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This paper considers the problem of testing for the presence of a continu-
ous part in a semimartingale sampled at high frequency. We provide two tests,
one where the null hypothesis is that a continuous component is present, the
other where the continuous component is absent, and the model is then driven
by a pure jump process. When applied to high frequency individual stock
data, both tests point towards the need to include a continuous component
in the model.

1. Introduction. This paper continues our development of statistical methods
designed to assess the specification of continuous-time models sampled at high fre-
quency. The basic framework, inherited from theoretical models in mathematical
finance but also common in other fields such as physics or biology, is one where
the variable of interest X, in financial examples often the log of an asset price, is
assumed to follow an [t6 semimartingale. That semimartingale is observed on some
fixed time interval [0, T at discrete regularly spaced times iA,,, with a time lag A,
which is small.

A semimartingale can be decomposed into the sum of a drift, a continuous
Brownian-driven part and a discontinuous, or jump, part. The jump part can in
turn be decomposed into a sum of “small jumps” and “big jumps.” Such a process
will always generate a finite number of big jumps, but it may give rise to either a
finite or infinite number of small jumps, corresponding to the finite and infinite jump
activity situations, respectively. In earlier work, we developed tests to determine on
the basis of the observed sampled path on [0,7] whether a jump part was present,
whether the jumps had finite or infinite activity, and in the latter situation proposed
a definition and an estimator of a “degree of jump activity” parameter.

In this paper, we tackle the last remaining question: does the semimartingale
need to have a continuous part? In other words, is the Brownian motion present at
all? From a model specification standpoint, there is a natural statistical interest in
distinguishing the two situations where a continuous part is included or not, on the
basis of an observed sample path. When there are no jumps, or finitely many jumps,
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and no Brownian motion, X reduces to a pure drift plus occasional jumps, and such
a model is fairly unrealistic in the context of most financial data series, although
it may be realistic in some other contexts. But for financial applications one can
certainly consider models that consist only of a jump component, plus perhaps a
drift, if that jump component is allowed to be infinitely active.

Many models in mathematical finance do not include jumps. But among those
that do, the framework most often adopted consists of a jump-diffusion: these models
include a drift term, a Brownian-driven continuous part, and a finite activity jump
part: see for example Merton (1976), Ball and Torous (1983) and Bates (1991).
When infinitely many jumps are included, however, there are a number of models
in the literature which dispense with the Brownian motion altogether. The log-price
process is then a purely discontinuous Lévy process with infinite activity jumps,
or more generally is driven by such a process: see for example Madan and Seneta
(1990), Eberlein and Keller (1995) and Carr and Wu (2003).

The mathematical treatment of models relying on pure jump processes is quite
different from the treatment of models where a Brownian motion is present. For
instance, risk management procedures, derivative pricing and portfolio optimization
are all significantly altered, so there is interest from the mathematical finance side
in finding out which model is more likely to have generated the data.

For all these reasons, it is of importance to construct procedures which allow to
decide whether the Brownian motion is really here, or if it can be forgone with in
favor of a pure jump process. This is the aim of this paper: we will provide two tests
allowing for a symmetric treatment of the two situations where the null hypothesis
is that the Brownian motion is present, and where the null is that the Brownian
motion is absent.

In the context of a specific parametric model, allowing for jump components
of finite or infinite activity on top of a Brownian component, Carr et al. (2002)
find that the time series of index returns are likely to be devoid of a continuous
component. An alternative but related approach to testing for the presence of a
Brownian motion component to the one we propose here is due to Tauchen and
Todorov (2009). They employ the test statistic for jumps of Ait-Sahalia and Jacod
(2009b), plot its logarithm for different values of the power argument and contrast
the behavior of the plot above two and below two in order to identify the presence
of a Brownian component. A formal test is constructed under the null hypothesis
where a continuous component is present.

The methodology both Tauchen and Todorov (2009) and we employ to design our
respective test statistics is based on tried-and-true principles that originate in our
earlier work on testing whether jumps are present (Ait-Sahalia and Jacod (2009Db)),
whether they have finite or infinite activity (Ait-Sahalia and Jacod (2008b)), and
on estimating the index of jump activity (Ait-Sahalia and Jacod (2009a)), although
of course exploited in a manner specific to the problem at hand. We compute power
variations of the increments, suitably truncated and/or sampled at different frequen-
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cies. Exploiting the different asymptotic behavior of the variations as we vary these
parameters gives us enough flexibility to accomplish our objectives. As is well known,
powers below two will emphasize the continuous component of the underlying sam-
pled process. Powers above two will conversely accentuate its jump component. The
power two puts them on an equal footing. Truncating the large increments at a suit-
ably selected cutoff level can eliminate the big jumps when needed, as was shown
by Mancini (2001). Finally, sampling at different frequencies can let us distinguish
between situations where the variations converge to a finite limit, in which case the
ratio of two variation measures constructed at different frequencies will converge
to one, from situations where the variations converge to either zero or diverge to
infinity, in which case the ratio will typically converge to a different constant. Since
these various limiting behaviors are indicative of which component of the model
dominates at a particular power, they effectively allow us to distinguish between all
manners of null and alternative hypotheses.

This said, the commonality of approach should not mask the fact that each situ-
ation is in reality mathematically quite different. By nature, certain components of
the model are turned off under particular null hypotheses. For instance, when the
null hypothesis is that no Brownian motion is present, as will be the case for our
first test here, then jumps drive the asymptotics. As a result, the driving component
of the model that matters for the asymptotic behavior of the statistic will vary with
the situation and consequently the methods employed behind the scenes to obtain
the desired asymptotics will vary accordingly.

The paper is organized as follows. Section 2 describes our model and the statistical
problem. Our testing procedure is described in Section 3, and the next two Sections 4
and 5 are devoted to a simulation study of the tests and an empirical implementation
of our tests on high frequency stock returns. Section 6 is devoted to technical results
and to the proof of the main theorems.

2. The model. The underlying process X which we observe at discrete times is
a 1-dimensional It6 semimartingale defined on some filtered space (2, F, (Ft)i>0, P),
which means that its characteristics (B, C, v) are absolutely continuous with respect
to Lebesgue measure. B is the drift, C is the quadratic variation of the continuous
martingale part, and v is the compensator of the jump measure p of X. In other
words, we have

(1) Biw) = /0 bo(w)ds, Cylw) = /0 ou(w)2ds,  v(w, dt,dz) = dt Fi(w, dz),

Here b and o are optional process, and F = F;(w, dx) is a transition measure from
Q x R4 endowed with the predictable o-field into R\{0}. More customarily, one may
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write X as
t t

(2) X =X +/ b3d8+/ osdWs
0 0

t t
—i—/o /w1{|x|<1}(u— v)(ds,dx) —i—/o /:vl{|x|>1}u(ds,dw)

where W is a standard Brownian motion. It is also possible to write the last two
terms above as integrals with respect to a Poisson measure and its compensator,
but we do not need this here. This is a standard setup and we refer the reader to
Jacod and Shiryaev (2003) for details.

We have referred above to “small jumps” and “big jumps.” In the context of (2),
they are represented respectively by the last two integrals. The size cutoff 1 adopted
here is arbitrary and could be replaced by any fixed € > 0, a change which amounts
merely to an adjustment to the drift term B;. Note that the small jumps integral
needs to be compensated by v since there are potentially an infinite number of such
small jumps. The large jump integral is always a finite sum; it may be compensated
if desired but this is not necessary. Any compensation or lack thereof is then again
absorbed by an adjustment to the drift.

We now turn to the assumptions. As usual for tests, the assumptions essentially
ensure that one can compute and then estimate a significance level under the null
hypothesis. So here, we need some structure for the jumps of X, namely that the
small jumps essentially behave like the small jumps of a stable process with some
index (5, up to a random intensity. As noted above, when no Brownian is present,
we view the realistic situation as one where there are infinitely many small jumps.
When the null is that there is a Brownian motion, we need the additional assumption
that the volatility process oy is itself an Itd6 semimartingale.

We would like to give tests with a prescribed asymptotic level, as n — oo, and
of course this is more difficult when [ increases, because then the process resembles
more and more a continuous process plus a few big jumps: the qualitative behavior
of the paths can become quite similar whether the Brownian motion is present or
not. So, unsurprisingly, we can exhibit a test with prescribed level, for the null
hypothesis where the Brownian motion is present, only when 5 < 1. The parameter
B is typically unknown (although a method for estimating /3 in this setting is given
in Ait-Sahalia and Jacod (2009a)). On the other hand, for the null hypothesis where
the Brownian motion is absent we provide a test which works under no assumption
on (.

With this context in mind, here is the first assumption which will be assumed
throughout:

Assumption 1. (i) The drift process by is locally bounded and the volatility process
ot 1s cadlag.
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(ii) There are three constants 0 < 3" < ' < 8 < 2 and a locally bounded process
L; > 1, such that the Lévy measure Fy is of the form Fy = F] + F}', where

BULA+ |27 f(t, ) <

’x|1+ﬁ

()

(3) Fl(dz) = { +a71 da,

{—zi*)s:c<0}>

{O<x§z§+)}

where a), a; , 2, z; are nonnegative predictable processes and f = f(w,t,x) is
predictable function (meaning P @ B(R)-measurable, where P is the predictable o-
field on [0,00) x §2), satisfying

1 1 - -
@) <A<l p<al<1n A= va) <L, |fho) <Ly

and where F]' is a measure which is singular with respect to F] and satisfies
6 [ el A1) F (o) < L

This assumption is identical to Assumptions 1 and 2 of Ait-Sahalia and Jacod
(2009a) (with some notational changes: (7, 3, a;",a; ) in that paper are called here
(B—pB',B8",Ba;, Ba; ), and the condition 5” < B’ is not a restriction and is put here
only for convenience).

For example, take a process solution of the stochastic differential equation

(6) dX; = bdt + o;dW; + 6;,_dY; + 6,_dY/

where § and ¢’ are cadlag adapted processes, Y is S—stable or tempered [3-stable,
and Y is any other Lévy process whose Lévy measure integrates \:L‘]BH near the origin
and has an absolutely continuous part whose density is smaller than K ]x|_(1+5') on
[—1, 1] for some K > 0 (for example a stable process with index strictly smaller than
B'). Then X will satisfy Assumption 1.

If this assumption is satisfied with 8 < 1, then almost surely the jumps have
finite variation: Y ., |AX,| < oo for all ¢ or equivalently, fgf |z|p(ds, dz) < oo.
This allows to decompose X into the sum X = X’ + X", where

t t
(7) X, = X0+/ b;ds+/ oo dWs, X! = Y AX,
0 0

s<t

and where b, = b, — [ w1yz1<1y Ft(dz) is a locally bounded process.

For clarity, we will derive the properties of both tests under the same generic
Assumption 1 even though the properties of the test for the null of a Brownian
present remain valid under weaker assumptions. When the null hypothesis to be
tested is that the Brownian motion is present, it becomes the driving process for
our test statistic and as is customary for tests or estimation problems involving
a stochastic volatility, we then need an additional regularity assumption on the o
process:
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Assumption 2. We have Assumption 1 with 8 < 1. Moreover the volatility process
oy is an Ité6 semimartingale, that is it can be written (necessarily in a unique way) as

t t
(8) Ot _00+/(J bst+A &des'i‘Nt'i‘ZAO—sl{\Aasbl}y

s<t

where N s a local martingale which is orthogonal to the Brownian motion W, and
further the compensator of the process [N, N+ oy 1{|ac,|>1} 8 of the form fg nsds.
Moreover we suppose that:

(i) the processes by and ny are locally bounded,

(i) the processes oy and b} defined above are cadlag.

3. The two tests.

3.1. The hypotheses to be tested. In a semimartingale model like (2), saying that
the Brownian motion W is absent on the interval [0, 7] does not mean that there is
no Brownian motion on the probability space (something which cannot be tested at
all, obviously) but it means that the Brownian motion does not impact the observed
process X, in the sense that the corresponding stochastic integral vanishes on this
interval, or equivalently o, = 0 for Lebesgue-almost all s in [0,77], and it would be
more appropriate to say that we are testing whether “the continuous martingale
part of X vanishes on [0,7], or not”. This is typically an w-wise property: we can
divide the set €2 into two complementary subsets

T T
9) QY = {/ olds > O} , QW = {/ olds = 0} .
0 0

Then almost surely on the set Q%OW the integral process X§ = fot osdW vanishes on
[0, T], whereas it does not vanish on the complement QQW . in what follows, we take
QTVY to represent the hypothesis that the Brownian motion is present and Q%OW to
represent the hypothesis that the Brownian motion is not present.

In connection with Assumption 1 we consider the following set representing paths
that have infinite jump activity of some index g € (0, 2):

‘ _ . ¢
(10) Q?ﬁ = {Ar > 0}, where A; = /Asds.
0

One knows that on the set Qé@ the path of X over [0, 7] has almost surely infinitely
many jumps.
We are interested in testing the following two situations:
Ho: QY  vs. Hyp:QpW
(11) noW w
Hy : Qp vs. Hyp:Qp
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As discussed above, the realistic situation supposes that infinite activity jumps are
present when under Q%OW and so we will in fact provide testing procedures for the
following two situations:
e)i4 . w 13
(12) HO . QT . VS. H1 . Q%O N QT
Hy: QW nQ¥ vs. Hy:QWnoyf.

In the second test, requiring QlTﬁ with QQW under Hp allows us to characterize pre-
cisely the properties of the statistic under this alternative (as opposed to just Q:,VY ).
But it is not necessary for the actual implementation of the test, which relies on its
behavior under the null.

Finally, we recall that testing a null hypothesis “we are in a subset g” of €,
against the alternative “we are in a subset €17, with of course 29Ny = @), amounts
to finding a critical (rejection) region C,, C 2 at stage n. The asymptotic size and
asymptotic power for this sequence (C),) of critical regions are the following numbers:

(13) a = sup (limsup, P(C,|A): AeF, AcC Qo P(A)>0)
P = inf (liminf, P(C, |A): AecF, AC O, P(A) >0).

3.2. The building blocks. Before stating the results, we introduce some notation,
to be used throughout. We observe the increments of X

(14) A'X = Xin, — X(i—1)A,;

to be distinguished from the (unobservable) jumps of the process, AX, = Xy — X,_.
In a typical application, X is a log-asset price, so A’X is the recorded log-return
over /\,, units of time.

For any given cutoff level v > 0 we count the number of increments of X with
size bigger than u, that is

[t/An]
(15) U(U,An)t: Z 1{‘A'Z(LX‘>U}.

i=1

If p > 0 we also sum the p' absolute power of the increments of X, truncated at
level u, that is

[t/An]

(16) B(p,u, An)e = > |APXP Ljjarxi<u)-
=1

B is what we call a “truncated power variation.” Note that in B we are retaining

all increments smaller than u, whereas in U we are retaining those larger than w.
We take a sequence u, of positive numbers, which will serve as our thresholds

or cutoffs for truncating the increments, and will go to 0 as the sampling frequency
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increase. There will be restrictions on the rate of convergence of this sequence,
expressed in the form

(17) Un /AP~ — 0,  up/APY — 0 for some 0 < p_ < p+ < %
This condition becomes weaker when p. increases and when p_ decreases.

In practice, when a Brownian motion is present, we will often translate values of
the cutoff level u,, is terms of a number of standard deviations of the continuous
part of the semimartingale. That is, we express values of u, in terms of a, where
Up = ap(t71 fg afds)l/ QA}L/ 2, Despite the presence of jumps, the integrated volatility
in that expression can be estimated using the small increments of the process, since

[t/An]

t
n P
(18) ) |AiX!21{|A;1X|gaAg}—>/O olds
=1

for any @ > 0 and @ € (0,1/2). We can then vary the cutoff level a,, to yield a
number of (estimated) standard deviations of the continuous part of the semimartin-
gale. This data-driven choice can help determine a range of reasonable values for the
cutoff level and provide on a path-by-path basis an equivalent, but perhaps more
intuitive, scale with which to measure the magnitude of the cutoff level u,,.

When there is no Brownian motion under the null, a different scale needs to be
used to assess the size of u,. For example, we can translate u,, into the percentage
of the sample that is greater than the cutoff level, and therefore not included in the
computation of the truncated power variations.

3.3. Testing for the presence of Brownian motion under the null. In a first case,
we set the null hypothesis to be “the Brownian motion is present”, that is QY
against the alternative Q’T“’W N QZ@

In order to construct a test, we seek a statistic with markedly different behavior
under the null and alternative. One fairly natural idea is to consider powers less than
2 since in the presence of Brownian motion they would be dominated by it, while
in its absence they would behave quite differently. Specifically, the large number
of small increments generated by a continuous component would cause a power
variation of order less than 2 to diverge to infinity. Without the Brownian motion,
however, and when p > 3, the power variation converges to 0 at exactly the same
rate for the two sampling frequencies A,, and kA,, whereas in the former case the
choice of sampling frequency will influence the magnitude of the divergence. Taking
a ratio will eliminate all unnecessary aspects of the problem and focus on the key
aspect, that of distinguishing between the presence and absence of the Brownian
motion.

Specifically, we fix a power p € (0,2) and an integer k£ > 2, and we consider the
test statistics, which depends on p and on the terminal time 1" and on the sequence
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uy, subject to (17), as follows:

B(p, Un, An)T

(19) 50 = Bl kAT

As will become clear below, taking ratios of power variations has the advantage of
making the test statistic model-free. That is, its distribution under the null hypoth-
esis can be assessed without the need for the extraneous estimation of the dynamics
of the process in (2). Obviously, these dynamics can be quite complex with poten-
tially jumps of various activity levels, stochastic volatility, jumps in volatility, etc.
So the fact that the standardized test statistic can be computed without the need
to estimate the various parts of (2) is a desirable feature. In fact, implementing the
test — that is, computing the statistic in (19) and estimating its asymptotic vari-
ance — will require nothing more than the computation of various truncated power
variations.

The first result is a law of large numbers (LLN) giving the probability limit of
the statistic S,,.

Theorem 1. Under Assumption 1 and if p € (1,2), we have

ki-p/2 on the set QTW

1 on the set Q%OWHQ?, ifp>pBVI1, p+§%,

(20) S, — {

This result shows that, since k!~?/2 > 1, for the test at hand an a priori reasonable
critical region is C,, = {S,, < ¢,}, for a sequence ¢, increasing strictly to E1-r/2: in
this case the asymptotic power is 1 in restriction to the set described in the second
alternative above, whereas the asymptotic level depends on how fast ¢, converges
to k17P/2,

For a more refined version of this test, with a prescribed level a € (0, 1), we need
a central limit theorem (CLT) associated with the convergence in (20). For this we
need some notation: letting Z and Z’ be two independent N (0, 1) variables, we set

my = E(|ZP),
(1) { m, =E(ZPIZ+VE-1Z'P),
N(p.k) = 7 (RP(L+ kymay + K272 (k — 1m2 — 2K/ )

m

In terms of known functions, we have
_ 2?/2 p+1
my = T <—2 ) ,

mip = Z(k— DPPT (42) By (-5 281 4 24 ).

(22)
=

where F3 1 is Gauss’s hypergeometric function (see e.g., Section 15.1 of Abramowitz
and Stegun (1972)).
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Then the standardized version of the CLT goes as follows (we use “) to denote
the stable convergence in law, see for example Jacod and Shiryaev (2003) for this
notion; to explain the following statement, we recall that the convergence in law
“in restriction to a subset {2y” is meaningless, but the stable convergence in law in
restriction to 2y makes sense):

Theorem 2. Suppose that Assumption 2 holds, take p € (1,2), and let the sequence
uy, satisfy (17) with p— > 2p 25 Then we have the following convergence in law:

(23) (Sp — kP2 /\/V, -y N(0,1) in restriction to QY

where

B(Qpa Un, An)T

(24) Vn = N(p7 k) (B(p Un, An)T)Q .

‘We are now ready to exhibit a critical region for testing Hy : QIW vs. Hy : Q%"W N
QZTﬁ using S,, with a prescribed asymptotic level a € (0,1). Denoting by z, the
a-quantile of N(0,1), that is P(Z > z,) = a where Z is N(0,1), we set

(25) Cn = {Sn < kP12 — 2,3/V,,}.

Theorem 3. Suppose that Assumption 2 holds. Let p € (1,2) and let the sequence
uy, satisfy (17) with

p-1 —p,<p+:p;1 (hence p > 2p).

(26) 2p—28 p

Then the asymptotic level of the critical region defined by (25) for testing the null
hypothesis “the Brownian motion is present” (that is QQW against Q%"W N sz@ ) equals
a, and the asymptotic power equals 1.

To perform the test we need to choose p and the sequence u,. In practice one
does not know (3, although it should be smaller than 1 by Assumption 2. Hence if we
are willing to assume that 3, although unknown, is not bigger than some prescribed
Bo < 1, one should choose p € (26, 2), and one may take u, = a A¥ for some o > 0
and some w € (0,1/2), and the test can be done as soon as

(27) R R

To properly separate the two hypotheses it is probably wise to choose p closer to
20y than to 2.
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Theoretical p-Limits of S,

Hy: Brownian

+ Cauchy B

Hy: Brownian
H;: Cauchy S~
Alone ~ .

+ Cauchy

Hy: Cauchy

Alone

0.0 . . . . I . . . . . . . . I . . . . I p
0.0 0.5 1.0 1.5 2.0

Fic. 1. Probability limits as a function of p of the test statistic S, with k = 2 in the case of a
Cauchy process (8 =1, Ho) and a Brownian plus Cauchy processes (Hy).

Remark 1. The first part of the consistency result (20) holds also for p € (0,1] on
QIW (with basically the same proof). The second part also holds for f < p <1 on
the set on which Xy = Xo + Y, AX; for allt < T, that is when there is no drift,
whereas when there is a drift, Sy, converges to k*P for allp € (0,1]. When0 < p < 3
the limit of Sy, is k'8 on Q”"W N QZ when p > 1, and also when p < 1 when again
there is no drift (and the proof is more involved). Figure 1 illustrates these various
limits in the case X is the sum of a Brownian martingale plus possibly a Cauchy
process (with no drift).

Remark 2. The CLT necessitates p € (1,2). However, more sophisticated techniques
would allow to prove the same result for all p € (0,2), under the additional assumption
that oy does not vanish for t € [0,T], on the set Q¥ (we still need 3 < 1, however.

Remark 3. Despite the fact that using powers less than 2 is the most natural way
to isolate the contribution of the Brownian motion to the overall increments of the
process, it is possible to design an alternative test that relies on powers greater than
2. Instead of the statistic S, above, we could use the following statistic: pick v > 1
and p’ > p > 2, and set

(28) g — B(p,a'YunaAn)TB(pvunaAn)TB(2>'7umAn)T
" B(p/, un, Ap)1 B(p, Ytn, Ap)1 B(2, un, Ap)1

Under Assumption 1, S,, converges in probability to ’yp,_p on the set QW N Qé,@, and
to AP P28 on the set QW N QlTﬁ, as soon as py < Z;L?ﬁ We also have a CLT
under Assumption 2 and if p1 < ﬁ% Under Hy, S, is model-free, just like S,
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is. So one can, in an obvious way, construct a test based on S, and which satisfies
the claims of Theorem 8, under suitable conditions on the cutoff levels u,,. However,
simulations studies suggest that the statistic S, is not as well behaved as Sy, and so
we do not pursue its study further.

3.4. Testing for the absence of Brownian motion under the null. In a second case,
we set the null hypothesis to be “the Brownian motion is absent”, that is Q%OWQQZ?.
Designing a test under this null is trickier because the model becomes a pure jump
(plus perhaps a drift) process, and we are aiming for a test that remains model-free
even for this model. That is, we are looking for a statistic whose limiting behavior
under the null, despite being driven by what is now a pure jump process, does not
depend on the characteristics of the pure jump process, such as its degree of activity
B, since those characteristics are a priori unknown.

This can be achieved as follows. We choose a real v > 1 and a sequence u,
satisfying (17) and define the test statistic

" B(27 Un, An)T U(Vuny An)T '

To understand the construction of this test statistic, recall that in a power variation
of order 2 the contributions from the Brownian and jump components are of the same
order. But once the power variation is properly truncated, the Brownian motion will
dominate it if it is present. And the truncation can be chosen to be sufficiently loose
that it retains essentially all the increments of the Brownian motion at cutoff level
u, and a fortiori vyu,, thereby making the ratio of the two truncated quadratic
variations converge to 1 under the alternative hypothesis. On the other hand, if the
Brownian motion is not present, then the nature of the tail of jump distributions
is such that the difference in cutoff levels between u,, and ~yu, remains material no
matter how far we go in the tail, and the limit of that same ratio will reflect it: it
will now be 42~# under assumptions made specific in the formal theorems below.
Since absence of a Brownian motion is now the null hypothesis, the issue is then
that this limit depends on the unknown f.

Canceling out that dependence is the role devoted to the ratio of the number
of large increments, the U's; in (29). The U’s are always dominated by the jump
components of the model whether the Brownian motion is present or not. Their
inclusion in the statistic is merely to ensure that the statistic is model-free, by
effectively canceling out the dependence on the jump characteristics that emerges
from the ratio of the truncated quadratic variations. Indeed, the limit of the ratio
of the U’s is 4% under both the null and alternative hypotheses. As a result, the
probability limit of S/, will be 42 under the null, independent of 3.

Our first result states this precisely, establishing the limiting behavior of the
statistic in terms of convergence in probability:
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Theorem 4. Let the sequence u,, satisfy (17), and suppose that Assumption 1 holds.
Then
2 noW i
on the set 2 N
(30) s E)7 Lo
AP on the set Q¥ N Q7.
For a test with a prescribed level we need a standardized CLT.

Theorem 5. Suppose that Assumption 1 holds with " < % and ' < g, and (17)
holds with p+ < ﬁ A % A % Then we have

31 S — A2 v W) N(0,1 in restriction to QW 0 Q¥
n n T T
where V! is given by the following formula:

o B4 un, Ap)r 1
(

! __
Yo =\ B @, A)r)? T U, A

n

(32) (1-25) (Boaise * s )

Hence a critical region for testing Hy: Q%"W N sz? vs. Hy: QTVY N Qfﬁ is

(33) Cy = {8, <7* = 2V/Vi}-

Theorem 6. Suppose that Assumption 1 holds with 3" < % and ' < g, and (17)
holds with py < ﬁ A % A % Then the asymptotic level of the critical region C),
defined by (33) for testing the null hypothesis “the Brownian motion is absent ” (that
18 Q%OW N fo against QYW N Qg@) equals a, and the asymptotic power equals 1.

If we take again u,, = a A7, the test can be performed if a > 0 and

1 2 2-4
(34) O<w<2+ﬁA5BA 35
(always smaller than 1/2). This requirement is constraining, because [ is unknown,
and may typically be close to 2 if we believe in the null hypothesis. Therefore in
practice we must assume that 8 does not exceed a given Sy € [1,2). This means that
this limiting index By is given a priori, and we do the test under the Assumption 1
with 28" < 8 < By and 8 < 5=, with @ subject to the (feasible) condition

748
2—fo
350

These facts are not really surprising: first, by (30) we know that the statistic S,
properly separates the two hypotheses only when [ is not too close to 2. And,
second, when 3 becomes very close to 2, the paths of X has big jumps but also the
compensated sum of small jumps looks more and more like a Brownian path, even
on the set Q%OW.

(35) 0 <w <
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Behavior of S, Under the Null Hypothesis
Hp: Brownian + Cauchy

Theoretical Behavior of S, Monte-Carlo Behavior of S,

Sn Sn

2.0 2.0
L]
o
1.5 1.5 °
o
.
o
o

1.0 1.0
0.5 0.5
0.0 L P 0.0 L P

0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 2.0

FiGc. 2. Theoretical and Monte Carlo behavior of S, as a function of the power p under the null
hypothesis where a Brownian motion is present, in addition to a pure jump (Cauchy) process.

Remark 4. It is possible to design an alternative statistic with similar properties
but makes no use of the U’s. Instead of the statistic S, in (29), we could use the
following statistic: pick~vy > 1, kK > 1 and p > 2, and set

(36) g’ _ B(Q,Un,An)T B(p7 ’VYUmAn)T
" B(277un7An)T B(p, /iunaAn)T'

Under Assumption 1, ?; converges in probability to v*~2 on the set Q%OW N Qé@, and
to vP=B on the set QYW N Qw, as soon as p4 < %. The ratio of p™ power variations
plays a similar role to that of the U's, namely to cancel out the dependence of the
p—lim ofg,; on B under the null. The fized scaling factor k allows us to use different
cutoff levels for the two powers p and 2 without affecting the probability limit of the

—/

statistic. We also have a CLT if p4 < % Under Hy, S,, is model-free, just like S],

is, and so a test follows. But as was the case for the statistic S,, proposed in (28),
simulations studies suggest that S; 18 not as well behaved as S,,.

Remark 5. In Theorems 2 and 8 the rate of convergence is hidden because of the
standardization, but it is 1//AA,, clearly optimal since there are 1 + [T /A,] obser-
vation altogether. In Theorems 5 and 6 the rate is 1/u§/2, which is again “optimal”
when we only use the increments bigger than wu, (more precisely, if we were able to
observe exactly all jumps of X with size bigger than w,, this rate would be the optimal
one, up to alog(1l/uy) term). However for those theorems we also have to choose wuy,:
the smallest uy, is, compared to Ay, the biggest the actual rate is, but we are limited
in this choice by the upper bound on py. For example if we take u, = AT, and due

to (35), the best rate is “almost” 1/A£(2750)/650.

4. Simulation results. We now report simulation results documenting the fi-
nite sample performance of the test statistics S, and S),. We calibrate the values to
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Behavior of S, Under the Alternative Hypothesis
H;: Cauchy Alone, No Brownian

Theoretical Behavior of S, Monte-Carlo Behavior of S,

Sn Sn

2.0 2.0
o
1.5 1.5
L]
L]
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1.0 1.0 o . .
0.5 0.5
0.0 L P 0.0 L P

0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 2.0

Fic. 3. Theoretical and Monte Carlo behavior of S, as a function of the power p under the
alternative hypothesis where a Brownian is absent.

Distribution of S, Under the Null and Alternative Hypotheses
Non-Standardized

density density
10 10 F
p =0.5 p=1.5
8 8-
6 61
Hy: Hy: Hy: Hy:
4+ Cauchy Brownian 4+ Cauchy Brownian
Alone + Cauchy Alone + Cauchy
2 2
I I I I Sn I L I I
0.5 1.0 1.5 2.0 0.5 1.0 1.5 2.0

Fic. 4. Non-standardized distribution of S, under the null and alternative hypotheses for two
values of p.

be realistic for a liquid stock trading on the NYSE, and we consider an observation
length of T'= 21 days (one month) sampled every five seconds.

We conduct simulations to determine the small sample behavior of the two sta-
tistics Sy, and S/, under their respective null and alternative hypotheses. The tables
and graphs that follow report the results of 5,000 simulations. The data generat-
ing process is the stochastic volatility model dX; = o:dW}; + 0dY;, with oy = vtl / 2,
dvy = £(n — vy)dt + ¢vy2dBy + dJy, BldW,dBy) = pdt, nV/2 = 0.25, ¢ = 0.5, & = 5,
p = —0.5, J is a compound Poisson jump process with jumps that are uniformly
distributed on [—30%, 30%)] and X¢ = 1. The jump process Y is a S—stable process
with g = 1, that is a Cauchy process (which has infinite activity, and will be our
model under QT, this is a borderline case for the statistics 5,, under the null, nev-
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Distribution of S, Under the Null Hypothesis

Standardized
density density
0.4 0.4
0.3 0.3
0.2 0.2+
0.1r 0.1r
. S, . .
-4 4 -4 4

Fic. 5. Standardized distribution of S, under the null hypothesis of a Brownian motion present
for two wvalues of p. The histogram represents the small sample distribution while the solid curve
is the asymptotic N'(0,1) density.

ertheless we will see that this statistics behaves well). Given 7, the scale parameter
0 (or equivalently A) of the stable process in simulations is calibrated to deliver
different various values of the tail probability P = P(|AY;| > 4n*/ 2AY 2). In the var-
ious simulations’ design, we hold 7 fixed. Therefore the tail probability parameter
P controls the relative scale of the jump component of the semimartingale relative
to its continuous counterpart. We set 6 such that neither of the two components of
the model, o:dW; and 0Y%, is negligible compared to the other when the hypothesis
states that they should be both be present. We achieve this by computing the ex-
pected percentage of the total quadratic variation attributable to jumps on a given
path from the model, and set it to values that range from 5% and 95%.

4.1. The first test. The statistic 5, is implemented with & = 2 and values of p
that range from 0 to 2 (recall Remark 2). Figure 2 compares the theoretical and
Monte Carlo behavior of S, as a function of the power p under the null hypothesis
where a Brownian motion is present, in addition to a Cauchy pure jump process.
Figure 3 shows the corresponding results under the alternative hypothesis, where
there is no Brownian motion. The theoretical curves are computed from the expected
values of the truncated power variations using the exact density of the increments
at the sampling interval A,, = 5 seconds, rather than their asymptotic limits for
A,, — 0. This introduces a slight Jensen’s inequality effect in the figure but appears
to capture well the small sample behavior of the statistic.

Recall that for concreteness « is expressed as a number of standard deviations of
the Brownian part of X: that is, the level of truncation u,, is expressed in terms of the
number « of standard deviations of the continuous martingale part of the process,

defined in multiples of the long-term volatility parameter 171/ 2: a is defined by u, =

Sn
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Degree of Test Theoretical Sample rejection rate (%) for power p

Truncation « Level 025 0.5 075 1.0 125 1.5 1.75
6 10% 91 94 94 92 91 93 89

5% 4.6 4.7 48 47 45 43 4.1

7 10% 9.7 97 98 98 99 102 938

5% 50 50 51 50 49 47 44

8 10% 9.7 99 99 100 99 101 99

5% 50 51 51 51 49 48 45

Table 1

Testing Ho : Q¥ wvs. H; : Q3" N Q’f Monte Carlo Rejection Rate for the Test for the
Presence of a Brownian Motion Using the Statistic S, .

ant/ 2A711/ 2. Our view of the joint choice of (w, @) is that they are not independent
parameters in finite sample: they are different parameters for asymptotic purposes
but in finite samples the only relevant quantity is the actual resulting cutoff size
uy. This is why we are reporting the values of the cutoffs u, in the form of the «
that would correspond to w = 1/2. This has the advantage of providing an easily
interpretable size of the cutoff compared to the size of the increments that would be
expected from the Brownian component of the process: we can then think in terms
of truncating at a level that corresponds to a = 4, 6, etc., standard deviations of
the continuous part of the model. Since the ultimate purpose of the truncation is
either to eliminate or conserve that part, it provides an immediate and intuitively
clear reference point. Of course, given u,, and this «, it is possible to back this into
the value of the a corresponding to any w, for that given sample size, including
the value(s) of w that satisfy the required inequalities imposed by the asymptotic
results. This approach would lose its effectiveness if we were primarily interested in
testing the validity of the asymptotic approximation as the sample size varies, but for
applications, by definition on a finite sample, it seems to us that the interpretative
advantage outweighs this disadvantage.

The statistic in the plots is computed with a truncation level corresponding to
o = 7. Table 1 looks at the dependence of the results on the choice of a.

Next, we report in Figure 4 histograms of the values of the unstandardized S,
computed under Hy : QZW and Hj : Q%"W N Q;%B, respectively, and with the same
level of truncation o = 7. The vertical lines represent the anticipated limits of the
statistic in the two situations, k'~?/2 under Hy and either 1 when p > 8 or k1~#/8
when 0 < p < 8 under Hi, based on Theorem 1 and Remark 1. Since here g = 1,
the two graphs with p = 0.5 and p = 1.5 illustrate the two situations where p < 3
and p > .
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Behavior of S, Under the Null Hypothesis
Hy: Cauchy Alone, No Brownian

Theoretical Behavior of S, Monte-Carlo Behavior of S,
S’ S’
6 6r
5 5
4 4 . . . . . .
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Fi1G. 6. Theoretical and Monte Carlo behavior of S, as a function of the truncation level o under
the null hypothesis where a Brownian motion is absent. The model is a pure jump (Cauchy) process.

Behavior of S, Under the Alternative Hypothesis
H;: Brownian + Cauchy

Theoretical Behavior of S, Monte-Carlo Behavior of S,
Sy’ s,
6 6
5F 5[
4 4
3f 3

o 3 . ° . .

2f 2
1f 1
0 L 0 a
3 4 5 6 7 8 9 10 3 4 5 6 7 8 9 10

Fi1G. 7. Theoretical and Monte Carlo behavior of S, as a function of the truncation level o under
the alternative hypothesis where a Brownian motion is present, in addition to a pure jump (Cauchy)
process.

Figure 5 reports the Monte Carlo distribution of the statistic .S, standardized
according to Theorem 2, compared to the limiting A(0,1) distribution. Table 1
reports the Monte Carlo rejection rates of the test of Hy : QTW vs. Hy : Q%"W N QlTﬁ
at the 10% and 5% level, using the test statistic S,,, for various levels of truncation a.
We find that the test behaves well, with empirical test levels close to their theoretical
counterparts.

4.2. The second test. We now turn to the second problem, that of testing Hy :
Q%OW N Qfﬁ vs. Hy : QTVY N Qg@ For this test, S], is implemented with a second
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Distribution of S, Under the Null and Alternative Hypotheses
density

4+ a =6

H,: Brownian H,: Cauchy
+ Cauchy Alone

1 2 3 4 5 6

F1G. 8. Non-standardized distribution of S., under the null and alternative hypotheses.

Distribution of S, Under the Null Hypothesis

Standardized
density density
0.4}
0.4}
0.3}
0.3}
0.2r 0.2}
0.1r 0.1F
Sn’ . .
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Fi1G. 9. Standardized distribution of S., under the null hypothesis of a Brownian motion absent
for two values of the truncation level. The histogram represents the small sample distribution while
the solid curve is the asymptotic N'(0,1) density.

truncation level twice as large as the first, that is v = 2. The simulation evidence
suggests that the results are largely similar for values of v within a range of 1.5 to
2.5. Parameter values are identical to those employed for the first test. Since there
is no Brownian motion under the null, the truncation level u,, is set in terms of the
percentage of observations that are excluded by the truncation. For comparison with
the truncation levels employed in the first test, we report it here again in terms of «,
a number of standard deviations for the Brownian motion using the same parameter
values as under the first test’s null, or this test’s alternative hypothesis.
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Test Theoretical Sample rejection rate (%)
Level for truncation level «
4 ) 6 7 8

10% 9.0 9.2 91 9.0 9.2
5% 40 42 4.1 42 4.2
Table 2

Testing Hy : Q"' N Q’TB vs. Ho : Q% : Monte Carlo Rejection Rate for the Test for the
Absence of a Brownian Motion Using the Statistic S,,.

Under the null, the model is driven exclusively by the Cauchy process. Figure 6
shows the limiting value of S/, under Hy, as a function of the truncation level «,
comparing the theoretical limit of 2 = 4 given in Theorem 4 (left graph) and the
corresponding average value of S/, from the Monte Carlo simulations (right graph).
Figure 7 shows the corresponding values under the alternative hypothesis, where the
increments of X are now generated by a Brownian motion plus a Cauchy process.
The theoretical limit on the left graph is computed from the expected values under
the exact distribution of the increments at the sampling frequency A, rather than
the p—lim 72~% = 2 obtained in the limit where A,, — 0, with the same remark
about Jensen’s inequality applying here. We note that for small truncation levels
(a = 4) the interaction of the Brownian and the stable processes is material, driving
the actual limit above 2. If desired, small sample corrections for this interaction
can be implemented along the same lines as in Section 5 of Ait-Sahalia and Jacod
(2009a).

The test statistic in simulations under the alternative appears to be slightly biased
upwards. Quite naturally, this effect worsens as the pure jump process gets closer
to a Brownian motion (for instance if 5 = 1.5 instead of 0.5 or 1), and/or when the
scale parameter 0 of the jump process increases since that makes isolating the effect
of the Brownian motion component of the model relatively more difficult.
Generally speaking, S), is, under its alternative, more finicky than S, is under
either its null or alternative. The reason for this is that S/ requires under H; a
Goldilocks-like conjunction of factors whereby the Brownian motion component of
the model is sufficiently large to drive the behavior of the ratio of truncated quadratic
variations, while the jump component of the model cannot be so small as to render
inaccurate the ratio of the number of increments larger than the truncation level.

Figure 8 reports the Monte Carlo distributions of S/, under Hy and Hi; the vertical
lines represent the theoretical limits. Under Hp, we note again that S/, is slightly
biased upwards. Fortunately, this bias is limited to H; so it does not adversely affect
the implementation of the test per se, which is based on the behavior of S], under
Hy. But it can affect the interpretation of the results of the test implemented on
real data, since, as we will see below, we will find empirical values of S/, below 4.
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Statistic S,: INTC 2006 Transactions, Various Frequencies
ES

Additive Noise Limit

60 Hy: Small
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Fic. 10. Empirical estimates of Sy at various values of p and sampling frequencies from all Intel
transactions during 2006.

Figure 9 reports the Monte Carlo and asymptotic distribution of the statistic S,
standardized under Hy as prescribed by Theorem 5.

As said above, the histograms are computed using 7" = 21 days (one month)
sampled every five seconds. With this length of the series, the empirical distribution
of the statistic is very well approximated by its asymptotic A(0, 1) limit. Shorter
time periods (such as T' = 1 day) tend to result in right-skewness of the Monte Carlo
distribution of S/,. We do not view the need for a longer series as a serious obstacle
to the empirical implementation of the test since one would not typically expect the
Brownian motion component of the model to be turned on or off on a daily basis:
one would expect the market to operate in such a way that the Brownian component
is either there all the time or not there at all. But if an answer is nevertheless desired
on a day-by-day basis, then the first test can always be implemented, as it requires
substantially shorter time spans.

Finally, the test’s rejection rate under the null hypothesis is reported in Table 2.
Since the test is one-sided (we reject Hy when the standardized S), is too low), the
right-skewness of the statistic visible in Figure 9 results in a slight under-rejection
by the test.

5. Empirical results. In this Section, we apply the two test statistics to real
data, consisting of all transactions recorded during the year 2006 on two of the
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Statistic S,: MSFT 2006 Transactions, Various Frequencies
ES

Additive Noise Limit
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Fic. 11. Empirical estimates of Sy, at various values of p and sampling frequencies from all
Microsoft transactions during 2006.

most actively traded stocks, Intel (INTC) and Microsoft (MSFT). The data source
is the TAQ database. Using the correction variables in the dataset, we retain only
transactions that are labeled “good trades” by the exchanges: regular trades that
were not corrected, changed, or signified as cancelled or in error; and original trades
which were later corrected, in which case the trade record contains the corrected
data for the trade. Beyond that, no further adjustment to the raw data are made.

We first consider the test where the null hypothesis consists of a continuous com-
ponent being present. Figures 10 and 11 show the values of the test statistic 5,
plotted for a range of values of the power p, for the two data series. The empirical
values of S, are labeled on the plots with numbers representing the sampling in-
terval employed, in seconds, with values ranging from A, = 5 seconds to A,, = 30
minutes. In addition to the empirical estimates, the figures display the two limits
of S,, under the null where a Brownian is present and the alternative hypothesis
where it is absent. The theoretical limits correspond to those given in Figures 2 and
3, except that the theoretical limit under H; (no Brownian present) is plotted for
a value of 8 = 1.6, in line with the estimates of S given in Ait-Sahalia and Jacod
(2009a) for these data series. Quite naturally, the closer [ is to 2, the closer the
jump component can mimic the behavior of a Brownian motion and the harder it
becomes to tell the two hypotheses apart. The limit under Hy is independent of (.
Also on the figures are the two limits corresponding to the situation where market
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microstructure noise dominates. We include the two polar cases where the noise is
either of a pure additive form or of a pure rounding form.

When the observations are blurred with either an additive white noise or with
noise due to rounding, the respective limit are then 2 and /2. Indeed, suppose
that instead of observing the exact value of X we have on top of it an additive
white noise, that is we observe X;a, + Z; (at stage n, where the Z;’s are i.i.d.,
and independent of the process X). If we suppose that Z; has a density which
is continuous and non vanishing at 0, then the noise is the leading factor in the
behavior of B(p, un, Ay)r as soon as p/(2(p+1)) > p4, recall (17). In this case, the
variables (A, / uflﬂ) B(p, un, Ap)7 converge in probability to 7'C), for some constant
Cp, and thus S, converges in probability to the sampling frequency ratio k, which
is 2 here. When the noise is pure rounding at some level a,,, then again it is the
leading factor and \/A,, a,ll_p B(p, un, Ay)r converges in probability to some positive
limiting variable, as soon as ay,/u, — 0 and a%An — 00. Thus 5, converges in
probability to vk (when o, > u, we have B(p,u,,A,)r = 0 and then S, is not
even well defined; however here, the truncation level u,, used in practice is quite
bigger than the rounding level of 1 cent).

The values of a are similar to those employed in simulations, and indexed in
terms of standard deviations of the continuous martingale part of the log-price: we
first estimate the volatility of the continuous part of X using the small increments,
those of order A%L/ 2, and then use that estimate to form the cutoff level used in the
construction of the test statistic. To account for potential time series variation in
the volatility process oy, that procedure is implemented separately for each day and
we compute the sum, for that day, of the absolute value of the increments that are
smaller than the cutoff, to the appropriate power p. For the full year, we then add
the truncated power variations computed for each day.

The results in both Figures 10 and 11 tell a similar story. First, the empirical
estimates are always on the side away from the limit under Hi, indicating that the
null hypothesis of a Brownian motion present will not be rejected. Second, as the
sampling frequency decreases, the empirical values get closer to the theoretical limit
under Hy. For very high sampling frequencies, the results are consistent with some
mixture of the noise driving the asymptotics. They then slowly settle down towards
the limit corresponding to a null hypothesis of a Brownian present as the sampling
frequency decreases, and the noise presumably becomes less of a factor.

Next, we turn to the results of the second test on the same data series in Figures
12 and 13. The test statistic S), is implemented with v = 2, with data sampled
every A, = 5 seconds. The empirical estimates are represented by a star, with the
vertical dashes representing a 95% confidence interval. Also represented on the plots
are the limits corresponding to Hyp (no Brownian) and H; (Brownian present). The
theoretical limits correspond to those given in Figures 6 and 7, except that the
theoretical limit under H; is plotted for a value of 8 = 1.5 for the same reason
as above. We find that the empirical estimates tend to be lower than the value
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Statistic S,": INTC 2006 Transactions
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Fi1G. 12. Empirical estimates of S;, for various truncation levels o from all Intel transactions
during 2006.

Statistic S,": MSFT 2006 Transactions
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Fi1G. 13. Empirical estimates of Sy, for various truncation levels o from all Microsoft transactions
during 2006.

specified by Hy, which leads to a rejection of the null hypothesis of no Brownian
motion. The estimates are however generally higher than their expected value under
Hy, consistent with the upward bias identified in simulations, the bias being more
pronounced when [ gets closer to 2.
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To summarize, the answer from both tests appears consistent with the presence
of a continuous component in the data: using S,, we do not reject the null of a
Brownian motion present, while using S/, we reject the null of its absence.

6. Technical results. By a standard localization procedure, we can replace the
local boundedness hypotheses in our assumptions by a boundedness assumption, and
also assume that the process X itself, and thus the jump process A Xy, are bounded
as well. That is, for all results which need Assumption 1 we may assume further
that, for some constant C' > 0,

(37) |be], |oe|, Lt, |AXy| < C, hence also Fy([-C,C]°) = 0.

When we need Assumption 2 we may assume the above, together with

(38) ’E&L ne, |o¢l, /!x\Ft(d:L‘) <C.

We call these the reinforced Assumptions 1 or 2, and they are assumed in all the
sequel instead of the mere Assumptions 1 or 2, according to the case.

Recall that if 5 < 1, we have (7) with b} bounded as well. Otherwise the decom-
position (7) is no longer valid, but under the reinforced Assumption 1 we can always
write

t t
(39) Y] = X0+/ b;’ds+/ oo dW,, Y = X,—Y],
0 0

where b = by + [21g>1} Fi(dz) defines a bounded process, and Y is a purely
discontinuous martingale.

Also, K below denotes a constant which may change from line to line and may
depend on C' above.

The key to all results is clearly the behavior of the processes B(p,u,,A,) and
U(un, Ay). For establishing this behavior, it is convenient to introduce a few auxil-
iary processes, for u > 0 an arbitrary cut-off level and Y an arbitrary process:

B(Y,p, Ay = L ArY P
(40) Dp,uw)e = 2sct [AXsIP 1ax, <u)
D'(u)e = X<t Lyax.su}-
6.1. Central limit theorems for the auxiliary processes. This subsection is devoted
to recalling or proving some limit theorems for B'(X,p, A,) and for the auxiliary

processes introduced in (40). First, we recall from Theorem 2.4 of Jacod (2008) that
under Assumption 1 (and even much more generally),

O<p<2 = A}L_me’(X,p,An)t BN A(p): = mpfot\as\pds
(41) p > 2, X continuous = AL B'(X,p, An)t x, A(p):

(un) satisfies (17) = B(2,upn, An)t £, A(2),
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(the last property is proved when u,, = aA¥ with a > 0 and w € (0,1/2), but the
proof works as well when (17) holds).

Lemma 1. Suppose that X is continuous, and lett > 0 andp > 1 and k > 2. Under
Assumption 2 the two-dimensional variables

(42) (Aiip/%B/(vav An)t - A(p)t7 A117,7p/2B/(X7p7 kAn)t - kp/z*lA(p)f)

1
VAg
stably converge in law to a limit which is defined on an extension of (2, F, (Ft)t>0, P)
and which, conditionally on F, is a centered Gaussian variable with variance-
covariance matrix given by

(43 1 (( (map —m2)AQ2p)r  (myp — kP/?m %>A<2P>T>,

map mkyp—k;p/Q HA@2p)r kP H(map — m2)A(2p)r

(The same would hold if p € (0,1], under the additional assumption that o is
bounded away from 0).

Proof. We can assume the reinforced Assumption 2. The result will follow from
Theorem 7.1 of Jacod (2007). The assumption (H) in that paper is slightly more
restrictive than the reinforced Assumption 2, but a close look at the proof yields
that this theorem still holds in the present situation.

We apply the quoted Theorem 7.1 to the two dimensional function on R* whose
components are |z1|P 4 --- + |zx? and |z + --- 4 z[P. This function is C' with
derivatives having polynomial growth. With the notation of that paper, the variable
(42) with the non-truncated variations is equal to Z,, + R,,, where

1
VA

and R, is a remainder term with second component equal to 0, and with first
component

1 [t
(44) Zn = (Anv/(fv k, An)t - % A p?f(f)ds)

[t/An]
(45) AYFPENT L ARXPP
:k[t/kAnH*l

By (37) we have E(|A?X|P) < K N ®_ hence, since there are at most k summands

in the definition of R,, we deduce that R, £, 0. On the other hand, the afore-
mentioned result yields that Z,, converges stably in law to a limiting variable, which
is exactly as described in the statement of the lemma. O

Lemma 2. Lett > 0, and suppose Assumption 1 and p > 5 and u, — 0. Then

(46) ’8 pD(p,un)t L i At, ugD/(un)t L Zt.

B
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Moreover, if ' < /2 the four-dimensional variables

ug;/(un pD(pvunt_ )
Z

)

(47)

stably converge in law to a limit which is defined on an extension of (2, F, (Ft)t>0, P)
and which, conditionally on F, is a centered Gaussian variable with variance-
covariance matriz AC, where C is the 4 X 4 matriz

B ByFP

2p—p 2p—p 0 0

BAPTP B BA=APTR)

(48) G, = | mF B 5o
0 L2 g g
0 0 1 B

Proof. Assumption 1 here implies Assumption 6 of Ait-Sahalia and Jacod (2008a),
with the same 3 and A;, and with ' there substituted with any number in (5, 3)
here. Then all statements concerning D(p,u,); are in Proposition 5 of that paper.
However, we must redo the proof to obtain the joint convergence for the processes
D(p,u,) and D' (uy,).
Let D(p, u) and D’( ) be the predictable compensators of D(p,u) and D'(u), and
M(u) = uf~ p(D(p u) — D(p,u)) and M’(u) = u?(D'(u) — D'(u)). Observe that
u) = fo —u,u|%)ds and ‘Ft ,0]¢) — v*BAt‘ < KLw™"? by Assumption 1.
Therefore exactly as in the aforementloned paper (and (C.23) and (C.24) in it), we
see that if ¢ > 3,

B<B = ul " Digun) — 22, wlD'(u) — A
(49) B/ < B 1 _1_
2 ul uB/2

n

un D’ (un)y — Ay| — 0

up qD(Q7un)t -

B
The processes M (u) and M’'(u) are martingales, and if u < v the brackets are
given by the following formulas:

(M(u), M(v)) = (uw)*PD(2p,u),  (M'(u),M'(v)) = (w)’D'(v)
(M(u), M'(v)) = 0,  (M'(u),M(v)) = u*v*?(D(p,v) - D(p,u))
This, applied with (u,v) equal to (un,uy) or (un, Yu,) or (Yu,, Yu,), and combined
with the first part of (49), yield that the bracket matrix at time ¢ of the 4-dimensional
continuous martingale M= = gﬁﬂp (M (up), M (yup), M (uy,), M'(yuy,)) converges

to 4; C in probability, where C' is given by ES) Then as in Proposition 5 of Ait-
Sahalia and Jacod (2008a) one deduces that M ? converges stably in law to the limit
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described in the statement of the leﬂma. It remains to deduce from the second part
of (49) that the difference between M, and the variable defined by (47) goes to 0 in
probability. [l

6.2. The behavior of B(p, un, Ap)7r. In this subsection we establish the behavior
of B(p,un,A,) for the relevant values of p and for the cases not covered by (41).
This is done in several lemmas.

Lemma 3. Under Assumption 1, and if u, satisfies (17), we have

(50) B(4,upn, Ap)y —— 0.

Proof. We first observe that B(4,v,A,)r converges in probability to G(v)r =
> s<T |AX|* Lf|ax,|<v} for any fixed v > 0 such that P(3s < T': [AX| = v) = 0.
Hence there is a sequence v, — 0 such that B(4, v, A,)r converges in probability
to G(vp)r. On the one hand B(4, up, Ap)r < B(4,vm, Ap)r as soon as u, < vp,.
On the other hand we have G(vp,)r — 0 as m — oo. Then the result follows. (|

Lemma 4. Assume (17) and the reinforced Assumption 1, and let p > 0. If either
p <2, orp>2 with p_ > 5119):_36’ we have

(51) Arlz_p/2 B(p> unvAn)t L A(p)t

Proof. We consider the decomposition (39). In view of (41), it is enough to prove
that under the conditions of the lemma we have

(52) AL (B(p,un, An)e = B'(Y',p, A)) = 0.
The left side above is An 7 /2 ZEZIA"] ¢', where

G o= [ATY + ATYTIP L arx e,y — 1ATYIP

3

With k =1 when p > 1 and k = 0 otherwise, we have the following inequalities, for
all m,q > O:

AFY] > % = (¢l < KJAPY' [P ful
APX| > 2uy, [APY'] < % = [7] < |APYPIATY | fum

AZX] < 2un, [AFY] < % = (G| < K (IAPY"] Auy )P
+ k| ARY'[PTLH|APY| A un))

(53)

where we have used the inequality ||z + y[P — |z|P| < K(|y[P +|z[P~!|y|) when p > 1
and ||z + y[P — |z|P| < |y[P when p < 1. In view of (37), we have the estimates:

(54) E(APY"?) < KA, q>0 = E(AMY'|Y) < K,AL?
re(8,2] = E((ATY"|Au,)?) < KApu™
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(the first estimate is obvious and the second one follows from Burkholder-Davis-
Gundy inequality; the third one follows from (6.25) of Jacod (2007) applied to the
process Y and with a,, = u,,/v/A,, which goes to co by (17), and with r as above).
Then, using Holder’s inequality and (|z| A un)? < ub 2(|z] A up)? when p > 2, we
deduce from (53) applied with ¢ = m = 1 and from w,, < K that

ALPPE(CP) < A
KA, <¢+A PR g, ) if p> 2.

We have A2 [tn — 0 by (17) hence £ (Al #/2 Z[t/An] ’Cﬂ) — 0, assoon as p < 2,
(8,2], we deduce the result. O

orp>2and p_ > 2(p7T).

Lemma 5. Let p € (0,2], and assume the reinforced Assumption 1 with 5 < 1 and
(17) with further p— > 2;’:55 when p > 1. Then, with X' given by (7), we have

(55) AY2P2 (B(p, un, M) — B'(X,p, An)i) — 0.

Proof. The proof of this lemma is similar to that of the previous one. The left hand
side of (55) is AYEP2 th/f”] ", where

b= ATX + ATXTP L ganx<u,) — [ATXP
Then (53) holds with (X’, X”) instead of (Y, Y"), whereas (54) is replaced by

o) {EOARX) < KAa g>0 = B(ARX) < KA,
re(B,1) = E(APX"|Au,) < K. Apul™

(we now use (6.26) of Jacod (2007) applied with a, = u,/v/A, and r as above).
Hence, using (53) for the pair (X', X"), plus the fact that (|z] A u,)? < ub " (|z| A

up)™ for 0 < m < p and Holder’s inequality, we deduce that for all ¢ > 0 and
€ (0,1) and r € (,1), and with k as in the previous proof,

Aq/271/2 Am71/2
AYEPPR(G) < Ky | S+ S AV kAT

n un

< K Ap (AR + AD + AV 4+ AN,

where v1 = ¢(3 — p4) — 3 and vy = m(1 — p1r) — 1 and vy = lTp + (p—7r)p— and
vu=m—14+p_(1-— mr) Since p+ < 1/2 we have v1 > 0 for ¢ large enough. When
rlﬁanmel, we have vy — vh = (1 — py3) — & andv3—>v3— 2+ (p— B)p-
and vy — vy = (1 — B)p—, and (55) will follow from v > 0 for j = 2,3 and also for
j =4 when p > 1. We have v, > 0 because fp; < 2 Whenp < 1 we have v > 0.
When p = 1 then v > 0 if p_ > 0, and when p > 1 we have v§ > 0 and v} > 0 as
soon as p_ > Z;:L;ﬁ' So (55) is proved. O
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The previous lemma essentially gives the behavior of B(p, u,, A,) when the lead-
ing term is due to the continuous martingale part of X. When this part vanishes,
we have another type of behavior, which we describe now.

Lemma 6. Let p > 1, and assume the reinforced Assumption 1.
(i) If p > B and (17) holds with p4 < pp%l we have

(57) PP (B(p, tn, Ap)i — D(p, un)i) P, 0 on the set Qpew,
7 p>2an olds with p+ < =+, and 1 < , we have
i) If p > 2 and (17) holds with 54, and if B < B/2, we h

(58) ub/> P (B(p, tin, An)i — D(p,un)i) — 0 on the set QW

Proof. Since the variables B(p, un, Ay,); are the same on the set Q2°" when they
are computed on the basis of X or on the basis of the process X; — fg o5 dWs, it is
no restriction to assume that os = 0 identically.

The proof is based on the result of Ait-Sahalia and Jacod (2008a), when oy = 0
identically. We have Assumption 7 of that paper with H = f and a = 1 — '/ and
thus ¢'(x) = 27" We can then apply Lemmas 8 of that paper with the version
of n(p)n given at the end of Lemma 7 (because X¢ = 0 here), to obtain that for
p>1\/ﬁandifp+<pT?1 and for any r € (O L—%),

? 3p4
(59) E(‘B(p, umAn)t _D(paun)t‘) < Krtug_ﬁ n(p)m
where
5 =1 —B(1+71), 29=-"2—B(2+3r),
NP = Z(Un)xja r 8 p+5 ,
j=1 373:7“(1—5), x4:pp++5_17 5135:,3—6.

Clearly, (57) follows from (59), as soon as we can choose r € (0, 3 p2 i —2) such
that x; > 0 for all j = 1,--- ,5: this is obvious when 8 < p and p; < pp

As for (58), it will also follow from (59) if we can choose r as above, such that
xj > /2 for all 5 = 1,---,5. This property holds for x5 because ' < /2 is
assumed, and for x4 because p; < 1/2. For j = 1,2, 3, and since x; and x5 do not
depend on p and 3 increases with p, it is enough to consider the case p = 2. Then if

we let r decrease Strictly to 26 5, We see that xg > [3/2, whereas 1 and x5 increase

28 (4+6)

to i —55 and to respectlvely, and these quantltles are strictly bigger

than 8/2 if py is strlctly smaller than < 36 f;) and 5(10 JﬁB) Now, recall that one
should also have 5% <r< ﬁ 3, which is possible if and only if py < M%)

All these conditions on py are ensured if py < 366 . |
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6.3. The behavior of U(un,A,). The behavior of U(up,A;,) has been exhib-
ited in Ait-Sahalia and Jacod (2009a), including a central limit theorem. How-
ever, here we need a joint CLT, at least on the set Q%"W N sz, for the pair
(U(un, Ap)1, B(2,un,Ay)), and even for this pair jointly with the similar pair with
the truncation levels ~u,. For this we will use Lemma 2, and we thus need to
show that the difference U (uy,, Ay) — D’ (uy,) is negligible, after a suitable normaliza-
tion. To this effect, we use the contorted way of using the afore-mentioned CLT for
U (un, Ap)T, but knowing this result it seems the shortest route towards the desired
joint CLT.

Lemma 7. Assume the reinforced Assumption 1.
(i) Under (17) we have

(60) WU, An)y —— Ay

(ii) If moreover 3" < % and ' < g and (17) holds with p4 < ﬁ A %, then

(61) Wb (U (un, An)i — D' (un);) —— 0.

Proof. In Ait-Sahalia and Jacod (2009a) the truncation level was set as u,, = aA%.
However, it is obvious that is works with any truncation level u,, subject to (17),
with the conditions on w replaced by exactly the same conditions on p;. With this
in view, (i) follows from Proposition 1 of that paper. The proof of (ii) is much more
involved, and broken into several steps.

Step 1) We write U (up, Ap)e— D' (uy,); as HSl)?jLH(Z)f — H(3)}, where H(3)} =
D' (un)s — D' (tn) /) and H(j)F = S0 C()f for j = 1,2, with

C)F = LiarDr(u)=0,]a7X[>un}s C(2)7 = Lianprun)>1, |ArX|>un} — A7 D (un).-

In this step we prove

(62) WSrEEr oo
The left side above is nonnegative, with expectation E (15’ (un)e — D' (Uun)Ant/ An]>>

which is smaller than KAn/ug/Hﬁ/ (see the proof of Lemma 2). Since p4(5/2+0") <
3p+6/2 < 1 we deduce (62).
Step 2) Let us assume for a moment that we have

(63) Sraee oo

In Proposition 2 of Ait-Sahalia and Jacod (2009a), and upon replacing aA%
by uy, it is proved that under our assumptions on ', 5" and p,, the sequence

Zp = Un B2 (ug U(tn, Ap)t — Zt) converges in law to a limiting variable W; which

is centered. On the other hand, Lemma 2 yields that Z/, = u, & <ug D' (up) — Zt>
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converges in law to a limiting variable W; which is also centered (and indeed has
the same law as Wy).

Up to taking a subsequence, assume that the pair (Z,, Z]) converges in law to a
pair (Z, Z') of variables which are centered, whereas Z,,— Z!, = u/? (HL)P+H(2)p).
In view of (63) it follows that WP H (1)} converges in law to Z — Z'. Therefore, since
by construction H (1)} > 0 we must have Z—2’ > 0. Since Z—Z" is centered, we must
have Z' = Z a.s. In other words, for any subsequence of (Z,, Z!,) which converges
in law, the limit is a.s. 0, and by a subsequence principle it follows that the original
sequence Z, — Z/ goes to 0 in law, hence in probability: this obviously implies (61).

At this stage, we are left to prove (63) which will be implied by the following:

(64) E(u” K@) < Aava

for a sequence v, — 0.
We recall the property (B.12) of Ait-Sahalia and Jacod (2008a): denoting by
T, Ry, - the successive jump times of D'(u,) occurring after (i —1)A,, (with

any fixed i), we have P(R} <iA,) < K3 AL ;7% This implies
P(A}D' (up) >2) < KAZu,”, E <A?D’(un) Lian D,(UW)ZQ}) < KAZu,?.

Since p+ < 2/(33) we have A,/ w32 _, 0. Therefore, for proving (64) it remains to
show that

(65) uPP(ATD (uy) = 1, [ATX| <up) < Ay vy
Set

X"(un)t = ZAXS 1{|AXS|>U77,}’ X’(’Lbn) = X—X"(un)

s<t

We have the estimate (B.15) of Ait-Sahalia and Jacod (2008a) again, with H =
and ¢'(z) = 27" Thus, since on the set {A?D’(u,) = 1} the process X" (u,) is
piecewise constant and with a single jump on the interval {(i —1)A,,iA,]}, and the
size of this jump is bigger than u,, we deduce

(66) P (AMD (uy) =1, |APX" ()] < un(1+w,)) < KA, <u;5 W + u;f’)

for any choice of the sequence w,, decreasing to 0.
Finally we use the estimate (61) of Ait-Sahalia and Jacod (2009a) to obtain for
all ¢ > 2:

A2 A
(67) P(A}D (un) = 1, |AT X (un)]| > upwy)) < K—"= + Kg——-
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Of course the left side of (65) is smaller than u?/? times the sum of the left sides
of (66) and (67). Therefore it remains to prove that we can choose the sequence w;,
and ¢ > 2 in such a way that y,,(j) — 0 for j = 1,2, 3,4, where

. Wy, A, AY/21
yn(l) = UB/Q p ) yn(2) = T35 yn(3) = 2379 yn(4) = T35/ .-
" uﬁ/Q u%ﬁmw% ul 5/210%

We have y,,(1) — 0 by hypothesis. Upon taking w,, = u] for some r, this amounts
to showing that one can find r > 0 and ¢ > 2 such that r > g and i —2r > %
and ¢ — 2 > (q(2r + 2) — 8)p+. The last condition is satisfied for ¢ large enough as
soon as 2(r + 1)p4+ < 1. Then it is easy to see that the choice of r is possible if and

onlyifp+<ﬁA%. |

6.4. Central limit theorems for B(p, un, Ay) and U(u,, A,). The previous results
allow to derive joint CLTs for the processes B(p, un, A,) and U(uy,, Ay,), as required
for Theorems 2 and 5. For the first of these two theorems, we use the following
proposition which follows from Lemmas 1 and 5:

Proposition 1. Letp € (1,2] and t > 0 and k > 2. Under Assumption 2 and (17)
with p— > ( 1) the two-dimensional variables

1
VA,
stably converge in law to a limit which is defined on an extension of (Q, F, (Ft)t>0, P)

and which, conditionally on F, is a centered Gaussian variable with variance-
covariance matrix given by (43).

(A}L—pﬂB(p, Un, Ap )t — A(p)t, A}z_p/QB(p, Un, kAR ) — kp/2_1A(p)t)

For the second theorem, we use the following consequence of Lemmas 2, 6 and 7:

Proposition 2. Lett > 0 and v > 1, and suppose Assumption 1.
(i) If up, — 0 we have

(68) ul U(tin, An); —— Ay,
(i1) If p > 5 and (17) holds with p4 < %1, we have
(69)  uBP B(p,un, Ay N % A, in restriction to the set QoW
(iit) If further p" < 2+5 and ' < , and if (17) holds with p4 < 2+B A 25 A %,

the four-dimensional variables

uﬁlﬂ (ugfp B(p, un, Ap)t — %Zt>
Lz () B(p, yun, B — 7257
uglm (uﬁ U(tn, An)t — Zt)

7 ((yun)’ Uy, An)r — A)
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stably converge in law, in restriction to the set QW to a limit which is defined
on an extension of (2, F, (Ft)i>0, P) and which, conditionally on F, is a centered
Gaussian variable with variance-covariance matriz A;C, with C' given by (48).

6.5. Proof of the theorems. It remains to prove the main theorems, for which we
can assume the reinforced assumptions if necessary, without restriction.

First, the consistency results (20) and (30) are obvious consequences of (51), (69)
and (68), plus the facts that A7 > 0 on Qlf and A(p)r > 0 on Q.

Second, in order to prove Theorem 2 we use Proposition 1 which, upon using the
“delta method”, shows that under the stated assumptions the variables \/;A_n (Sn —
ke/ 2=1) converge stably in law, in restriction to QTW , to a variable which conditionally
on F is centered Gaussian with variance

V. = N(p,k)

With V,, is given by (24), we have ALn vV, 5V by (51), and the result readily
follows.
In the same way, Proposition 2 yields that BL/Q (S! —~?) converges stably in law,
Unp,

in restriction to Q%OW N Qg@, to a variable which conditionally on F is centered
Gaussian with variance
B(2 - B)?

4
vio= L (2T 0) ) (1448 — 24872,
AT<4—6 +>(+7 ol

If V! is given by (32), then uiﬁ v £, V" in restriction to Qrew n sz’? by (69) and
(68). This finishes the proof of Theorem 5.

Finally, for both Theorems 3 and 6, the claims concerning the asymptotic level of
the tests are trivial consequences of the two central limit theorems 2 and 5. It remains

to prove that the asymptotic power is 1 in both cases. By virtue of (20) and (30),
this will follow from the next two properties, under the appropriate assumptions:

(70) Va 2, 0 on the set Q%OWQQ?
v 2, 0 on the set QTWHQ;?

The first of these properties follows from (69), and the second one follows from (41),
(50) and (68).
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