Chapter 2

Noise isnOt negligible

The great poetic images of classical physics are those of determinism and
clockwork. Strikingly, life operates far from this limit. Interactions between
molecules involve energies of just a few times the thermal energy, and bio-
logical motors, including the molecular components of our muscles, move on
the same scale as Brownian motion. Biological signals often are carried by
just a handful of molecules, and these molecules inevitably arrive randomly
at their targets. Human perception can be limited by noise in the detector
elements of our sensory systems, and individual elements in the brain, such
as the synapses that pass signals from one neuron to the next, are surpris-
ingly noisy. How do the obviously reliable functions of a life emerge from
under this cloud of noise? Are there principles at work that select, out of all
possible mechanisms, the ones that maximize reliability and precision in the
presence of noise? Are there ways in which noise can be productive, rather
than a nuisance?

2.1 Molecular Ructuations and chemical reactions

In order to survive, living organisms must control the rates of many chemi-
cal reactions. Fundamentally, all reactions happen because of fluctuations.
More strongly, chemical reactions are a non—perturbative consequence of
molecular fluctuations. You all learned, perhaps even in high school, that
the rates of chemical reactions obey the Arrhenius law, k ¢ Bact/kpT
where FE,. is the activation energy. We also know that kg1 measures
the mean square amplitude of fluctuations, for example in the velocities
of atoms. Thus, chemical reaction rates are ~ e~1/9, where g is the strength
of the fluctuations. If we start by imagining a world in which there are no
fluctuations, we can add them in piece by piece, and there is no way to get
a chemical reaction rate as a perturbative or Taylor series in g. Chemical
reactions are so commonplace that we sometimes forget just how nontrivial

95

Section last updated
March 22, 2009.



I suspect we need some
more systematic coverage of
the Langevin equation, the
fluctuation—dissipation theo-
rem, and all that. Will try
to write an Appendix ...

96 CHAPTER 2. NOISE ISN'T NEGLIGIBLE

they are from a theoretical point of view. Indeed, as I verify every year, none
of the students in my course have ever seen an honest calculation that gives
the Arrhenius law as a result, although they have all heard vague arguments
about the Boltzmann probability of being on top of the barrier. So, our first
order of business is to see how the Arrhenius law emerges, as an asymptotic
result, for some real dynamical model.

energy

reactants

products

molecular coordinate

Figure 2.1: The simplest model of a chemical reaction. Along some molecular coordinate
z, the potential energy V(z) has two minima separated by a barrier. The height of the
barrier is the “activation energy” FEaci, whecih we expect will determine the rate of the
reaction through the Arrhenius law, k o e Fact/kBT,

We consider the simplest case, shown in Fig 2.1. Here the molecules
of interest are described by a single coordinate x, and the potential energy
V(z) as a function of this coordinate has two wells that we can identify
as reactant and product structures. Let’s assume that motions along this
coordinate are overdamped, so inertia is negligible. Since the molecule is
surrounded by an environment at temperature T', we really want to describe
Brownian motion in this potential. So, the equation of motion is
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dv  dV(x)

Tat T da
where 7 is the friction or drag coefficient, and the random or Langevin force
OF(t) reflects the random influences of all the other degrees of freedom in
the system; to insure that the system eventually comes to equilibrium at

temperature T' we must have

+OF(L), (2.1)

(SF()SF()) = 2vkpTo(t — t'). (2.2)

The challenge is to see if we can extract from these dynamics some approx-
imate result which corresponds to our intuition about chemical reactions,
and in particular gives us the exponential dependence of the rate on the
temperature.

When we solve Eq (2.1), what we get is the coordinate as a function of
time. What features of this trajectory correspond to the reaction rate k?
If there really are only two states in the sense of chemical kinetics, then
trajectories should look like those in Fig 2.2. Specifically, we should see
that trajectories spend most of their time in one potential well or the other,
punctuated by rapid jumps from one well to the other. If we look at the
times spent in each well, between jumps, these times should be drawn from
an exponential distribution, P(t) = ke™*, and then k is the rate constant
for the chemical reaction leading out of that well into the other state.

Problem 27: What’s the alternative? You should think a bit about what was just
said. Suppose for example, that you don’t know the potential and I just give you samples
of the trajectory x(¢). What would it mean if the trajectories paused at some interme-
diate point between reactants and products? How would you interpret non—exponential
distributions of the time spent in each well?

Problem 28: Numerical experiments on activation over a barrier. Perhaps
before launching into a long calculation, you should get a feeling for the problem by doing
what, with modern computers, is a small simulation. Consider a particle at position x
moving in a potential V(z) = Vy[1 — (x/x0)?]?>. Notice that this is double well, with
minima at * = +xo and a barrier of height Vi between these minima. Let’s consider the
overdamped limit of Brownian motion in this potential, as in Eq (2.1),

da(t) _ 4Vo (@) | _ (=)
Tar T To \ Zo Zo
We want to simulate these dynamics. The simplest approach is the naive one, in which
we use discrete time steps separated by At and we approximate

+0F (1), (2.3)

dz(t) . z(n+1) — a:(n)

dt At (2:4)
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Figure 2.2: Example of the trajectories we expect to see in solving the Langevin Eq
(2.1). Long sojourns in the reactant or product state are interrupted by rapid jumps
from one potential well to the other. If we look at the times ¢, spent in the reactant
state, these should come from a probability distribution P.(t,) = kye *+'r where ky is
the rate of the chemical reaction from reactants to products. Similarly we should have
P,(ty) = kre "=t where k_ is the rate of the reverse reaction.

(a.) To use this discretization we have to deal with the Langevin force. One (moder-
ately) systematic approach is to integrate the Langevin equation over a small window of
time At:

ry/-t+At it dg;it) _ /t+At " a‘g;m) N /t+At Jp— 25)
vzt + At) — z(t)] =~ fAtmgiy) + 2(t), (2.6)
z=z(t)
where
dﬂ:/HMﬁMW) 2.7)

Using the correlation function of the Langevin force from Eq (2.2), compute the variance
of z(t). Show also that the values of z at different times—separated at least by one discrete
step At—are uncorrelated.
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(b.) Combine your results in [a] with the equations above to show that this simple
discretization is equivalent to

y(n+ 1) = y(n) + B - y(n)- [ — y?(n)] + ﬁan), (2.8)

where y = x/x0, the parameter o = 4kgTAt/(ya2) should be small, Et = V;/(kgT) is
the normalized “activation energy” for escape over the barrier, and {(n) is a Gaussian
random number with zero mean, unit variance, and no correlations among different time
steps n.

(c.) Implement Eq (2.8), for example in MATLAB. Note that MATLAB has a com-
mand randn that generates Gaussian random numbers.! You might start with a small
value of ET, and experiment to see how small you need to make a before the results start
to make sense. What do you check to see if « is small enough?

(d.) Explore what happens as you change the value of Ef. For each value of Et,
check that your simulation runs long enough so that the distribution of x actually is given
by the Boltzmann distribution, P(z) o exp[—V (x)/ksT]. As E' increases, can you see
that there are isolated discrete events corresponding to the “chemical reaction” in which
the system jumps from one well to the other? Use your simulation to estimate the rate of
these jumps, and plot the rate as a function of the activation energy E'. Can you verify
the Arrhenius law?

This picture of trajectories that hover around one well and then jump to
another should remind you of something your learned in quantum mechan-
ics. In particular, if you take the path integral view of quantum mechanics,
then tunneling in a double well potential should be dominated by these sorts
of trajectories. In fact, if Planck’s constant is small, so that tunneling is rare,
there is a semi—classical approximation to the path integral which reproduces
the WKB approximation to Schrédinger’s equation, and in this approxima-
tion the path integral is dominated by particular trajectories, which have
come to be called “instantons.” These instantons are precisely the jumps
from one well to another, analogous to what we have drawn in Fig 2.2.2

This is a good place to step back and think more clearly about the
analogies between quantum mechanics and Brownian motion. In particular,
you should remember that there are three seemingly different but equiva-
lent ways of doing quantum mechanics. Most elementary courses focus on

! More precisely, MATLAB claims that randn generates Gaussian random numbers that
are independent. Maybe you should check this?

2 really think that every physics student should understand the basic instanton cal-
culation of tunneling, as an illustration of the power of path integrals. There is no better
treatment than that given by Coleman in his justly famous Erice lectures. See S Coleman,
Aspects of Symmetry (Cambridge University Press, Cambridge, 1988).
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Schrodinger’s equation, which describes the amplitude for a particle to be
at position x at time ¢. But you can also look at Heisenberg’s equations of
motion for the position (and momentum) operator, and finally one can use
path integrals.

The Langevin equation is a bit like Heisenberg’s equation for the po-
sition operator. It seems to give us something most closely related to the
equations of motion in classical (noiseless) mechanics, but it requires some
interpretation. In the case of the Langevin equation, because 0 F(t) is ran-
dom, when we solve for the trajectory x(t) we get something different for
every realization of dF, so “solve” should be used carefully; more precisely
what we get are samples out of the distribution of trajectories.

When we pass from Heisenberg’s equations of motion to the Schrodinger
equation, we shift from trying to follow the time dependence of coordinates
to trying to see the whole distribution of coordinates at each time, as encoded
in the wave function. Similarly, we can pass from the Langevin equation to
the diffusion equation, which governs the probability P(z,t) that we will
find the particle at position x at time ¢. It is useful to remember that the
diffusion equation is an equation for the conservation of probability,

(9Pé9§,t) = —aamj(x,t), (2.9)
where J(z) is the current. Fick’s law tells us that diffusion contributes a
current that tends to reduce gradients in the concentration of particles, or
equivalently gradients in the probability of finding one particle, so that

OP(z,t)
Jyi(z,1) = —DT Y 2.10
dff(x ) ox ( )
But if there is some force F(r) = —dV (z)/dx acting on the particle, it

will move with an average velocity v = F(z)/~, and hence there is a ‘drift’
current

_ _ 1dV(z)
Jarite(x, 1) = vP(z,t) = o P(x,t). (2.11)
Putting these terms together, J = Jaig + Jariry, we have
OP(z,t) 0 OP(z,t) 1dV(x)
o o [ N L) (2.12)
50 [0P(x,t) 1 dV(x)
= Dy {837 b P(z,t) (2.13)

_ D@ [8P(x,t)+ 1 dV(z)

or | ox kT dx

o P(z, t)} ) (2.14)
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where in the last step we use the Einstein relation D = kgT'/~. This way of
writing the diffusion equation makes clear that the Boltzmann distribution
P o e7V@/kBT i5 an equilibrium (9P/dt = 0) solution.

We have said that, in looking at solutions of the Langevin equation, the
signature of a “chemical reaction” with rate k is that the trajectories z(t)
will look like they do in Fig 2.2. What is the corresponding signature in
the solutions of the diffusion equation? More precisely, even if we solve the
diffusion equation to get the full P(x,t) from some initial condition, what
is about this solution that corresponds to the rate constant k7 In the same
way that Schrodinger’s equation is a linear equation for the wave function,
the diffusion equation is a linear equation for the probability, which we can
write as

OP(z,t) -
o = LP(.1). (2.15)

All the dynamics are determined by the eigenvalues of the linear operator

L:
P(z,t) = Zane)‘”tun(x) (2.16)

Lup(z) = Apun(z). (2.17)

We know that one of the eigenvalues has to be zero, since if P(z,t) is the
Boltzmann distribution, P o< e~V ®/k5T i won't change in time. Devia-
tions from the Boltzmann distribution should decay in time, so hopefully all
the nonzero eigenvalues will turn out to be negative.

If we place the molecule in some configuration that is far from the local
minima in each potential well, we expect that it will ‘slide’ relatively quickly
into its relaxed configuration, and execute some Brownian motion around
this sliding trajectory so that it samples the Boltzmann distribution within
the well. This relaxation should be be described by some of the eigenvalues
An, and these should be large and negative, corresponding to fast relax-
ation. In practice, we know that molecules in solution achieve this sort of
‘vibrational relaxation’ within nanoseconds if not picoseconds.

The statement that there is a chemical reaction at rate k means that, as
a population of molecules comes to equilibrium, all the equilibration within
the reactant or product states is fast, corresponding to time scales much
shorter than 1/k. On the much longer time scale 1/k, there is equilibration
between the reactant and product states. Thus, if we look at the whole
spectrum of eigenvalues A\, for the diffusion equation, one eigenvalue should
be zero (as noted above), almost all the others should be very large and

should add at least a problem
to show that all A\, <0
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negative, while there should be one isolated eigenvalue that is small and
negative—and this will be the reaction rate k, or more precisely the sum of
the rates for the forward (reactants — products) and backward (products
— reactants) reactions.

We arrive, then, at a picture of the eigenvalue spectrum in which there
is a small splitting (between \g = and A\; = —k) relative to the next highest
eigenvalue. This should remind you of what happens in quantum mechanical
tunneling between two potential wells. The basic spacing of energy levels
is set by the vibrational quanta within each well, but the states—and, in
particular, the ground state—is split by a small amount corresponding to
the frequency of tunneling between the two wells. It is the size of the barrier,
or equivalently the smallness of A, which makes this splitting small. In the
diffusion problem, it is presumably the smallness of the temperature relative
to the activation energy which enforces \og — A1 < A1 — A2. We know how to
solve Schrodinger’s equation using the WKB approximation to extract the
small tunneling amplitude, and so there should be a similar approximation
that allows us to calculate the reaction rate.

We know that the WKB approximation has a natural corollary in the
path integral approach—in the limit A — 0, the path integral describing
the amplitude for any quantum process is dominated by particular trajec-
tories that are solutions of the classical equations of motion, although for
classically forbidden processes (as with tunneling) these equations have to
be continued to imaginary time. This idea of a dominant trajectory should
be even clearer in the case of Brownian motion, since presumably (since we
calculate probabilities directly, without the complex amplitudes) we won’t
have to deal with the continuation to imaginary time. To see how this
works—and, finally, to derive the Arrhenius law—we need to construct the
probability distribution functional for the trajectories x(t) that solve the
Langevin Eq (2.1).

The probability that we observe a trajectory z(t) can be calculated by
finding the random force § F'(t) which was needed to generate this trajectory,
and then calculating the probability of this force. We know that the ran-
dom forces come from a Gaussian distribution, and we know the correlation
function [Eq (2.2)], so we have (cf Appendix B)

1
P[§F — F2(t)| . 2.1
0 (t)]mexp[ T / dto (t)} (2.18)
The Langevin equation, Eq (2.1), can be rewritten as
dx  dV(z)
OF(t) =v— 2.19
(1) =72 V1D, (219)
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so it is tempting to say that the probability of observing the trajectory xz(t)
is given by

2
re-en| b fa (Y] o

and this is almost correct. To see what’s missing, consider the simpler case
where we just have one variable x that obeys an equation

f(@) =y, (2.21)
and y is random, drawn from a distribution P,(y). It is tempting to write
Pp(z) = Fy(y = f(2)), (2.22)

but this can’t be right—z and y can have different units, and hence P, and
P, must have different units. As you have probably seen many times before,
in this simple one dimensional example, the correct statement is that the
probability mass within some small region dz must be equal to the mass
found in the corresponding dy,

Pe(x)de = Py(y = f(x))dy (2.23)
= Pe) = Pyy=f()| % (2.24)
= =) 52 (2.25)

More generally, in order to equate probability distributions, we need a Jaco-
bian for the transformation between variables. Thus, instead of Eq (2.20),
we really want to write

2
s e fo (B

where J is the Jacobian of the transformation between z(¢) and 6F(t). Im-
portantly, the Jacobian doesn’t depend on temperature. In contrast, the
UT 3o at low tempera-
tures this will dominate. So, for this discussion, we won’t worry about the
Jacobian.3

exponential term that we have written out is ~ e~

3For a more careful discussion, see Chapter 4 of J Zinn—Justin, Quantum Field Theory
and Critical Phenomena (Oxford University Press, Oxford, 1989).
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To make use of Eq (2.26), it’s useful to look more closely at the integral
which appears in the exponential. Let’s be careful to let time run from some
initial time ¢; up to some final time t:

/:dt< CCZ; + C”C/i;x))z
_ /:dt [<7df)2+2 Zfd‘gfc)+<d‘;ix)>2]
- [ () ()]

2y /t dt‘f;fd‘;i) (2.27)
- [ _W) +(d‘2§)>2_

2y /t " _ (2.28)
S| ) < )

1+27 ) — V(z)], _ (2.29)

where in the last steps we recognize one term as a total derivative; as usual
x; = z(t;) is the initial position, and similarly xy = x(t¢) is the final position.
Substituting, we can write the probability of a trajectory z(t) as

Pla(t)] o< Je kBT (2.30)

where the ‘action’ takes the form

- MY [y () ()] e

This is a good time to remember that, for the simplest problems of
classical mechanics, the action takes the form

scm:/t_tfdt <‘Z> —Z/I(x(t))], (2.32)

where m is the mass and U(x) is the potential energy. We see that, except
for a constant, the effective action for our problem is exactly that of a simple
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mechanics problem of a particle with mass m moving in a effective potential
Ux),

(2.33)

Ulz) = —417 (d‘;;”:)f. (2.34)

i
2

Figure 2.3 shows this effective potential relates to the original double well.
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Figure 2.3: Potentials and forces in a double well. Top panel show the true potential,
middle panel the force, and bottom panel the effective potential that enters the probability
distribution of trajectories. Notice that each extremum of the potential, both maxima
and minima, becomes a maximum of the effective potential, and all these maxima are
degenerate at U = 0.

At low temperatures, the distribution of trajectories will be dominated
by those which minimize the action S. Clearly, one way to make the action
minimal (zero, in fact) is to have the position be constant at one of the
minima of the potential well. This describes a situation in which essentially
nothing happens. To have a chemical reaction, we need a trajectory that
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starts in the well corresponding to the reactants state, and then climbs up
to the ‘transition state’ at the top of the barrier, then slides down the other
side. Let’s start with the first part of this problem, finding a trajectory
that climbs the barrier. The dominant trajectory of this form will be one
that minimizes the action, and from Fig 2.3 we see that this is equivalent to
finding the solution to an ordinary mechanics problem in which a particle
starts on top of one hill, slides down and then gently comes to rest at the
top of the next hill.

Problem 29: Zero energy? What we have just described are trajectories in the
effective potential that have zero energy. There are, of course, trajectories that minimize
the action but have nonzero energy. Why don’t we consider these?

Taking the details of Fig 2.3 seriously, if we start at rest on top of one
hill, this means that we start with zero energy. But energy is conserved
along the trajectory, so that

m [ dx

2
) (dt> +U(z(t))=E =0. (2.35)

This means that

Uz(t) = —% (Z)Q (2.36)

dx 2
o = + —EU@?(ZL,)); (2.37)

we are interested in trajectories that move from left to right, so we should
choose the upper sign, so that dz/dt > 0. But now we can substitute into

the action,
Sem = /tt dt [7; (‘ZY —Z/{(x(t))]

/t . [73 (ZY +3 (Céf)?] (2.38)
/ o (Ccllf)z (2.39)

I
3
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- m/tfdt,/ 2 (2.40)

= / dx \/—2mlU (z), (2.41)

where now you should recognize the connection to the WKB formula for
tunneling.

In our case, the effective potential and mass are defined by Eq’s (2.33)
and (2.34), so this action becomes

at
Sem = / dx \/—2mU (z)

_ /"”dm ] 4{Y (dZi>)] (2.42)

_ / ‘“C/lx (2.43)

-+ /x | dx (2.44)

— 5V - V)|

5 (2.45)

where we choose the sign in taking the root so that the action comes out
positive, as it must from Eq (2.39).

Problem 30: Extracting the dominant paths. We have seen that, in the low
temperature limit, the reaction is dominated by trajectories that lead from one well to
the other and minimize the action. Look through your simulation results from Problem
28, and collect as many examples as you can of the ‘jumping’ trajectories. How do these
examples compare with the theoretical prediction that comes from minimizing the action?
Can you align the sample trajectories well enough to compute an average that might be
more directly comparable to the theory?

To finish the calculation, we need to put some of these pieces together.
The action that determines the probability of a trajectory is, from Eq (2.31),

S = WJr/titfdt[ (Zf) +417<d‘25(:))2
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_ V (x¢) ; V(i) + Semn (2.46)

— V(xf);v(m + ;‘V((E{) —V(x)|. (2.47)

This is a remarkably simple result. If we are looking at a trajectory that
climbs from the bottom of a potential well to the top of the barrier, we have
V(z¢) > V(x;) and hence the action is

Setimb = V(z¢) — V(i) = Eact, (2.48)

which is the “activation energy” for going over the barrier. On the other
hand, if we look at a trajectory that slides down from the barrier into the
other well, we have V(xf) < V(z;) and hence

Sslide = 0. (249)

So, what we have shown is that paths which take us from reactants to prod-
ucts, climbing the barrier and sliding down the other side, have a minimal
action Sieact = Sclimb + Sslide = Fact- Thus, the probability of seeing such a
trajectory is

Plrenct (t)] oc Je~ Sreact/kBT o= Fact/kpT (2.50)

and this is the essence of the Arrhenius law (at last).

One could legitimately complain that we haven’t really solved our prob-
lem. All we have done is to show that, in some window of time, trajectories
that jump from reactants to products are suppressed in probability by a fac-
tor e Fact/kBT  This is the basic idea of the Arrhenius law, but we haven’t
actually calculated a rate constant. In truth, this last step requires rather
more technical apparatus—see the corresponding discussion of tunneling in
Coleman’s lectures. So, for now, let me leave this should really decide how
to handle this part of the discussion.

So far, we have given a fairly general discussion, and perhaps it’s not
obvious whether there is any special abut how these ideas will play out in
the case of biological molecules. If we try to draw the picture in Fig 2.1, we
usually associate the “reaction coordinate,” that is the molecular coordinate
along which we see the double well potential, with the motions that are
involved in the chemical events themselves. Thus, if we are looking at the
transfer of a hydrogen atom, breaking one bond and forming another, we
might think that the relevant molecular coordinate is given by the position
of the hydrogen atom itself.
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Biological molecules—such as the proteins which act as enzymes, cat-
alyzing specific chemical reactions of importance in the cell—are large, and
hence flexible. Certainly they can change reaction rates by holding the reac-
tants in the place. But because of their flexibility, there is also the possibility
that, as they flex, the effective barrier for the reaction changes. In this case,
the dominant path for the reaction might be for the protein to fluctuate into
a favorable configuration, and then for the more local coordinates (e.g., the
position of the hydrogen atom) to make their jump. In this way, the ob-
served activation energy comes to have two components, the usual one that
we measure along the reaction coordinate, which presumably is reduced by
waiting for the protein to arrange itself properly, and then the energy of
distorting the protein itself.

To be a little more formal, imagine that for every configuration @ of the
protein, there is a different activation energy for the reaction, E,.(Q). Of
course there must also be some (free) energy of the protein once it is in the
structure described by @), and this determines the probability distribution
P(Q). Then if the fluctuations in @ are fast, we expect to see an average
rate constant

(2.51)

k= A/dQ P(Q) exp [— Ea“(Q)] .

kT

If we fix @ at its equilibrium position, we might find that E,.(Q = Qeq)
is large, which might make us think that the reaction will be slow. But
by sampling non—equilibrium configurations, the protein can speed up the
reaction.

Obviously this general picture depends on many details, but before pro-
ceeding one could ask if there is any evidence for such coupling of protein
structural fluctuations to the modulations of chemical reaction rates. I think
the strongest evidence is from the mid 1970s, in a beautiful series of experi-
ments by Austin and colleagues [Austin et al 1975]. The idea is very simple.
Suppose that we really do have the activation energy varying with the config-
uration of the protein. If we could stop the motion of the protein, then each
molecule would be stuck with a different activation energy and hence a dif-
ferent reaction rate. Then, instead of seeing an average rate, each molecule
reacts at its own rate, and if we count the total number of molecules that
have not yet reacted we should see

N(t) = / dQ P(Q) exp | —Ae Pect(@/kBT| (2.52)

which definitely is not an exponential decay. In fact if the fluctuations in Q
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generate very large variations in the activation energy, then this is very far
from being an exponential decay.

Problem 31: Power law decays. Suppose that the effect of the fluctuations in @
is to generate a distribution of activation energies

1 "o
P(Bact) = - o (E/ Bo)"e B/Eo, (2.53)

Then we should have

N(t) = / W (B/Bo) e P/ exp [~ AcereTy] (2.54)
0 n.Eo
(a.) Show that, at large ¢, there is a saddle point approximation to this integral,
and that this predicts a decay N(t) ~ t~%. What determines the power a? Are there
corrections to this formula?
(b.) Calculate the average rate constant, as in Eq (2.51),

E:A/ b (E/Eo)"e™ /P exp [— E (2.55)
0

n'Eo ]CBT:| '

Does this mean rate obey the Arrhenius law? How large are the deviations? Is there a
limit in which the Arrhenius law is recovered?

So, we have the dramatic prediction that if we would freeze the motion of
the protein, we’d see something very far from the usual exponential decays.
Austin et al did this literally, freezing a solution of the protein myoglobin.
Myoglobin is the protein in our muscles which carries oxygen, and when the
oxygen is bound to the iron atom at the active site of the protein one can
break the bond with a flash of light; further, one can monitor the rebinding of
the oxygen to the iron by changes in the absorption spectrum of the protein.
This can be done with oxygen, and also with carbon monoxide taking the
place of the oxygen. The results, shown in Fig 2.4, are quite compelling.

In the lectures, I also talked about how fluctuations in protein structure can interact
with the classical vs quantum reactions, both in hydrogen transfer reactions and in electron
transfer reactions. I'd like to give coherent account of all this, but I'd prefer to get these
notes in your hands earlier. So, this is also something to which I should come back.

I hope that you take a few lessons away from this (long) discussion. First,
chemical reactions are the result of fluctuations at the molecular level. We

can even describe the nature of these fluctuations, since rare events such as
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Figure 2.4: Rebinding of oxygen and carbon monoxide to myoglobin at low temperatures,
following a flash of light to break the bond. Circle are data points, obtained by monitoring
the absorption spectrum. Note that this is a logarithmic plot on both axes, so that we
see an enormous range of times. Lines are fits to the phenomenological power law decay
N(t) =1/[14 (t/to)]". The dashed line shows, for contrast, an exponential decay, N (t) =
e * with k=1s""1.

escape over a high barrier tend to be dominated by specific trajectories. In
large biological molecules, the flexibility of the molecule means that there
is a another way for fluctuations to be important, as the variations in pro-
tein structure, for example, couple to changes in the barrier for the relevant
chemical rearrangements. Finally, these fluctuations in protein structure
can completely revise our view of whether the reaction itself proceeds via
classical ‘over the barrier’ motion or by quantum tunneling. These theoret-
ical observations, and the experiments to which they connect, suggest that
Nature exploits not just the structure of biological molecules, but also the
fluctuations in these structures, to control the rates of chemical reactions.
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