Appendix B

Correlations, power spectra
and all that

Consider a function z(¢) that varies in time. We would like to describe a sit-
uation in which these variations are random, drawn out of some distribution.
But now we need a distribution for a function, rather than for a finite set
of variables. This shouldn’t bother us, since such constructions are central
to much of modern physics, for example in the path integral approach to
quantum mechanics. We refer to distributions of functions as “distribution
functionals” when we need to be precise.

One strategy for constructing distribution functionals is to start by dis-
cretizing time, so that we have at most a countable infinity of variables
x(t1), z(t2), x(t3), - -. Let’s assume for simplicity that the mean value of z
is zero. Then the first nontrivial characterization of the statistics of x is the
covariance matrix,

Cyj = (z(ti)x(t;))- (B.1)

We recall that if a single variable y is drawn from a Gaussian distribution
with zero mean, then we have

Ply) = \/2;7 exp [—2‘1’;} . (B.2)

The generalization to multiple variables is
N
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where as usual det is the determinant and (C~1);; is the ij element of the
matrix inverse to C; if we think of the {x;} as a vector x, then we can write,
more compactly,

P({as}) = W exp [—;xT-c—l.x} , (B.4)

where x” is the transpose of the vector x. Just to be clear, this describes a
Gaussian distribution, but we have no guarantee that x will be Gaussian.

Problem 49: Gaussian integrals. If you haven’t done these before, now is a good
time to check that the probability distribution in Eq (B.4) is normalized. This requires
you to show that

/dNJc exp [f%xT-C_l-x] =+/(2m)N det C. (B.5)
While you’re at it, you should also show that

IndetC =TrinC. (B.6)

This should be straightforward for the case which matters here, where C' must have well
defined, positive eigenvalues.

In general the covariance matrix Cj; can have an arbitrary structure,
constrained only by symmetry and positivity of its eigenvalues. But when
the index i refers to discrete time points, we have an extra constraint that
comes from invariance under translations in time. Because there is no clock,
we must have that

(z(t)z(t)) = Cu(t — 1), (B.7)
with no dependence on the absolute time ¢ or ¢'. As an example, if
Co(t —t') = e /e, (B.8)

and t, = nAt, then

e~ (&) 1], -

This is shown in Fig B.1 for At/7. = 0.1.
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Figure B.1: Covariance matrix and its inverse. At left, the covariance matrix in Eq (B.9),
with At/7. = 0.1. At right, the inverse matrix, with inset showing a 10 x 10 submatrix
surrounding the diagonal.

It is useful to look directly at the inverse matrix, also shown in Fig B.1.
We see that this inverse matrix consists almost entirely of zeros, except in
the immediate neighborhood of the diagonal. This tell us that the inverse
matrix actually is the discretizaiton of a differential operator.

Reflexively, seeing that we have to compute inverses and determinants of
matrices, we should think about diagonalizing C'. We recall from quantum
mechanics that the eigenfunctions of an operator have to provide a repre-
sentation of the underlying symmetries. In this case, the relevant symmetry
is time translation, so we know to look at the Fourier functions, e~ **
fact, once we have the hint that we should use a Fourier representation, we
don’t need the crutch of discrete time points any more. Let’s see how this
works.

. In

We define the Fourier transform with the conventions

Fw) = /OO dt (1), (B.10)

—0o0

z(t) = /oo d—we*“tf(w). (B.11)

oo 2T
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Now if we compute the covariance of two frequency components, we have

(FHw)EW)) = < / dt ety / dt' et g )> (B.12)

_ / dt it / dt' Tt (28 (t')) (B.13)
= / dte"'i“’t/ dr’ e+i“’/t// @e_m(t_t/)sx(fl%

oo o oo 2T
(B.14)

where we introduce the Fourier transform of the correlation function,

S.(Q) = / dr T Cy (1) (B.15)
Cot—t) = / ‘;ﬂe*m*t’)sz(m. (B.16)
oo 4T

Now we can rearrange the integrals in Eq (B.14):

<§c(w)a?(w’)> — / dte—i—zwt/ dt et t’/ dQ —zQ(t t)S (Q),

- [ Bum[f o] [ o]

(B.17)

This is moment to recall the Fourier representation of the Dirac delta
function. The delta function has the property that

dz) = 0 z#0, (B.18)
/dz iz) = 1, (B.19)
if the domain of the integral includes z = 0. Then
5(z) = / & o-iaz, (B.20)
oo 2m

Thus we recognize, in Eq (B.17),

/ dt '@Vt = 276(w — Q), (B.21)

—00

/ dt' DY = ons(W + Q). (B.22)
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Substituting back into Eq (B.17), we have

(Z(W)E(W)) = / Tl Q) [ / Tt ei(‘”ﬂ)t] [ / T ar ei@’mﬁ’} :

— o0 2w v — 00 —00
- / h S (@)2m5(w — Q)2ri( + ) (B.23)
= Sp(w)27m8 (W + w). (B.24)

We see that, while different time points can be correlated with one another
in complicated ways, the covariance of frequency components has a much
simpler structure: Z(w) is correlated only with Z(—w).

This covariance structure, which couples positive and negative frequency
components, makes sense when we realize that we are using a complex rep-
resentation for real variables. To make a real variable x(t), the Fourier
transform must obey

I(—w) = 2" (w), (B.25)

so positive and negative frequency components are not independent—in fact
they are redundant. We could instead think about the real and imaginary
parts of the positive frequency components, which can be written as

Prew) = g [H(w) +#(~w)] (B.26)
Fn(w) = o [B(w) ~ H(-w)]. (B.27)

(Fre(w)Tre(@)) = <1 [3() + 3(—w)] 5 [5/) + 3] > (B.28)

= E@E)) + E@)H-w)

HE-w)EW)) + (F(-w)E(~eN](B.29)
= Sxiw)%r[d(w + ') + 6w — )

6wt W)+ 6(—w—u).  (B.30)

Because we are looking only at positive frequencies, w+w’ can never be zero,
and hence the first and last delta functions can be dropped. The remaining
two are actually the same, so we have

(F e (@) Re (o) = %Sx ()26 (w — o). (B.31)
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Similar calculations show that the imaginary parts of Z(w) have the same
variance,

- ~ _ _ 1
(Z1m (W) Z1m (W) = (TRe(w)TRe(W)) = in(w)Zﬂé(w -, (B.32)
while real and imaginary parts are uncorrelated,

(TRe(w)Tmm (W) = 0. (B.33)

Problem 50: The other phase. Derive Eq’s (B.32) and (B.33).

What does all this mean? We think of the random function of time x(t)
as being built out of frequency components, and each component has a real
and imaginary part. The structure of the covariance matrix is such that
different frequency components do not covary, and this makes sense—if we
have covariation of different frequency components then we can beat them
against each other to make a clock running at the difference frequency, and
this would violate time translation invariance. Similarly, the fact that real
and imaginary components do not covary means that there is no preferred
phase, which again is consistent with (indeed, required by) time translation
invariance.

We should be able to put these results on the covariance matrix together
to describe the distribution functional for a Gaussian function of time. Since
the real and imaginary parts are independent, let’s start with just the real
parts. We should have

Pl{Fne(@)}] x exp {_; /0 00‘217: /0 h C;‘”;@RQ(W)A(CU,M)@RQ(W/) |
(B.34)

where A is the inverse of the covariance,

if:A(w’ W) (R (@) ERe (")) = 278(w — ). (B.35)
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We can find A by substituting the explicit expression for the covariance and
doing the integrals:

216 (w — ") = C;C;/A(w,w’)(i:Re(w')jRe(w”»
dwl / 1 / / "
= ﬁA(w,w )ng(w )27 (w' — W) (B.36)
= L Aww)S) (B.31)
= A(w W) = Sx(lw)‘m(” _ W), (B.38)

Substituting back into Eq (B.34) for the probability distribution, we have
1 [*d © dw’
Pl{ipe(w)}] x exp [_2 /0 % /D ;T@RGW)A(W,W/)@RG(J)} ,

— ox __1/Oodw/ood“’/~ ()4”5<w_w//)~ (W)
- &P L 2 0 2 0 2T TRelW S;L-(w//) TRelW
(B.39)

— exp :_ /0 h ‘;‘;%&)] | (B.40)

Exactly the same argument applies to the imaginary parts of the Fourier
components, and these are independent of the real parts, so we have

Ple(t)] = Pl{Zre(w), Zm(w)}] (B.41)
Y O NOREMC)
x exp[ /0 o 5@ } (B.42)

N

Lo [ /0 > CQL: Igic(i)dﬂ (B.43)

Ce[ALEE e

where we have introduced the normalization constant Z.
It’s useful to look at the example illustrated in Fig B.1. Here we have
Cx(7) = exp(—|7|/7¢), so the power spectrum is

Se(w) = / dr etiwreITl/e (B.45)
_0 . oo ]
= / dTe(J”“’H/TC)T—i—/ dr el Fw=1/me)r (B.46)
—00 0
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1 1
= - + - B.47
(+iw+1/7) —(+iw—1/7) ( )
Tc Tc
— B.48
1—|—in¢+ 1 —iwT, ( )
27,
= — B.49
1+ (wre)? ( )

This means that the probability distribution functional has the form

Pla(t)] = —exp {_1 /°° dw:i(w)P]

7z 2 J_o 21 Sz(w)
— e [_41%/_00 ;l(:[l—{—(w7'0)2]]:i(w)\2]. (B.50)

We recall that

/OO W W) = /dth(t). (B.51)

oo 2m

More subtly,

| genpaep = 2 [ i (B.52)

—00 27 oo 2T
dz(t)]?
2
= dt B.53

where we recognize —iw(w) as the Fourier transform of dz(t)/dt. Thus we
can write

Pl = o |- [ 5o+ @nla)r]

oo 2T

— e [_4% / dt (Tfsz;?(t)m?(t))] (B.54)

This shows explicitly, as promised above, that inverting the covariance ma-
trix gives rise to differential operators. This example also is nice because it
produces a probability distribution functional for trajectories x(t) that re-
minds us of a (Euclidean) path integral in quantum mechanics, in this case
for the harmonic oscillator.

Let’s push a little further and see if we can evaluate the normalization
constant Z. By definition, we have

7= / Dar exp [—417 / dt (r232(t) + 22(1)) | (B.55)



245

where [ Dz denotes an integral over all the functions z(¢). We have the
general result for an N dimensional Gaussian integral,

1 - (2m)N

N _L.T ;. _ lem)
/d xexp[ 5% Ax] Qo A (B.56)
= 4/ (27)Nexp [—;Tr In fl} ) (B.57)

where A is a matrix. Here we need to let the number of dimensions be-
come infinite, since we are integrating over functions. As you may recall
from discussions of the path integral in quantum mechanics, there is some
arbitrariness about how we do this, or, more formally, in how we define the
measure Dz. A fairly standard choice is to absorb the v/27, so that, in the
time window 0 < t < T,

T/dt

Dx = lim dx(tn)’
dt—0 g 21

Notice that before we send dt — 0, we have an integral over a finite number
of points, so we should be able to carry over the results we know, and just
interpret the limits correctly.

The Gaussian functional integrals that we want to do have the general

form /Dx exp {_;/dt/dt'x(t)f((t,t'):n(t')] :

where K is an operator. Carrying over what we know from the case of finite
matrices [Eq (B.57)], we have

ty =mn-dt. (B.58)

/ Da exp [—; / dt / dt’x(t)li’(t,t’):c(t')} — exp [—;Trlnf(] (B.59)

Our only problem is to say what we mean by Tr In K. Since K is an operator,
we can ask for its spectrum, that is the eigenvalues and eigenfunctions. This
means that we need to solve the equations

/ ' At K (t, ), (t) = Ayu,(t), (B.60)
0

where we are careful here to note that we are working in window 0 < ¢ < T.
In the basis formed by the eigenfucntions, of course K is diagonal. As
with matrices, when an operator is diagonal we can take the log element
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by element, and then computing the trace requires us to sum over these
diagonal elements; recall that traces and determinants are invariance, se we
can use this convenient basis and not worry abotu generality. Thus,

TrinK =) InA, (B.61)
7

How does this work for our case? First, we need to identify the operator
K. In the exponential of P[x(t)] we have

Jofs 0]

To get this into a more standard form we need to integrate by parts,

/dt [Tz (dazlit)>2 N 2170”"2“)] _ /dtx(t) {—T;j; + 217] 2(2).

(B.62)

We now see that our integral for Z in Eq (B.55) can we written

7 = /Dxexp[—;/dt( 2<>+x(>)]7
= / Dz exp [— / dt’ / dta(t (t)} (B.63)

K@, t) = 6t —t) [—+} . (B.64)

This is a linear operator, and also time translation invariant (again). So we
know that the eigenfunctions are e =™, and since we are in a finite window
of duration T we should use only those frequency components that ‘fit’ into
the window, wy = 27n/T for integer n. We have

T 2 2
d 1 - Tew 1 i
dto(t' —t) |- 68 4 2| emiwnt — (T 4 0 ) —ient’ (g5
/0 ( )[ 2dt2+27’c € 2 +27'c € » )

so that the eigenvalues are

2 2
Tew 1 1+ (wne)
A = n, - )= Tnes B.66
(n) < > 270> 27, (B.66)
Notice that these are just the inverses of the power spectrum,
1
Awy) = (B.67)

Sz(wn)
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This makes sense, of course, when we look back at Eq (B.44).
To finish the calculation, we have

(B.68)

Z = exp —%ZAM
L H
1 1
= exp _—2211:111 <Sx(%)>] (B.69)

= exp %Zlnsx(wn)

(B.70)

Finally, we need to do the sum. As the time window T becomes large, the
spacing between frequency components, Aw = 27/T, become small, and we
expect that the sum approaches an integral.! Thus, for any function of wy,

S fen) = =Y Awf(wn) (B.72)
Aw

1
- / dw () (B.73)
= T/;l“;f(w). (B.74)

At last, this gives us

Z = exp [Z / ;i:lnSx(w)] | (B.75)

Putting the pieces together, we have the probability distribution functional
for a Gaussian z(t),

Pla(t)] = exp [#g /_Z In S, (w) — ;/_Z ;l‘;‘gi‘a‘;] . (B.76)

Not every case we look at will be Gaussian, but this helps to get us started.
In the interest of posting these notes sooner rather than later, I will stop

!There is an analogous result for summing over the states of particles in a box in
quantum systems; recall that the states are labelled by their wavevector k, and in three
dimensions we have

zk: - v/% (B.71)

where V is the volume of the box.



248APPENDIX B. CORRELATIONS, POWER SPECTRA AND ALL THAT

here. We should go back and see if there are other things we need as the
course progresses.

Problem 51: Generality. We made an effort to evaluate Z in the specific case
where C, (1) = e~I"1/7 but we wrote the final result in a very general form, Eq (B.76).
Show that this slide into generality was justified.

Problem 52: Nonzero means and signal to noise ratios. We should be able to
carry everything through in the case where the mean z(t) is not zero. For example, if we
just have background noise described by some spectrum N (w), then

0 — e LT [ ey L[ e )P
Proise|z(t)] = exp [—1—2 [mlnN(w) 5 [N o N(w) | (B.77)
If there is an added signal zo(t), the distribution functional becomes
| LT [ dw [b(w) — Fo(w)P
Pagna[2(t)] = exp {+ d /_ W) - /_ gl ], (B.78)

Suppose that you observe some particular x(¢), and you have to decide whether this came
from the signal or noise distribution, that is, you have to decide whether the signal was
present; for simplicity assume that the two possibilities are equally likely a priori. As
discussed in Chapter 1, to make such decisions optimally you should use the relative
probabilities that the signal or noise could give rise to your data. In particular, consider
computing the “log likelihood ratio,”

Alz(t)] = In (71;&’“[5((3]]) (B.79)

(a.) Give a simple expression for A[z(t)]. Show that it is a linear functional of z(t).

(b.) Show that, when the z(t) are drawn at random out of either Pisignai or Phoise,
Az(t)] is a Gaussian random variable. Find the means, (Mnoise and (A)signal, and the
variances ((6)\)2>noise and ((5)\)2>signa1, in the two distributions. Hint: you should see that
((8X)%)noise = ((6X)?)signal-

(c.) Sketch the distributions Proise(A) and Piignai(A). Show that your ability to make
reliable discriminations is determined only by the signal to noise ratio,

(<)‘>Signal - <A> noise)2

SNR = (N2 , (B.80)
and that we can write
)2
SNR = / Z‘; |’;’[ . (B.81)

(d.) In rod cells, a single photon produces a current pulse with the approximate form
zo(t) = Ii(t/7)%e” 7. The power spectrum of continuous background noise is approx-
imately N (w) = A/[1 + (w7)?]?, with the same value of 7. Evaluate the peak current,
Ipeax, and total variance of the background noise, o7. A naive estimate of the signal to
noise ratio is just SN Rnaive = (Ipeak/of)z. Show that the optimal signal to noise ration,
computed from Eq (B.81), is larger. Why?




