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1.4 Signal processing at the brst synapse

This is a good moment to remember a key feature of the Hecht, Shlaer and
Pirenne experiment. In that experiment, observers saw flashes of light that
delivered just a handful of photons spread over an area that includes many
hundreds of photoreceptor cells. One consequence is that a single receptor
cell has a very low probability of counting more than one photon, and this is
how we know that these cells must respond to single photons. But, it must
also be possible for the retina to add up the responses of these many cells
so that the observer can reach a decision. Importantly, there is no way to
know in advance which cells will get hit by photons, so if we (sliding ourselves
into the positions of the observer’s brain ... ) want to integrate the multiple
photon counts we have to integrate over all the receptors in the area covered
by the flash. This integration might be the simplest computation done by
the brain, just adding up a set of elementary signals, all given the same
weight. In many retinas, we know that the a large part of the integration is
achieved in the very first step of processing, as many rod cells converge and
form synapses onto onto a single bipolar cell.

If each cell generates an output n; which counts the number of pho-
tons that have arrived, then it’s trivial that the total photon count is
Niotal = »_; Ni- The problem is that the cells don’t generate integers corre-
sponding to the number of photons counted, they generated currents which
have continuous variations. In particular, we have seen that the mean cur-
rent in response to single photon has a peak of 11 ! 1pA, but this rests
on continuous background noise with an amplitude 'l ;s ! 0.1pA. In a
single cell, this means that the response to one photon stands well above
the background, but if we try to sum the signals from many cells, we have
a problem, as illustrated in Fig 1.21.

To make the problem precise, let’s use Xj to denote the peak current
generated by cell i. We have

Xi = l1nj + ", (1.207)

where n;j is the number of photons that are counted in cell i, and " is
the background current noise; from what we have seen in the data, each
"i is chosen independently from a Gaussian distribution with a standard
deviation !l yns. If we sum the signals generated by all the cells, we obtain

Neells Neells Neells
Xtota " D Xi=l1 ) mi+ Y " (1.208)
i=1 i=1 i=1

= l1iNtotal + "er, (1.209)
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Figure 1.21: Simulation of the peak currents generated by N = 500 rod cells in response
to a dim flash of light. At left, five of the cells actually detect a photon, each resulting
in a current I1 ! 1pA, while at right we see the response to a blank. All cells have
an additive background noise, chosen from a Gaussian distribution with zero mean and
standard deviation !l ;ms ! 0.1pA. Although the single photon responses stand clearly
above the background noise, if we simply add up the signals generated by all the cells, then
at left we find a total current | = 1.85pA, while at right we find |t = 3.23 pA—the
summed background noise completely overwhelms the signal.

where the effective noise is the sum of N¢gjs independent samples of the ",
and hence has a standard deviation

" A /#2 %= /Neeis!l ms. (1.210)

The problem is that with !l ymns ! 0.1 pA and Nceys = 500, we have "[* !
2.24 pA, which means that there is a sizable chance of confusing three or
even five photons with a blank; in some species, the number of cells over
which the system integrates is even larger, and the problem becomes even
more serious. Basically, summing the signals from many cells buries the
clear single photon response under the noise generated by those cells which
did not see anything. This can’t be the right way to do things!

Before we start trying to do something formal, let’s establish some in-
tuition. Since the single photon signals are clearly detectable in individual
rod cells, we could solve our problem by making a ‘decision’ for each cell—is
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there a photon present or not?—and then adding up the tokens that rep-
resent the outcome of our decision. Roughly speaking, this means passing
each rod’s signal through some fairly strong nonlinearity, perhaps so strong
that it has as an output only a 1 or a 0, and then pooling these nonlin-
early transformed signals. In contrast, a fairly standard schematic of what
neurons are doing throughout the brain is adding up their inputs and then
passing this sum through a nonlinearity (Fig 1.22). So perhaps the problems
of noise in photon counting are leading us to predict that this very first step
of neural computation in the retina has to be different from this standard
schematic. Let’s try to do an honest calculation that makes this precise.
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Figure 1.22: Schematic of summation and nonlinearity in the initial processing of rod cell
signals. At left, a conventional model in which many rods feed into one bipolar cell; the
bipolar cell sums its inputs and passes the results through a saturating nonlinearity. At
right, an alternative model, suggested by the problems of noise, in which nonlinearities
precede summation.

Formally, the problem faced by the system is as follows: given the set
of currents generated by all the rod cells, {Xj}, how can we best estimate
the total number of photons that arrived, Nigg 7 Our first problem is to
say what we mean by “best.” Omne simple idea, which is widely used, is
that we want to make estimates which are as close as possible to the right
answer, where closeness is measured by the mean square error. That is, we
want to map the data {X;} into an estimate of Nya through some function
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Nest ({Xi}) such that

E" < [Niotal % Nest ({xi})]2> (1.211)

is as small as possible. To find the optimal choice of the function nest ({Xi})
seems like a hard problem—maybe we have to choose some parameterization
of this function, and then vary the parameters? In fact, we can solve this
problem once and for all, which is part of the reason that this definition of
‘best’ is popular.

When we compute our average error, we are averaging over the joint
distribution of the data {X;} and the actual photon count Niya . That is,

E " <[n%nest({xi})}2>

Neelis
/[H dXI] > P, {xi}) [n %nest ({xi}))?, (1.212)

Ntotal

where, to simplify the notation, we drop the subscript total. Now to mini-
mize the error we take the variation with respect to the function nest ({Xi})
and set the result equal to zero. Going through the steps carefully, we have

'E
N est ({Xi})
%Y " P(n,{xi})2[n %nest ({xi})] = (1.214)

=0 (1.213)

S P {xibness({xi}) = D _P(n,{xi})n (1.215)
Nest {Xi}) Y _P(n,{x}) = > P(n{xi})n (1.216)
Nest ({xi}) P ({xi}) ZP(n,{xmn (1.217)

Nest ({Xxi}) = Z Pn{ix}} (1.218)

= ZP ni{xi})n. (1.219)

Thus the optimal estimator is the mean value in the conditional distribution,
point to relevant sections in P (N|{X;}). Since we didn’t use any special properties of the distributions,
the later text this must be true in general, as long as ‘best’ means to minimize mean square



1.4. SIGNAL PROCESSING AT THE FIRST SYNAPSE 81

error. We'll use this result many times, and come back to the question of
whether the choice of mean square error is a significant restriction.

Notice that the relevant conditional distribution is the distribution of
photon counts given the rod cell currents. From a mechanistic point of
view, we understand the opposite problem, that is, given the photon counts,
we know how the currents are being generated. More precisely, we know
that, given the number of photons in each cell, the currents will be drawn
out of a probability distribution, since this is (implicitly) what we are saying
when we write Eq (1.207). To make this explicit, we have

Neelis A N\ 2
P (X ni}) & exp [/; 3 (“'”‘) ] . (1.220)

1
- rms

Again, this is a model that tells us how the photons generate currents. But
the problem of the organism is to use the currents to draw inferences about
the photons. We expect that since the signals are noisy, this inference will
be probabilistic, so really we would like to know P ({ni}|{ xi}).

Problem 22: Just checking. Be sure that you understand the connection between
Eq (1.220) and Eq (1.207). In particular, which of the words surrounding Eq (1.207) are
crucial in making the connection?

The problem of going from P ({X;}|{ ni}) to P ({ni}|{ Xi}) is typical of the
problems faced by organisms: given knowledge of how our sensory data is
generated, how do we reach conclusions about what really is going on in the
outside world? In a sense this is the same problem that we face in doing
physics experiments. One could argue that what we have posed here is a
very easy version of the real problem. In fact, we probably don’t really care
about the photon arrivals, but about the underlying light intensity, or more
deeply about the identity and movements of the objects from which the light
is being reflected. Still, this is a good start.

The key to solving these inference problems, both for organisms and for
experimental physicists, is Bayes’ rule. Imagine that we have two events A
and B; to be concrete, we could think of A as some data we observe, and
B as a variable in the world that we really want to know. There is some
probability P (A,B) that both of these are true simultaneously, i.e. that
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we observe A and the world is in state B. In the usual view, the states of
the world cause the data to be generated in our instruments, so we can say
that the state of the world in chosen out of some distribution P(B), and
then given this state the data are generated, with some noise, and hence
drawn out of the conditional distribution P (A|B). By the usual rules of
probability, we have

P(A,B)=P(A|B)P(B). (1.221)

We could also imagine that we have just seen the data A, drawn out of
some distribution P (A), and then there must be some distribution of things
happening in the world that are consistent with our observation. Formally,

P(A,B)=P(BJAP(A). (1.222)

But these are just two different ways of decomposing the joint distribution
P(A,B), and so they must be equal:

P(A,B)=P(BIA)P(A) = P(AIB)P(B) (1.223)
oo — PABPE) 1220

This last equation is called Bayes’ rule, and tells us what we need to know.
It is useful to rewrite this, taking seriously the case where A refers to mea-
surable data and B refers to the state of the world:

data|world)P (world)
P (data)

Equation (1.225) is telling us that the probability of the world being in a
certain state is proportional to the probability that this state could generate
the data we have seen, but this is multiplied by the overall probability that
the world can be in this state. This term often is referred to as the ‘prior’
probability, since it summarizes our knowledge prior to the observation of
the data. Put another way, our inference about the world should be both
consistent with the data we have observed in this one experiment and with
any prior knowledge we might have from previous data.'?

Applied to our current problem, Bayes’ rule tells us how to construct the
probability distribution of photon counts given the rod currents:

P ({ n}l{ X}) _ P <{X|}|{ ni} )P ({ ni})

i ir)= .
P({xi})
14This all seems very straightforward, maybe even a bit elementary. Thus, you might

be surprised to learn that a substantial literature refers to ‘Bayesian reasoning’ as if it
were some sort of cult—like belief system. We’ll return to this later.

P (world|data) = P (1.225)

(1.226)
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To make progress (and see how to use these ideas), let’s start with the simple
case of just one rod cell,

P (Xi[ni)P (ni)

P(ni|xi) = P(Xi)

(1.227)

To keep things really simple, let’s just think about the case where the lights
are very dim, so either there are zero photons or there is one photon, so that

Pxil1)P (1)

P(1]xi) = Po)

(1.228)

and similarly for P (0|xj). In the denominator we have P (X;), which is the
probability that we will see the current X;j, without any conditions on what
is going on in the world. We get this by summing over all the possibilities,

P(xi) = > P(xini)P(n) (1.229)
= Pl(xi|1)P(1)+P(Xi|0)P(0), (1.230)

where in the last step we use the approximation that the lights are very dim.
Putting the terms together, we have

P(xil1)P (1)
P(1lx;) = . 1.231
() = 5P (1) + P (xi[0)P (0) (1.231)
Now we can substitute for P (Xi|n;) from Eq (1.220),
1 (X %|1ni)2:|
P (Xj[nj) = ———— %—— 2 1.232
(xilm) = g e [ o) (1.232)
Going through the steps, we have
P (xi|1)P (1)
P(1xj) =
W)= B iIDP W) + PP ()
1
= TrPXIOP )P (P (1) (1.233)
1
- 0p_ ()2 (zi—11)? (1.234)
L+ [PO)/P (D] exp |%5070077 + 26T 12
- ! (1.235)

1+ exp ($%%)’
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where
P(0) |2
$ = ID[P(D]U(H;S)Z (1.236)
o — 1

The result in Eq (1.235) has a familiar form—it is as if the two pos-
sibilities (0 and 1 photon) are two states of a physical system, and their
probabilities are determined by a Boltzmann distribution; the energy dif-
ference between the two states shifts in proportion to the data X;j, and the
temperature is related to the noise level in the system. In the present exam-
ple, this analogy doesn’t add much, essentially because the original problem
is so simple, but we’ll see richer cases later on in the course.

Equation (1.235) tells us that, if we observe a very small current X;,
the probability that there really was a photon present is small, | e . As
the observed current becomes larger, the probability that a photon was
present goes up, and, gradually, as X; becomes large, we become certain
[P(1|xi) " 1]. To build the best estimator of n from this one cell, our
general result tells us that we should compute the conditional mean:

Nest(Xi) = Z P (n|xi)n (1.238)
Pn(0|xi) a(0) + P (1]x;) &(1) (1.239)
P (1]xi). (1.240)

Thus, the Boltzmann-like result [Eq (1.235)] for the probability of a photon
being counted is, in fact, our best estimator of the photon count in this limit
where photons are very rare. Further, in this limit one can show that the
optimal estimator for the total photon count, which after all is the sum of
the individual nj, is just the sum of the individual estimators.

Problem 23: Summing after the nonlinearity. Show that the optimal estimator
for the total number of photons is the sum of estimators for the photon counts in individual
rods, provided that the lights are very dim and hence photons are rare. The phrasing here
is deliberately vague—you should explore the formulation of the problem, and see exactly
what approximations are needed to make things come out right.




1.4. SIGNAL PROCESSING AT THE FIRST SYNAPSE 85

The end result of our calculations is that the optimal estimator of photon
counts really is in the form shown at the right in Fig 1.22: nonlinearities
serve to separate signal from noise in each rod cell, and these ‘cleaned’
signals are summed. How does this prediction compare with experiment?
Careful measurements in the mouse retina [Field & Rieke 2002a] show clearly
that the bipolar cells respond nonlinearly even to very dim flashes of light,
in the range where the rods see single photons and respond linearly, with
two photons producing twice the response to one photon. The form of the
nonlinearity is what we expect from the theory, a roughly sigmoidal function
that suppresses noise and passes signals only above an amplitude threshold.
Importantly, this nonlinearity is observed in one class bipolar cells but not
others, and this is the class that, on other grounds, one would expect is most
relevant for processing of rod outputs at low light levels.

Looking more quantitatively at the experiments, we can see discrete,
single photon events in the bipolar cells. In this retina, one bipolar cell
collects input from ! 20 rod cells, but the variance of the background noise
is larger than in the lower vertebrates that we first saw in Fig 1.4. As a result,
if we sum the rod inputs and pass them through the observed nonlinearity—
as in the model at left in Fig 1.22—we would not be able to resolve the single
photon events. Field and Rieke considered a family of models in which the
nonlinearity has the observed shape but the midpoint (analogous to the
threshold $ above) is allowed to vary, and computed the signal to noise ratio
at the bipolar cell output for the detection of flashes corresponding to a
mean count of ! 10~* photons/rod cell, which is, approximately, the point
at which we can barely see something on a moonless night [Walraven et al
1990]. Changing the threshold by a factor of two changes the signal to noise
ratio by factors of several hundred. The measured value of the threshold is
within 8% of the predicted optimal setting, certainly close enough to make
us think that we are on the right track.

The discussion thus far has emphasized separating signal from noise by
their amplitudes. We also can see, by looking closely at the traces of current
vs time, that signal and noise have different frequency content. This suggests
that we could also improve the signal to noise ratio by filtering. It’s useful to
think about a more general problem, in which we observe a time dependent
signal y(t) that is driven by some underlying variable X(t); let’s assume that
the response of y to X is linear, but noisy, so that

y(t) = /d& d&IX(t %&) + " (1), (1.241)

where g(&) describes the response function and " (t) is the noise. What we

would be good to show some
of the data, perhaps replot-
ted in different forms .. for
now students should look at
the original paper
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would like to do is to use our observations on y(t) to estimate X(t).

Problem 24: Harmonic oscillator revisited. Just to be sure you understand
what is going in Eq (1.241), think again about the Brownian motion of a damped harmonic
oscillator, as in Problem 9, but now with an external force F (t),

mdzd’igt) 4" d);(tt) F#x(t) = F (1) + IF (1) (1.242)
Show that
z
X(t)= dSg$)F(t" $)+ %t). (1.243)

Derive an explicit expression for the Fourier transform of g($), and find g($) itself in the
limit of either small or large damping " .

Since the y is linearly related to X, we might guess that we can make
estimates using some sort of linear operation. As we have seen already in the
case of the rod currents, this might not be right, but let’s try anyway—we’ll
need somewhat more powerful mathematical tools to sort out, in general,
when linear vs nonlinear computations are the most useful. We don’t have
any reason to prefer one moment of time over another, so we should do
something that is both linear and invariant under time translations, which
means that our estimate must be of the form

Xest(t) = /dt’f (t %t )y(t), (1.244)

where f (t) is the ‘filter’ that we hope will separate signal and noise. Follow-
ing the spirit of the discussion above, we’ll ask that our estimate be as close
as possible to the right answer in the sense of mean—square error. Thus, our
task is to find the filter f (t) that minimizes

E= < [x(t) %/dt’f (t %t’)y(t’)r>. (1.245)

In taking the expectation value of the mean—square error, we average over
possible realizations of the noise and the variations in the input signal x(t).



1.4. SIGNAL PROCESSING AT THE FIRST SYNAPSE 87

In practice this averaging can also be thought of as including an average
over time.*® Thus we can also write

E= </dt [x(t)%/dt’f (t%t’)y(t’)]2>. (1.246)

This is useful because we can then pass to the Fourier domain. We recall
that for any function z(t),

/dtzz(t) = /;u(' )W, (1.247)
where we have, as before, the convention that

(') = /dte”‘”tz(t), (1.248)
and that the Fourier transform of a convolution is the product of transforms,

/dte”wt/dt’f (t%t)y(t) = (" )y(). (1.249)

Putting things together, we can rewrite the mean—square error as

= ([

Now each frequency component of our filter f~(' ) appears independently of
all the others, so minimizing E is straightforward. The result is that

2
x( )% () > (1.250)

- A )X()$
fC) =% : (1.251)
#y (' )I*$
Problem 25: Details of the optimal Plter. Fill in the steps leading to Eq (1.251).

Be careful about the fact that f (t) is real, and so the transform f (&) is not arbitrary. Hint:
think about positive and negative frequency components.

5 More formally, if all the relevant random variations are ergodic, then averaging over
the distributions and averaging over time will be the same.
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To finish our calculation, we go back to Eq (1.241), which in the fre-
quency domain can be written as

y( ) =9C )x( )+"( ). (1.252)
Thus

#COX()$ = g HRC IS (1.253)

#y( 1% = 19 PHRC IPS+#7( 1P (1.254)

If all of these variables have zero mean (which we can have be true just by
choosing the origin correctly), then quantities such as #& (' )|*$are the vari-
ances of Fourier components, which we know (see Appendix B) are propor-
tional to power spectra. Finally, then, we can substitute into our expression
for the optimal filter to find
f~(| ): g*(l )Sx(| )

19 )I2S2(" ) +Sy(*)

where, as before, S; and S, are the power spectra of X and ", respectively.
In the case that noise is small, we can let S;;* 0 and we find

(1.255)

-~ 1

O a5y
This means that, when noise can be neglected, the best way to estimate
the underlying signal is just to invert the response function of our sensor,
which makes sense. Notice that since § generally serves to smooth the time
dependence of y(t) relative to that of x(t), the filter f (" ) ! 1/§(" ) undoes
this smoothing, and in general is differential operator. This is important
because it reminds us that smoothing in and of itself does not set a limit
to time resolution—it is only the combination of smoothing with noise that
obscures rapid variations in the signal.

Guided by the limit of high signal to noise ratio, we can rewrite the
optimal filter as
N 2e .
Frye g J9OFSC) 1 0 SNRC) g oy
g ) 19C )PS( ) +S,(")  6(') 1+SNR()
where we identify the signal to noise ratio at each frequency, SNR(' ) =
16(" )I?S,(" )/S,(" ). Clearly, as the signal to noise ratio declines, so does the
optimal filter—in the limit, if SNR(' ) = 0, everything we find at frequency
must be noise, and so it should zeroed out if we want to minimize its

corrupting effects on our estimates.

(1.256)
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In the case of the retina, X is the light intensity, and y are the currents
generated by the rod cells. When it’s very dark outside, the signal to noise
ratio is low, so that

rey I8

(")

The filter in this case has two pieces, one of which depends only on the
properties of the rod cell,

a()
Su(" )’
and another piece that depends on the power spectrum of the time dependent
light intensity, S;(' ). With a bit more formalism we can show that this first
filter, f~1(' ), has a universal meaning, so that if instead of estimating the
light intensity itself, we try to estimate something else—e.g., the velocity
of motion of an objct across the visual field—then the first step in the
estimation process is still to apply this filter. So, it is a natural hypothesis

that this filter will be implemented near the first stages of visual processing,
in the transfer of signals from the rods to the bipolar cells.

aS, (" ). (1.258)

f1(') = (1.259)

Problem 26: Filtering the real rod currents. In the file rodcurrents.mat  you’ll
find the raw data used to generate Fig 1.4. It consists of 395 samples of the rod current
in response to dim flashes of light. The data are sampled in 10ms bins, and the flash
is delivered in the 100th bin. If these ideas about filtering are sensible, we should be
able to do a better job of discriminating between zero, one and two photons by using the
right filter. Notice that filtering of a response that is locked to a particular moment in
time is equivalent to taking a weighted linear combination of the currents at different times
relative to the flash. Thus you can think of the current in response to one flash as a vector,
and filtering amounts to taking the dot product of this vector with some template. As a
first step, you should reproduce the results of Fig 1.4, which are based just on averaging
points in the neighborhood of the peak. Under some conditions, the best template would
just be the average single photon response. How well does this work? What conditions
would make this work best? Can you do better?

The idea that the rod/bipolar synapse implements an optimal filter is
interesting not least because this leads us to a prediction for the dynamics
of this synapse, Eq (1.259), which is written entirely in terms of the signal
and noise characteristics of the rod cell itself. All of these properties are
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Figure 1.23: Voltage responses of rod and bipolar cells in the salamander retina, compared
with theory [Rieke et al 1991]. The theory is that the transmission from rod currents to
bipolar cell voltage implements the optimal filter as in Eq (1.259). Measured responses
are averages over many presentations of a flash at t = 0 that results in an average of
five photons being counted. Predicted filter is computed from measured signal and noise
properties of the rod cell, with no adjustable parameters.

measurable, so there are no free parameters in this prediction.’® To get
some feeling for how these predictions work, remember that the noise in the
rod cell has two components—the spontaneous isomerizations of rhodopsin,
which have the same frequency content as the real signal, and the continu-
ous background noise, which extends to higher frequency. If we have only
the spontaneous isomerizations, then S, ! | g|%, and we are again in the sit-
uation where the best estimate is obtained by ‘unsmoothing’ the response,
essentially recovering sharp pulses at the precise moments when photons are
absorbed. This unsmoothing, or high—pass filtering, is cut off by the pres-
ence of the continuous background noise, and the different effects combine

1 We should be a bit careful here. The filter, as written, is not causal. Thus, to make a
real prediction, we need to shift the filter so that it doesn’t have any support at negative
times. To make a well defined prediction, we adopt the minimal delay that makes this
work. One could perhaps do better, studying the optimal filtering problem with explicitly
causal filters, and considering the tradeoff between errors and acceptable delays. We’ll get
back to ideas of this flavor later in the course.
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to make f1 a band-pass filter [Bialek & Owen 1990]. By the time the the-
ory was worked out, it was already known that something like band—pass
filtering was happening at this synapse; among other things this speeds up
the otherwise rather slow response of the rod. In Fig 1.23 we see a more
detailed comparison of theory and experiment [Ricke et al 1991].

It is worth noting that we have given two very different analyses. In
one, signals and noise are separated by linear filtering. In the other, the
same separation is achieved by a static nonlinearity. Presumably there is
some proper combination of filtering and nonlinearity (or more generally
some nonlinear dynamic transformation) that really does the best job. We
expect that the proper mix depends on the detailed spectral structure of
the signals and noise, and on the relative amplitudes of the signal and noise,
which might be why the different effects are clearest in retinas from very
different species. Still, it would be nice to see this all put together correctly,
and this is an open problem, surely with room for some surprises.

Perhaps we should also talk about efficient coding across the receptor/LMC synapse
in flies, which allows for signals to be transmitted near the photon shot noise limit at
higher light intensities. Then there is a more general problem of combining ideas about
enhancing SNR vs efficiency of coding across a range of intensities; might also give a
chance to talk about adaptation of the optimal strategies.
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