
1556 IEEE JOURNAL ON SELECTED AREAS IN COMMUNICATIONS, VOL. 19, NO. 8, AUGUST 2001

Multicell Uplink Spectral Efficiency of Coded
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Abstract—A simple multicell uplink communication model is
suggested and analyzed for optimally coded randomly spread
direct sequence code-division multiple access (DS-CDMA). The
model adheres to Wyner’s (1994) infinite linear cell-array model,
according to which only adjacent-cell interference is present, and
characterized by asingleparameter 0 1. The discussion
is confined to asymptotic analysis where both the number of users
and the processing gain go to infinity, while their ratio goes to some
finite constant. Single cell-site processing is assumed and four
multiuser detection strategies are considered: the matched-filter
detector, “optimum” detection with adjacent-cell interference
treated as Gaussian noise, the linear minimum mean square error
(MMSE) detector, and a detector that performs MMSE-based
successive interference cancellation for intracell users with linear
MMSE processing of adjacent-cell interference. Spectral efficiency
is evaluated under three power allocation policies: equal received
powers (for all users), equal rates, and a maximal spectral effi-
ciency policy. Comparative results demonstrate how performance
is affected by the introduction of intercell interference, and what is
the penalty associated with the randomly spread coded DS-CDMA
strategy. Finally, the effect of intercell time-sharing protocols as
suggested by Shamai and Wyner (1997) is also examined, and a
significant system performance enhancement is observed.

Index Terms—Capacity, cellular communication, code-division
multiple access, multiuser detection, random signatures, spectral
efficiency.

I. INTRODUCTION

I NFORMATION theoretic analyzes of direct sequence
code division multiple access (DS-CDMA) systems have

gained much attention in recent years, as a result of the rapid
development of commercial cellular systems employing this
multi-access strategy. Results for asingle cell DS-CDMA
system were recently presented in [1]–[4] (see also references
therein). These works explicitly relate to CDMA systems
with randomspreading sequences, and the limiting scenario is
examined, where both the number of users and the processing
gain go to infinity, while their ratio goes to some finite constant.
This ratio is commonly referred to as the“system load.”
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The above asymptotic assumptions are particularly appealing
since in such case performance measures of interest, such as
output signal-to-interference-plus-noise ratio (SINR) or spec-
tral efficiency, converge to deterministic values, that can bean-
alytically expressed. These performance measures are functions
of the empirical eigenvalue distribution of random matrices of
particular structures, which is known to converge, when dimen-
sions go to infinity, to some limiting distribution (determined in
the case considered here through its Stieltjes transform, see [5]
and Appendix). In contrast, the problem becomes analytically
intractable even for moderatefinite system sizes (except for
some particular random matrix structures). Furthermore, pre-
vious results indicate a rather fast convergence to the asymptotic
limits with system size, demonstrating the practical importance
of these limits. The reader is referred to [3], [6], and [7] for some
numerical examples and an analysis of the rate of convergence.

Assuming equal received powers and nonfading channels,
four multiuser detection strategies are compared and analyzed
in [1], in terms of spectral efficiency. The authors examine
optimum decoding, the matched filter detector, the decorre-
lating detector, and the linear minimum mean squared error
(MMSE) detector. In addition to explicitanalyticalexpressions
for the spectral efficiencies of the four detection strategies,
asymptotic analysis for cases in which the system load or

go to either zero or infinity is provided, and also
comparison to the spectral efficiency without (the constraint of)
spreading, and the spectral efficiency obtained with orthogonal
(deterministic) spreading sequences. It should be noted here
that it is well known [8] that the optimum spectral efficiency
(without spreading) can be achieved withorthogonalspreading
sequences when the system load equals unity. It is also known
[9] that even when the system load is higher than unity, there
exist spreading codes that incur no loss in capacity relative to
multi-access with no spreading. The results obtained in [1]
extend also to the case of homogeneous fading where each of
the spreading sequences’ chips is assumed to be affected by
independent identically distributed (i.i.d.) fading coefficients
with unit variance. The impact of flat (nonhomogeneous)
fading on the four multiuser detection strategies considered in
[1] is analyzed in [2]. SINRs at the output of linear detectors
(the matched-filter detector, the linear MMSE detector, and the
decorrelator) are presented in [3], and an extension of these
results to fading channels with multi-antenna reception can be
found in [10].

In this paper,multicell systems are addressed using the at-
tractive cellular model suggested by Wyner in [11]. This simple
model allows for analytical tractability on the one hand, while
giving insight to practical systems on the other. Accordingly, the
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system’s cells compose an infinitelinear array, where the re-
ceived signal at each cell site is the sum of the signals received
from intracell users, plus a factor times the
sum of the signals of users in the two adjacent cells, as received
at their cell sites. Nonadjacent cell users are assumed to pro-
duce no interference. The received signal is embedded in am-
bient Gaussian noise. The multicell effect on performance is,
thus, specified by asingleparameter .

Nonfading channels are assumed, as in [11], and the spec-
tral efficiency obtained by employingoptimallycodedrandomly
spread DS-CDMA with multiuser detection is analyzed. As in
[1] and [3], the limiting case is considered in which, denoting
by the number of intracell users (assumed constant and equal
in all cells), and by the spreading factor (processing gain),

, while (i.e., the factor de-
notes the system load). Assumingsingle cell-site processing,
four types of multiuser detection strategies are considered.

1) The“conventional” matched-filter detectorthat treatsall
interference (either intracell or intercell) as additive white
Gaussian noise (AWGN);

2) A single-cell optimum (SCO)detector that “optimally”
detects the transmissions ofintracell users, while treating
intercell interference as AWGN;

3) The linear MMSE detectorthat knows the signature se-
quences of all interfering users (both intracell and in ad-
jacent cells) and mitigates their interference by means of
a linear MMSE filter;

4) A detector that employsMMSE-based successive
interference cancellation (MMSE-SC)to decode trans-
missions of intracell users, whileintercell interference is
mitigated by means of a linear MMSE filter. To distin-
guish between this detector and a detector that performs
MMSE based successive interference cancellation over
all received transmissions, the latter shall be referred to
as thefull MMSE-SC detector(this detector is equivalent
to a decision-feedback receiver, see Section III-D for a
more detailed description of the MMSE-SC scheme).

It is emphasized that neither the linear MMSE detector, nor the
MMSE-SC detector, try todecodethe transmissions of adjacent
cell users (which might be prohibitive if is small). In fact, the
cell-site detector may actually be ignorant regarding codebooks
or code-mask sequences employed in other cells, but is aware,
as usually is the case in practice, of the signature sequences of
all users in adjacent cells. In addition to the above, it is also as-
sumed that all detectors are provided with the required knowl-
edge regarding the received powers of the interfering signals.

The above four multiuser detection strategies were chosen
to demonstrate the effect of information on interfering signals
on system performance. The matched-filter detector and the
MMSE-SC detector represent the extreme cases in the analysis,
the first being the least informed, and the latter the most
informed (in fact, the MMSE-SC detector is optimum in terms
of spectral efficiency in the setting considered in this paper,
as shall be explained in Section III-D). The SCO detector and
the linear MMSE detector reflect a tradeoff between additional
information and detection complexity with respect to intracell
users, versus having more information on adjacent-cell inter-

ference while using simpler interference mitigation techniques
for intracell users. In this particular case, the SCO detector is
fully informed regarding intracell transmissions and performs
optimum joint demodulation and decodingwhile treating adja-
cent cell interference as additive Gaussian noise. In contrast,
the linear MMSE detector (per each user) is only aware of
the signature sequences and received signal-to-noise ratios
(SNRs), but this holds forall interferers (both intracell and in
adjacent cells), and the detector employslinear (suboptimum)
interference mitigation followed bysingle user decoding. The
explicit effect of the above tradeoff is of great practical interest,
and this paper provides ananalyticalperformance comparison
of these two approaches as well as the matched-filter and
MMSE-SC detectors.

Identifying the spectral efficiency as the fundamental mea-
sure of system performance for coded systems (see Section III),
the spectral efficiency of all four detection strategies is com-
paratively examined under three power allocation policies,
corresponding to three possible practical system design goals.
First considered is the equal-powers policy that assigns equal
receivedpowers to all users. Next, the equal-rates policy that
employs a power assignment function such that all users attain
equal rates (in the sense of information theoretic capacity).
The last policy to be considered is the one that maximizes the
spectral efficiency. Particularizing to equal received powers,
the penalty in system performance due to random spreading is
also examined, by comparison (following [12]) to the spectral
efficiency of the SCO detector, and that of a detector equivalent
to the matched-filter detector, when no spreading is employed.
Another detector considered in this respect is theadjacent-cell
decoder (ACD) that also knows thecodebooksof users in
adjacent cells, and chooses either to decode their transmissions
or treats them as an additive Gaussian noise, whichever is
preferable in terms of spectral efficiency (see Section IV for
more details). Finally, the effect on system performance of
intercell time-sharing (ICTS) protocols, as suggested in [12],
is also analyzed.

This paper is organized as follows. Section II presents the
system model. Section III includes general equations through
which the spectral efficiency of the four detectors is obtained.
Sections IV–VI discuss the three power allocation policies men-
tioned above. Section VII is devoted to the examination of ICTS
protocols, and finally, Section VIII ends the paper with a sum-
mary and some concluding remarks.

II. SYSTEM MODEL

Following [11] and [12], the uplink of a fully synchronous
cellular CDMA system is considered, whose cells are ordered
in an infinite linear array, as depicted in Fig. 1. Using the stan-
dard discrete time equivalent channel representation, the signal
vector received at an arbitrary cell-site at the discrete time re-
lated to the transmission of theth symbol is given by

(2-1)

The vector in (2-1) comprises the
code symbols originated from intracell users at theth discrete
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Fig. 1. Linear cell-array model.

time. The vectors denote the vectors
of symbols originated from users operating in adjacent cells.
These symbols are assumed to be i.i.d., Gaussian (which con-
forms with the capacity achieving statistics), with
and , where is the received power of the

th user according to the applied power allocation policy. This
model is justified by assuming that the codebooks of all users
are chosen randomly, governed by an underlying i.i.d. Gaussian
distribution per symbol, andindependentlyfor each message
transmission (see [12]). The matrices and are
matrices, whose columns are the-chip long random spreading
(signature) sequeces of the users in the considered cell and
in its adjacent cells, respectively. The entries of the above ma-
trices are treated as i.i.d. zero-mean random variables with vari-
ance . The vector represents a zero-mean white Gaussian
noise vector with , . Without loss of gener-
ality, all received powers are, thus, normalized with respect to
the noise spectral level and represent, in fact, the SNRs at the
input to the multiuser detectors.

As mentioned in Section I, the effect of power allocation poli-
cies on the overall system performance is analyzed. The “power
allocation policy” refers here to a system-defined centrally con-
trolled function, that assigns areceivedpower level to each of
the intracell users (it is assumed that the users adjust their trans-
mission power so as to be received at the prescribed level).
According to the system model considered, exactly the same
power allocation policy is applied to all cells. In addition, a lim-
iting continuous argument assumption is imposed, according to
which it is assumed that as the number of users grows to in-
finity, the discrete power (SNR) assignment function
converges to a limit given by a function of a continuous argu-
ment, denoted henceforth by , i.e.

(2-2)

The above power assignment function is assumed to be subject
to an average power constraint, given by

(2-3)

where the definition of the Riemann integral has been used to
arrive at the integral notation.

It is emphasized that in the nonfading regime considered in
this paper, is to be fully specified by the system designer
according to the chosen system design goal. This is in contrast

to the common practice infading channels, where the power
control law is a function of the instantaneous channel gain
of each user. It is also noted that the roles of different users
(which correspond to the user enumeration parameter) may
be switched from frame to frame, in order to achieve a more
homogeneous/fair performance for different users.

III. SPECTRALEFFICIENCY OF THEMULTIUSER DETECTORS

The fundamental figure of merit for system performance is
the per cellspectral efficiency[1], defined as the total number
of bits per chip that can be transmitted arbitrarily reliably in each
cell. Denoting by the SINR at the output of a linear detector
for user , and following central limit results showing that the
interference at the output of each of the two linear detectors,
i.e., the matched-filter detector and the linear MMSE detector,
is well approximated by a Gaussian noise (see [1], [13], and [14]
for justification of this Gaussian approximation), the spectral
efficiency of these detectors is given by

(3-1)
using the integral representation as in (2-3), and denoting

, . It is, however, convenient
in some cases to express the spectral efficiency in terms of the
multiuser efficiency(see [15]) of the detector, defined as the
ratio between the detector’s output SINR and the SNR, which
in the continuous argument function notation becomes

. Hence the spectral efficiency is equivalently ex-
pressed by

(3-2)

It is noted here that (3-1) and (3-2) also apply to thenonlinear
MMSE-SC detector since at any stage of the interference
cancellation process, the detector employslinear MMSE pro-
cessing, but with the number of interfering users getting smaller
at each stage (see Section III-D). The spectral efficiency of the
(nonlinear) SCO detector is most conveniently evaluated using
interrelations between the spectral efficiency of the optimum
multiuser detector and that of thelinear MMSE detector as
shall be explained in Section III-C. The reader is referred to
[16] for an alternative derivation based on the interrelations
between the spectral efficiency of the optimum detector and
that of the full MMSE-SC detector.

The following generally describes how the spectral efficiency
of all four multiuser detectors is obtained in terms of the power-
assignment function. The notation of , , , and

is used to designate entries related to the matched-filter
detector, the SCO detector, the linear MMSE detector, and the
MMSE-SC detector, respectively. It is noted that when different
systems are to be compared (with possibly different spreading
gains and data rates), it is useful to express the spectral effi-
ciency in terms of , which is done through the relation

(see [1]). However, for simplicity of no-
tation, equations are expressed in terms of the received power
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(which is in fact the SNR, following the normalization with re-
spect to the noise spectral level).

A. Matched-Filter Detector

The matched-filter detector simply passes the received signal
through a filter matched to the signature sequence of the user of
interest, while treating all interfering signals as a pure AWGN.
In the limiting scenario considered here, the following result [3]
on the convergence of the multiuser efficiency of the matched-
filter detector in asingle-cellsystem holds.

Lemma 3.1 (Tse–Hanly [3]):Let the empirical distribution
of the received powers of all users converge almost surely (a.s.)
as , , to some nonrandom limit

. Then, the multiuser efficiency of the matched-filter de-
tector converges in probability to a nonrandom limit , equal
for all users, given by

(3-3)

where represents expectation with respect to .
Turning to the particular multicell model considered here,

the matched-filter detector effectively operates in anequivalent
single-cellsystem of users, one-third of which (the intracell
users) are received at (nonrandom) powers as given by,

, while the remaining two-thirds (the adjacent-cell
users) are received at powers , . Hence,
applying Lemma 3.1, while considering the average power con-
straint of (2-3), it is straightforward to see that the multiuser
efficiency of the matched-filter detector is given by

(3-4)

and its spectral efficiency satisfies

(3-5)

B. Linear MMSE Detector

The linear MMSE detector passes the received signal through
a linear filter that minimizes the mean squared error between
the channel input [the vector in (2-1)] and the filter’s output.
Following is a result from [3], as it is formulated in [2], that
applies to single-cell systems with flat fading channels.

Lemma 3.2 (Tse-Hanly [3]):Let the empirical distribution
of the received powers of all users converge a.s. as ,

, to some nonrandom limit . Then, the mul-
tiuser efficiency of the linear MMSE detector converges a.s. to
a nonrandom limit , equal for all users, given by the unique
positive solution to the implicit equation

(3-6)

As with the matched-filter detector in the considered multi-
cell nonfadingmodel, the linear MMSE detector also operates
effectively in an equivalent single-cell system of users with
power distribution, as described in Section III-A above. Hence,

applying Lemma 3.2, it follows that the multiuser efficiency of
the linear MMSE detector is given by the unique positive solu-
tion to the implicit equation

(3-7)
and the resulting spectral efficiency is given by [cf. (3-2)]

(3-8)

C. SCO Detector

As mentioned at the beginning of this section, the spectral
efficiency of the SCO detector is most conveniently obtained
using interrelations between the spectral efficiency of an op-
timum multiuser detector and that of the linear MMSE detector.
The following Lemma is a result obtained in [2] with respect to
single-cell systems and flat-fading channels (a factor ofwas
added to account for real channels, as considered here).

Lemma 3.3 (Shamai–Verdú [2] Theorem IV.1):Let the em-
pirical distribution of the received powers of all users converge
as in Lemma 3.2 to some nonrandom limit . Then, the
spectral efficiency of the optimum multiuser detector is given
by

(3-9)

where is the limiting multiuser efficiency of the corre-
sponding linear MMSE detector, as given by Lemma 3.2 ((3-6)),
and

(3-10)

is the spectral efficiency of this detector.
In order to apply the above Lemma to the multicell model

considered here, the following observation is required. By
definition, the SCO detector treats adjacent-cell interference
as an AWGN, which tacitly implies that joint nearest neighbor
decoding is employed for the detection of intracell transmis-
sions. However, the additive interference originating from
adjacent-cell users is, in fact, anonwhiteGaussian noise, which
puts us in the framework of the mismatched decoding problem,
as analyzed in [17]. According to [17], adding a mild restriction
that the additive adjacent cell interference is ergodic of second
moment, and under the assumption, adhered to in this analysis,
that all codebooks are Gaussian, the spectral efficiency of
the detector depends on the actual noise plus interference
distribution only via its power, and thus coincides with the
spectral efficiency in awhite Gaussian noise channel with
signal and noise powers equal to those of the original channel.
Following the above result, it may, therefore, be concluded that
in terms of spectral efficiency the SCO detector is equivalent to
an optimum detector in asingle-cellsystem, where the additive
white Gaussian background noise process has spectral level
given by . This implies that the power assignment
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function in the equivalent single-cell setting should be
replaced by

(3-11)

Following similar arguments to those used for deriving (3-7)
and applying Lemma 3.3, the spectral efficiency of the SCO
detector is finally given by

(3-12)

where is the multiuser efficiency of the corresponding
linear MMSE detector, given by the unique positive solution to
the implicit equation

(3-13)

D. MMSE-SC Detector

The MMSE-SC detector uses a successive interference can-
cellation scheme, with linear MMSE processing at each stage
(essentially as described in Section III-B). Starting from the first
intracell user, the detector uses linear MMSE processing to mit-
igate the interference generated by users ( intra-
cell, and at adjacent cells), as experienced by user 1. After
decoding, the signal generated by user 1 is reconstructed, sub-
tracted from the total received signal, and the result is passed on
to the detector for the second intracell user, now experiencing
interference generated by users ( intracell, and

at adjacent cells). The procedure is repeated until the last
intracell user (user ), which due to the cancellation process
experiences only interference generated by theadjacent-cell
users. Since by the underlying assumption the cell-site detector
is unaware of the codebooks of adjacent-cell users, no decoding
and cancellation are performed with respect to the signals gen-
erated by these users.

One approach for obtaining the spectral efficiency of the
MMSE-SC detector is first evaluating its multiuser efficiency
(continuous argument) function , and then using
(3-2). In contrast to thelinear MMSE detector, the multiuser
efficiency of the MMSE-SC detector is not equal for all users,
as they experience interference from a decreasing number of
users as the successive cancellation process progresses. This
naturally holds also for the full MMSE-SC detector.

Applying Lemma 3.3 to each user (with the appropriate inter-
pretation as in Section III-B), the multiuser efficiency function
of the MMSE-SC detector is given by the unique positive solu-
tion (for each value of ) to the implicit equation

(3-14)

The spectral efficiency of the MMSE-SC detector is given by

(3-15)

In cases in which only the spectral efficiency (sum rate) is of
interest, and not the individual user rates, an alternative compu-
tationally simpler approach for evaluating the spectral efficiency
of the MMSE-SC detector may be taken. The key tool in the
derivation is the equivalence, in terms of spectral efficiency, be-
tween the (full) MMSE-SC detector and the optimum detector in
a single-cell environment, i.e., whenall received transmissions
are to be decoded at the receiver (e.g., see [1],[18], and [19]).

The first step is observing that the spectral efficiency expres-
sion of (3-15) equals the sum of the maximum attainable rates
by each of the intracell users, normalized by the processing gain,
and written in the continuous argument function form (consid-
ering the limiting scenario of , , ).
Let (3-15) be rewritten in the following way

where denotes the normalized sum of the maximum rates that
would have been attained by users in asingle-cell
scenario with users, employingfull MMSE-SC detection,
with the first users received at powers ,
and the remaining users received at powers ,

(which are the received powers of the adjacent-cell
users). Here the reader must be cautious as not to confuse the ad-
ditional rates (those summing up to) with theactualattained
rates of the users in adjacent cells, as these must be identical
to the rates of thefirst users (with corresponding indices),
that represent the true rates of the intracell users in the multi-
cell scenario, as all cells are assumed to be identical from all
aspects. Rather, these fictitious single-cell scenario rates were
introduced here for mathematical purposes only, as they lead to
an equivalent expression for the spectral efficiency that is sim-
pler to compute. Returning to the single-cell interpretation, the
following is observed. The sum of the first two elements in the
r.h.s. of (3-16) can be interpreted as the spectral efficiency of the
full MMSE-SC detector in a single (isolated) cell with users
and with received powers as explained above. This spectral effi-
ciency is denoted by. In addition, the term in (3-16) can also
be interpreted as the spectral efficiency of the full MMSE-SC
detector in a single (isolated) cell withonly users, whereall
users are received with powers , , and
(3-16) may be rewritten as

The validity of this alternative interpretation follows from the
fact that within the MMSE-SC detection scheme the first
users (out of ) have no effect on the rates attained by the
remaining users, as they are cancelled out in the successive
interference cancellation process.

The above single-cell interpretations allow to express the de-
sired spectral efficiency as a difference of spectral efficiencies of
full MMSE-SC detectors in two differentsingle-cellscenarios.
Toward this end, the equivalence in terms of spectral efficiency
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of the optimum detector and the full MMSE-SC detector in a
single-cell scenario can be used, and Lemma 3.3 can be ap-
plied to express and as the spectral efficiencies of the cor-
responding optimum detectors. Accordingly, the spectral effi-
ciency of the MMSE-SC detector (in the consideredmulticell
scenario) is given by

(3-18)

where is the unique positive solution to

(3-19)
and is the unique positive solution to

(3-20)

After deriving the spectral efficiency expressions, it is useful
now to shed some light on an interesting property of the
MMSE-SC detector. A careful observation shows, that in terms
of spectral efficiency the MMSE-SC detector is in fact the
optimum multiuser detector, under the assumption of single
cell-site processing, and the assumption that the receiver has
no knowledge of the codebooks used in the adjacent cells, and
those codebooks are randomly selected per message (as is in-
deed assumed in the system model considered, see Section II).
This is evident by noticing, that the matched filtering over
all signatures sequences (both of intracell and adjacent-cell
users) constitutes sufficient statistics, and the fact that, in the
Gaussian regime, the MMSE estimator extracts all the desired
information in the mutual information sense. By exactly
the same arguments used in [19] for the the full MMSE-SC
detector in a single-cell scenario, the sum of rates attained in
the present model by the successive cancellation process, can
be shown to correspond to the chain decomposition rule for
mutual information. Hence, the MMSE-SC detector achieves
the maximum mutual information between the channel output
[as represented by the vectorin (2-1)] and the channel input
due to intracell users only [as represented the vectorin
(2-1)], with the above restrictions on information available with
respect to adjacent-cell interference. It is noted, however, that
in the case in which the codebooks of adjacent-cell usersare
known or chosen once for good, the MMSE-SC isno longer
the optimum receiver, as the problem falls within the difficult
framework of joint multiple-access/interference channels (see
also Section IV).

IV. EQUAL POWERS

Satisfying the average power constraint of (2-3), the equal-
powers policy simply implies setting , .
Substituting the above power assignment function in (3-5), the
spectral efficiency of the matched-filter detector is given by

(4-1)

As can be seen, the above result reaches a limit as the average
power (or ) grows without bound, which is in accor-
dance with the well-known interference-limited behavior of the
matched-filter detector. The same behavior is observed taking

, which is also optimum in terms of spectral efficiency
[1].

The spectral efficiency of the SCO detector is evaluated by
substituting into (3-12) and (3-13). Fortunately, the
resulting spectral efficiency with equal received powers admits
a closed explicit form expression, as observed for the single-cell
scenario in [1]. Accordingly, the spectral efficiency of the SCO
detector is given by

(4-2)

where [see (3-11)], and

.
As with the matched-filter detector, it is observed that the above
spectral efficiency reaches a limit letting (note
that in such case ). This interference-limited
behavior of the SCO detector emanates from the fact that
intercell interference is treated as AWGN. Again, is
optimum in terms of spectral efficiency.

The SINR at the output of the linear MMSE detector is given
by the positive root of the following cubic equation obtained by
substituting and into (3-7)

(4-3)

Clearly, with equal powers the output SINR for the linear
MMSE detector is identical for all users, and thus, the spectral
efficiency of the linear MMSE detector is simply given by

(4-4)

where is the positive root of (4-3) [see (3-8)]
In contrast to the matched-filter and the SCO detector, the

linear MMSE detector is not interference limited if the system
load is appropriately chosen. By examining (3-7), substituting
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Fig. 2. Spectral efficiency with equal powers,� = 1=2, and optimum system load� (N.S.: No spreading).

, it can be shown that the spectral efficiency of
the linear MMSE detector grows without bound as

, provided that . It is also seen that the optimum
choice for is lower than for large . Taking ,
the spectral efficiency of the linear MMSE detector coincides
with that of the matched-filter detector, as expected from the
single-cell results of [1].

Finally, substituting (and
) into (3-14) results again in a cubic equation

(4-5)

whose positive root determines the value of the output SINR
function of the MMSE-SC detector: ,
(note that here the SINR function is not a constant although all
users are received with equal powers). Obtaining the SINR func-
tion, the resulting spectral efficiency can be evaluated through
[see (3-15)]

(4-6)

As mentioned in Section III-D, the spectral efficiency may be
alternatively evaluated through (3-18)–(3-20), however (3-14)
lends itself more easily to asymptotic analysis, whose results
are described next.

Considering again (3-14), substituting
, the spectral efficiency of the MMSE-SC detector

can also be shown to grow without bound as ,

if is appropriately chosen (again the optimum choice here
is setting for large ). Taking it is
observed that the spectral efficiency of the MMSE-SC detector
coincides with that of the SCO detector, which is in agreement
with the behavior of the linear MMSE detector for .

Fig. 2 compares the spectral efficiencies of the four detectors
discussed above with and the optimum choice of.
The value of has been chosen to mimic the case in
which the average intercell interference power equals one half
of the average power of intracell transmissions
which is in agreement with the early reports on IS-95 systems.
The spectral efficiencies were evaluated at theoptimumsystem
load (which for the two MMSE based detectors is a function
of ) in view of its cardinal effect on system performance,
making it a major system design parameter (as can be observed
from the preceding discussion, and also indicated in [1]). There-
fore, it is only reasonable to assume that for each multiuser de-
tection scheme the system is optimally designed, and to com-
pare the detectors on the basis of best achievable performance
to make the comparison fair.

Accordingly, for low where it is optimum to choose
, the spectral efficiencies of the linear MMSE and the

MMSE-SC detectors coincide with those of the matched-filter
detector and the SCO detector, respectively. However as
increases beyond some critical value, the optimum choice of
for the two MMSE based detectors decreases, eventually be-
coming lower than , and the spectral efficiency of these de-
tectors grows without bound with . The decrease in op-
timum is the reason for the “knee effect” observed in the
spectral efficiency curves of these two detectors (it is noted that
the phenomena is not observed when the spectral efficiency is
plotted for afixed value of ). The slope of the spectral effi-
ciency curve of the MMSE-SC detector is however steeper than
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that of the linear MMSE detector. One can also notice that be-
yond some critical value of (around 16 dB in Fig. 2), the
spectral efficiency of the linear MMSE detector surpasses that
of the SCO detector.

Another interesting issue is the penalty due to random
spreading. Following [12], the spectral efficiency (sum rate)
without spreading of the detector equivalent to the matched-
filter detector1 is given for any number of users by

(4-7)

and the spectral efficiency of the SCO detector is given by

(4-8)

Since in (4-7) and (4-8) , one can check that the spectral
efficiencies (with spreading) of both the matched-filter detector
and the SCO detector [cf. (4-1) and (4-2)], are equivalent to (4-7)
and (4-8) while taking [which is the optimum choice
(see Fig. 4)].

Still in the nonspreading framework, an interesting compar-
ison is with respect to a detector that also knows thecodebooks
of users in adjacent cells, and either decodes their transmissions
as well, or treats them as additive Gaussian noise whichever is
preferable in terms of spectral efficiency. This detector is re-
ferred to as the adjacent-cell decoder (ACD), and its spectral
efficiency is given by (see [12])

(4-9)

As can be observed from Fig. 2, for low the spectral
efficiency of the ACD equals that of the MMSE-SC detector
and the SCO detector since it is preferable to treat adjacent cell
interference as noise. However, beyond some critical value of

, where decoding is preferable, the curves depart and
the spectral efficiency of the ACD grows quite rapidly without
bound with (in comparison to the other detectors).

V. EQUAL-RATE POWER ASSIGNMENT

The SCO detector provides equal rates to all users by as-
signing equal received powers to all. With the remaining three
detectors, guaranteeing equal rates to all users requires that the
SINR function is a constant. As can be seen from Sec-
tion IV, the above requirement is satisfied for the two linear
detectors, i.e, the matched-filter detector and the linear MMSE
detector, by assigningequal received powersto all users. This

1Shamai and Wyner consider in [12]widebandcommunications, where all
bandwidth expansion is due to coding, and this detector is referred to in [12] as
a “single-user decoder,”as it treats all other-user interference as AWGN. It is
in that sense that this detector is equivalent to the matched-filter detector in DS
spread systems.

leaves us with the examination of the MMSE-SC detector. Also
considered, for the sake of comparison, is the MMSE-SC de-
tector that treats adjacent cell interference as additive Gaussian
noise. This detector is equivalent to the SCO detector in terms
of (overall) spectral efficiency (see Section III-D and [16]).

The desired power assignment function that attains equal
rates can be numerically determined by substituting

, for some constant , into either (3-14) or

(5-1)

which is the corresponding implicit equation defining the mul-
tiuser efficiency of the detector that treats adjacent-cell interfer-
ence as noise, and is defined by (3-11). These equations
canthenbesolvedsothat thepowerconstraintof (2-3) issatisfied,
by subdividing the interval into equal intervals, approxi-
mating integrals through sums, and using successive approxima-
tion methods (the following results are based on ).

The numerical results show that in terms of (overall) spec-
tral efficiency, evaluated at the optimum choice for, the equal-
rates policy is almost as good as the equal-powers policy, at least
for values of up to 20 dB. For example (and within the
accuracy of the numerical approximations as specified above),
considering the detector that mitigates adjacent-cell interfer-
ence by means of a linear MMSE filter, the spectral efficiency
achieved with the equal-rates policy turned out to be about 98%
of that with the equal-powers policy, at dB and
with . The results obtained for the detector that treats
adjacent-cell interference as noise were even closer in this case
(about 99:8%). For (and dB) the spectral
efficiency with the equal-rates policy was about 97:6% of the
spectral efficiency with equal powers (both detectors are equiv-
alent in this case). The spectral efficiency difference was ob-
served to slowly increase with .

The equal-rates policy may, however, be preferable in terms
of a more equitable rate allocation, as can be seen from the ex-
ample described by Fig. 3. This figure shows the ratio between
the rate per user while using the MMSE-SC detectors with equal
powers, and the rate attained by the equal-rates policy (given by

), for dB, and ,
and optimum choice of (the latter is very similar for both poli-
cies with interference suppression, less than 1% difference, and
identical when interference is treated as noise, thus making the
comparison valid). Taking the rate under the equal-rates policy as
representing a minimum rate requirement, identical to all users,
one can see that with equal powers a large proportion of the users
fails to meet the requirement. The unbalanced rate distribution
is, in particular, striking for , i.e., in a single-cell envi-
ronment (which should have been expected). For example, with

dB around 76% (!) of the users fall under the rate
obtained by the equal-rates policy with . The nonunifor-
mity in rate distribution under the equal-powers policy becomes
moderate as the level of adjacent-cell interference is increased,
however even for around 40%–60% of the users fall
under the rate attained with the equal-rates policy (depending on
the chosen detector). Results for dB, are of sim-
ilar nature. It may therefore be concluded that the equal-rates
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Fig. 3. Ratios of the rates attained with the equal-powers policy and those attained with the equal-rates policy, forE =N = 15 dB and optimum system load�
(� !1 is represented by� = 10). IS: Adjacent-cell interference suppression. GI: Interference treated as noise (both are equivalent for� = 0).

policy is preferable over the equal-powers policy, in terms ser-
vice fairness, when all users are to be equally serviced. Further-
more, when the at which the system operates is not too
high, choosing the equal-rates policy incures (almost) no loss in
overall spectral efficiency. With this respect it is noted that the
difference between the spectral efficiency with equal powers and
that with equal rates wasanalyticallyobtained in [20], consid-
ering a single-cell scenario and the decorrelator based successive
canceller, which is asymptotic to the MMSE-SC detector at the
high SNR region. The difference in spectral efficiency was found
to be increasing proportionally to the logarithm of the spectral ef-
ficiency, which is indeed quite slow.

VI. M AXIMUM SPECTRAL EFFICIENY

Observing (3-5) it is quite straightforward to show, using
Jensen’s inequality and the concavity of the function,
that the spectral efficiency of the matched-filter detector is
maximized by assigning equal powers to all users. The same
result holds for the spectral efficiency of the SCO detector, as
shown in the Appendix.

Solving the general optimization problem with respect to the
spectral efficiency of both the linear MMSE detector and the
MMSE-SC detector is quite complex, as can be seen from (3-7),
(3-8), (3-14), and (3-15). Hence, a lower bound on the maximum
spectral efficiency is pursued. Consider the power assignment
function defined as

,

otherwise,
(6-1)

Clearly, satisfies the average power constraint of (2-3).
The rationale behind is that the power assignment
function provides a mean for applying a “population control”
mechanism (see [2]) to enhance system performance. Given
a system, with some fixed , interference factor ,
and system load , one might gain in spectral efficiency by
effectively “shutting down” part of the users’ transmissions by
means of the power assignment function, and assigning more
power to the remaining users while satisfying the average
power constraint. It is noted however, that using the function

still confines us to equal power assignment to all effec-
tively active users. Obviously, assigning all power to a single
user is useless since this drives the system’s spectral
efficiency to zero. The power assignment function comes
into effect if there exists some value of for which
the spectral efficiency is maximized. In the particular case
in which , simply reduces to the equal-powers
policy discussed in Section IV. The above “population control”
mechanism is in fact equivalent to the optimization of the
spectral efficiency with respect to under the equal-powers
policy, for fixed , if the initially set value of is higher
than the optimum value (note that cannotincreasethe
effective load). Hence, for a given system, at a fixed working
point specified by , , and , the spectral efficiency,
maximized over the set of power assignment functions, is lower
bounded by the spectral efficiency obtained by substituting

into (3-7) and (3-14) (or alternatively (3-18)), and by
evaluating the spectral efficiency at .

It is noted that the “population control” mechanism, based on
the power assignment function , has also a natural prac-
tical implementation interpretation, in the form of a random-
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Fig. 4. Spectral efficiency withf (x)j , � = 1=2, and system load� = 1.

ized time division multiple access (TDMA) scheme. Due to the
major role of the load in determining system performance (as
also emphasized by Fig. 4 to be discussed below), the system
designer can employ a TDMA scheme in which the number of
simultaneously active users in each cell is chosen to yield an op-
timum load according to the desired system working point, and
the active users are randomly selected every time frame so as to
offer a uniform service quality to all users.

Some comparative results, demonstrating the effect of maxi-
mizing the spectral efficiency via the power assignment function
are demonstrated in Fig. 4, where the spectral efficiency of all
four detectors is plotted for and . The spectral
efficiency of the linear MMSE and MMSE-SC detector is eval-
uated using the power assignment function , with .
For the matched-filter detector and the SCO detector the spec-
tral efficiency has been evaluated with the equal power assign-
ment (which attains the maximum). Also included in Fig. 4 are
the spectral efficiencies without spreading of the three detec-
tors mentioned in Section IV (denoted by “N.S.”), as given by
(4-7)–(4-9). From Fig. 4 , it can be seen that for low

, the spectral efficiencies of the linear MMSE detector
and the MMSE-SC detector are lower than the spectral efficien-
cies without spreading of the matched-filter equivalent and SCO
detectors, respectively (equality is attained for ). This is
also the case with the spectral efficiency of the matched-filter,
and the SCO detector, forall values of . However, be-
yond some critical values of the optimum for the linear
MMSE and the MMSE-SC detectors decreases below unity, and
thus using the power assignment function (with )
brings the spectral efficiency of both detectors to its maximum
value with the equal power assignment (cf. Fig. 2).

Fig. 5. ICTS scheme.

VII. I NTERCELL TIME-SHARING (ICTS)

Following Shamai and Wyner [12], it is also of interest to ex-
amine the effect ofintercell time-sharing(ICTS) protocols be-
tween adjacent cells within the scenario considered here. The
time-sharing protocol suggested in [12] is described in Fig. 5. It
is assumed that the transmission time is divided into frames of

channel symbols per frame. The users in each of the cells
use only a fraction of of the frame : the
users in even-numbered cells modulate the initial
symbols of the frame, and those in odd-numbered cells mod-
ulate the ending symbols of the frame. Thus, the
users in each cell are interfered by adjacent-cell users for a
fraction of the frame, and experience no adjacent-cell
interference for a fraction of the frame. For simplicity, the
analysis is restricted to the equal-powers policy, however it is
assumed that the received power level is optimized according
to the channel state (i.e., with/without adjacent-cell interfer-
ence), while satisfying the per-user average power constraint.
Denoting by the (equal) received power allocated to users
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Fig. 6. Spectral efficiency with optimum ICTS,� = 1=2, and optimum system load�.

when adjacent-cell interference is present, and by the re-
ceived power when it is not present, the latter requirement yields

, (obviously
for , and for ). Further denoting by

the spectral efficiency expression obtained without
time-sharing and with equal powers, given an average power
constraint , interference level and system load, as in Sec-
tion IV, the resulting spectral efficiencywith ICTS is obtained
as a function of by solving the following equation [sub-

stituting ]

(7-1)

The above spectral efficiency can then be further optimized with
respect to the time-sharing parameterand the system load.

Comparative results with such ICTS protocol are plotted in
Fig. 6, again with (it is noted that the results are
highly dependent on the value of). The results were obtained
by first solving numerically the equation (ac-
cording to (7-1)) in order to obtain the optimum power distri-
bution given , and whenever relevant also given(recall that
for the matched-filter detector and SCO detector it is always op-
timum to take ). Next, standard numerical optimization
tools were used to determine the optimum value for(given

, unless ). Finally, the same standard numerical opti-
mization tools were also used to determine the optimum system
load for the linear MMSE and MMSE-SC detectors. For the
sake of comparison, the spectral efficiency of the ACD (with no
spreading and no time sharing), as given by (4-9), has also been
included in the figure.

The results show that for all values no-ICTS is optimal
for the matched-filter detector, while full ICTS is optimal for the

SCO and MMSE-SC detectors. Thus, the spectral efficiencies of
the two latter detectors coincide (recall the equivalence in terms
of spectral efficiency of the MMSE-SC and the optimum de-
tector for Gaussian inputs, as mentioned in Section III). For the
linear MMSE detector, no ICTS is optimal up to dB,
while full ICTS is optimal for higher (a short transition
interval where partial ICTS is optimal is observed in between).
As can be seen, in particular by comparing Figs. 2 and 6, the in-
troduction of ICTS protocols considerably improves the spectral
efficiency of all multiuser detectors considered, except for the
matched-filter detector. The dramatic enhancement in system
performance is most clearly observed while taking as reference
the spectral efficiency curve of the ACD. As can be seen from
Fig. 2, without ICTS the ACD is superior to all other detectors.
However, with the introduction of ICTS, the spectral efficien-
cies of all detectors but the matched-filter surpass beyond some
critical the spectral efficiency of the ACD (in fact the
MMSE-SC and the SCO detector exhibit superior performance
for all values). The matched-filter detector is interfer-
ence limitedregardlessof whether adjacent cell interference is
present or not, and thus no improvement in spectral efficiency
can be obtained with ICTS for . The performance
enhancement is at most striking for the SCO detector as it isin-
terference limitedwithout ICTS.

VIII. C ONCLUSION

This paper has analyzed the spectral efficiency of four mul-
tiuser detectors that differ by the amount and type of information
made available to the detector with regard to interference (both
intracelland intercell).Theassumptionsonavailable information
were made in view of the common practice in practical CDMA
systems,and, inparticular, thosebasedontheIS-95standard[21],
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as described below. Clearly, the cell-site receiver (in any system)
must be aware of the exact signature sequences and codebooks of
all intra-cell users,asotherwisenodetection ispossibleevenwith
the “conventional” matched-filter detector. Furthermore, when
soft-handoff is employed (see [21]) each cell site must also be
awareof the signature sequences of users in adjacent cells (which
for example in the IS-95 standard are in essence phase-shifted
versions of the same long pseudo-noise (PN) sequence), and the
option exists of detecting their signals as well. In order to avoid
excessive complexity at the receiver, it was assumed that the
receiver is unaware of thecodebooksof adjacent-cell users. It is
noted that the use of adaptive MMSE multiuser receivers is an
attractive option in this respect (e.g., see [22]) as those do not
distinguish between intracell and other-cell interferers.

The results obtained in this paper explicitly demonstrate
the dramatic effect of information about interfering signals
on system performance. The effect is most clearly seen by
comparing the linear MMSE detector and the SCO detector,
which as mentioned in Section I represent a tradeoff between
intracell transmissions processing complexity, and additional
information on adjacent-cell interference. It was shown that one
can gain even without trying to decode the transmissions of the
interfering users in adjacent cells (which enables interference
cancellation), or treating them optimally in the setting of an
interference channel [12]. The gain emerges by the very fact
that the linear MMSE filter will account for the reduction of
interference, provided that the signatures of interfering users are
known not only at the intended cell-site but at those cell-sites
where they cause interference. It was shown that when
and the interference factorare not too low, the relatively simple
linear MMSE detector, which is more informed regarding adja-
cent cell interference, is preferable over the interference limited
SCO detector that employs nonlinear detection of intracell users,
while treating intercell interference as noise. It may, therefore,
be concluded that for high-data rates, inherently demanding
high , it is advantageous to mitigate out-of-cell inter-
ference through linear MMSE processing. The penalty due to
random spreading was also demonstrated via comparison to
corresponding detectors suggested for nonspreading systems in
[12]. Finally, it was shown that a dramatic increase in spectral
efficiency can be achieved by employing intercell time-sharing
protocols for all detectors but the matched-filter detector.

Power allocation policy comparison shows that the equal-
powers policy obtains equal rates with the matched-filter de-
tector, the SCO detector, and the linear MMSE detector, and it
attains the maximum spectral efficiency with the matched-filter
and the SCO detectors. This policy may also provide a lower
bound to the maximum spectral efficiency of the linear MMSE
and the MMSE-SC detectors. The obtained results show that ap-
plying the equal-rates policy to the MMSE-SC detector results
in almost no loss in spectral efficiency, in comparison to the
equal-powers policy (when is not too high). Conditions
at which the equal-rates policy is preferable were also discussed.

This paper considers a simple linear cell array model which
has now gained recognition as a tractable model amenable to
analytical analyzes. It is emphasized, however, that extension
of the results to the popular hexagonal (two dimensional) mul-
ticell model is quite straightforward, using again the equivalent
single-cell interpretation as in Section III above, but now con-

sidering a single-cell system of users, where users are re-
ceived with powers according to and the rest users are
received with powers according to . The results can also
be extended rather straightforwardly (using Lemmas 3.1–3.3) to
a multicell model with more than just adjacent-cell interference,
by defining multiple interference factors .
The complexity of the equations, though, increases accordingly.
Another simplification, assumed for analytical tractability, is the
thefull synchronism of the received signals (this model has been
used in a number of previous works, see [11], [12], and [23]). A
more realistic asynchronous model posesconsiderabledifficul-
ties and analytical results for an asymptotic system model with
random spreading, as considered here, are not yet available. An
attempt in this direction can be found for example in [6], where
asingle-cellasynchronous but chip-synchronous system (as op-
posed to afully asynchronous system) is analyzed. In general,
the results indicate that synchronous system performance pro-
vides a rather tight upper bound to the performance of finite
horizon linear receivers for analogous asynchronous systems.
The approach taken in [6] can be used, in principle, to extend
the results obtained here to the asynchronous case. However it
is emphasized that the general nature of the results, the effect of
knowledge on the structure of interfering signals on system per-
formance, the cardinal role of the system load, and the relative
performance of the different detectors should be essentially re-
tained in an asynchronous system as well.

Finally, it is noted that the random signature model analyzed
here can also be used to modelfrequency-selectivefading, for
example by considering the dual to DS-spreading: multicarrier
CDMA (see [15]). Extension of the multicell results obtained in
this paper to flat-fading channels (with DS-spreading) is under
current study, as well as the analysis of the optimummulticell
site processingdetector [11], and the characterization of theop-
timumpower allocation policy, in terms of spectral efficiency,
for the linear MMSE and MMSE-SC detectors.

APPENDIX

EQUAL-POWERSPOLICY IS OPTIMAL FOR THE SCO DETECTOR

In the following, the optimality of the equal-powers policy
for the SCO detector, in terms of spectral efficiency, is shown.
First, observe that since all adjacent-cell interference is treated
by the receiver as an additive Gaussian noise, the discrete time
equivalent channel of (2-1) can be replaced by

(A-1)

where represents an equivalent zero mean Gaussian noise
vector with distribution (see justification
in Section III-C). Now, the spectral efficiency of the above
channel (expressed as the normalized input-output mutual
information) converges to
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(A-2)

where (as in Section IV), is the
diagonal matrix with entries equal to the received powers of
the intracell users, normalized with respect to their average

power , are the eigenvalues of the matrix , and
is their empirical distribution. It is also assumed that

the limiting empirical distribution of the normalized received
powers converges almost surely to a distribution, satisfying

(A-3)

Following [5], the empirical eigenvalue distribution
converges almost surely in distribution to specified by
its Stieltjes transform

(A-4)

and the last equality in (A-2) can be rewritten in terms of the
limiting eigenvalue distribution as

(A-5)

The Stieltjes transform is defined (assuming nonnegative
eigenvalues) for any distribution as

(A-6)

Hence, it follows from (A-5) that there is a simple relation be-
tween the Stieltjes transform of the limiting eigenvalue distribu-
tion and the derivative of the spectral efficiency with respect to

given by

(A-7)

The spectral efficiency can now be expressed as

(A-8)

By observing (A-7), it is clear that the power distribution that
minimizes the Stieltjes transform, maximizes
and, thus, the spectral efficiency through (A-8). However, from
the convexity of , Jensen’s inequality, (A-4), and (A-3), it
follows that

(A-9)

and the above lower bound is attained by letting

(A-10)

where is the unit step function. It has thus been shown that
the spectral efficiency is maximized by the equal-powers policy.
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