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Spectral Efficiency of Multicarrier CDMA
Antonia M. Tulino, Member, IEEE, Linbo Li, and Sergio Verdú, Fellow, IEEE

Abstract—We analyze the spectral efficiency (sum-rate per subcarrier) of randomly spread synchronous multicarrier code-division multiple access (MC-CDMA) subject to frequency-selective
fading in the asymptotic regime of number of users and bandwidth
going to infinity with a constant ratio. Both uplink and downlink
are considered, either conditioned on the subcarrier fading coefficients (for nonergodic channels) or unconditioned thereon (for
ergodic channels). The following receivers are analyzed: a) jointly
optimum receiver, b) linear minimum mean-square error (MMSE)
receiver, c) decorrelator, and d) single-user matched filter.
Index Terms—Channel capacity, multicarrier code-division
multiple access (MC-CDMA), random matrix theory, multiuser
information theory, fading channels.

I. INTRODUCTION
A. Motivation

M

ULTICARRIER code-division multiple access (MCCDMA) is a promising approach to the challenge of
providing high data rate wireless communication. It represents
the fusion of two distinct techniques.
• The first is orthogonal frequency-division multiplexing
(OFDM), which addresses the intersymbol interference
problem arising in channels where the signal bandwidth
exceeds the coherence bandwidth of the fading process.
The idea in OFDM is to divide the available bandwidth
into a large number of small orthogonal bands or subcarriers, each much smaller that the coherence bandwidth and
thus exposed only to frequency-flat fading. A central feature of OFDM is that it can take advantage of the fast
Fourier transform (FFT) to translate the signal from the
frequency to the time domain and vice versa.
• The second ingredient is CDMA, which has become a
prominent multiple-access technique in mobile wireless
systems. In its direct-sequence form, however, CDMA
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suffers in the face of frequency-selective fading, particularly in the downlink where orthogonal spreading codes
are typically employed. The orthogonality is destroyed by
the channel, which renders the codes mutually interfering.
MC-CDMA combines the benefits of CDMA with the natural robustness to frequency selectivity offered by OFDM. It
can be interpreted as CDMA with the spreading taking place in
the frequency rather than temporal domain.1 In MC-CDMA, the
processing and signature spreading occurs in the frequency domain. Optimum as well as linear receivers, such as the matched
filter, decorrelator. and minimum mean-squared error (MMSE)
can be used in the frequency domain in an analogous way to
their use in the time domain for DS-CDMA.
The number of subcarriers in MC-CDMA is typically large
enough to render the problem a very good candidate for the application of the theory of large random matrices. In this paper,
using results on the eigenvalue distribution of such matrices, we
investigate the spectral efficiency of several linear and nonlinear
receivers for synchronous MC-CDMA in the presence of frequency-selective fading. The analysis is conducted in the usual
asymptote where the number of users and degrees of freedom
go to infinity with constant ratio. In MC-CDMA, the degrees of
freedom are embodied by the different subcarriers.
Related asymptotic analyses of synchronous MC-CDMA
with independent and identically distributed (i.i.d.) orthogonal
signatures are presented in [5], [6], [3]. Specifically in [5],
the signal-to-interference-and-noise ratio (SINR) at the output
of an MMSE receiver with i.i.d. and isotropic signatures is
analyzed in the case of a downlink with equal-power users
while, in [6], the spectral efficiency of the optimum receiver
for that same scenario is obtained in integral form invoking the
optimality of MMSE reception with successive interference
cancellation [32]. The downlink with unequal-power users is
analyzed in [3] in terms of the SINR at the output of an MMSE
receiver under the assumption that the users are partitioned into
a finite number of classes, each having a distinct power.
B. Scope
Unlike previous works, we treat both uplink and downlink
with unequal-power users considering four types of receivers:
jointly optimum, linear MMSE, decorrelator, and single-user
matched filter. For these receiving schemes, with user signatures known by the receiver and with perfect channel state information therein, we characterize performance measures such
as spectral efficiency, multiuser efficiency, and output SINR.
For each scheme, the asymptotic values of these measures are
1Compared with direct-sequence CDMA (DS-CDMA), MC-CDMA is less
vulnerable to delay spread but, in return, more vulnerable to Doppler spread,
which tends to destroy the orthogonality between the subcarriers.
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found as function of the number of users per subcarrier, the empirical distribution of the fading across the subcarriers, and the
signal-to-noise ratio (SNR). We further analyze the behavior of
the spectral efficiency as a function of the normalized energy per
bit with emphasis in the low- and high-power regimes, where
the expressions turn out to be remarkably insightful. Previous
results from [14], [27], [29] on the asymptotic eigenvalue moments of certain large random matrices are critically involved.
As shall be evidenced, the downlink turns out to be simply a
particular instance of the uplink where the signals intended for
the several users experience the exact same fading. Moreover,
this special case also coincides—asymptotically—with the statistically symmetric uplink setup, where the fading experienced
by the different users is independent and statistically equivalent.
Thus, our approach is to emphasize the analysis of the general
uplink, from which the downlink and the statistically symmetric
uplink are then easily obtained.
The analysis embraces frequency-selective fading channels both nonergodic and ergodic in the time domain. For
the former, the analysis must be conditioned on the fading
realization since average performance measures would have
no operational meaning. For the latter, however, it is meaningful to average over the fading ensemble to obtain ergodic
performance measures. The expressions of every instantaneous
performance measure of interest (for a given choice of the
transmit spreading signatures and a given fading realization)
involve the spectrum of a matrix, composed at the receiver,
containing those spreading signatures distorted by such fading.
For finite numbers of users and subcarriers, this spectrum is a
random function at two levels: the spreading signatures and the
fading. As the number of users and subcarriers grows without
bound,2 two different scenarios are possible.
• If the fading is ergodic in the frequency domain, the randomness in the spectrum of the received signature matrix
due to both the choice of the spreading signatures and the
realization of the fading vanishes asymptotically and only
the statistical properties of the signatures and fading remain. The various instantaneous performance measures,
thus, converge asymptotically to nonrandom limits. It is
then immaterial whether the channel is temporally ergodic
or not
• If the fading is nonergodic in the frequency domain,3 the
randomness due to the choice of the spreading signatures
still vanishes but the randomness associated with the realization of the fading process does not. Rather, the performance measures converge asymptotically to quantities
that are functions of the fading realization. In this case,
further averaging over the fading ensemble yields the ergodic asymptotic performance measures, which are meaningful if the fading is temporally ergodic. If it is not, then
2For each particular system design, the width of the subcarriers should be
carefully chosen to strike a balance between the vulnerability to delay spread
and to Doppler spread. The subcarriers must be narrow enough to experience
an essentially flat frequency response yet wide enough to resist Doppler spread.
Accordingly, as the number of subcarriers scales, the subcarrier width is held
fixed and thus the overall signal bandwidth scales similarly.
3For instance, due to a finite number of physical propagation paths in the radio
channel.

a more appropriate characterization is through the concept of outage, i.e., the probability that the performance
measures for a given fading realization fall below some
threshold.
With this backdrop, the main contributions of the paper are
as follows.
• We find the asymptotic spectral efficiency and multiuser efficiency of synchronous uplink MC-CDMA
channels with either temporally nonergodic or ergodic
frequency-selective fading for linear and nonlinear receivers. The fading coefficients affecting the subcarriers
of a given user are allowed to be arbitrarily distributed
and correlated, constrained only such that their marginal
distributions have finite moments. Although, in their full
generality, the spectral efficiencies emerge as solutions of
fixed-point equations (which can be solved numerically),
explicit expressions are found for several channels of
interest.
• For channels ergodic in frequency, we prove that all performance measures of interest converge almost surely to
nonrandom limits.
• We show that the spectral efficiency of the optimum nonlinear receiver can be characterized compactly in terms of
that of the optimum linear receiver. This represents a generalization of the corresponding relationship found in [23].
• Every uplink expression is specialized to the corresponding downlink. Besides providing better insight,
these also provide, through a simple reinterpretation of
certain quantities, useful particular expressions for the
uplink scenario where users are statistically identical
• Tightly framing achievable performance, particular emphasis is placed on the regions of low and high normalized
energy per bit.
• Low- and high-power expressions for the multiuser efficiency, parameterized by the effective number of active
users per nonzero-power subcarrier (effective load factor),
are also derived.
• Some of the performance measures are also evaluated for
low and high effective load factors.
The paper is organized as follows. Section II lays down
some necessary definitions and a key auxiliary result used
throughout. In Section III, we introduce detailed models for
uplink and downlink MC-CDMA. The four different receivers
are analyzed in detail in Sections IV–VII.
Although the paper focuses on MC-CDMA, the methodology
also applies to related schemes such as conventional OFDM
[30]. Related analyses in the context of multiple-antenna communication can be found in [27], [28].
II. DEFINITIONS AND AUXILIARY RESULTS
Definition 2.1: Given a vector
ical distribution is

, its empir-

(1)
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where
is the unit step function. If represents the th eigenis also termed the spectrum of
value of a matrix , then
. If
converges as
, its limit (asymptotic empirical distribution) is denoted by
.
Definition 2.2: Let
be an
random matrix whose
th entry is
and denote by
the closest smaller in, let
be the limit as
of the
teger. For
empirical distribution of

and, for
, let
empirical distribution of

be the limit as

matrix
Theorem 2.1: [14], [29] Consider an
with denoting Hadamard (element-wise) product and
random matrices. The enwith and independent
tries of are zero-mean i.i.d. complex, arbitrarily distributed,
, while
is as in Definition 2.2 with
and with variance
and
having all their moments bounded. Denoting by
the channel profile function of , then, as
with
, the empirical eigenvalue distribution of
converges almost surely, conditioned on , to a nonrandom distribution function whose Stieltjes transform is

of the
(6)

As
with
, the two-dimensional channel
profile function of is defined as

with

solution to the fixed-point equation
(7)

(2)
, the distribution of
such that, if is uniform in
equals
, and, if is uniform in
, the distribution of
equals
.
, the one-diFurthermore, for a given column
mensional channel profile function of
is defined as
(3)
such that, if
is uniform in
, the distribution of
equals the asymptotic empirical distribution of
.
From the definition, it follows that
(4)
where
denotes the Frobenius norm, i.e.,
.
Note that, in general, both the one-dimensional and the twodimensional channel profile functions depend on the specific
realization of . In some cases, however, that is not the case.
Definition 2.3: The
random matrix is doubly erand
godic if the asymptotic empirical distributions
in Definition 2.2 are almost surely nonrandom limits.
Remark 2.1: Given
, for
with channel profile function
and asymptotic empirical
, it is verified that
distribution
(5)
where is any integrable function while
tation with respect to the random variable
.
distribution is given by

denotes the expecwhose cumulative

The next theorem is a reformulation of the celebrated Girko’s
theorem [8], [10], [24] which has found several interesting applications in the contexts of wireless communications [4], [12].

In general,
and consequently, the asymptotic empirical
depend on the specific realizaeigenvalue distribution of
tion of . If is doubly ergodic, then its channel profile funcdoes not depend on the specific realization thereof
tion
converges aland the empirical eigenvalue distribution of
most surely to a nonrandom limit whose Stieltjes transform is
given by (6).

III. SYSTEM MODEL
In MC-CDMA, there are evenly spaced subcarriers shared
the spreading gain. Each symbol of the
by every user with
data stream generated by user is replicated into
parallel
copies. Each copy is then multiplied by a chip from the corresponding spreading signature and modulated onto one of the
subcarriers, all of which are to be transmitted in parallel. The
usual implementation calls for an inverse discrete Fourier transform (IDFT) to convert the parallel chips into serial form for
transmission. A cyclic prefix is appended to remove the interference between successive symbols and to accommodate the circulant convolution provided by the FFT at the expense of some
loss in efficiency that can be easily incorporated as a penalty
factor.
the
signature matrix whose
Denote by
th column represents the frequency-domain transmit signature of the th user. The baseband signal transmitted by the th
where
is the data
user in the time domain is then
symbol of user , unit-variance and i.i.d. across users, and
denotes the
IDFT matrix. The matrix has i.i.d. entries with common mean and variance . We will show that,
asymptotically, both the conditioned and the ergodic performance measures for the various receivers do not depend on the
choice of the signatures.
The receiver front-end consists of
matched filters, one
for each subcarrier, which on the discrete baseband domain is
equivalent to performing a discrete Fourier transform (DFT).
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At the output, the received vector corresponding to the th user
where
in the frequency domain is

with
the fading coefficient at the th subcarrier of user .
These random fading coefficients model the short-term fading
experienced by user at each subcarrier while the deterministic
parameter
captures the long-term attenuation due to range,
shadow fading, etc., which does not vary substantially over the
time scale of interest to us. In the case that the channel is unand thus the channel is completely
faded, then
determined by the
’s. Notice that the IDFT and DFT operations and the role of the cyclic prefix are implicitly absorbed
through the diagonal structure of the channel response.
Since, with frequency-flat fading, the analysis of MC-CDMA
is mathematically equivalent to that of DS-CDMA [23], we directly focus on the more general case of frequency-selective
fading. It is important to remark that, although the fading is
allowed to be frequency selective, each subcarrier is narrow
enough to experience only flat fading. Moreover, in order to ensure sustained robustness to Doppler as the number of subcarriers grows, the width of each subcarrier is held fixed while the
overall signal bandwidth is allowed to scale with .
For each user, the fading coefficients at different subcarriers
are allowed to be correlated and arbitrarily (but identically) marthe frequency spacing beginally distributed. Denoting by
tween two adjacent subcarriers, the correlation matrix
of
the th user’s fading coefficients is given by [13], [21]

(8)
with
and
, respectively, the power-delay response
and the frequency correlation function of the channel for the
th user. The latter satisfies
. As
,
the bandwidth of the signal increases and hence, for a given
coherent bandwidth

vanishes as

.

A. Uplink
Assuming user synchronicity, the uplink front-end receiver
output in the frequency domain is

(9)
where
and

is circularly symmetric complex Gaussian noise with
while
,
,
. In turn,
is an
matrix whose

th entry is
. In the uplink, the
’s are always independent across users due to their different locations and thus the
columns of are independent. Define the asymptotic received
energy per user as

(10)
where the convergence is almost surely (a.s.) conditioned on the
fading. From (10) we can further define the received SNR as
(11)
The performance measures that we seek to analyze depend
only on the eigenvalues of , which has two distinct sources
of randomness: i) the random signatures within , and ii) the
, with
, the
fading in . Denote by
. Note that
two-dimensional channel profile function of
and can be interpreted as the normalized (by the number of
dimensions ) subcarrier and user indices, respectively. From
(10) it follows that
(12)
, it follows from Theorem 2.1 that the empirical
As
eigenvalue distribution of
converges to a distribution function whose Stieltjes transform is given by (6) and (7) and with
played by
. The asymptotic empirthe role of
ical eigenvalue distribution function of
is therefore a sole
that, in general, depends on the specific
functional of
channel realization.4 Hence, the randomness in the eigenvalues
of
associated with vanishes asymptotically while the randomness that arises from fading remains and is captured by the
.
random field
is doubly ergodic, as per Definition 2.3, then
If
no longer depends on the realization of
and the empirical
eigenvalue distribution of
, of which the instantaneous
performance measures of interest are deterministic functions,
converges almost surely to a nonrandom limit. Consequently,
the instantaneous performance measures themselves converge
almost surely to nonrandom limits and thus the asymptotic
expressions for the performance measures conditioned on the
fading (i.e., indicative of outages) coincide with their unconditioned (i.e., ergodic) counterparts. Thus, although throughout
Sections IV–VII such expressions are presented conditioned
on the fading, their applicability to the doubly ergodic case
is immediate. Since the fading for different users is always
independent, a necessary and sufficient condition for double
ergodicity is that the empirical distribution of the subcarrier
fading coefficients for every user converges almost surely to a
nonrandom limit. We shall refer to this condition as ergodicity
in frequency.
4Precisely, (1; 1) is defined through the asymptotic empirical distribution of
the columns and rows of (H  H )AA .
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B. Downlink
In the downlink, every user’s signal experiences the same
fading. Hence, if the subcarrier fading coefficients are
, the output of the front-end in (9) becomes
(13)
where
with
where
denotes Kronecker product while
is a -dimensional
column vector whose entries equal . The average received energy then factors as

, with
channel profile function of

, is the two-dimensional
with as defined in (10).

The one-dimensional channel profile function of the th column
is denoted by
with
. In a system
of
achieving spectral efficiency , the normalized received energy
per bit is [23]
(19)
while the normalized transmitted energy per bit is

(14)

(20)

Applying again Theorem 2.1, the structure of
results in a
channel profile function of
that also factors as

Theorem 4.1: Conditioned on the fading coefficients, the instantaneous MMSE multiuser efficiency of user converges as
with
almost surely to

(15)

(21)

with
. Substituting (15) in the asymptotic uplink expressions and using the integral relation given in
(5), the asymptotic uplink performance measures specialize into
simpler forms that provide enhanced engineering insight. Interestingly, this special form of the asymptotic results is also applicable to the uplink whenever the joint distribution of the subcarrier fading coefficients is identical for each user and the fading
process is ergodic in frequency, a scenario that we term statistical symmetry.
vanAs in the uplink, the randomness associated with
ishes asymptotically whereas the randomness associated
with the fading vanishes in the presence of ergodicity in the
frequency domain, in which case the performance measure
expressions conditioned on the fading (related to outages) in
Sections IV–VII coincide with their ergodic counterparts.

where

is the solution to
(22)

Proof: In the Appendix, Part A.
Recall from Section III that, with frequency ergodicity,
and
do not depend on the fading realization and thus (21)
and (22) also provide the ergodic MMSE multiuser efficiency.
The same consideration holds for all the other theorems presented in this and in successive sections.
Note that, denoting by the normalized (by ) index of the
th user, the asymptotic value of the MMSE multiuser efficiency
can be rewritten as
(23)

IV. LINEAR MMSE RECEIVER
We start by considering a linear MMSE receiver, which maximizes the output SINR, followed by single-user decoders. For
user , the receiver is

Theorem 4.2: Conditioned on the fading coefficients, the
spectral efficiency (in bits per second per hertz (bits/s/Hz)) of
the MMSE receiver converges almost surely to

(16)

(24)

where
output SINR is

. The instantaneous
(17)

where

is the solution to
(25)

The instantaneous MMSE multiuser efficiency of user , de, equals the ratio of
to the corresponding
noted by
SNR in the absence of multiple-access interference (MAI) [33]

Proof: As discussed in [23], the asymptotic normality of
the MAI at the output of the MMSE receiver yields that the
asymptotic linear MMSE spectral efficiency is

(18)

(26)

which measures the ability to suppress MAI.

Conditioned on the fading coefficients, from [1, Lemma 2.7]

A. Uplink
Recall that
rier of user ,

is the fading coefficient at the th subcaris the long-term attenuation of user , and

(27)

484

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 51, NO. 2, FEBRUARY 2005

and, using the definition of

where
(28)

Thus, (26) can be rewritten as

(33)

(29)

where
of

Property 4.2 is proved by expanding the right-hand side of
(25) in a series in
.
In order to state Property 4.3, it is useful to define respective
and
as
auxiliary parameters

(30)

(34)

equals the one-dimensional channel profile function
,
satisfies (22),
denotes the

(35)

normalized user index, and
solution to (25).

, using (21)–(23), is the

Notice from (21) that the function
is proportional,
through the square norm per dimension of the th column of
, to the multiuser efficiency of the th user (whose norrepremalized index, recall, is ). Furthermore,
sents—as evidenced by (26)—the effective SINR of the th user
at the output of an MMSE receiver.
Note also that, using (22) and

is the indicator function. Using two auxiliary indewhere
and
,
pendent random variables and , uniform in
respectively,
and
can be rewritten as5
(36)
with
(37)
Consequently,
represents the fraction of subcarriers that are
active while
represents times the portion of users that are
actively transmitting. Thus,

we obtain the alternative fixed-point equation

(38)
can be viewed as the effective load of the system.
(31)

Property 4.3:
(39)

which is useful to derive some of the properties of the function
that we uncover next.
Property 4.1: If the channel is ergodic in frequency, then frequency-selective fading can only reduce the function
with respect to the corresponding unfaded channel.
To verify this property, note that for channels ergodic in frequency

with the normalized user index and
defined in (14). Note
also that the left-hand side of (31) is monotonically increasing
. Then, apply Jensen’s inequality to the expectation
in
of the concave function on the right-hand side of the equality.
results, in turn, in a reduction in the
The reduction of
MMSE spectral efficiency with respect to the case of no fading.
Property 4.2: The behavior of

at low

where

is the positive solution to
(40)

Proof: In the Appendix, Part B.
Given the relationship between
and the multiuser
efficiency, Property 4.3 relates to the fact that the limit for
of the multiuser efficiency of the th user yields the energy
of the projection of th user’s received signature onto the signal
subspace that is free from MAI, i.e., its orthogonal complement.
since indicates
The dimension of such subspace equals
the fraction of dimensions on which active transmissions take
, then there are no dimensions free of MAI and
place. If
hence
.
Property 4.4:
and
and

is

(41)
(32)

5Recall once again that, in general, (x; y ) depends on the fading realization
and consequently so do Z and Z .
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satisfies

while
(42)

(50)
.

Proof: In the Appendix, Part C.
Property 4.5: If

Proof: In the Appendix, Part F.

then
(43)

otherwise,

Recall that, if the channel is not ergodic in frequency, the
asymptotic performance measures still exhibit dependence on
the channel realization. However, if there is temporal ergodicity, then the expected values of these asymptotic measures are
meaningful quantities and we can thus define

Proof: In the Appendix, Part D.
Note that the behavior at high SNR is largely determined by
the effective system load .
The above properties are useful at evaluating the key performance measures in the low- and high-SNR regimes. Specifically, the minimum received normalized energy per bit required
for reliable communication by an MMSE receiver is [23]
(44)
Since

where
denotes expectation with respect to the fading distribution.6
From Proposition 4.1, we have the following for channels that
(i.e., for alare ergodic in either frequency or time: if
most every fading realization the fraction of subcarriers that are
inactive is vanishingly small), then the high-SNR slope is unaffected by frequency-selective fading while the low-SNR slope is
reduced with respect to the corresponding unfaded channel. This
can be verified by noticing, using (12), that for channels nonerdepends on
godic in frequency but temporally ergodic,
the channel realization and consequently
(51)

using Property 4.2
(45)
(46)
which is unchanged from both the frequency-flat faded and the
unfaded channels, roughly 1.59 dB [23]. The slope of the specat
, denoted
, is [23]
tral efficiency per 3 dB of

where
and
indicate the respective kurtosis
of the square roots of the average with respect to the fading
distribution of the random variables7

and

(47)
where
and
are the first and second
. In turn, the high-SNR slope of the
derivatives of
, denoted
,
MMSE spectral efficiency per 3 dB of
equals [23]
(48)
Invoking Properties 4.2–4.5 we have the following.
Proposition 4.1: Conditioned on the fading coefficients

where and are uniform on
For channels ergodic in frequency,

and

, respectively.8
does not depend on

6Henceforth, [1] and overbar (e.g., [ ] and ) are used interchangeably to
denote averaging with respect to the fading distribution. In the absence of such
averaging indicators, the conditioning on the fading coefficients is implicit. In
the case that the fading is ergodic in frequency, this distinction becomes, of
course, immaterial. For distinctiveness, E [ 1 ] indicates expectation with respect
to distributions other than the fading ensemble.
7Note that
and
have two different sources of randomness. One arises
from the channel fading realization and the other one relates to the independent
random variables and uniform on [0; 1] and [0; ], respectively.
8The kurtosis of a nonnegative random variable X , defined as

(X ) = E[X ]=E [X ]

(49)

is a measure of the “peakedness” of its distribution and it is always greater than
or equal to 1, with equality only if X is deterministic [23].
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the channel realization and consequently neither do
Thus,

and

.

(52)
In the absence of fading, i.e., with
constant with respect
to ,
equals . With frequency selectivity, in contrast,
varies with and thus the kurtosis in (51) and (52) increase and the slope is diminished, from which we conclude that
frequency-selective fading is detrimental at low SNR.
It is also interesting to study the effect of letting the number
of users per subcarrier grow without bound.
Theorem 4.3: Conditioned on the fading coefficients

is the solution to
(53)
where
tion of

with
and

Proof: Defining
in (25)

the channel profile func.
with

given

where the upper bound is achieved by the MMSE spectral efwith either no fading or frequency-flat
ficiency for
fading. For channels ergodic in frequency, equals its own average with respect to the fading distribution (i.e.,
) and
consequently,
.
As in DS-CDMA [23], also for MC-CDMA we can observe
that, with respect to the case of unfaded channel with
for every , flat fading increases the spectral efficiency in the
region of high because, at every instant, a certain proportion
of interferers are faded and thus the number of effective interferers seen by the MMSE receiver is reduced. This interference
population control effect of fading more than compensates for
its deleterious effect on the desired user [23]. In particular, for
, the MMSE spectral efficiencies with both no fading
and frequency-flat fading coincide. Frequency selectivity, however, attenuates this interference population control and thus
it diminishes the corresponding MMSE spectral efficiency for
large .
B. Downlink
As discussed in Section III-B, the downlink is a special case
of the uplink where the subcarrier fading coefficients become
. As a result of this
common to all users, i.e.,
commonality, the two-dimensional channel profile function of
can be expressed as

(54)
Further, introducing
(19), we find

and using

(55)
Letting

(60)
and
are the one-dimensional channel prowhere
file functions of
and
, reas per (14). Furthermore, the onespectively, while
dimensional channel profile function of th column of
specializes to

in (24) and invoking again (19), we obtain

(61)
(56)

Combining (55) and (56), the claim is proved.
Equation (53) has operation meaning for channels ergodic in
frequency. In the case of channels nonergodic in frequency but
temporally ergodic, Theorem 4.3 can be rewritten in terms of
as follows:
the more insightful measure

and
whose disDefine independent random variables
tributions are given by those of
and
with
and independent random variables uniform on
and
, respectively. From (5)
(62)
(63)

(57)
with
the normalized transmitted energy per bit defined in (20).
Equations (53) and (57) lead, upon application of Jensen’s
inequality, to

Note that
. Applying (60) to (21) and
(22),
becomes the solution to (64) at the top of the
following page, which, using (5), can be rewritten in terms of
and
as

(65)
bits/s/Hz

(58)
Finally, invoking

and

(66)
bits/s/Hz

(59)
we can put forth the following.
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(64)

Corollary 4.1: Conditioned on the fading coefficients, the
MMSE multiuser efficiency of every user,
, converges almost surely to the solution of
(67)

Recall that, with frequency ergodicity, (67) also provides
the ergodic MMSE multiuser efficiency. The same observation
holds for the remaining results.
The independence of the MMSE multiuser efficiency on the
user index in the above theorem is a result of the commonality
in the fading. Notice that, from (60)

. Since they can be
Next, we review the properties of
seen as special cases of the corresponding properties for the uplink, we omit the proofs.
Property 4.6:

(73)
Property 4.7:
(74)
where

is the positive solution to
(75)

Property 4.8:
(76)

(68)
Since
able

turns out to be the probability that the random variis strictly positive, in the following we shall denote
as
. An analogous consideration can be
, i.e.,
made for

where

is the solution to
(77)

Property 4.9:
(78)
.

(69)
Recalling (38), the effective load can be seen to equal (for a
given fading realization)
(70)
consistent with the fact that
is roughly the number
is essentially the
of users actively transmitting while
number of active subcarriers.
From Corollary 4.1 we observe, as in the uplink, that if the
channel is ergodic in frequency then frequency-selective fading
reduces the MMSE multiuser efficiency with respect to the case
of no fading. In fact, (67) can be rewritten as

From the asymptotic MMSE multiuser efficiency, we can now
characterize the corresponding asymptotic spectral efficiency.
Corollary 4.2: Conditioned on the fading coefficients, the
linear MMSE spectral efficiency converges to
(79)
where

is the MMSE multiuser efficiency satisfying (67).

The reduction of by subcarrier fading also decreases the
MMSE spectral efficiency with respect to the corresponding unfaded channel.
The low- and high-SNR performance measures derived for
is
the uplink can be easily specialized as follows. The
unaffected by the fading. For , using Property 4.6
(80)

(71)
from which, applying Jensen’s inequality
(72)
where strict equality yields the MMSE multiuser efficiency for
an unfaded channel [26].

(81)
(82)
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where in (82) we have used the fact that
and where
and
indicate the kurtosis of the square
and
, respectively. Hence,
roots of the random variables
conditioned on the fading coefficients, from (47)

Particularizing Theorem 4.3 to the downlink, we obtain the
following theorem.
Theorem 4.4: Conditioned on the fading coefficients
(89)

(83)
is the solution to
With respect to an unfaded channel, for channels ergodic in frequency, the low-SNR slope is reduced by the frequency-selective fading. For channels not ergodic in frequency but tempoand
rally ergodic, using

(90)
We note that (90) can also be written as
(91)

(84)
denotes expectation with respect to the subcarwhere again
rier fading distribution. From (84), we observe that with respect
to the unfaded channel the slope is reduced.
In turn, from (48) and Properties 4.7–4.9, the high-SNR slope
is
(85)

which is not affected by fading if
. Thus, following
the same considerations as those of Section IV-A, fading does
whenever the
not degrade the high-SNR slope if
channel is ergodic in either frequency or time. It is also evidenced by (85) that the MMSE spectral efficiency grows without
if
. If
, in contrast, Property
bound as
4.8 evidences that the MMSE receiver is interference limited
, to
and the spectral efficiency converges, as
(86)
where

satisfies (77). For unfaded channels9
(87)

satisfies
(88)
if
. Comparing (88) with (77), we observe an interesting phenomenon in channels that are ergodic in frequency:
and
, then the spectral efficiency
if
gap between frequency-selective faded and unfaded channels is
. However, if
, then the spectral efbridged as
ficiency with frequency-selective fading is strictly smaller than
.
that of the corresponding unfaded channel even as
The cause of this nonzero loss is that, when some subcarriers
are inactive, the energy allocated to them is wasted.
9The superscript
indicates that a quantity is evaluated for the corresponding unfaded channel, i.e., with H = 1 8 i; k but retaining the same set
of A ’s present in the fading channel.

which leads, upon application of Jensen’s inequality, to
bits/s/Hz

(92)

whose right-hand side is the MMSE spectral efficiency for
with either no fading or frequency-flat fading at a received
normalized energy per bit equal to
. Note that, for
channels ergodic in frequency,
. Inequality (92) is
mirrored, for channels nonergodic in frequency but temporally
ergodic, by
bits/s/Hz

(93)

Hence, frequency selectivity in the fading reduces the MMSE
spectral efficiency even as
. This loss is similar to the
, namely, frequency selectivity
loss associated with
reduces the number of effective available subcarriers.
and
, respectively, the
Figs. 1 and 2 show, for
for both a frequency-selecMMSE spectral efficiency versus
tive faded channel and its unfaded counterpart. An exponential
while
distribution was used for the asymptotic spectrum of
the subcarrier fading coefficients are modeled as independent
(from
Rayleigh random variables with variance
). From
which, because of ergodicity in frequency,
and the slope at high
the figures, it can be appreciated that
SNR are unaffected by multicarrier fading while the slope at low
SNR is reduced. We also observe, from Fig. 2, that the MMSE
, and that the loss due
spectral efficiency is bounded for
if
.
to subcarrier fading vanishes as
Fig. 3 compares the MMSE spectral efficiency (as a function
of ) with both frequency-selective fading and no fading for
10 dB.
Interestingly, the factorization of the channel profile function
in (60), which results in the simplified downlink expressions,
also takes place—asymptotically only—in the statistically symmetric uplink (where, recall, the users are statistically equivalent
and the fading is ergodic in frequency). In such conditions,
is such that the empirical distribution of the subcarrier fading
, converges almost
coefficients for the th user,
surely to a nonrandom limit, common to all users and subcar. From
riers, that coincides with the marginal distribution of
these considerations, it is proved in [29, Theorem 2.49] that the
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Fig. 2. MMSE spectral efficiency for
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MMSE spectral efficiency for

= 10 dB.

empirical distribution of the squared singular values of
converges almost surely to the Marcenko–Pastur law with parameter [29, eq. (1.12)]. This law gives the asymptotic empirical distribution of the squared singular values of an
random matrix whose entries are i.i.d. with variance
. Following the same steps of [29, Theorem 2.49], it can be proved
converges almost surely to a nonthat the spectrum of
random limit whose Stieltjes transform is given by (6) and (7)
where there is no dependence on and
with
denotes the one-dimensional channel profile function of
. Hence, the results developed in this section
can be reformulated for the statistically symmetric uplink by
while the distribution of
is still given
just letting
by the empirical eigenvalue distribution of
. Specifically
we have the following.
Theorem 4.5: Given an uplink channel as in (9), ergodic in
frequency and having statistically symmetric subcarrier fading
across the users, the empirical eigenvalue distribution of
converges almost surely to a nonrandom distribution function
whose Stieltjes transform satisfies
(94)
Consequently, the performance measures for the statistically
symmetric and frequency ergodic uplink admit a simpler formulation that coincides with that for the corresponding unfaded
channels.

V. OPTIMUM RECEIVER
Let us now consider jointly optimum (nonlinear) processing.
For a given matrix of received spreading sequences , the capacity of an optimum receiver is [34]
(95)
A. Uplink
The next theorem is very relevant from the viewpoint of receiver design. The additional capacity achieved by going from
linear to nonlinear processing for DS-CDMA and MC-CDMA
channels subject to frequency-flat fading was found in [23]. As
in [23], we find here that the capacity gain attained by optimum
nonlinear processing depends only on the linear uncoded perfor, which is proportional to the output
mance measure
SINR of the th user with denoting the normalized (by )
user index.
and
with
and
As in Section IV-A,
denote the two-dimensional and, for a given , the
.
one-dimensional channel profile of
Theorem 5.1: Conditioned on the fading coefficients, as
with
, the optimum capacity can be
expressed in terms of the MMSE spectral efficiency as

(96)
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where

From [14], the second moment of
fading converges almost surely to

conditioned on the

(97)
and

is the solution to (25).
Proof: In the Appendix, Part E.

In channels ergodic in frequency, once again, the above conditioned result coincides with its unconditioned (ergodic) counterpart.
From Theorem 4.2, in conjunction with the well-known fact
that successive cancellation with MMSE multiuser detection
that ignores previously decoded users achieves the optimum capacity given perfect cancellation [17], [31], [22], the following
corollary ensues.

(104)
from which we get the following.
Proposition 5.1: Conditioned on the fading coefficients

Corollary 5.1: Conditioned on the fading coefficients, the
optimum capacity converges almost surely to
(105)
(98)

and
(106)

where

is the solution to
(99)

(100)
thus, the minimum received normalized energy per bit required
for reliable communication is

(101)
in bits/s/Hz per 3 dB at

and

uniform

(108)
from which, in conjunction with (105) and (106), it follows—as
for the MMSE receiver—that if the channel is ergodic in
either frequency or time, frequency-selective fading reduces
the low-SNR slope with respect to the corresponding unfaded
channel while the high-SNR slope is affected only if there is a
nonvanishing fraction of subcarriers that are inactive for every
user in a set of channel realizations with nonzero measure.
Equations (107) and (108) can be derived following the same
rather than
steps used to derive Proposition 5.1 but with
as starting point.
From (198) given in the Appendix, Part E
(109)

is [23]
(102)

while the slope at high

and
defined in (37) and with
and
, respectively.
Proof: In the Appendix, Part G.

The counterparts of (105) and (106) in the case of channels
nonergodic in frequency but temporally ergodic are as in (107)
at the bottom of the page, and

From (95) and (10)

The slope of

with
on

with

in bits/s/Hz per 3 dB is
(103)

(110)

(107)
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from which the following ensues: with frequency-selective
fading,
is upper-bounded by the value it takes with no
.
fading and, consequently, so is the ergodic capacity
, we derive the following result.
For

B. Downlink
and (62)–(67),
Using the downlink factorization of
Theorem 5.1 can be reformulated for the downlink. From (96)
and (97)

Theorem 5.2: Conditioned on the fading, the optimum capacity converges as
to the solution of
(111)
with

defined as in Theorem 4.3.
Proof: Applying (19), (96) can be rewritten in terms of
as

(112)

(116)
with satisfying (67) while
and
indicate independent
random variables defined as in Section IV-B. Then, the expression of the optimum downlink capacity in terms of the MMSE
spectral efficiency is as follows.
Corollary 5.2: Conditioned on the subcarrier fading coefficients, the optimum downlink capacity converges almost surely
to

(117)
(113)
where
is the solution to (54). Applying (55) to (113),
(111) follows immediately.
In order to draw some engineering insight on the impact of
frequency selectivity with respect to the corresponding unfaded
and frequency-flat scenarios, let us focus on regime of highload factor. Following Theorem 5.2, we obtain the counterpart
of (111) for temporally ergodic channels in terms of normalized
transmitted energy per bit as

where

is the MMSE multiuser efficiency satisfying (67).

If the channel is ergodic in frequency, then the above conditioned capacity coincides with its unconditioned (ergodic)
value.
Specializing the explicit expression of the first and second
to the downlink, using
normalized moments of the matrix
, we have (cf. [14])

(118)
(114)
which, applying Jensen’s inequality, yields

Proceeding as done for the uplink
(119)

(115)
and
whose right-hand side maps onto the single-user unfaded
channel. It is verified from Theorem 5.2, as proved in [23],
that in the case of unfaded and frequency-flat faded channels,
the optimum capacity achieves the above upper bound for
and the inequality becomes a strict equality. Therefore,
the
in contrast with the flat-fading case, where as
channel can be used as efficiently as if all of the power was
concentrated in one user and the effect of fading had vanished,
in the frequency-selective case the optimum receiver is not
able to wipe out the entire fading penalty. This behavior is, of
course, upheld when the channel is not temporally ergodic but
it is ergodic in frequency.

(120)
while
(121)
from which the optimum capacity is seen to grow without bound
. Specializing (107) and (108) to the dowlink we
as
find
(122)
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and

Thus, for channels ergodic in time the high-SNR slope shows
.10 Moreno dependence on the subcarrier fading if
over, as in the uplink, frequency-selective fading can be seen to
reduce the optimum capacity with respect to that of an unfaded
channel.
Next, we analyze the behavior as the number of users per
subcarrier grows without bound.

mental effect of frequency selectivity over flat fading holds for
.
As in the linear MMSE case, also for the optimum receiver
the factorization of the channel profile function that leads to
the simplified form of the downlink results applies—asymptotically—to the uplink in the case of statistically symmetric users
and ergodicity in frequency, leading again to a reformulation
that coincides with the unfaded channel spectral efficiency. To
obtain that solution it is enough to use the results in this section
while
is a random variable whose distribution
with
.
is the asymptotic spectrum of

Corollary 5.3: Conditioned on the fading coefficients, the
optimum capacity converges as
to the solution of

VI. DECORRELATOR

(123)

(124)
From (124), applying Jensen’s inequality to the concave function
(125)
which can be rewritten as

Next, we consider a bank of decorrelators followed by singleuser decoders. Decorrelators completely null out MAI by projecting the received vector onto the subspace orthogonal to the
interfering users. A bank of decorrelators outputs [33]
(129)
where is a colored Gaussian noise vector with zero mean and
. From the definition of
covariance matrix given by
multiuser efficiency, the instantaneous SINR of user at the
output of the decorrelator is

(126)
(130)
For temporally ergodic channels, in terms of
(127)

is the instantaneous decorrelator multiuser efficiency
where
of user , which equals the MMSE multiuser efficiency as the
background noise vanishes, i.e.,
(131)

from which, applying Jensen’s inequality
(128)
The inequality (128) becomes a strict equality if the fading is
either absent or frequency flat and, thus, the corresponding capacities coincide with the right-hand side of (128) as the load
factor becomes large. Consequently, in this high-load regime,
the fact that the fading is selective in frequency can only have a
detrimental effect.
Figs. 4 and 5 show the optimum capacity as function of
for both unfaded and frequency-selective faded channels with
and
. The asymptotic empirical distribution of
and of the subcarrier fading coefficients
the eigenvalues of
are the same as those used in Figs. 1 and 2. Fig. 6 depicts the
optimum capacity for the same channel as a function of for
10 dB.
The figures can also be explained more generally using our
results for the uplink. From the derivative of the optimum capacity given in (198) in the Appendix, Part E and the fixed-point
equation (22), it is readily seen invoking Jensen’s inequality that
nonuniformities in the variances of the entries of reduce the
derivative and therefore the optimum capacity itself. Thus, the
fact that frequency-selective fading reduces the capacity with
. In turn, the detrirespect to no fading holds for any and
10Recall that [j j ] = 1 indicates that for almost every fading realization
the fraction of subcarriers that are inactive is vanishingly small.

Because of the absence of MAI at the decorrelator output, the
asymptotic spectral efficiency is
(132)

A. Uplink
From (131), using Property 4.3, it follows that for
with
, denoted by the normalized index of the th user
(i.e.,
), we have the following.
Theorem 6.1: If
, with
converges to the solution of

as defined in (38), then

(133)

with
variables uniform on

and with
and

and independent random
, respectively.

Since, as shown in Section IV-A, for channels ergodic in
frequency the MMSE multiuser efficiency is reduced in the
presence of frequency selectivity with respect to the case of no
fading, the decorrelator multiuser efficiency is also reduced.
Theorem 6.1, in conjunction with (132), yields the following.
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Fig. 4. Optimum capacity for

= 0:6.

Fig. 5. Optimum capacity for

= 2:5.
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= 10 dB.

Theorem 6.2: Conditioned on the fading coefficients, for
the spectral efficiency of the decorrelator converges
almost surely to

, the slopes, conditioned on the
Proposition 4.1: For
fading coefficients, are given by
(139)

(134)
while
with

satisfying

(140)
(135)

The slope counterparts for channels nonergodic in frequency
but ergodic in time can be obtained following the same steps but
rather than
and for
are given by
using

The minimum received
needed for reliable communication can also be readily calculated as
(136)
(137)

(141)
B. Downlink

(138)

As in previous sections, the results in Section VI-A can be
specialized to the downlink.

where
satisfies (135). From (138), the reduction in decorrelator multiuser efficiency due to frequency-selective fading
requirement with respect to an
translates into a stricter
unfaded channel if the fading is ergodic in frequency.
Using Property 4.4, we obtain the low- and high-SNR slope
of the decorrelator spectral efficiency.

Corollary 4.1: Conditioned on the fading coefficients, for
the decorrelator multiuser efficiency
in the downlink satisfies
(142)
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Decorrelator spectral efficiency for

= 0:6.

whereas the corresponding spectral efficiency admits the expression

Recalling
neous matched-filter output SINR is

, the instanta-

(143)
(148)

In turn, the low- and high-SNR measures specialize to
(144)
(145)
(146)
Notice that, for
, the low- and high-SNR slopes are not
affected by the fading. Their expressions coincide with those for
an unfaded channel. The impact of fading at low SNR is only
reflected on the minimum energy per bit, which does depend on
the fading.
Figs. 7 and 8 illustrate the decorrelator spectral efficiency as
and , respectively.
a function of

A. Uplink
It is shown in [20], [36], [37], using central limit arguments,
that the interference distribution at the output of the matched
filter is well approximated by a Gaussian function. Consequently, the spectral efficiency of the single-user matched filter
can be expressed as
(149)
Denote by
[14]

VII. SINGLE-USER MATCHED FILTER

the normalized index of the th user. Almost surely

In this final section, we consider a bank of single-user
matched filters followed by single-user decoders. The matched
filter of user correlates the received vector with user ’s
and outputs
received spreading sequence
(147)
from which, using (148), the following theorem ensues.
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= 10 dB.

Theorem 7.1: Conditioned on the fading coefficients,
the matched-filter output SINR converges almost surely as
with
to

we obtain

Moreover, letting

(153)
(150)
while, conditioned on the fading coefficients, the spectral efficiency of the matched filter converges almost surely to (151) at
the bottom of the page.
From the preceding theorem, the following proposition is
easily obtained.
Proposition 7.1: Conditioned on the fading coefficients,
and

(152)

from which

.

Note that (152) coincides with the slope obtained for the
MMSE receiver in Proposition 4.1. Furthermore, (153) confirms the well-known fact that the single-user matched filter is
interference limited: its spectral efficiency is bounded even in
the absence of background noise.
B. Downlink
Specializing Theorem 7.1 to the downlink, the matched-filter
output SINR converges almost surely, conditioned on the fading
coefficients, to
(154)

(151)
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Matched filter spectral efficiency for

= 0:6.

where we have used
. For the case of
unitarily invariant signature matrices, the matched-filter output
SINR can be found in [11].
Analogously, the asymptotic downlink matched-filter spectral efficiency is
(155)
The kurtosis in (155) is seen to reduce the matched filter spectral efficiency with respect to the one for
. Specializing Proposition 7.1 to the downlink
(156)
while
.
The spectral efficiency in (155) is not only monotonically inbut also in . For temporally ergodic channels,
creasing in
its limiting value as grows without bound,
, satisfies
(157)
which in the case of channels ergodic in frequency, where
with respect to the subcarrier fading distribution is immaterial,
can be rewritten as
(158)

From (157), fading has a direct impact on the high-load behavior
of the spectral efficiency. For frequency ergodic channels with
Rayleigh distribution, where the kurtosis is , the matched filter
spectral efficiency in the high-load regime is only half that of an
unfaded system (cf. (158)).
Figs. 9–11 show the matched filter spectral efficiency as a
and . Comparing these figures with those for
function of
the other receivers, we conclude that the matched filter is much
more sensitive to the subcarrier fading.

VIII. CONCLUSIONS
This paper has analyzed the spectral efficiency of several
receivers for MC-CDMA channels subject to frequency-selective fading. For both uplink and downlink, we have analyzed
the spectral efficiency conditioned/unconditioned on the fading
realization for nonergodic/ergodic channels, respectively. The
conditioned spectral efficiency, in particular, has been shown to
converge asymptotically in the number of users and subcarriers
to an expression that depends on the empirical instantaneous
fading profile across the subcarriers. This is a versatile result
that transcends wireless channels and that may be of interest
to other potential applications of MC-CDMA such as wireline
communication. Although, throughout the paper, the fading
experienced by a given user has been considered identically
distributed at each subcarrier, most of the results extend immediately to instances where the fading is nonidentically
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distributed across the subcarriers. This would enable accommodating disparities in the noise variance that may arise because
of cochannel interference.
One of our main findings is the expression characterizing the
extra efficiency attained when going from optimum linear to optimum nonlinear processing as a function of the uncoded linear
MMSE performance measure.
The effect of frequency-selective fading on the spectral efficiency of several multiuser receivers has also been studied. Our
results show that frequency-selective fading, like frequency-flat
fading, results in a loss with respect to the corresponding unfaded channel. Since the minimum received energy per bit required to communicate reliably is unaffected, the loss is manifested at low SNR as a reduction in the slope of the spectral efficiency versus energy per bit function in the vicinity of such minimum energy. At high SNR, in contrast, the slope of the spectral
efficiency function is not altered by frequency-selective fading
except in the case that a nonvanishing fraction of the subcarriers
are completely inactive for every user, i.e., the channel response
at those frequencies is exactly zero for every user. Therefore,
the impact of frequency-selective fading at high SNR is in general captured, not by the slope, but by the zero-order term in the
corresponding expansion. This term, first analyzed in [23] for
flat-faded channels, can be characterized for frequency-selective MC-CDMA uplink and downlink using [29, Theorems 2.45
and 2.54] (see also [27] for a similar characterization in the context of multiple-antenna communications). Also noteworthy is
that the loss associated with frequency-selective fading is more
pronounced for the single-user matched filter than for the optimum receiver, MMSE receiver and decorrelator. Therefore,
exploiting the MAI structure in the receiver design is beneficial,
not only to increase the spectral efficiency, but to desensitize
against the impact of frequency-selective fading.
Some statements have also been made on the relative impact of frequency-selective fading with respect to that of frequency-flat fading. Although, in general, frequency selectivity is
regarded as favorable, we have shown that it need not always be
the case in large systems. Specifically, if the channel is ergodic
in either frequency or time, then once the number of users becomes much larger than the number of subcarriers, selectivity in
frequency becomes detrimental. Indeed, its negative effect (mitigation of the fading exhibited by interfering users) outweighs
its positive effect (mitigation of fading experienced by the user
of interest).
The results presented in this paper apply directly to frequency-selective DS-CDMA systems with negligible ISI in the
case of randomly spread chips with Gaussian distribution. For
non-Gaussian distributions, the results still apply using [29,
Theorem 2.43].
Technically, the asymptotic analysis of the MC-CDMA uplink has required sharper tools than the ones used for flat-faded
MC-CDMA. While, in the latter, the Marcenko–Pastur framework [16] was shown in [23] to be sufficient, here the more general framework by Girko [8] proves to be instrumental in the
key technical results [29]. Girko’s theorem (already applied in
[4] to multiple-antenna channels with spatially correlated fading
and in [12] to CDMA networks with multiuser receivers and
spatial diversity) can be seen as a generalization of the Silver-

stein–Bai theorem [1]. The former gives the Stieltjes transform
of a random matrix whose entries are zero-mean independent
and nonidentically distributed with a variance matrix having a
totally general structure while, in the latter, the variance matrix corresponds to the outer product of two suitable vectors.
Whereas the more general Girko result has to be invoked in the
MC-CDMA uplink, for the corresponding downlink—derived
as a special case thereof—the more restrictive Silverstein–Bai
theorem suffices.
APPENDIX
A. Mathematical Background
matrix
Theorem 8.1: [8], [10], [24] Define an
whose entries are zero-mean independent complex random variables. Let their second moments be
(159)
with an
deterministic matrix whose entries are uniformly bounded. As
with
, the empirical eigenvalue distribution of
converges almost surely to
a limiting distribution whose Stieltjes transform is

(160)
with

solution to the fixed point equation
(161)

is the channel profile function of
as defined
where
in Section II.
The solution to the above equation exists and is unique in the
that are analytical in and continuous
class of functions
.
on
The next theorem is direct consequence of Theorem 2.1.
Theorem 8.2: [27], [29] Let
be an
matrix
with denoting Hadamard (element-wise) product and with
and independent
random matrices. The entries of
are zero-mean i.i.d. complex, arbitrarily distributed, and with
, while
is as in Definition 2.2 with
and
variance
having all their moments bounded. Further, define

with

denoting the th column of . Conditioned on , as
,
converges almost surely to
, with
solution to the fixed-point equation
(162)

where

is the channel profile function of

.

Theorem 8.2 is proved in [27]. For convenience, we repeat
the proof here.
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Proof: Note that

where

where
of

denotes the th column of

. For

, define

with
the indicator function and denote with
mensional vector

the

denotes the th row of ,
indicates the th column
excluding the th entry, while
indicates the
submatrix obtained by eliminating from
the th column and the th row. Further, defining

-diand

Denote with

we can write
(163)

From the Moment Convergence Theorem, using [25,
Lemma 2.5a] and the fact that
with
for rectangular matrices
all and

and

such that

is defined, for
and

(164)
(165)

Since

, it follows that

(166)
with
the asymptotic empirical distribution of the -diand with
such
mensional vector
that
. If
, then for all and
(167)
For convenience, in the following we use
. Recalling that
Lemma 2.7]

and
and using [1,

(169)
and, invoking Theorem 2.1, we have that for fixed , conditioned
on , almost surely

and consequently

(170)
(168)
with

a constant that does not depend on , , or
, and with the th column of . Note that

Denoting

with
, we have, from (167) and (168) and using
the first Borel–Cantelli lemma [2], that almost surely
(171)
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with
satisfying the fixed-point equation in (161) or, equivsatisfying
alently, with

With that, (25) can be rewritten as
(180)
cannot diverge
From (25) and (180) it follows that
. Since
, it further follows that,
even for
, then
. If, instead,
, we
if
distinguish two cases:

from which (162) follows.
B. Proof of Theorem 4.1

a)

From (18), as

;

b)
from (180) that

. In this case, it can be seen
satisfies
(181)

(172)
As

, from [1, Lemma 2.7] we have that (see also (27))

Dividing both sides of (181) by

, and integrating on

(173)
(182)
and, from Theorem 8.2, we have that conditioned on the fading
which can be further manipulated into
(174)
is the one-dimensional channel profile function of
where
and
is the solution to (22).
the th column of

(183)
and

Using
that when

From (172)–(174), the theorem follows.

, we finally obtain

C. Proof of Property 4.3
Denote by

the subset of

such that
(175)

and, analogously, denote by

the subset of

then

is the solution to
(184)

such that
(176)

with
that

and

defined in (37). If
, then by definition

with

such

This implies that

, and
Let us now find the conditions, in terms of ,
, under which
assumes either zero or
nonzero values. Since
is a nonnegative function, it follows
from (184) that
• if
(i.e.,
), the above fixed-point
equation does not admit a solution. Thus,
does
and hence,
not converge to a nonzero value as

(177)
from the nonnegativity of
Therefore,

.

• if
(i.e.,
admitted by (184) is

), then the only solution

(178)
• if
(i.e.,
nonzero solution: consequently

and, analogously

(179)

), (184) admits a

with
solution to (181). Moreover, for
the solution to (181) can be zero if and only if
which implies, because of the uniqueness of the solution,
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that
itself is zero. In order to include this last
scenario, we can rewrite (181) as

and
4.3 and 4.4, which give the limiting values of
as
, can then be applied to obtain the
.
limiting value of
F. Proof of Theorem 5.1
First we note that, if

D. Proof of Property 4.4
From the proof of Property 4.3 we have that, if
. Hence, by continuity

(191)
(192)
(193)

, then

if
If
and

, then we need to distinguish between
. For

with

the positive solution to (40). Thus, for

. To prove the theorem, it is
and thus (96) holds for
sufficient to show that the derivatives of both sides of (96) with
are equal. From (95), it follows that
respect to
(194)
where
of

Let us now study the behavior of
when
and
. Using (180)

is the asymptotic empirical eigenvalue distribution
. Therefore,

as
(195)
(185)

Define

From (185), under the assumption
isfy

(196)
Note that

,

(197)

must satConsequently, using Theorem 2.1 we have

(198)

(186)

the solution to (22). From Theorem 8.2 (see also
with
(22) and (25))

After some algebra, (186) implies
(187)

(199)
Therefore, denoting

which can be written as

(200)

(188)
(i.e.,
), then (186) admits a nonzero
If
(i.e.,
), then (186) does
finite solution. If
.
not admit any finite solution and thus

from (22) and (25), we have

E. Proof of Property 4.5

Differentiating

(201)
in (24)

Equation (25) can be written as
(189)
Differentiating both sides with respect to
(202)

(190)
After some algebra, (190) can be expressed in terms of quan,
, and
. Properties
tities such as

From (198), (200), (202), and (201)

(203)
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From (25) and (200), it can be verified that

H. Proof of Proposition 5.1
From (95) we have that [35]

(204)
From [14], the second moment of
fading converges almost surely to

The right-hand side of (204) is easily recognized as

conditioned on the

(205)
and thus we get (206) and (207) at the bottom of the page, which
completes the proof.
G. Proof of Proposition 4.1

(213)

Using (24) and Property 4.2
(208)

from which, using
, (105) follows straightforwardly. In order to prove (106), let us consider the equality
(214)

(209)
and, therefore, from (47) we get (210) at the bottom of the page.
In turn,
is given by [23]

which follows from (31) and (196). Note that, in the downlink,
(214) admits the reformulation
(215)
with

. From (214)

(211)

(216)

From (24) and (48)
(217)
Applying Property 4.4, (106) follows straightforwardly. Specializing the above steps to the downlink, we obtain (120) and
(121).
(212)
Invoking Properties 4.3–4.5, (50) follows immediately.
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