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Asymptotic Normality of Linear Multiuser
Receiver Outputs
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Abstract—This paper proves large-system asymptotic normality ~~ To circumvent this difficulty, a Gaussian approximation
of the output of a family of linear multiuser receivers that can be  of the MAI is often used. Webeet al. [10] were among the
arbitrarily well approximated by polynomial receivers. This family earliest to model interfering users’ signals as white Gaussian

of receivers encompasses the single-user matched filter, the decor-_ . Si th | t of k has b dedicated
relator, the minimum mean square error (MMSE) receiver, the NOISE. since then, a largeé amount of work has been dedicate

parallel interference cancelers, and many other linear receivers of t0 the justification of various normality approximations. For
interest. Both with and without the assumption of perfect power a long-code system, the MAI embedded in the output of the

control, we show that the output decision statistic for each user matched filter for each user can be well approximated by a
converges to a Gaussian random variable in distribution as the Gaussian random variable [1], [11]. For a short-code system

number of users and the spreading factor both tend to infinity with th t ize has to b hi . der for th .
their ratio fixed. Analysis reveals that the distribution conditioned € Systeém size has o beé much farger in oraer for the error in

on almost all spreading sequences converges to the same distributhis approximation to normality to be negligible. Nevertheless,
tion, which is also the unconditional distribution. This normality  the distribution of the MAI in a matched filter output is shown

principle allows the system performance, e.g., the multiuser effi- to converge to a Gaussian law in the sense of divergence by
ciency, to be completely determined by the output signal-to-inter- Verdd and Shamai [11]. In fact, [11] is one of the first to prove
ference ratio (SIR) for large linear systems. - . ' s "
asymptotic normality for an output distribution conditioned
Index Terms—Central limit theorem, code-division multiple on the spreading sequences. Moreover, Poor and Verdd [12]
access (CDMA), multiple-access interference, multiuser detection, h d that the distributi £ 1h t ,t MAI of the MMSE
multiuser efficiency, signal-to-interference ratio (SIR). 5 ovye - al the distnbution of the outpu 0_ € -
receiver in a short-code system often has no noticeable differ-
ence from a Gaussian law. Recently, it was proved rigorously
. INTRODUCTION by Zhanget al. that the MAI in the MMSE receiver output is

INEAR multiuser receivers for multiple-access Channe;;gsymptqtically Qaussian [.13]. Normality is also established for
L have been studied extensively during the last two decad&§ar blind multiuser receivers [14]. N
due to their performance capabilities and analytical tractability These normality results allow the large-system probability of
[1]. A linear receiver provides a soft output that can be eith&Fror of these receivers to be qu_antified pyasir@fmctm_n of
hard-limited for decision making or treated as soft reliabilitjn® square root of the output signal-to-interference ratio (SIR).
information for further processing such as in coded transmissirIS0 implies that error-control codes for Gaussian channels
[2], [3]. The conventional matched filter, the decorrelator, arff€ @Symptotically optimal if autonomous single-user decoding
the minimum mean square error (MMSE) receiver are amofigt0 be used. As a result, the receiver and the decoder can be
the earliest and most well known linear receivers. More recentfi£Signed and optimized separately. _ _
linear interference cancelers have also been analyzed [4]-[9]. The normality property of all the above mentioned receivers
The performance, in particular, the uncoded bit error ratenotaccidental. Indeed, this is a result of the central limit the-
(BER) of a linear receiver, depends on the cumulative distrib@€M due to the fact that the M.AI is a sum of contributions from
tion of the multiple-access interference (MAI), which is in gen@ large number of users. In this paper, we extend the normality
eral a discrete distribution. For all but the decorrelator, the BERINCiple to a much wider family of linear receivers, which is

functions Q-functions), the evaluation of which is infeasible €igenvectors as those of the channel correlation matrix and takes

for even moderately sized systems. eigenvalues given by a function of the eigenvalues of the correla-
. . . , tli<on matrix. Immediately, this family includes the conventional
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Fig. 1. Discrete time system model.

asymptotic results provide good approximations for moderatelyLet { P, |k = 1, 2, ...} be a deterministic sequence con-

sized systems in many cases of practical interest. sisting of the received energies per symbol of all users. The SIR
Our results can be summarized as follows. Assuming randahuserk in absence of interfering users is, therefof@, By

spreading sequences, the output decision statistic of the fangilysorbing a common factor into the noise level, we can assume

of linear receivers for each user is asymptotically Gaussianthout loss of generality for & -user system

in distribution conditioned on one’s own transmitted symbol.

Moreover, the asymptotic output distribution of a receiver 1

in this family is the same conditioned on almost all possible K Z Pr=1

spreading sequences, which is also the asymptotic uncon-

ditional distribution. The normality principle holds for very|n Sections Il and IV, we study the simplest perfect power con-

general scenarios. The spreading sequences are not limitegidPcase, where the received energies are equal from all users,

binary sequences and the received energies of the users capehep, = 1 fork = 1, ..., K. In Section V, we allow the re-

different. ceived energies to be different. We assume, however, that the
Our results follow the work of Zhangt al. [13], where empirical distributions of P, ..., Px} converge as{ — oo

asymptotic normality was concluded for the MMSE receivap a distributionFp, called theenergy distributionwhich has
only. Besides making use of some of the same mathematiialte moments of any order.

tools as in [13], our proof is quite different. We tackle the Let {5, |n=1,2,...,k=1,2,...} be an infinite array

problem by starting from polynomial receivers. We show thajf real-valued independent and identically distributed (i.i.d.)

the output decision statistic of every polynomial receiver i&ndom chips. For convenience, we assume that the distribution

asymptotically Gaussian in distribution. We then generalize thgthe chips has unit variance and finite higher order moments,

normality principle to a large family of receivers that can band is symmetric, i.e.+-3,, follows the same distribution as

approximated arbitrarily by polynomial receivers. 5,.. Consider aK-user system. The spreading sequence of
This paper is organized as follows. Section Il introduces thgerk is given as anV-dimensional vector

system model and notation. Polynomial receivers are studied

under the perfect power control assumption in Section lll. The s () _ 1 515, 5 = T

. L . . . . . k 1k752k7-~-73Nk] .

normality principle is generalized to a family of receivers in VN

Section IV. Arbitrary energy distribution is considered in Seg-

tion V. Results on some popular receivers are summarized'i

Section VI. Some numerical examples are given in Section VII.

)

define the unnormalized spreading sequence ofkusebe

1 _
SIEK) = TN [S1ks S2k5 -5 Snk] T = Pks,(f()- 3)

Il. SYSTEM MODEL ] ) ) )
We also define the unnormalized correlation maféiX*) as a

A. Code-Division Multiple Access (CDMA) Uplink Channels g« K random matrix with its element on thgh row and
We assume a symbol-synchronous CDMA system depictét® jth column as the cross correlation of ugeand user’s

in Fig. 1 where each user’s spreading sequence is independetfipormalized spreading sequences

and randomly chosen. For the purpose of large-system analysis, . .

. ' . 4 N N

we consider first ak-user system with a spreading factor 0f|:R(K)] _oTe o L Z . VPP Z -

N = N(K) and then let{ and N go to infinity with their ratio i R — ke N & nkong:

converging to a honnegative numberi.e., h B (4)

N

2The SIR is defined as the energy ratio of the useful signal to the noise in the
= 0. (l) output. In contrast, the signal-to-noise ratio (SNR) of usisrusually defined as

. K
lim the ratio of the input energy and single-sided noise spectral defsjt§2o2).
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Note that we label the correlation matrix with its correspondingansmitted symbo{d; = 1) scaled byH,, the multiaccess
system dimension (the number of users). In fact, every varialitgerference aggregated from all the other users, and a Gaussian
pertaining to akK-user system ha& as its corresponding di- noise term.
mension. For notational convenience, we will often omit the We can interpret the randomness of the decision statistic
index (K') when the dimension is understood from the context two different ways which correspond to short-code and
For instance R/ is simplified toR. long-code systems respectively. In a short-code system, the
Let {dx|k=1,2,...} be a sequence of independent randospreading sequences are randomly picked at the beginning
antipodal modulated symbols taking the valuetdf and —1 of transmission and remain the same for every transmitted
equally likely. For aK-user system, led = [d;,...,dx]" be symbol. For each channel use, the randomnegs imcludes
the vector of transmitted symbols. that of the transmitted symbols and that of the noise. The
A set of sufficient decision statistics is obtained by matchezerformance, e.g., the uncoded probability of error, can be
filtering using all user's unnormalized spreading sequences easily obtained once we have the distribution yef condi-
tioned on the spreading sequence. In a long-code system, the
Yur = Rd+n ®) spreading sequences are randomly and independently chosen
symbol-by-symbol. The randomness @f then also includes
the randomness of the cross correlations reflected in matrix
H. The expected performance, for instance the uncoded error
probability averaged over all spreading sequences, is now
B. Linear Receivers better characterized by the unconditional distributionyfin
Qi_s paper, we address both the conditional distribution and the

A linear receiver assumes knowledge of the spreading én onditional distribution as the system size increases without
guences, the received energies, as well as the noise variaFJ]cg, y

L L . . ound. The resulting distributions turn out to be the same for
and makes use of this information in detection. Mathematlcala/" but licibl t of di
itis a K x K matrix filter G, dependent ol ando2, applied utanegligible set of spreading sequences.
to the matched-filter output. It outputs a vector of decision stg= 5 Family of Linear Receivers
tistics expressed as

where the correlation matriR is determined by (4), and is a
zero-mean Gaussian noise vector with covariance mafi,
whereo? is the noise sample variance.

Note thatR is symmetric. It has an eigendecomposition as

y=G yur (6) T
R=UAU 11
=G - (Rd+n) (7) o
=(GR) -d +z (8) WwhereU is unitary andA = diag(\s, ..., Ax) is a diagonal

matrix consisting of the eigenvalues Bf which are all non-
wherez = Gn is a zero-mean Gaussian random vector withegative random variables dependentRirWe limit our study
covariance matrix2GRG . We denoteZR by H throughout to receivers taking the form of
the paper for notational simplicity. Thus, we have a simple linear
system expressed as G =U - diag(g(\1), ..., g(Ax)) - UT (12)

y=H d+z. (9) for some real continuous functiop, and refer to them as
the family of linear receiverghroughout this paper. With
An advantage of linear receivers is that they can be implgtight abuse of notation, we denote the right-hand side of (12)
mented in a decentralized fashion [1]. Independent single-usgr ¢(R). Note thatg(R) is symmetric and shares the same
decoding is conducted based on the decision statistic sequegigenvectors wittR, and the eigenvalues gf R) are given by
produced by the individual linear receiver. From an individuahe functiong evaluated at the eigenvaluesRf
user's point of view, the multiaccess channel collapses toThe family of receivers defined in the above represents a
a single-user channel by treating the MAI as noise. Thgibset of linear receivers. It does not include successive inter-
input-to-output characteristic of such a single-user channelfigence cancelers, which, unlike (12), treat users unequally. Nei-
determined by the distribution of the output decision statistifer does it include the optimum linear detector in the sense of
conditioned on the transmitted symbol. BER or asymptotic multiuser efficiency [1, p. 288]. Nonethe-
Without loss of generality, we consider user 1. As far as thess, a wide spectrum of linear receivers belong to this family.
performance is concerned, we can assume that user 1 alwgygarticular, if the functiory degenerates to a constantthe

transmits+1.4 User 1's decision statistic is a scalar receiver@ is reduced to the single-user matched filtey I a
K polynomial,G becomes a polynomial receiver (or, equivalently,
y1 = Hip + Z Hyndy, + 21 (10) a parallel interference canceler [16]). If we let
k:2 l .
_ . gy ={x if A>0 (13)
whereH;, like [H],;, denotes the element & on thekth row 0 if =0

and thejth column. Clearly, this decision statistic consists of the

SThis i in contrast to matched fitering usi ed i the resultingG is the decorrelator. If we let(\) = (A +02)7 1,

isis in contrast to matched filtering using normalized spreading sequen .

asin[ll <Eﬁ'sbecomles the MMSE receiver. . _
4Accordingly, all distributions we will be considering are implicitly condi- Let us include the dimension index for the rest of this section

tioned ond, = 1. to make it clear what we mean by a linear receiver in the large-
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system analysis. A linear receiver here refers to a sequenceofisidered in [15], [5], [23]. A polynomial receivéf is of the
matrix filters {G%)}22_ , eachG") a function of R, for form
which the vector of output decision statistics is expressed as

: , G=> zR™! 22
Y = Uy, (14) 2 2

In particular, a linear receiver in the family of our interest ignerem is an integer, and the weighis are arbitrary deter-
defined as a sequence of receivers specified by a fungfio®,  minjstic real numbers can be expressed as a member of the

forK =1,2,... family of receivers defined by (12) if we lgtbe a polynomial
- - T
G = U™ . dia AN g (W)Y (U mo
g (.(] ( 1 ) ) ( K )) ( ) g(\) = Z L (23)
(15) —
where We study the output distribution of the polynomial recei@r
. . T in both the conditional case and the unconditional case.
K K . K K K
RY) = U™ diag (Ag . )\EK‘)) ' (U( )) - (16)  In this section, we also limit ourselves to the equal-energy
We study the marginal probabilistic law of the decision statistie > le.p, = 1,k =1,..., K, for which we obtain

simple expressions for the limiting distribution. The results are

™, i.e., the distribution ofj; ", asK' goes to infinity. extended to the unequal-energy case in Section V.

D. Eigenvalue Distribution A. Conditional Distribution

The normality results we will show in the following sections
hinge on the intriguing fact that the limiting empirical distri- L . S . g
bution of the eigenvalues of a large random covariance mat hereH is given. Itis a sum of contributions from all interfering

is deterministic. Denote the limit of the cumulative distributioy/Se'S: Due to the central limit theorem, its distribution becomes
of the eigenvalues of the random mati¢™) by Fy. It is de- closer and closer to a Gaussian law as the system size increases

pendent on the received energy distributi. In general, this without bound. Precisely, we have the following theorem.
distribution function does not have a closed-form solution. Its Theorem 1: The decision statistic (10) as a function Hf,

Consider the MAI term in the decision statisgg¢ in (10)

Stieltjes transform, defined as where the polynomial receiver is given as (22), converges to a
1 Gaussian random variable in distribution with probabilityrhe
m(z) = / S dFA(N) (17) mean value corresponding to the limiting distribution is
satisfies pa =Y @M, (24)
P -1 i=1
m(z) = [—z + /3*1/ _ de(P)} (18)
1+ Pm(z) and the variance is

whereF'’p is the energy distribution [20], [21]. m  m
In the equal-energy case, a closed-form solution exists [22] o] = Z Z zix;[Miyj — M;M; +0*M; ;1]  (25)

=1 j=1
1 A
Fp(A) = max (0’ 1= ﬁ) ~u(d) + '/_oo ps(t)dt  (19) whereM; is defined as
whereu(\) is a unit step function, and M; = lim E{[R']i1}. (26)
K—o0
1 — A\ _
27BN .\/()‘ Amin) Amax = A), In the special case of perfect power contid; is equal to the
ps(A) = if Amin <A < Amax (20)  jth-order moment of the limiting eigenvalue distribution given

0, otherwise by (21).

With Apin = (1 —/B)? andApmax = (1++/3)2. An expression ~ Note that surprisingly the mean and the variance are not de-

for the moments of the eigenvalues has been developed in [2gndent onk, since)M; is an average over all spreading se-
quences. Indeed, the theorem states that the asymptotic condi-

EONit — =L i\ [1—1 3i 21 tional distribution is almost surely independent of the spreading
N} = Z J+1\y j A (21) sequences. We develop a proof of the theorem starting from
=0 showing the existence of/;.

Lemma 1: Under perfect power control
I1l. POLYNOMIAL RECEIVERS UNDER PERFECT P P

PoweR CONTROL M, = I}im E{[R]11) 27)
In this section, we study a subset of linear receivers, namely, -
the set of polynomial receivers, special cases of which have besxists and is given by (21).
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Proof: Under perfect power contro[Ri]kk’s are identi- rate is quite fast. In fact, if we amplify it by/K, each entry

cally distributed for allt. Hence, converges to some random variable, the moments of which are
X the finite limits of the central moments of (35).
i 1 i A weaker boundedness result is sufficient for our study
E{[R =— E{[R 28 P '
{[B %} K ; ([} (28) namely, thepth-order central moment af K[R'];}, is bounded

1 i by some number for aK due to its convergence. The following
=z E{lr{R'}} (29) is immediate.

1 K ; Corollary 1: For every positive integer, thepth-order cen-
- K E Z Ak (30)  tral moment of R"]1 is upper-bounded byK —% for all p and
k=l K wherev is a positive number independent &f
=E{X"} (31) _
Corollary 1 leads to the following almost sure convergence.

where A is a randomly picked eigenvalue @ Taking the
large-system limit of both sides of (31), the left-hand sid&fis
and the right-hand side is given by (21). O

Lemma 3: [Ri]n converges toM; with probability 1 as
K — .
Proof: Define

We next present a simple fact that underlies all major results ; ;
in this paper. vk = [R']11 — E{[R']11 }. (36)

Lemma 2: Let {3,z |n = 1,2, ...,k = 1,2,...} be an The system dimensiofK) is explicit in vx. By Corollary 1,
array of independent random variables each taking equdifiere existsy > 0

likely values of+1 and—1. Letny, ..., n; € {1, ..., N} and 4 ol
ki, ..., ki, kiy1 € {1, ..., K}. Then the product Eluk} < K2’ VK. (37)
Sros ks Sros ko Sraaka Sraaks ** Sras_ sk S vk Ssks Smikips (32) By the Markov inequality [24], for every > 0
4
is a constant-1 if the indexes are such that all the indexed P(lvr|>¢€) < E{Uf} (38)
variables appear in pairs; otherwise, the product is a random ,§
variable taking the values af1 and—1 equally likely. < (39)
This Lemma holds trivially. For  example, Clearly,
89189481458148248921 consists of three pairs of identical binary -
variables and is equal t,33,37, = +1. On the contrary, p
. . ; > €) < 00. 40
812511831832 is a fair coin toss of+1 and —1, and has a KZ—1 (juxe| > €) <00 (40)
zero mean. ' o _
Every entry in the matri®’ is a highly structured weighted By the Borell-Cantelli lemma [25}yx converges td) with
sum of products of the form of (32) probability 1. Therefore,
: K [R')11 = E{[R']11} + vic (41)
(R = Y RunRui - Rus (33) _ N
Sy converges with probability to M; by Lemma 1. O

1 K N The following is immediate from Lemma 3.
= ﬁ Z Z Sny11Sn1ks Snoks Snoks

kay ..oy ki=1 ny,...,n;=1

Corollary 2: The coefficientH;; = .7, x;[R’]11 con-
e Smi k1 Sme_ ks Sk, Sk (34)  VErges toy ., z;M; with probability 1.

Lemma 2, reinforced with combinatorial arguments, powerfullellgslso’ we have the following lemma about the MAI term in
reveals the probabilistic behavior of individual elementd&in ' )

We have the following proposition, the proof of which is quite Lemma 4: The distribution 0125:2 Hiydy, conditioned on
lengthy and relegated to Appendixes | and 1. the spreading sequences, converges to a Gaussian law with prob-

Proposition 1: For every positive integes, and every user ability 1.

indexk, thepth-order central moment W[Rihk converges  To prove Lemma 4, we use the Lindeberg—Feller central limit
to a deterministic constant & — oc. theorem [26, p. 448], which is restated here in a form convenient
for this paper.

As a consequence, the asymptotic distribution of
i i Theorem 2 (Lindeberg—Feller)For eachX’, let { X« 1, .. .,
\/?([R Jue = E{[R1x}) (35) Xk, i} be independent zero-mean random variables with finite

has finite moments of any order. This allows us to have a cleggriance. Suppose that

picture of the probabilistic property of the elementsiRh By K

first subtracting its mean value (the off-diagonal elements have Z E{X2 ,}—1 (42)
zero mean), each entry diminishesiis— oc. This vanishing = .
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and that the Lindeberg condition is satisfied, i.e., foreaH 0

K
1 6
<si°E {;zzj Hlk} (54)

K
lim E{X% it Lxi |z} =0 (43) -

2 R =B ) (55)
wherely., is the indicator function which takes the valuelof 1 6
if the condition in the braces is satisfied amdtherwise. Then Ssape E { (\/E H12) } (56)
Z,ﬁ‘zl Xk, 1, converges to a standard Gaussian random variable
in distribution. where (53) is by the Markov inequality and (55) holds because

the Hy's, k = 2, ..., K, are identically distributed. Since

Lemma 4 can be proved as follows. every moment of

Proof [Lemma 4]: Assume that the spreading sequences m
are given so thaH is determined. We study the set of random VKHy, = Z 2;VK[R 1y,
variables{ Hi2ds, ..., Hixdg} for eachK and show that for im1
almost all possible spreading sequence assignments, the co

i- .
tions required by Theorem 2 are satisfied, namely, Bounded due o Corollary 1, the probabilt{iVy (H, ¢) > 0)

is bounded by someK —2 which is summable ovek . Analo-

(L4.1) {Hypdp |k = 2,..., K} is a set of independent g4 sly to Lemma 3, the Borell-Cantelli lemma leads to
zero-mean random variables;
(L4.2) Zé‘ﬁ E{(H1.dx)?| H} converges a& — oo; and Ilim Wi(H,e)=0 with probability 1 (57)
L — 00

(L4.3) The Lindeberg condition
7 i.e., the Lindeberg condition (L4.3) is satisfied with proba-

lim S E{ (Hipdy)? 1 a|HY=0, Ve>0. (44) Dility 1.
K%okz=2 {(H1ed)” Vs> | HY 44 n all. conditions (L4.1)~(L4.3) are satisfied with probability
1. Invoking Theorem 2, we obtain that conditioned on almost all

Condition (L4.1) holds for alH by independence af;.’s. spreading sequences, the MAI is asymptotically Gaussian.
The sum in condition (L4.2) can be obtained as ] o .
With the distribution of all three components of the decision

i 0, = i HypHy — H, (45) statisti_i (20) kno;/v? (the noislf[z is trivially Gaussian), we can now
P — prove its asymptotic normality.
=[H%,, — H,. (46) Proof[Theorem 1]. The first term on the right-hand side
Notice th of (10) converges with probability to a deterministic value
otice that by Corollary 2. The MAI term is asymptotically Gaussian with
s = it probability 1 by Lemma 4. The noise is zero-mean Gaussian
H = Z Z vz R (47) " with variance
i=1 j=1
The right-hand side of (46) converges to E{-} = [GRG].10 (58)
m.om m 2 which can be easily shown to converge to
Z Z :E,L'LEJ'ML'_H' — Z :LLML (48) m m
=1 j=1 =1 2 2
Vo, =0 ;T 'Mi+ i—1 (59)
with probability 1 by Corollary 2. ; ; e

To examine condition (L4.3) we define
K
WK(H7 6) ZZ E{(Hlkdk)21{|H1Ad;\|>e}|H} (49)

with probability 1. Conditioned on the spreading sequences, the
MAI and the noise are independent. The distribution of the de-
cision statistic is, therefore, asymptotically Gaussian with mean

) k=2 . value and variance given by (24) and (25), respectively. I
Sinced;, = +1, and noting that
T (E)n7 Vo, en>0 (50) B. U.nconditionf';ll Distribution - N
It is also desirable to know the distribution of the decision
we have statistic when the spreading sequences are allowed to vary
K symbol-by-symbol as in a long-code system. In every symbol
Wk (H, €) = Z H, - L imi)>e) (51) interval, the MAI is a large sum of contributions from indi-
k=2 vidual interfering users, whose spreading sequences are chosen
K T4 independently from that of the desired user. It is expected that
< Z HYy - % (52)  the MAI approaches a Gaussian probability law in distribution
k=2 as the number of users increases. The resulting distribution is
Hence, for every > 0 trivially the same as in the conditional case since the uncon-

1 ditional distribution is a mixture of the conditional ones, the
PWk(H, ¢) > 8) < 5 - E{Wk(H, €)} (53)  limit of which are all the same except for a negligible set in
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probabilistic sense by virtue of Theorem 1. Precisely, we hagevariance given by (48), following a dependent central limit
the following theorem. theorem for martingales in [27].

Theorem 3: The unconditional distribution of the decision Moreoyer, the noise converges trivially to a Gaussian random
o . S variable in mean square sense. Note that both the MAI and
statistic given by (10), where the polynomial receiver is given

(22), converges to a Gaussian law with mean value and variaﬁe noise are dependent on the spreading sequences. Given the
giveh by (24) and (25), respectively ou?put noise variance, however, the noise and the MAI are mutu-

Proof: We present a direct proof similar to that of the Con:31IIy independent. Consider a slight modification of the decision

ditional case rather than citing Theorem 1. The proof reve ﬁtsanstlc,where we introduce a scalar multiplier to the noise term

) . o 0 remove dependence
some dependence subtleties not present in the conditional case. P

First, K

’ Voo
m y1:H11+ZHlkdk+—'Zl (68)
E 2
Hy— S aid k=2 VE(D)
i=1 wherev, is defined in (59). The standard Gaussian random
with probability 1 by Corollary 2. variablez; /\/E{z}} can be easily shown to be independent of

Second, we need to show that the distribution dhe spreading sequences and hence of the MAI. Since the mul-
K | Hywdy converges to a Gaussian law. This is not déplier convergestd, (y; — y1) converges to in mean square
simple as in the conditional case, since tHg,'s are now Sense, and hengg andy; share the same asymptotic distribu-

dependent random variables. We resort to a more genéfal o _ _ _ _
central limit theorem in [27]. We show that the following three !N @ll, the distribution ofy, is asymptotically Gaussian with

conditions are satisfied. a mean value as that of the limit of the first term, and a variance
e . . ] as the sum of the limits of those of the MAI and the noise. The
(T3.1) 2k Higdy is @ martingale for everk’; are given in (24) and (25), respectively. O ’
(T3.2) E{(Z,{,‘:2 Hi.dy)?} converges a& — oo; and
(T3.3) The Lindeberg condition is satisfied, i.e., IV. ASYMPTOTIC NORMALITY

K ) We have shown earlier that, under perfect power control,
> E{(Hudr)”  1man>a ) — 0, Ve>0. (60) every polynomial receiver yields asymptotically Gaussian
k=2 outputs. By the Weierstrass theorem, the set of polynomials is
For everyK, and an arbitrary user index > 1, the condi- dense in the space of continuous functions defined on a finite

tional expectation interval [28]. For this reason, we can show that every receiver of
the formG = g(R) can be arbitrarily well approximated by a
E{H1xdk|H12d, ..., Hig—1dk—1} =0 (61) sequence of polynomial receivers. As a consequence, its output

is also asymptotically Gaussian in distribution. Formally, we

by ind d f the dat bols. By definitifiq, i
y independence of the data symbols. By definitifiq;, is an have the following theorem,

absolutely fair sequence, and theref@{=2 Hi.dg is amar-

tingale [25, p. 209]. Hence, (T3.1) is true. Theorem 4: Assume perfect power control. For every func-
Also by the independence of the antipodal symbols tion g continuous orfmax?* (0, 1—+/), (1++/5)?), the output
K 2 x decision statistic of any linear receivél = g(R) defined in
E <Z Hlkdk> _ Z E{H2) (62) (12) is asymptotlgally Gaussian in distribution conditioned on
P = almost all spreading sequences. The mean value corresponding

9 5 to the limiting distribution is
=E{[HJu} - E{H}. (63)

The right-hand side of (63) converges by Corollary 2. Thus, we fg = / g(A) - AdFA(N) (69)
have (T3.2). . _
To verify (T3.3), we find, for every > 0 and the variance is
K 2 2 2 2
oo = A) A (A+0%)dFA(X) — s 70
Z E{(Hlkdk)Z ’ 1{|H1k11k|>F}} 7 /g ) ( JdFA(A) Hg (70)
k=2
=(K-1)-E {H122 . 1{|H12‘>E}} (64) The following lemma is useful for proving Theorem 4.
1 . _ .
<(K—1) - E{HL} (65) Lgmma 5.. LetG = g(R). For alle > 0, there exists a poly-
€ nomial receiveG = g(R) such that the mean square difference
< 1 E { (\/fH12)4} (66) of every .u.ser’s output decision statistic@fanQG' is less than
€2 e for sufficiently largeK for almost all spreading sequences.
—0 (67)

Lemma 5, proved in Appendix lll, establishes that a linear

asK — oo by Corollary 1. receiver can be arbitrarily well approximated by polynomial re-
With  conditions (T3.1)—(T3.3) verified, the sumceiversinthe large-system limit. The factthat the output of every

Z,Ifﬁ H,,d; converges to a Gaussian law, with zero mean ampalynomial receiver converges to a Gaussian random variable
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system size K — oo . distribution functions converge also to a Gaussian law. Invoking
O @ . & \ " Lemma 6, we have that () converge in distribution to a
g [N Y] Y - N i : . . .
v y@ L oy® Y. Gaussian law. Equation (69) is straightforward by noting that
92 %2 2 2 - for g, () = Szt
: : gm( ) - Ez:l T
W oy oy -\ Gaussi m mo
gm VAS v{ Y, — Ym ausslan Z lel —E {Z .’Ei)\z} (74)
: : : : : i=1 i=1
é{ AR ) ! =E{gm(}) -2} (75)
g (1) (2 ... (K) ...
Y® Yy Y =+ Y, - / Im(A) - AdEA(). (76)

Fig. 2. Convergence of output distributions. . .
Equation (70) can be obtained analogously. O

leads to the asymptotic normality of linear receiver outputs. The V. ASYMPTOTICNORMALITY FOR UNEQUAL POWERS

proof of Theorem 4 also requires the following lemma.

_ (K) We have established asymptotic normality of linear receiver

Lemma 6:Let {Y, " '|K = 1,2,....,m = 1,2,...} be oytputs assuming perfect power control. In fact, the normality

an array of continuous random variables. £t} _; and  principle holds for very general scenarios. In this section, we
{Yin}m—1 be two sequences of rand&T variables. Denote tgﬁneralize the normality results to the case where the received
cu(rjrg)ulatlve distribution functions of,,,"’, Y*), andY;, as energies from all users are not equal. We assume that the en-
Fn'’, FK), andF,, respectively. Suppose that ergies are independent of the spreading sequences and that in

the large-system limit, the empirical distributions of the ener-

(L6.1) gies converge to the energy distributidip.
lim lim E {’Y(K) _ YW(QK) 2} -0 (71) Itis important to note that Proposition 1 still holds in this case,
m—00 K—c0 as is proved in Appendix Il. Therefore, Theorems 1 and 3 also
and hold, since the proof still applies in principle. The complication
(L6.2) here is that (28) is no longer true afnd} does not have a simple
. K expression. We can follow the approach in [29] to obtain each
Klflo Fp(a) = Fm(a)’ =0, Va,m  (72) moment by exploiting the structure BR'];; as a sum of prod-

o ~_ucts of random chips as in (34). For instance, assuming binary
then both#(¥) and F;,, converge pointwise to the same distrigpreading, the first fouds;’s are

bution.
. . . . My, =P 77
The proof of Lemma 6 is in Appendix IV. The idea is illus- ! ! (7
trated in Fig. 2. Each row corresponds to a particular polynomial My = Py[Py + /3] (78)
receiver, whose output converges to a Gaussian random variable ~ Ms = Py[P? + 23P; + BE{P?} + (7] (79)

in distribution. Each column corresponds to a sequence of poly- M, = P[P} + 36P% + (2BE{P?} + 38*)P,
nomial receivers for a particular system size. The sequences of 3 2 2 3
R . JE{P 33°E{P 3 80
{Y )} and{Y,, } converge in distribution to the same Gaussian BRIP4 35°ELPT} + 5] (80)
law. where the expectations are taken over the energy distribution. In
We are now equipped to prove the asymptotic normality fehis way, the mean and variance of the limiting output distribu-
linear detectors of the forl@ = g(R). tion of a polynomial receiver can be determined.

Proof [Theorem 4]: For clarity, we explicitly label rele- quthgrl;nore, We can St:c” appro;)qmate a Ilnefar rlecelvgr Ide-
vant variables with their corresponding system dimension. Ta mine Iyg CC()jntIEUOUS uncugn ya sTne; 0 pofynom|a bi
a sequence,, — 0. For eachmn, by Lemma 5, there exists atrecelvers.. nrce;e_, t Iezasytrﬁpt(t)ttlr(]: norma |tyt.|s trtl:]etor”an arbl-
polynomial receive{ G\*)} determined by a polynomial,, rary receiveiiz = g(R) without the assumption that all users

such that for sufficiently largél and almost all spreading Se_are_received at t_he_s_ame_en_e ray.- Unfortunately, t_he mean and the
quences variance of the limiting dIStI’I.bUt.IOI’] do not allow S|mple.expres—
sion as in Theorem 4. In principle, the mean and variance can
(K) (5|2 be well approximated by that of a polynomial receiver output,
E {‘91 ~ Ym1 ’ } < €m (73)  which can be obtained by (24) and (25). It is often easier, how-
ever, to find the mean and the variance using properties of the
whereyy") andyfﬁ) are the output o6& andGﬁf) for user 1, particular receiver of interest. Some useful results on popular

respectively. linear receivers are listed in Section VI.
Let Y (K) = y§K) andY,() = 1/7(5‘1) Due to the presence of In summary, we have the following theorem.

noise,Y,flK) are continuous random variables. Equation (73) Theorem 5: For every continuous functio the output deci-
implies (71). Also, by Theorem 1, for every, VAN converge sion statistic of linear receivé&¥ = g(R) has asymptotically the
as K — oo to some Gaussian random variable, defined asme Gaussian distribution conditioned on almost all spreading

Y,.. Hence (72) is satisfied. Note that a sequence of Gaussgatuences.
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This theorem states that the output of a large family of line& the single-user matched filter, whose large-system multiuser
receivers has the same asymptotic Gaussian distribution corafficiency is obtained as
tioned on almost every spreading sequence assignment, which

2 2
is nothing but the asymptotic unconditional distribution. This nth) = g M;

N (85)
somewhat surprising result may be understood as follows. First, Py My — M7 + oM,
under mild conditions, all interfering users have “comparable” _ 1 . (86)
and uniformly small contributions in interference to the desired 14+ ;—’

user as the system size gets larger and larger. So the total con- ) ) i
tribution turns out to be Gaussian in the limit. Second, a largeANOther popular receiver, the decorrelator, is determined by

system is self-averaging, i.e., a particular realization of the cg:=3)- [N case off < 1, the MAI term isO with probability 1 and

variance matrix is almost surely “sufficiently representative” df€Nnce
the whole ensemble. In oth_er words, empirical avera_lgi_ng is the e 1 _ g, B<1. 87)
same as ensemble averaging in the large-system limit. As the ’

system size increases, a short-code system where the spreaﬂr@ise ofd > 1, the MAI is nontrivial but the asymptotic
sequences are randomly chosen behaves more and more jikg, ity is still true. The multiuser efficiency is obtained in

a long-code system. Interestingly, the fundamental law undefg; \yhich, in the equal-energy case can be simplified to [32]
lying this principle is statistical physics. A multiuser system is

equivalent to a thermodynamic system, whose fluctuation van- (decy _ __(B— 1)o?
ishes and the emerging stable macroscopic properties dominate i T (B-1)2+ 028
in the large-system limit [19], [30], [31].

B>1. (88)

The MMSE receiver is determined ly)\) = (A + o?)~%.
It is hard to obtainu, and JZ directly. Applying the known
Stieltjes transform of the eigenvalue distribution function, the
The asymptotic normality of linear receiver outputs allowgyltiuser efficiency can be obtained as the positive solution to

the multiuser efficiency [1, p. 121], which uniquely charactelihe Tse—Hanly fixed-point equation [18], [13], [33]
izes the uncoded BER for an arbitrary noise level, to be com-

pletely determined by the SIR in the large-system limit. n+ BE P — (89)
For a receiver of the form in (12) determined §ywe have Pn+o?
its large-system limit of the SIR expressed as

VI. MULTIUSER EFFICIENCY

where the expectation is taken over the random varidble

. drawn according to the energy distribution.

-~
QN

V= (81)

Q
QN

VIl. NUMERICAL RESULTS

wherep, andag are the mean value and the variance of the lim- Fig. 3 shows convergence to a Gaussian distribution of the
iting distribution, respectively. Assuming threshold detectiomutput decision statistics. Chips and symbols are binary phase-
we have the uncoded probability of error expressed as a singhéft keying (BPSK) modulated. Perfect power control and an
Q-function of the square root of the SIR, i.e., SNR of 5 dB are assumed for all users. We plot the histograms
of the output statistics of a linear polynomial receiver
P=Q{/"7). (82)

The multiuser efficiency, defined as the ratio between the ener
that a user would require to achieve the same BER in abse
of interfering users and the actual energy, is then

G(R) = 2.24I — 1.61R + 0.345R’ (90)

jch is the three-stage parallel interference canceler that gives
asymptotically the least achievable output mean-square error
[16]. The number of users considered d&e= 1, 2, 16, and

202 256, respectively, and{/N = 1/2 is assumed in all cases.
n= Pg—of[ (83) The predicted asymptotic Gaussian distribution for an infinite
% number of users is also plotted for reference. It is evident that

the distribution of the output decision statistics converges to the

Gaussian distribution as the system size increases. For 16 users

< m > 2 or more, the approximation is excellent. Note that the area under
:E,L'Mi

For a polynomial receiver given as (22) we have

52 Z each curve on the left half plar(ec0) corresponds to the un-
n®) = b m =l (84) coded BER of the receiver.
1 Z Z wixj[Miyj — M;M; + 02 M4 ;1] In Fig. 4, we plot the BER of various linear receivers averaged
i=1j=1 over spreading sequences and observe the trend as the system

where M;, defined in (26), can be obtained by (21) for thSiZ€ increases. This porresponds to Iong.—code system perfor-
, ance. BERs of the single-user matched filter, the decorrelator,
equal-energy case, or as (77)—(80) by following the approanh

in [29] otherwise2 A trivial example of a polynomial receiver trie MMSE receiver, and two polynomial receivers of order
’ P poly ando6, respectively, are obtained through Monte Carlo simula-

5M; can also be obtained using other dedicated numerical approaches. tion. As in Fig. 3, the polynomial receivers are chosen as the
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§1r K1 > K=2 W : —q
|2 (7}
c C
[} [}
kel kel
Z z Conv. detector
§0.5 go.S —— Polynomial of order 3
9 g —+— Decorrelator
& x —s— Polynomial of order 6
0 0 o —— MMSE detector
-1 0 ! 2 [—= predicted Gaussian pdf for K== |2 s107H ]
Decision statistic y P! 'an pal Tor = T
1| — histogram of decision statistics s
@
z 4 z K=256 g 4
& 5}
kel o
2 =
305 305
[ ©
Q Q
Q o ]
0 0 " 4
-1 0 1 2 3 -1 0 1 2 3 .

Decision statistic Decision statistic L L ! - - -
Vi Vs 4 8 16 32 64 128 256 512 1024
System size (number of users K)

Fig. 3. Distribution of output decision statistics. The two-user, 16-user, and )
256-user cases are shown as well as the single-usef Base 1). They are Fig. 5. BER versus the number of users (short sequences). The asymptotic

compared with the asymptotic Gaussian distribution. estimates are marked by solid triangles on the right border of the plot.

VIIl. CONCLUSION

10 ' B T T T T4 In this paper, we have proved asymptotic normality of the
' output decision statistics of a large family of linear receivers,
which can be arbitrarily well approximated by polynomial

& -+ Conv. detector ! N P . o
—— Polynomial of order 3 receivers. The limiting output distribution of the decision
—— Decorrelator ot i ; ;
—+— Polynomial of order 6 statistics conditioned on almost all choices of spreading
e L —— MMSE detector sequences is asymptotically the same as the unconditional
gm : 7 distribution. The normality principle shows that the SIR is
% a decisive index of uncoded system performance for linear
o . 4 receivers. The large-system limits of the multiuser efficiency
[aa] . .
of the single-user matched filter, the decorrelator, the MMSE
receiver, as well as the polynomial receivers are determined
B by way of evaluating the large-system SIR. We can further
16 ¢ . 4 conclude that, if single-user decoding is used, error-control
- ¢ codes that are optimal for Gaussian channels will also be
‘ ‘ . . , . ‘ ‘ 9 asymptotically optimal for a multiuser channel.
2 4 8 16 32 64 128 256 512
System size (number of users K)
. i APPENDIX |
Fig. 4. BER versus the number of users (long sequences). The asymptotic PROOF OFPROPOSITION

estimates are marked by solid triangles on the right border of the plot.
We develop a combinatorial proof for Proposition 1 based on

ones that give asymptotically the least achievable mean-squre simple fact of Lemma 2.
error as suggested in [16]. The rafiy N is alwaysl /2 but the We first introduce some notation. Define a random variable
SNR is assumed to be 10 dB for all users. Asymptotic estimates
using the results in Section VI are marked by solid triangles on K KX N
the right border of the figure for reference. Itis clear that for aft () = Z Z : Z Z SnikySniks Snoks Snoks
receivers the BERs converge to the asymptotic estimates. k=1 k=1 m=1 ni=l

For Fig. 5, we do the simulation in the same setting as in
Fig. 4 except for that a particular choice of spreading sequences ]
is used to simulate a short-code system. The BER varies m@} Z(i) denote a vector of index€s, ..., ki, na, ..., ni]
more than in Fig. 4, depending on whether the particular set®td A(z) = {1, ..., K} x {1, ..., N}'. §(i) can then be
spreading sequences is favorable or unfavorable for the systéften as a single summation
size. Nevertheless, as the system size increases, the BERs con-
verge to asymptotic predictions, which are marked by the solft{) = Z Snyky Snyky Snoks Snaks
triangles. The convergence speed to a Gaussian law is much  Z(:)eA@)
slower than for long sequences under the same system setting. e Smi ki1 Smi_ 1k Sniks Sniky - (92)

T Sng gk 1Sni_1kiSngkiSngky - (91)
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We are also interested in cases when some of the indegés)in ~ The following intermediate result is useful.
are fixed. We define fok = 1, 2

Sk(i) = Z SnykSnyks Sngks *** Sni_1k; Snik; Snik (93) »
J()€B(i) E { 11 5(¢,w)} (100)
w=1

J(4)

Lemma 7:Forp > 1 and integers;, ..., 4, > 1

where

is a polynomial inK of degreeD = > _ (i, + 1).
Proof: Let© denote the product of th&(i,, )'s inside the
, i i expectation brackets in (100). Lgt? _, (i, + 1) be the size of
B(@)={L,..., K} x{1,..., N}" ©. This lemma is equivalent to gyinlgl(that th)e degreB{@&}
Clearly, this is equivalent to evaluating the sumSgf) with k;  is equal to the size o, or, in other words, each facte(i.,)
in Z(i) forced to take the value df = 1 (or 2). Similarly, we in © contributes to the overall degree®f®©} by (7., +1). The
define proof is by induction on the size @.

) The smallest siz® may take i, wherep = 1 andi; = 1.
T(L) = Z Sn115n1koSnoks * " Sni_1kiSnik; Sn2- (94) Thus,

Il
=~
V)
&

3
=

3

and

J()eB(i)
Interestingly, each of the above defined variables is a sum of E{e} =E{S(1)} (101)
products of the form in Lemma 2. F&i(i) and Sy (i), the in- N oK
dexes in each product term always form a closed loop, whereas =E Z Z SnkSnk (102)

n=1 k=1

the indexes irff'(¢) form an open loop. a7,

To keep the presentation clear, we introduce an equivalent =P/ K" (103)
notation (see [34] for a similar technique). Instead of writinﬂ
S(7) as a sum of products as in (92), we record the topology 0
the indexes in a two-row array

1js a polynomial of degre® = 2 as predicted.
Suppose now the lemmais true for the size®,of. ., D —1.
We show that it must also be true for a sizelof
ny N2 - Ny Let Zv = (n¥, ...,n" k", ..., k). E{©} can be
. (95) .
ki ko - Kk written as

The way to understand itis to look upon it as a sum of a product p
of indexeds variables with their indexes zig-zagging through  E H Z Sniky Sniky Tt Sn¥ kP Sn ky
the array, i.€.5,,k,» Snykys Snokys Snokss - - -1 Snyk; » aNd finally w=1 TwEA(i,)

Sn,k, toclose the loop. It would be helpful to take the indexes as _ Z o Z

vertices and the,,;, variables as edges of a graph. Al$q(i) Tleati ,
. TeA(ir) IreA(ip)
is denoted by

X E{Sn}k} Sl gl SnTke "'Snf’pkf}- (104)

ny N2 g
< 1 ke - K > (96) By the simple fact of Lemma 2, for each product to have nonzero
) L ) expectation, the indexes must be such thatstkiariables form
S2(i) denoted similarly, and'(i) denoted by complete pairs, in which case the product ternh.i¥he value
ny ng .- Ny of E{®} is therefore the number of occurrences of such cases.
< 1 ky - ki 2 > (97) Consider adding an extra constraint on the indexes: for each
we{l,...,p},ny =ny =--- =n" . Thes variables then

7'(i) has one more element in the second row since itis an ORglially form complete pairs. The number of such occurrences
loop. Its last v§r|able in its correspo_ndmg product94§2_ IN-is 3~P K'P. Hence (104) is lower-bounded by a polynomial of
stead ofs,,,1. This angle bracket notation is very illustrative anglegreen. Surprisingly, even if all possible combinations of the
greatly simplifies our task of estimating the size of interestingdexes are counted, which appears to significantly increase the

variables. . number of terms, this sum is still a polynomial of degiee
The reader may have noticed that To show this, we study the matching problem of a variable
(R = N7'S1(4) (98)  Snik, the first term of some(i). It must be paired with some
and other s variable, which either comes froi(¢) itself, or from
) L anotherS(i’). In either case, the two indexes, andk,, are
[R']12 = N™"T(d). (99)  replaced by another two and can be dropped, but with the
Hence, studying the statistical propertiessh{i) and7'(s) is topology of the summation still in the form éf, i.e., a product
sufficient for Proposition 1. of S(i,,)’'s. However, the size of the problem can be reduced

In the following, we prove Proposition 1 assuming perfe®Y one and therefore solved by the induction hypothesis. We
power control and antipodal spreading, i.e.,sali’s are inde- develop this idea in full in the following.
pendent chips that take on valugd only. The proof is gen- ~ Suppose this other variable comes fron$(:) itself. Four
eralized to nonbinary spreading with no power control in AgRossibilities arise:
pendix Il. 1) ny = n; sothats,,k, = Sn,k,, VK15
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2) k1 = ko sothats,,k, = Sn,ky, V701, In case of 5)5,,,, ands,, , are both dropped. Indexes
3) n1 = nu, ki = ky for someu # 2, i, so thats,, ,, = andk, are replaced by, andk;,. Then
Sn“ku; ) y n1 Seeomy fn/g- . n"i’
4) ny = ny, k1 = kyy1 for someu # 1, 4, so thats,, , = )50 = by o ki) K, - K, (108)
Sn“ kyg1-
) ) becomes
We show that with each of the preceding four constraihtsan , , ,
be reduced to a variable of the same topology as the unc<<n@2 R >
strained® but of a smaller size. ko oo ki ke Ry KLkl
In case of 1)s,, &, IS paired withs,,, for every choice of =S(@i+4 —1). (109)

k1. The product of the two i$ and can be droppe#; becomes

an index of complete freedom, by summing over which a myfIth this constraint® is reduced in size by two while main-
tiplicative factor K is contributed to the remaining sum. Witht@ining the same topology. The resulting expectation is a poly-
this constraintS(i) becomes nomial of degre¢ D — 2) in degree, two less than it could if the

two variables from differen§/(-)’s were not forced to be paired.
Ng - Ny Case 6) is similar to case 5) and the resulting contribution is
K- < ky - ki > ) (105) also a polynomial of degre@ — 2).
The overall value oE{©} is the sum of the above six cases.

Itis easily identified ad( - S(i —1). Consequentlyp) is reduced Spme subtlety arises since the six cases overlap. With some pa-
to K - ©" where®’ has the same topology &sbut is one less tience, the overlapping parts can be identified as polynomials
in size thar®. By the induction hypothesi&{©’} has a degree of smaller degrees so there is essentially no overcounting by ig-
of (D — 1), soE{©} with this constraint is a polynomial in noring the overlap. The reader may have noticed that cases 3)—6)

degreeD. - . . may happen for multiple choices af However,u may take at
~ Case 2)is similar to case 1) and result&inS(: — 1), which - mostp different values in each case, which is fixed and not de-
is also a polynomial of degreb. pendent onkK'. The sum over all possible choicesofs still a

In case of 3)s,,%, couples withs,,, and both terms are polynomial in K of the given degree. We can, in fact, neglect
dropped. Indexes; andk; are replaced by., andk,, respec- cases 3), 5), and 6) when estimatgd } since they contribute

tively. The S(i) becomes a degree less thah. We can also conclude that the cases of
o matching variables from differer$i()’s can be neglected.
N2 o My—1 n; Ti—1 o N . . .
< > =S50 —1). In all, the overall sum is a polynomial of degrée The in-
ko oo ku—v ku ki o kupa (106) duction holds and the proof is complete. O

Equipped with the techniques developed earlier, we solve a
Clearly, with this constrain® is reduced to the same topologyharder problem where some of the indexes in the sum are forced
but with a size of(D — 1). E{©} is a polynomial of degree to take fixed values. We have the following result.
(D — 1) in this case.
In case of 4)s,,,x, couples withs,, 1, ,
dropped. Indexes; andk, are replaced by., andk, 1, re-
spectively.S(i) becomes

<n2 n> } <nu+1 m> E{ﬁ S(iw) f[ S1(juw) 12‘[ (L) f[ sg(mw)} (110)

k2 . ku ku+1 - kz w=1 w=1 w=1 w=1
=S(u—1)-S(i—u). (107) isapolynomialink of degree

and both terms are Lemm.a 8:Letp, q,r,t > 0 be integers L_e_tl, <o dps
Jis -5 Jgo b1, oo, lar, @andmy, ..., m, be positive integers.
Then

P q 2r

t
Thus, under this constraint:) is split into two unconstrained D= P41 - o1 111
S variables of the same form. Consequentdy,is reduced 2 (it H; Jurt D (b= 5) 4> - (111)

to some®’ of the same topology. Although two indexes are . L
po o9y g Proof: Let ® denote the product in the expectation in

dropped, the size of the resultit}f is the same as that @, ) _ i . ;
so the induction hypothesis does not directly apply in this ca .10)' The size 0B is defined as the right-hand side of (111).

However, we can také'(u — 1) in © as S(i) and go over The lemma is gquivalent to saying that the d‘?gfeE{‘@} s
the above reduction procedure recursively. One of the ot}‘?eii_‘al to the size 06. In other words, eact(i) in © con-

w=1 =1 w=1 w=1

cases must happen after some iterations since each spIitHrll tes(i + 1) to the degree oE{6©}, eachsS; (j) contributes

p i _1 i
eliminates two of the less thap indexes. Hence, the induction’" achT’(l) contributes(! — 3), and eachS‘2(m,) contnbut_es
applies indirectly in this case m. Note that we have an even numberZdf.,)’s so the size

We now consider the situation thag, 5, is coupled to ans is always an integer. The proof is also by induction on the size
1Rl

; : o ; f ©.
variable fromS(i’). Two possibilities arise 0 . . . .
(@) P We take a variable,,; in the expansion o® and discuss all
5) n1 =), k1 = k,, for someu, so thats,, x, = s, &’ ;

possible ways of matching it with anotherwariable. Upon a
6) n1 = n,, ki = k., for somew, so thats,,r, = match, coinciding indexes merge into one. Equivalently, under
Sn k! the constraint that some indexes coincide shariables match

uyg1”
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and can be dropped. The resulting unconstrained sum, denoted) s,,,; is paired withs,, ;» in someS(i). Under this con-

as©’, remains in the same topology with the same or a reducsiiaint, S1(5) - S(7) is reduced to

size. If®’ is of the same size &, it may go through the reduc- /n! | »! , --- 0y n} ni_; - nl, ny -+ n;

tion recursively until the size is reduced. In particulas,if, is < i U Y VA VA A ks >
; ; ; ; ; u—1 2 M i ut+1 2 J

matched to an immediate neighbor in the topology, a free index _ iy

is produced, which contributes a degree of one to the overall =S0G+s -1, (118)

sum, and the resulting unconstrained sum is one less in size. B¢ size of© is reduced by two.

the induction hypothesi€{©’} can be obtained as a polyno- 5) s,, 1 is paired withs,: , in someT'(l). Under this con-

mial and the degree &{©} can be deduced. straint,S;(j) - T'(1) is reduced to

Consider the basis case of the inductiGnhas a size of one. nj_1 ny nl, nl, n)
Three possibilities arise. . N < 1 ki o ks ke Ky o K 2>
1)g=1.Thenp =r =t = 0andj; = 1. Trivially n, - o,
E{©} = E{S:(1)} = f'K. 112)  X* < LW > =T +1—u)-Si(u—1). (119)
u—1

2)t =
BIK.
Ar=1.Thenp=gq=t=0

1. Similar to case 1)E{©} takes the same valueThe size of® is reduced by one.

6) 5,1 is paired withs,,, x, in someS,(m). Under this con-

andm; = my = 1. Hence,  straint,S;(j) - S2(m) is reduced to

E{e} =K{T(1)T1)} (113) My 1 My g ny
NN K, Ky, 2
Z z_: E{sn2sn1sn2sn1} (114) ) <nj nj_1 oo my oml iy oo owl, >
=p7'K. (115) Lk ks ko Kl - K, 2
= —_ . 1 ] —_— .
Tu—1)-Ti(j+m—u) (120)

The lemma is therefore true for a size of one.

Suppose that the lemma is true for sizeslof.., D — 1. The S|z.e 9@ 1S reduced.by two. o
We show that it is also true for a size &f. Take arbitrarily ~ Forsimilarreasonsasinthe proofofLemma?7, contributions of

an indexeds variable, say,.., from the expansion o®. The 2)—6) canbe neglected since case 1) has a higher degikearia
variable must be in one of three forms;, s,,1, or s,,,, withn, hence dominates. Note that case 1) becomes trivial after a finite
andk as variable indexes. If novariable of the first two forms number of splitting and results in a degre¢joThe induction is
exists, (110) is reduced to the form of (100) and the lemma holdign verified for the case thag, ; comes from soms ().
trivially by Lemma 7. We assume that there exists a variable Assume thas,, 1 is from someZ’(l) for somel. Six possibil-
sn,1 (if not, there must exist am,, 2, which has no statistical ities arise.
difference tos,,,; by homogeneity of the users). 1) s,,1 is paired with a variable frorfi’(!) itself. Similar to

Sn,1 is either from someS; (j) or from someT'({). We con- discussions in possibility 1) in the previous case study. The size
sider both cases. Whichever the case, 4p5; to contribute of © is either of the same or a reduced size.

nonzero to the expectation, it must be coupled with another 2) 5,1 is paired Wlthsn , from someT("). Under this con-
1

variable. . _ ~ straint,7(1) - T(I") is reduced to
Suppose first that,,,; is from someS; (j). Six possibilities o miy ny n n,
arise. < - toe l>:52(z+z'—1).
2k ks ke kb k)

1) s,,1 is paired with a variable fron$,(;) itself. Similar

to discussions in the proof of Lemma 7, the sizedofemains (121)

unchanged or is reduced.

2) sy,,1 IS paired Wlthsn 1 in someS; (j'). Under this con-
straint, Sl( ) S1(y") is reduced to
ni B A
7’ -1 1 2 J > — S (i .1
=5+ —-1).
< 1 k;, Ky ke k; 1 )
(116)
The size of® is reduced by one.

3) 5n,1 IS paired withs,,, 1. in someS; (j'). Under this con-
straint,S1(7) - S1(y’) is reduced to

<n’1 ny - n;_1>
Loky - kg
X<n9, ni_q oo omy, mg e nj>
1 Ky kg ke e Ky
:Sl(u—l)Sl(j+J,—u)
The size of® is reduced by one.

The size of© remains unchanged.

3) sn,1 is paired withs,,, . from someT'(I'). Under this
constraint,7’(l) - T'(I') is reduced to

<n'1 ny e nit_1>
1 k’2 :L—l
e

2 K, o kK
=S1(u—1)So(l +1"—u).

u+1
The size of® remains unchanged.

4) 5,,,1 is paired withs,,, » from someS(i). Under this con-
straint,7'(1) - S(7) is reduced to

n2 .- .. nl>
ky - K

(122)

<n{ul n;72 ...nl ni n’i—l ce n/u n2 ...nl >
IR VAR YA AN AT TR R
=T(+i—1). (123)

The size of® is reduced by one.
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5) sn,1 is paired withs,,, . from somesS; (7). Under this With the above lemmas established, we can prove Proposi-

constraint,I’(l) - S1(j) is reduced to tion 1.
<”/1 Ny My > Proof [Proposition 1]: For an oddp, the pth-order
1 K, - Ky moment is always zero by symmetry of the distribution of the
niomiog e my, mg eomy random chips. Note also thftR']1,. }X_, is a set of identically
X < 1 kK R by ek 2> distributed random variables. Hence, it suffices to show the
J u+1 2 l

finiteness of the moments fér= 1, 2 and all everp.
Consider first the case &f = 2. By (99)

e{(VK[R] 12)"} - (ﬂt‘K%K—i)” E{T?(i)}. (129)

=S1(u—-1)-T(l+j—u). (124)
The size of© is reduced by one.
6) sn,1 is paired withs,,, . from someS;(m). Under this

constraint,T’(1) - So(m) is reduced to By Lemma8E{T? (i)} is a polynomial ink of degreep(i—3).
', nl_y - n} Equation (129) is, therefore, a polynomial fraction whose nu-
< 1 , K2 > merator and denominator have the same degree. Its convergence
w-l o, asK — oo is evident. 4 .
x <nm Ttm—1 M T2 M > Consider now the case bf= 1. Clearly,[R']11 = N~*S1(4).
2 ko o kg ke o Note that
The sge 9f® is reduced by one. | _ - — griK Z Sy 1Smiks  SmokSma (130)
Again, in none of the above six cases, the siz&of in- TEB(i)—C(i)
creased. Cases 4)-6) can be neglected and cases 1)-3) can be _ KIS (7) (131)

reduced to trivial cases after a finite number of iterations. It is

not difficult to see by the induction hypothesis that the overaff"ce for the product terms ¢R']11 to have nonzero expecta-
expectation o is a polynomial of degre®. The induction is tion, the indexes must be such that theariables form complete

therefore also verified for the case that,; comes from some pairs. Therefore,

w. | E{[VE(R - E(R]u))| | = K7 DE(SI6))
The induction holds, thus, the proof is complete. O (132)
We need a further result on the constrained sum where Ce”@HﬁvergeS a% — oo by Lemma 9. 0

patterns of the indexes are prohibited. Define
S1(i) = Z Sn118n1kaSnoks " Sn;_1kiSnik;Sn;1 APPENDIX |

JEeB()=C (i) NONBINARY SPREADING WITH NO POWER CONTROL
(126)

We now drop the perfect power control assumption and
allow nonbinary spreading sequences. Define a set of antipodal
spreading sequences induced from the nonbinary chips}

Lemma 9:Let p, ¢, » > 0 be integers. Lety, ..., i,, by taking the sign of each chip
Ji, ---, Jg, @ndly, ..., I, be positive integers. Then Gre = 5E0(Snr)- (133)

P q 2r
E { H S(iw) H Sl(jw) H Si(lw)} (127) Therefore,
w=1 w=1 w=1

is a polynomial inK of degree

whereC(i) = {J|J is such that the indexed variables in
(126) form complete pails

Snk =V Pr - Gnk - Snkc (134)

LI . 2r . wherea,; = |3,«| is the amplitude of a chip of the normal-
D= (iw+1)+> du+> (lw—3). (128) ized spreading sequence. Note that the three variables on the
w=1 w=1 w=1 right-hand side of (134) are independent.

Proof: If r = 0, the lemmaiis trivial by Lemma 8. Suppose | et 5(;) be defined as in (92). Consider the expectation of
r > 1. Take anyS; (/) and convertitto the form of (i) or S1 (). each summand

Since thes variables inS’ (1) are not allowed to form complete
pairs, there must be a#,;, from it that is paired with either a
variable fromS(7) for somei, S;(j) from somej, or S (I’) for =E {,/Pkll’k2 . -sz}
somel’. In the first two cases, we can look upési(/) as if it
were alarges, (/). Note that by adding more terms$§(/) we R X o
will only increase the overall expectation. By similar arguments X E{8n Sk Snaks o Sn_ ki Snik Sk, b (135)

as in the proof of Lemma 8, the resulting contribution has omidote that the first expectation on the right-hand side of (135),
degree less. Consequently, these two cases can be neglectece.lnthe expectation of the product of energies, is a product
the last caseq (1) - S1 (') isreduced t& (u—1)-S1(I+!'—w) of moments ofP,’s dependent on the values &f, ..., k;.

for somew. By the same method, alli({) variables can be It is a deterministic number independent &f. Similarly,
converted to the form of (7). The resulting problem is solvedthe second expectation is a product of momentgsgf|’s,

by Lemma 8 and we have the desired result. O or equivalently of 5,,’s, for every possible combination

E{Snllﬁsnle Snoky " Sni—lkisnikisnikl}

X E{an1k1 Anyky Anoky " " Oni_ 1 ki Angk; anih}
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of Ny, «ovy Ny, K,y -
nonzero, these moments are nonnegative since the variablrfﬁ
appear in pairs. Hence, it is also some known number indepen-
dent of K under our assumption of finite moments.

It is easy to show that Corollary 1 still holds by noting that
the moments of the energies as well as the moments of the non-

m+p(a)
<

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 48, NO. 12, DECEMBER 2002

., k;. For the final expectation to beby (L6.1). Also,Va,Ve > 0,Vp > 0, andv K

= Fin(a)|

K
Fm-i-p(a) - Fr(n+)p

+ ‘F(K)(a) _ F,(nK)(a)‘ + ‘F,gm(a) _ Fm(a)‘ . (146)

(a)] +| A,

m+p

(@) = FF)(a)

binary chips are bounded by some numbers independeiit of Taking the limitK — oo and thenn — oo, we have all four
so that the problem is reduced to the case of binary spreadiggins converging t6 and so

with perfect power control.
Moreover, we can exploit the structure 8fi) in the same

the same degree iK. For similar reasons, Lemmas 8 and

lim |Fryp(a) — Fn(a)| =0,
way as in Lemma 7. The result is nonetheless a pOIVnomial'ﬂf]erefore,F

Ya, Vp>0. (147)

converge pointwise. Furthermore, for evary

also hold. Therefore, Proposition 1 can be proved for this cas& %) (a) — Fm(a)‘

i.e., the central moments ofF[Ri]lk converge to deterministic
constants ag( — oo, even with nonbinary spreading and no
power control.

APPENDIX Il
PROOF OFLEMMA 5

Proof[Lemma 5]: Fix the dimensionk. LetG = J(R) be
a polynomial receiver. Leg andy denote the vector of output
decision statistics of receiv€l andG, respectively. Then [

Yy—9y=(G—-G) yYyr- (136) [2
Focusing on user 1 3]
E{(y1 — 1) | R}
=E{{y- -9 |R} (137) M
~c{[(o-&)muvin (6-6)] |z} @
_ A o2 A
- [(G G) (R+0>)R (G G)] B as)
=[U(g(A) - §(A)*(A+ o* AUy, (140)
K
= JukPgO%) — GOk + 0PN (141) M

ol
Il

1

whereuyy, is thekth element on the first row d¥. By choosing &
the polynomialj to be within a distance afto g on the support

of F, we have [9]

K
E{(ys — 51’ |R} <€ > Juw’(M + 0”)Ae  (142) 10
k=1
262 . [R(R+ 0'21)]11
—e2. (M3 + 02M1)

(143) [

(144)
[12]

with probability1 asK — oo. Hence, the mean-square error of

(y1 — 91) can be made arbitrarily small for sufficiently largé [13]
for almost all spreading sequences. 141
14

APPENDIX IV
PROOF OFLEMMA 6 [15]

Proof [Lemma 6]: We first show thatF;,(a) is a Cauchy 16
sequence for every. Since mean-square convergence implie§ ]

convergence in distribution at all points of continuity, we have
(17]

lim Klim FE)(a) = FE)(a)| =0, Ya  (145)

< |F (@) = FF (@) + [F (@) = Fula)| . (148)
Taking the limitK' — oo and thenn — oo, we have

Jim FE) (q) = lim_Fu(a). (149)

O
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