . In practice, the number of
terms in the sums of (38) and (39) is not large,
i.e., the number of bidirectional contexts (and then their corre-
sponding nodes) that fit the bidirectional data is
small.

7) An Example of Bidirectional Context Trees: Fig. 2 is
the estimated bidirectional context tree for a binary stationary
process from its 15-bit realization . The
tree grows from the right-hand side to the left-hand side with

Fig. 2. A bidirectional context tree.

its rightmost node as the root. An example that shows the
nonuniqueness of bidirectional contexts is the bidirectional
context for the symbol in the sequence .
For this given bidirectional data , the node obtained
by following the path from the root, and the node ob-
tained by following the path from the root, are the
two possible bidirectional contexts ,
respectively, which do not violate the minimality property (30).
In fact, we will see later that we specify the estimated bidirec-
tional context sets from the estimated bidirectional context tree
in exactly the same way as in this example.

III. ALGORITHMS FOR CONSTRUCTING THE ADAPTIVE

BIDIRECTIONAL MODELS

A. Bidirectional Models Based on VLMCs

We make use of the VLMC algorithm [10]–[12] (a nonse-
quential version of [8], [9]) for adaptive unidirectional mod-
eling, and apply it to the construction of the adaptive bidirec-
tional models BFP, GM, and f-OGM as well as b-OGM in Sec-
tions II-B1, II-B2, and II-B3, respectively. Equations (6), (14)
(or (16)), and (24) as well as (25) are used in those four models
for transforming a unidirectional model to a bidirectional model.
In fact, any unidirectional model can be applied in BFP, GM,
f-OGM, and b-OGM, but for concreteness, we use the unidirec-
tional model construction algorithm [8]–[12] mentioned in Sec-
tion II-A. The consistency results in [8]–[12] provide a partial
performance guarantee for the bidirectional models BFP, GM,
f-OGM, and b-OGM that are based on the unidirectional model
VLMC.

B. Basic CTW Based Bidirectional Model

As discussed in Section II-C, we can provide a partial bidi-
rectional model, namely, we provide only estimates for

for any based on the given real-
ization , where is any chosen memory length to be consid-
ered. But this is enough for statistical inference problems such
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as noncausal denoising. The consistency results in Section II-C
provide a partial guarantee for the performance of our bidirec-
tional model (which is applied to noncausal discrete denoising)
based on the basic CTW. Instead of omitting the original basic
CTW construction algorithm [2], we next give a relatively com-
plete description of our modification of that algorithm. The first
step is the same as in [2], but later steps need to be modified to
the bidirectional modeling setting.

We first state some updating procedures that are repeatedly
used in the algorithm. Let be any node in the basic CTW tree.

Module 1 (Increasing Procedure for Symbol at ): Update
the estimated probability for node as

Update the count for the symbol in this context a

and do nothing to other counts .
Update the weighted probability for node as

if

if

where is the depth of node , is the set of child nodes
of , and then let

father node of

if the father node of exists. After that, do the same updating for
the “new” until we have finally updated the root node. Notice
that only the root node does not have a father node.

Module 2 (Decreasing Procedure for Symbol at ): Update
the estimated probability for node as

Update the count for the symbol in this context as

and do nothing to other counts .
Update the weighted probability for node as

if

if

and then let

father node of

if the father node of exists. After that, do the same updating for
the “new” until we have finally updated the root node. Notice
that only the root node does not have a father node.

Now we describe the basic CTW based algorithm for building
a partial bidirectional model.

1) Step 1: Construct the basic CTW tree for the given real-
ization as follows. Initially we assume a complete, balanced

-ary tree with depth , and all counts of the number
of occurrences of symbol in any unidirectional context in
the given realization up to now are set to be 0.

• Phase 1: Set .
• Phase 2: Start from the root node, go to branches labelled

by

to arrive at the leaf node .
• Phase 3: Start at node . We update the whole path from

back to the root node by the Increasing Procedure Module
1 for symbol at until we have finally updated the root
node.

• Phase 4: Set , if then go to Phase 2,
otherwise, the construction of basic CTW tree for is
completed and we go to the next step.

In fact, after this step, we have already obtained the estimate
for , thus, in the following steps we do not need to
consider the symbol at time .

2) Step 2: Set .

From Step 3 to Step 5, we will get an estimate for
that is proportional to

3) Step 3: Let be any symbol in other than and let
. We do the following until .

• Start at the root node, go through branches labeled by
to reach node . We update the

whole path from back to the root node by the Decreasing
Procedure Module 2 for symbol at until we have fi-
nally updated the root node.

• Let .

4) Step 4: Let , until , do:
• If , start at the root node, go through branches

labeled by to reach node . We
update the whole path from back to the root node by the
Increasing Procedure Module 1 for symbol at until we
have finally updated the root node.

• If , start at the root node, go through branches labeled
by

to reach node . We update the whole path from back
to the root node by the Increasing Procedure Module 1 for
symbol at until we have finally updated the root node.

• Let .

5) Step 5: Output the weighted probability at the root node
as an estimate of

The following Step 6 and Step 7 are aiming at recovering
the original basic CTW tree for future use. The tree structure
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changes a little, namely, we in fact add several nodes to the orig-
inal tree using Step 4. But we will recover all the counts for in
the original basic CTW tree in later steps. A more efficient im-
plementation deletes the subtree rooted at any node as we per-
form the decreasing procedure if its total count

, which gives . We then have fewer terms in
the updating equation in Decreasing Procedure Module 2, due
to the terms of value . This is in fact the version we use for
experiments later.

6) Step 6 : Let , until , do:
• If , start at the root node, go through branches labeled

by to reach node . We update the
whole path from back to the root node by the Decreasing
Procedure Module 2 for symbol at until we have finally
updated the root node.

• If , start at the root node, go through branches labeled
by

to reach node . We update the whole path from back
to the root node by the Decreasing Procedure Module 2 for
symbol at until we have finally updated the root node.

• Let .

7) Step 7: Let , until , do:
• Start at the root node, go through branches labeled by

to reach node . We update the
whole path from back to the root node by the Increasing
Procedure Module 1 for symbol at until we have fi-
nally updated the root node.

• Let .

8) Step 8: Go to Step 3 for other symbols , until
all such symbols have been considered and the corresponding
estimate for has been obtained by above
steps.

9) Step 9: Set . If , go to Step 3. Otherwise
the algorithm ends here.

If the alphabet size is large, CTW generally does not
achieve good performance. To solve this problem, a binary
symbol decomposition method is used [35], [36], namely, each
symbol in the alphabet is decomposed into bits.
Each bit in a symbol has its own basic CTW tree, where the
basic CTW tree is constructed by only considering unidirec-
tional contexts consisting of complete symbols, regardless
of other bits in the binary decomposition of the symbol. For
example, in the sequence where is a string on , let
be decomposed into bits , then each bit has
exactly the same unidirectional contexts, e.g., is one of their
common unidirectional contexts. The root node of the basic
CTW tree for the th bit in one symbol of has child
nodes, , corresponding to each of the previous

bits. The subtrees rooted at those first level child
nodes are constructed as described above, by considering only
unidirectional contexts consisting of complete symbols. Each
internal node in those subtrees has exactly child nodes. The

updating procedure for estimated and weighted probabilities
will then be done until the root node for the basic CTW tree of
each bit is updated.

C. BCT

The central issue for constructing the adaptive bidirectional
model BCT (cf. Section II-D) is to estimate the bidirectional
context sets from a realization of a stationary process

. The bidirectional context tree is first estimated and
then bidirectional context sets are specified from the knowl-
edge of the estimated bidirectional context tree. As in [8], the
main idea is to keep certain level of dissimilarity (measured by
divergence) between bidirectional conditional distribution esti-
mates from leaf nodes and that from their father nodes. This
adaptive bidirectional model gives out estimated bidirectional
context sets and estimates for

which suffices (and actually gives much more) to solve many
noncausal statistical inference problems with no a priori infor-
mation about the probability law of the underlying process to
be inferred, such as universal discrete denoising with known
channel, cf. (4). For notational convenience, we suppress the
dependence on below in this section.

1) Step 1: Given -valued data , construct a tree from
by including all possible bidirectional contexts with

single-sided context lengths not exceeding . We store counts
and their total count in each

node . Let this tree be .

2) Step 2: Examine every leaf node in as follows. Select
any leaf node in , where the order of selection here
is irrelevant, prune this node if

(40)

for some pruning parameter , where

(41)

is the product of the divergence between the bidirectional condi-
tional distribution estimated from and that from its father
node , and the number of occurrences of the bidirectional
context in . We recall the definitions of and

in (33). Note the father node of has
at most three child nodes by construction. After examining each
leaf node in by the above method, we should get another
bidirectional context tree , which is a subtree of .

An intuitive explanation for using (40) is to avoid overfitting
the data by choosing an appropriate , since if (40) indeed
holds, then either we have too similar estimates for the bidirec-
tional conditional distributions estimated from this node
and its father node in the sense of divergence, or we
have too sparse data for this node .

3) Step 3: Repeat Step 2, starting from to
in the same way as Step 2 does, until no more pruning is pos-
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sible. This tree is our , the estimated bidirectional context tree
from data .

4) Step 4 : Equipped with the estimated bidirectional context
tree , we are ready to specify the estimated bidirectional con-
text sets . Let be the nodes
in . For any and any

, let be those
such that

(42)

(43)

and no other node in the subtree rooted at satisfies those
conditions (42) and (43). Notice the above specification of the
bidirectional context sets uses exactly the same method as ex-
plained in the example of Section II-D7. If no such exists
for , we let , which
only consists of the trivial bidirectional context.

The definition of chooses the deepest nodes
that fit the current bidirectional data to be its
elements, the estimated bidirectional contexts for .
Intuitively speaking, this avoids underfitting the data . Any
pair of strings corresponding to a node on the path
from the root of to any node (excluded) corresponding to
an element of , is not in .
Since otherwise, in the subtree rooted at this very node ,
there exists a node that corresponds to a bidirectional context

in and therefore contradicts our definition
of . This ensures the minimality property (30)
to hold at least for those nodes along the paths to elements in

.
If contains only the trivial bidirectional context

, then we do not have any useful estimation at all
due to the dearth of data (or even no data at all for most choices
of ). In this case, appears at most once
in as a bidirectional context, which happens when and only
when with realization available
for estimation.

5) Step 5: For any
, estimate

by (38) with bidirectional context sets specified in Step 4 and
weights specified in (39).

Though BCT is similar to the bidirectional counterpart of
minimum description length (MDL) [37]–[39] via pseudolike-
lihood (see, e.g., [40]), its penalty term is dealt with differently.
The penalty term corresponds to a parameter that thresholds the
minimal normalized divergence between the bidirectional con-
ditional distribution estimates from leaves and those from their
father nodes. Using the compression heuristic (cf. Section IV-B)
to adaptively change the threshold gives better (if not much
better) performance in applications such as denoising than di-
rectly minimizing description length or code length, where the

code length interpretation can be found in [9]. The unidirec-
tional model VLMC discussed in Section II-A has a similar
MDL interpretation. In fact, [14] provides an elegant solution
to the problem of unidirectional modeling via Bayesian infor-
mation criterion (BIC) [41] and MDL. This has been extended
to multidirectional modeling with symmetric multidirectional
contexts in [40] via modified BIC. In [14], [40] the asymptotic
results do not change if the penalty term is multiplied by any
strictly positive constant, though for finite data lengths the con-
stant clearly matters. Note also that, in [23], there may exist
more than one valid optimal bidirectional context sets for the
same sequence, but within each valid bidirectional context set
the bidirectional context for a given pair of strings is
unique; whereas in BCT, the bidirectional context sets are de-
fined probabilistically for each given pair of strings . Any

may possess more than one bidirectional context in this
probabilistic sense. That is, the nonuniqueness of bidirectional
contexts is dealt with by [23] and our paper in different ways.

IV. COMPARISON OF THE ADAPTIVE BIDIRECTIONAL MODELS:
EXPERIMENTS ON DENOISING

We now turn our attention to a concrete application of adap-
tive bidirectional modeling, namely, noncausal universal dis-
crete denoising. In the experiments, we only consider data in-
dexed by time. DUDE, CTW and BCT can be extended in a nat-
ural way (cf. [1], [23]) to images or other multidimensional data.
However, computational issues are notrivial due to the growth
of the number of contexts.

We compare the seven bidirectional models:
• DUDE (static symmetric contexts as in [1]);
• BFP (cf. Section II-B1);
• GM (cf. Section II-B2);
• f-OGM (cf. (24) in Section II-B3);
• b-OGM (cf. (25) in Section II-B3);
• CTW (cf. Section II-C); and
• BCT (cf. Section II-D);

by using them in the Bayesian optimal noncausal denoiser
(1). We let ,

. We compare the performances
of universal discrete denoisers induced from those bidirectional
models, with no knowledge of the clean data (channel
input).

Various parameters need to be adjusted accordingly to adapt
to real data. DUDE needs to choose , the context length [1];
BFP, GM, f-OGM, and b-OGM have a pruning parameter to
construct the unidirectional context tree [11]; In addition, GM
has a parameter that determines the size of the “present,” cf.
(14) or (16); f-OGM and b-OGM has a parameter that is the
assumed memory length, cf. (24) and (25); CTW has a memory
length parameter [2]; BCT has a pruning parameter (cf.
(40)), an exponent constant (cf. (39)), and a maximal tree
depth (cf. Section II-D4). The maximal tree depth can be
chosen rather arbitrarily, and longer depths do not necessarily
lead to better performances.

A. Complexity Issues

The bidirectional models DUDE, CTW, and BCT have
time and space complexities because the trees involved therein
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TABLE I
FIRST-ORDER MARKOV SOURCE (p) AND BSC (�)

TABLE II
FIRST-ORDER MARKOV SOURCE (p) AND BSC (�)

have constant number of nodes. In the bidirectional models BFP,
GM, f-OGM, and b-OGM that are based on the unidirectional
VLMC model, the time complexity [12] for con-
structing VLMC can be made linear by utilizing suffix trees
and finite-state machine (FSM) [42], [43]. After constructing
the FSM for (in f-OGM) or the FSM for
(in b-OGM) or both (in BFP and GM) within linear time, we
store the FSM states of (in f-OGM) or

(in b-OGM) or both (in BFP and
GM). This is done by transiting from one state to another, which
costs linear time since one state transition needs constant time.
BFP, GM, f-OGM, and b-OGM (cf. (6), (16), (24), and (25),
respectively) all involve products of constant number of uni-
directional conditional probabilities for each , which can be
obtained in a constant number of state transitions that start at
states in the above stored state sequences ( and for
BFP, and for GM, for f-OGM, for
b-OGM). Each state gives its corresponding estimate of the uni-
directional conditional distribution. If one state transition is not
defined (because the symbol is arbitrary in (6), (16), (24), and
(25) for each ), we go directly to the state of the empty string
, then the current and later state transitions can be continued.

If the current transition from is not defined, we use the state
as the next state and continue subsequent transitions. This does
not affect the overall constant time complexity of state transi-
tions needed for each . In addition, GM needs the DUDE esti-
mates (17) which can be done in linear time and space [1]. Thus,
the overall time complexities of BFP, GM, f-OGM, and b-OGM
are all . The space complexities for BFP, GM, f-OGM,
and b-OGM are all linear [43] because the storage space for the
FSM(s) and the saved states are . Another way to resolve
the issue of undefined state transitions is to set the “closest”
valid state to be the next state. For example, if the transition
from to is undefined, then we search for the state(s)
of until one valid state is found, which
is set to be the next state. The search is performed more effi-
ciently on the optimal full tree than in the FSM, since within
time we can search from back to such that is

the deepest node. This would give better performance because
generally longer memory is exploited, but the overall time com-
plexity would then be . The latter way of finding and ap-
proximating the next state requires quite reasonable time com-
plexity in practice, thus, it is used in the experiments as well as
the simple implementation of VLMC [12].

B. Optimal Performance of a Model By the Compression
Heuristic

Since the underlying true input sequence to the channel is
unknown, in practice it is impossible to choose parameters ac-
cording to the true loss induced by a denoiser under given pa-
rameters. Instead, the compression heuristic [1] can be used to
tune the parameters. The compression heuristic says that the op-
timal parameters are achieved when the denoiser outputs a se-
quence that is shortest after universal lossless compression. As
all experiments indicate, the performances of denoisers whose
parameters are given by the compression heuristic are very close
to the performances of denoisers which use optimal parameters
with the aid of a genie that can access the true performances of
the denoisers. In the English text experiment, we demonstrate
the performances of denoisers whose parameters are chosen by
both the compression heuristic and the genie, which turns out to
strongly support the use of the compression heuristic.

C. Binary Markov Source and BSC

The Bayesian optimal denoiser can be exactly implemented
via backward–forward dynamic programming (BFDP). A bi-
nary Markov source with transition probability inputs a bi-
nary sequence of length into a BSC with crossover prob-
ability . Tables I–III display the bit-error rates after denoising
for different source/channel parameters and different bidi-
rectional modeling algorithms.

D. English Text Correction

In this individual sequence setting, an English text goes
through a DMC called the keyboard channel, which mimics a
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TABLE III
FIRST-ORDER MARKOV SOURCE (p) AND BSC (�)

TABLE IV
DENOISING FOR ENGLISH TEXTS AND KEYBOARD CHANNEL: COMPRESSION HEURISTIC

typist’s most likely errors. Here , and the channel tran-
sition probability matrix is identical to the one in [1], which
corrupts letters with probability . Fifteen novels have been
tried (using data from Project Gutenberg: http://www.guten-
berg.org/):

1. Don Quixote
2. David Copperfield
3. Great Expectations
4. Household Tales by Brothers Grimm
5. Jane Eyre
6. Les Miserables
7. Little Dorrit
8. Micah Clarke
9. Notre-Dame de Paris

10. The Arabian Nights
11. The Count of Monte Cristo
12. The Great Boer War
13. The Life and Adventures of Nicholas Nickleby
14. The Moonstone
15. The White Company

The 15 novels are also of varying sizes, ranging from about
bytes to about bytes. Table IV shows the error

rates after denoising for compression heuristic-based denoisers
under different models in the English text case. The usefulness
of compression heuristic is demonstrated by Table V, which dis-
plays error rates after denoising for genie-aided denoisers under
different models in the English text case. As we can see, Ta-

bles V and IV have very close entries for the same novels and
in many cases they even have the same entries, in favor of com-
pression heuristic. For novel No. 1 (Don Quixote), [23] cites an
error rate about after denoising, which is comparable to
our BCT, but worse than BFP, GM, f-OGM, b-OGM, and CTW.

E. Best Model by the Compression Heuristic

Not only can the compression heuristic be used in choosing
near-optimal parameters for a specific model, but also it can
be used in choosing a best model among several models. Note
that in the compression heuristic-based experiment depicted in
Table IV, CTW yields the lowest error rate in all cases. When
the compression heuristic is used to choose among DUDE, BFP,
GM, f-OGM, b-OGM, CTW, and BCT, it also chooses CTW in
almost all cases.

F. Which Model?

In conclusion, we have introduced six bidirectional models
BFP, GM, f-OGM, b-OGM, CTW, and BCT. While BFP, GM,
f-OGM, b-OGM, and CTW are induced from unidirectional
models, BCT is based on the construction of a bidirectional con-
text tree. CTW is based on a quite different principle of mixing
all submodels. Occasionally, BFP performs worse than DUDE
for the binary Markov source and BSC experiment, but in gen-
eral, all the proposed models show a slight improvement in that
setting. Much bigger improvements over DUDE are observed
in the case of corrupted English text. Although GM, f-OGM,



4804 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 52, NO. 11, NOVEMBER 2006

TABLE V
DENOISING FOR ENGLISH TEXTS AND KEYBOARD CHANNEL: GENIE-AIDED

b-OGM, and CTW all show excellent behavior, from the ex-
periments we can see that none of the six proposed methods is
uniformly the best. Using a compression heuristic it is usually
possible to choose the best modeler for each particular applica-
tion.

APPENDIX I
PROOF OF LEMMA 1

Proof: Define

for . Note that if is on the updating path for the
th symbol , namely, for some ,

then

(44)

according to the CTW algorithm.
At any time , consider the updating path

for . Let be any internal node (i.e., any
node with depth strictly less than ) along this path, let be
the unique child node of that is on this path, i.e., the unique

. Then

(45)

(46)

where (45) is from the fact that if is not on the up-
dating path for , then

For the leaf node on the updating path for
, we have

(47)

By (47) and recursively using (46), we can get

(48)
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It is easy to see that is indeed a prob-
ability distribution because the coefficients in
(27) sum up to and

are probability distributions. By (48) and the definition of
, the result follows.

APPENDIX II
PROOF OF PROPOSITION 1

We first establish the following lemma.

Lemma 2: Let be stationary ergodic. Let
with be such that there exists with

and a different unidirectional conditional dis-

tribution, i.e.,

(Note that implies .)
Then for any

a.s.

Proof:

And by recursively applying the definition of for any
node as above until we have met the leaf nodes, with
denoting the depth of any node and denoting all the
leaf nodes of the same depth in the subtree rooted at node ,
we finally get

(49)

where

since if .
For any :

thus, if , then for large enough ,

a.s. (50)

Notice for any node such that

is a KT estimator [13], we have [13, Sec. II, eq. (2.6)]
(which is based on Stirling’s formula for Gamma functions)

(51)

where is a strictly positive constant that does not depend on
, and

By the stationarity and ergodicity of :

a.s. (52)

Hence by (51), note
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with , almost surely we have

(53)

by the ergodicity of again. Note with
:

whence, by the strict concavity of entropy, because
implies :

(54)

with equality if and only if for any
with , we have

But the equality cannot hold for any
with , since it then contradicts our as-
sumption. Thus, strict inequality in (54) holds.

Hence, by (53), almost surely the exponent on the right-hand
side of (49) becomes (note (50) holds for and for any

with , when is large enough)

is a strictly positive constant, because our assumption implies
and because of the strict inequality in (54).

The result then follows from (49).

Proof of Proposition 1: For any ,
on the set with , with the
same notations as in Lemma 1, :

(55)

where , with

for node . Now let be the smallest integer
such that

for any . Obviously, such an integer
always exists since always satisfies above equation. Thus, it
is obvious that

Case 1: for each node such that its depth
, we have

thus,

a.s.

by the stationarity and ergodicity of ;

Case 2: for each node such that its depth
, the condition in Lemma 2 is

satisfied by the definition of the integer , thus,

a.s.

therefore, for any such node

a.s. (56)

In view of (55), notice there are only terms, and coef-
ficients of those terms (estimated probabilities)
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sum up to , by the above Case 1 and Case 2, we see immedi-
ately that almost surely as

for any such that . Thus,

a.s.

as .
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