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Abstract

We propose a model designed to capture the dynamics of asset returns, with periods of crises
that are characterized by contagion from one market to another. In the model, a jump in one
region of the world increases the intensity of jumps both in the same region (self-excitation) as
well as in other regions (cross-excitation), generating episodes of highly clustered jumps across
world markets that mimic the features of the real data. We develop and implement estimation
and testing procedures for this model, and show that the model fits the data well. The estimates
provide evidence of self-excitation both in the US and the other world markets, and of asymmetric
cross-excitation, with the US market having more influence on the jump intensity of other markets

than the reverse.
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1. Introduction

Large drops in asset markets are very unlikely to occur under standard Brownian-driven statistical
models, at least with volatility variables calibrated to realistic values. Even more unlikely would be
crashes that happen in not just one, but multiple markets around the world at nearly the same time.
And, even more unlikely would be further large price moves that happen in close succession over
the following days, like earthquake aftershocks. Yet, despite the predictions of standard models,
recurring crises happen every decade or so.

Of course, jump processes can be employed to capture the large moves in asset markets that
continuous models are unable to generate by themselves. But the interplay between the various jump
terms across markets and over time is complex, and standard jump specifications appear unable to
replicate those patterns. In fact, what characterizes a crisis is typically not the initial jump, but
the amplification that takes place subsequently over hours or days, and the fact that other markets
become affected as well. Figures 1 and 2 illustrate two recent examples of such patterns, which
took place in February 2007 and October 2008, respectively. Figure 1 describes the aftermath of a
sharp decline that originated in the Chinese stock market. Even though this drop was perhaps not
the only information that caused the European and US markets to fall,! its effect was felt in other
markets in the form of a major downfall repeated over days that by far exceeded the typical market
reaction to macroeconomic news releases. In another example, Figure 2 shows what happened on
and in the few days that followed October 3, 2008, when the prospects of a $700 billion bailout of
the US financial sector were assessed in markets around the world. In a typical jump model with
arrival rates calibrated to historical data, where jumps are inherently rare, occurring perhaps once
a year on average, observing such patterns of multiple jumps in close succession over hours or days
and across different markets would be very unlikely.

More generally, when observed over a longer time period, as in Figure 3, where we plot all the
large daily returns in six world regions’ stock markets over the last thirty years, it is apparent that
large moves tend to appear in clusters, both in time (horizontally) and in space (vertically, across
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markets).” Both effects have been documented separately in different literatures: jump clusters over

! There were some concomitant macroeconomic news on durable goods in the US, as well as an announcement by
Freddie Mac of tightened lending standards and suspension of purchases of the riskiest subprime mortgages.

2Jump clustering in time is a strong effect in the data. For example, from mid-September to mid-November 2008,
the US stock market jumped by more than 5% on eight separate days. In the post-World War II era, jumps of
magnitude greater than 5% of either sign have only happened on sixteen other days. And intra-day fluctuations were
even more pronounced: during the same two months, the range of intraday returns exceeded 10% during fourteen
days. Cross-sectionally, the example in Figure 1 is one of the few cases in which the US stock market is affected by a
non-US stock market jump. Usually, stock markets around the world appear to take their cues from the US market.
A more typical situation is therefore that illustrated in Figure 2 where US news and market events lead successive
market moves elsewhere around the world. As becomes apparent from inspection of the figures, the shocks do not



time have generally been identified in the financial econometrics literature,® while clusters in space
have been the focus of the contagion literature in international finance.?

Our objective in this paper is to model this type of financial propagation. For this, we need
to leave the widely applied class of Lévy jumps, such as the compound Poisson process, which is
the usual class of driving processes employed in the literature. Lévy processes have independent
increments: as a result, they do not allow for any type of serial dependence, whence propagation
of jumps over time as well as propagation of jumps across markets are key components we wish
to capture. So we employ a different model, based on mutually exciting jump processes, known as
Hawkes processes. In a Hawkes process, a jump in one market raises the probability of future jumps
both in the same market and elsewhere, thereby generating returns that look just like Figures 1 and
2. Jumps in asset returns “self-excite” both in space (the other markets) and in time (the future
trading sessions in each market).?

In order for the asset returns process to be stationary, we make the jump intensities, which
increase with each jump, mean revert until the next jump. Since the jumps’ intensities rise in
response to the jumps themselves, a feedback element is introduced. Combined with mean-reversion,
this aspect of the model plays the same role for jumps as ARCH does for volatility (see Engle (1982)).
Namely, the ARCH model introduces feedback from returns to volatility and back: large returns lead
to large volatilities which then make it more likely to observe large returns. In the absence of further
excitation, volatility then reverts to its steady state level. Here, similarly, jumps lead to larger
jump intensities, which then make it more likely to observe further jumps. In the absence of further
excitation, jump intensities then revert to their steady state level.

The paper makes two contributions. First, compared to the existing use of Hawkes processes as

pure jump processes, we propose a model consisting of a mutually exciting jump component added

occur simultaneously, especially when viewed at intradaily frequencies. It takes some time for the transmission, if at
all, to take place. Differences in time zones and trading hours require careful consideration; our treatment of the data
is discussed later in the paper.

’In a univariate time series setting, Maheu and McCurdy (2004), Yu (2004) and Lee and Mykland (2008) provide
evidence for jump clustering.

*See Ehrmann, Fratzscher, and Rigobon (2010) and the review of Dungey and Gonzalez-Hermosillo (2005).

SHawkes processes were originally proposed as mathematical models to represent the transmission of contagious
diseases in epidemiology. They have also found applications in neurophysiology and in the modeling of earthquake
occurrences (see, e.g., Brillinger (1988) and Ogata and Akaike (1982)), and in genome analysis (see Reynaud-Bouret
and Schbath (2010)). In market microstructure, Bowsher (2007) employs them to jointly model transaction times and
price changes at high frequency. Salmon and Tham (2007) study how trading activity at one maturity of the yield
curve affects and is affected by trading at other maturities. Self-exciting models have recently been employed to model
joint defaults in portfolios of credit derivatives (see Errais, Giesecke, and Goldberg (2010).) Hawkes processes have
also been proposed in the literature on social interactions to model the “viral propagation” of some phenomena, such
as the viewing of YouTube videos (see Crane and Sornette (2008)), and to model the occurrence of certain types of
crime, such as burglaries, which are empirically highly clustered in time and space (see Mohler, Short, Brantingham,
Schoenberg, and Tita (2011).)



to a continuous Brownian component with stochastic volatility, as well as a drift term, which we
refer to as a Hawkes jump-diffusion model by analogy with the Poissonian jump-diffusion model
familiar to financial economists since Merton (1976). By contrast, in the pure jump Hawkes models
that have been previously employed, sample paths are piecewise constant, which is appropriate to
model point events such as financial default or earthquake occurrences, but not for asset prices: we
also need a Brownian component, or alternatively, an infinite activity jump component to capture
non-crisis periods. Second, we develop and implement estimation and testing procedures for this
model, which are new in the context of Hawkes processes. The estimation procedure is based on the
generalized method of moments (GMM). The technical difficulty involves integrating out the latent
state variables (stochastic volatilities and intensities) of the model when computing the moment
functions, or estimating equations, which we will provide in closed-form.

We estimate the model using international stock index returns for six world regions. The empirical
analysis indicates that both the US market as well as other markets strongly self-excite over time.
Cross-sectionally, we find evidence of asymmetry: estimates from the model imply that US jumps tend
to get reflected quickly in most other markets, while statistical evidence for the reverse transmission
is much less pronounced. We further show that a model based on Poissonian (hence non-mutually
exciting, non-contagion) jumps is empirically rejected against the mutually exciting model based on
Hawkes jumps, which allows for contagion.

The rest of this paper is organized as follows: In Section 2, we present the model of asset returns,
and discuss some of its properties. In Section 3, we develop our estimation procedure. Section 4
contains the empirical analysis, where we show that the model fits the data well and test the model

against alternatives including a Poissonian jump-diffusion model. Conclusions are in Section 5.

2. Asset Return Dynamics

2.1 Jump Dynamics: Mutually Exciting Processes

Hawkes (1971b) (see also Hawkes (1971a), Hawkes and Oakes (1974) and Oakes (1975)) intro-
duced mutually exciting processes, which are special cases of path-dependent point processes. The
intensities of a multivariate mutually exciting process depend on the paths of the point process;
hence, the jump intensities are themselves stochastic processes and will be part of the state vector.
The couple consisting of the jump process and its intensity remains a Markov process. The jump
intensities ramp up in response to jumps in one of the marginal point processes. We consider m
point processes N;¢, @ = 1,...,m, one for each of the m regions of the world.

Similar to the familiar Poisson process, the Hawkes process is defined by its intensity process ;¢



which describes the F;—conditional mean jump rate per unit of time, namely

P[Nitsa — Nig = 0[F] =1 — X\t A +o(A)
P[Nitya — Nig = 1F] = Mt A+ 0o(A) (2.1)
P[Nityn — Nig > 1|5 = o(A)

but instead of being constant the jump intensities follow the dynamics

mo e
>\i,t = )\Z’OO+Z/ gi,j (t—S) de7S, 7= 1,‘..,m. (22)
=177
In other words, each previous jump dNjs, s € (—oo,t), j =1,...,m, raises the jump intensities \; ;.

Taken jointly, (N, A) is a Markov process. The distribution of the jump processes N, ; is determined
by that of the intensities A;,. Each compensated process IV;; — ffoo Aisds is a local martingale.
Hawkes processes are related to, but different from, doubly stochastic Poisson (or Cox) processes.
In a doubly stochastic Poisson process, the jump intensities are also stationary stochastic processes
but the conditioning o-algebra in (2.1) is {N; (s < t) : A s(—00 < s < 00)}, i.e., the path of \;; is
not affected by the path of Ni,t.G

We assume that in (2.2) the constant parameters \; oo > 0 for all¢ = 1,...,m, that the real-valued
functions g; j(u) > 0 for all w > 0 and for all ¢, j = 1,...,m. Notice that \; «, g;,; being non-negative
for all 4,5 = 1,...,m ensures the non-negativity of the intensity processes with probability one. Let
Ao denote the m x 1 vector with components \; o and I' := fooo G,du the m x m matrix where
G, is the matrix with elements g; j(u)’s. Let A\; := E[\;¢] denote the unconditional expected jump

intensity, and A the m x 1 vector with components \;. Since from (2.1), E[dN; s] = \ids, we see that

A = m+ZA/ gij (t— 5)ds = m+z</0°°gi,j(u)du>xj, (2.3)

— =1

or in vector form A = A, +T'- A. Therefore A = (I — F)_l Ao, where I is the identity matrix, and

we assume that all the elements of A are positive and finite. This ensures stationarity of the model.

6 Alternative models exist with state-dependent jump intensities, generating time-variation in the arrival rate of
jumps; see, e.g., Bates (2000), Pan (2002), Eraker (2004) and Johannes (2004). In these models, jump intensities
depend on contemporaneous other variables, often the asset’s volatility, but not on the past jumps of the price process:
they are therefore different from the feedback element that is our focus.



2.2 Full Dynamics: Mutually Exciting Jump-Diffusion

The mutually exciting jump process constitutes only part of our model of asset returns. We

assume that asset log-returns follow the semimartingale dynamics
dX@t = p;dt + O‘idW@t + Zi,thi,t, 1=1,...,m, (2.4)

which consists of a drift term, a volatility term, and mutually exciting jumps.

Wi = [Wig,.. .,Wmt]' is an m-dimensional vector of standard Brownian motions with con-
stant correlation coefficients p;j, i,j = 1,....m, Z; := [Z14,...,Zmy]’ is the vector of jump sizes,
cross-sectionally and serially independently distributed with laws Fz, supported on (—oo,00), and
N; := [Nit,...,Np )" is the vector of Hawkes processes just described. Z; may be replaced by
log (1 + Z) so that the discontinuous part in the differential of the stochastic exponential eXit
becomes ZieXivthiyt. For notational convenience we write Z; rather than log (1 + Zz> We will
leave the distribution of jump sizes essentially unrestricted, so asymmetries such as negative jumps
(crashes) being more likely than positive jumps (booms), can be built into the jump size distributions.

In the base model (2.4), the quantities p; and o; are constant parameters. In this case we assume
that X, the m x m-dimensional variance-covariance matrix of the risk coming from the continuous
part of the model, with elements 3; ; = p; j0;0;, is a non-singular matrix. We always assume that
the vector of Brownian motions W, the vector of jump sizes Z and the vector of jump processes N

are mutually independent. In an extension of the model (2.4), we allow for stochastic volatility:
dXiy = padt + /ViedW;§ + ZizdNig, (2.5)
where the instantaneous variance follows the Heston (1993) model
dVig = ki(0; — Vig)dt + nin/ViedW, (2.6)

with k;, 6;, n; constant parameters. Model (2.4) corresponds to the special case where the initial
value is V; o = 6; and 7; = 0. V;; follows a square root process and is bounded below by zero. The
boundary value zero cannot be achieved as long as Feller’s condition, 2k;6; > n?, is satisfied.

The extended model allows for correlations among the individual Brownian motions driving
equations (2.6) as well as between the individual Brownian motions driving equations (2.5) and
(2.6), thereby capturing a potential leverage effect. But in the presence of systematic jumps, the

Brownian correlation, even if it increases, will not play a major role: in times of crisis, jumps swamp



everything else.

While the estimation procedure can cover general stochastic volatility specifications, we need
to settle on a specific model with interpretable parameters to do the actual parametric estimation,
and for this purpose we assume that the volatility follows the model (2.6). Hawkes jump-diffusion
processes, as we refer to the mutually exciting jump-diffusion, will generate observed time-varying
correlations and maximal correlations around crisis times, due to the systematic jumps. Isolating
a change in the structure of the Brownian variance-covariance matrix Y becomes difficult in this
context, because linear correlation measures weigh equally all returns; as a result, they will tend to
average out any contagion that happens over a limited number of days among the comparatively
large number of days where no jumps occur. Similarly, the observed clustering of extreme returns is
generated by Hawkes jump-diffusion processes in a different manner from pure stochastic volatility
models where periods of high volatility can also lead to clusters of larger absolute returns, although

not of a magnitude and rate of occurrence compatible with what is actually observed in the data.

2.3 Mean Reversion in Jump Intensities

The tractability of the jump part of our model, and hence the possibility of estimating it, depends

on the parameterization of the intensity processes A; ;. A special case of interest occurs when
gi,j(t - S) = ,Bi’jeiai(tis), s<t, t,5=1,...,m, (2.7)

with a; > 0, 8;; > 0 for all 4,5 = 1,...,m. In this case, a jump in asset prices causes the intensities
to jump up, and then the intensity decays exponentially back: \;; jumps by 3; ; whenever a shock
in sector j occurs, and then decays back towards a level \; o at speed c;. Asset return dynamics of
equity markets that are highly interrelated may exhibit jumps that take place almost simultaneously.
This corresponds to the case in which mutual excitation is very strong (large §; ;, ¢ # j).

With this model, the I matrix is given by I' = [f; ; /] . Under exponential decay (2.7),

ij=1,..,m
each jump intensity has the mean-reverting dynamics
m
d>\i,t = Q4 ()\i,oo — >\i,t) dt + Z Bi,dej,t- (2.8)
j=1

In more general specifications, the intensity may depend not only on the amount of time elapsed
since a jump event but also on the size of past jump events.
The jump part of the model is able to generate the two features we are after: First, jump activity

is variable over time, with many (of the few) jumps typically being concentrated in short periods of



time; this is jump clustering. Second, adverse shocks propagate across the world in a contagious way,
with adverse events in one region of the world seemingly increasing the likelihood of shocks in other
regions of the world; this is jump propagation. Under exponential decay, the element-by-element

Laplace transform V3 (s) of the covariance density matrix Vi (7) is given by

Vii(s) = (I = G*(s))" (G*(s)Diag(A) + BV {a}/{a+s}) , (2.9)

with G(7) the m x m-matrix given by G(7) = [fije"*7], ._,  and G*(s) its element-by-element

Laplace transform. The indices of {a} and {a + s} correspond to the element-by-element indices of

3.

2.4 Jump Size Distribution

We will provide expressions for the moments of the process as functions of the generic moments
of the jump size Z;, which we denote M[Z, k] .= E [Zf] . In order to estimate a specific parametric
model, however, we need to parameterize these moments to reduce the dimensionality of the para-
meter space, given that the distribution of jumps of finite activity is difficult to pin down since large
jumps are by nature rare. For this purpose, we will assume that Z; is a scalar random variable with
cumulative probability distribution

pie (=7 —0 <z <0;

Fz(x) = (2.10)
pi+ (1 —pi)(1 —e 72%) 0<z< oo

where ;1,72 >0and 0 <p; <1,i=1,...,m so that

) k! p; N k(1 —p;)

E [Zﬂ = (-1
'751 '752

) k=1,2,.... (2.11)
In our empirical study below we use equity index data. As such, our analysis does not suffer from
survivorship bias. However, survivorship bias, when present (for example, when individual stock
returns are used), can be dealt with in this model. Explicitly modeling the survival and death
process involves introducing a point mass at Z; = —oo in the distribution of the jump size for

log-returns.



3. Estimation Procedure

We will develop a GMM-based estimation procedure for Hawkes-driven processes. Neither the
point processes IV;; and the intensity processes A;;, nor the stochastic volatilities V;;, 1 = 1,...,m,
are directly observable. Instead, what is observed are the log-returns X;;. It turns out that we
can derive explicit expressions for the moments of the log-returns that are implied by the model,
as a function only of the observable state variables, in effect integrating out the unobservable state
variables. We achieve this by first computing the conditional moments using the full state vector:
asset returns, stochastic volatilities and jump intensities; then conditioning down by taking expected
values over the latent state variables: volatilities and jump intensities. This results in expressions
for the moments we derive that depend only upon the observable state variables, namely the asset

returns, but involve all the parameters of the model, including those driving the latent state variables.

3.1 Explicit Expressions for the Moments: Markov Infinitesimal Generator

The key to a tractable GMM estimation procedure is the availability in closed-form of the moment
functions. Having the moment functions in closed-form means that the effort involved in minimizing
the GMM criterion function becomes as minimal and straightforward as can be, given the inherent
difficulty associated with the dimensionality of the model and the number of parameters. The

moment conditions that we will use to carry out GMM estimation of the model are:

E[AX,]

E[(AX;: —B[AXy])], r=2,...,4 51)
E[AX; :AX; —EB[AXJE[AX]],  i#)

B[AX; 1 AXj —BIAX JB[AX;]], 7>0.

As we will see, the reason for using these moment functions is two-fold. First, they are “natural” in
the sense of being easily interpretable: variance, skewness, kurtosis, autocovariances. Second, and
more importantly, each moment function plays a specific role in identifying parts of the model. This
is particularly important when estimating higher-dimensional models, since this feature means that
we can decompose a problem with many parameters into many smaller-dimensional ones, thereby
facilitating the estimation in practice.

To compute the unconditional moments, we first exploit the Markovian nature of the model to
compute the one-step ahead conditional moments using the full state vector: asset returns, stochastic
volatilities and jump intensities. Next, we take expected values, integrating out the latent state

variables: volatilities and jump intensities. Doing so, we obtain expressions that depend only upon



the observable state variables: asset returns. These expressions, however, contain all the parameters
of the model, including those related to the latent state variables.

To compute the conditional moments, we use the explicit expression of the generator of the
Markov process (2.4) or (2.5)-(2.6) driven by the processes (W, N, \). Specifically, the computation
of the moment functions reduces to the evaluations of conditional expectations of functions of the
form f(y1,y0,0) where y; and gy denote log-returns separated by some function of the sampling
interval 6. We assume that sampling is equidistant in time. We need to evaluate expressions of the
form By, y, [f(Y1,Y0,A)]. The dynamics of the system depends upon additional latent variables
which at the same instants we denote by & = (v1,11) and & = (vo, lo), respectively, where v is the
volatility and [ the jump intensity. The standard infinitesimal generator A is the operator which,
when applied to a function ¢(y1,yo,&1,&0,0) in its domain, returns the function A - g given in full

generality by

m

0 0 0
+Z x 99 Z v 99 Z ZAalfi (3.2)
1 m
+35 ZZ Tij m 722 ” 8y118111] 22121 avlzavl,j

21]1 i=1 j=1

+Zl12/ {g yl_’_zwyoavlvll—'_ﬁ’mrUOlea ) (yl y07vlallaUOal07 )}fZi(Zi)dZi7

where X is the vector of expected log-returns, p" the vector of stochastic volatility drifts, u* the
vector of jump intensity drift, ¢¥ the variance-covariance matrix of log-returns, ¥ ¥ the variance-
covariance matrix of interactions between returns and volatilities, V'V the variance-covariance matrix
of stochastic volatilities and finally 8; = [5; 1, ..., Bi.m|" the vector of excitation parameters for the

b jump term. In the case of the mean-reverting jump intensity model described in Section 2.3, we
have ,ug\ =0 (Moo — l13) -

The usefulness of the infinitesimal generator for our purpose lies in the fact that

Ethl [g(YlaY07€1)§07 A)D/OagO] = exXp (AA) . (}/07}/0)5075070)

—Z ) (Yo, Yo, €0,€0,0) + O, (A7H1), (3.3)

where subscripts in HEy, ¢, indicate the random variables that the expected value operates on, and
AJ - g is defined recursively by A7 - g = A - (A771 . g) for all j > 1. As we will see in the theorems

that follow, (3.2) and its iterates A’ - g, hence the terms in (3.3), can be evaluated in closed-form

10



for the moment functions of interest given in (3.1). While the starting moment function f(y1,yo,d)
does not depend directly upon the latent variables (£1,&p), A - f and successive iterates will, since

YY oYV oYV B3} will in general depend on the full state variables

the coefficients {u™, 1", pt, o
[X, VAl

In other words, we can obtain the conditional expectation of g, using the full state vector including
its unobservable components, Ey, ¢, [9(Y1, Yo, &1, &0, A)|Y0, o] - We then need to “condition down” by
integrating out the unobservable state variables in order to produce moment functions that can be

fitted to the log-returns data. All the expectations are taken with respect to the law of the process

at the true parameter values. From the law of iterated expectations, we have that

EY17Y07§1 ,§0 [g(Yh YUa 517 60’ A)] = EYLYOafl 60 [EYI 61 [g(Ylv YUa 517 60’ A) ’Yb’ EOH
T AJ A
= TEYO,&) [(A7 - g) (Yo, Y0, &0, £0,0)] + O, (ATFY) (3.4)
i=0 7
so the last step in the necessary calculations will involve computing unconditional expectations with

respect to the stationary law of the state variables.

3.2 The Univariate Model

For ease of exposition, we first provide the expressions of these moments in the univariate case
m = 1. In this situation, there is no cross-sectional excitation, only time-series excitation: we are
considering a model for a single asset with Heston-type stochastic volatility and jumps that self-

excite, meaning that future jump intensities depend upon the history of their own past jumps:

dXt = /J,dt + \/thWtX + thNt
dVy = k(0 — Vy)dt + n/VidW)Y (3.5)
d)\t =« ()\oo — At) dt + 5dNt

with E [dWXdW}Y] =: pVdt and X := E[\] = aAx /(o — B). Note that classical compound Poisson
process jumps are obtained when 5 =0 and A\g = As. Then A\ = Ao = A at all ¢.

For simplicity, we make the jump intensities respond only to jumps, not to their sizes or signs.
This is to preserve the autonomous nature of the couple (N, A) which facilitates the analysis of the
model. But it is possible to introduce a level effect and an asymmetry effect by replacing the term
BdN; in the third equation of (3.5) with a term ¢(Z;)dN; where ¢ is a function selected jointly
with the distribution of Z; to maintain the positivity and stationarity of A;. Such an effect could

for instance capture a larger increase in jump intensity following a large negative jump in the asset

11



price.
In the simple model, we can leave the distribution of the jump size essentially unrestricted, and
provide expressions as functions of the moments of the jump size Z;, for which we write M[Z, k] :=

E [Zf] . Our first main result gives the moment functions explicitly:

Theorem 1. For the univariate model (3.5), the moments are given in closed-form up to order A?

by the following expressions

E[AX] = (pu+ AM [Z,1])A + o(A?)

BA(2a = B)

2 A2 2
=) MIZ AP A+ o(a?)

E[(AX; —E[AXy])?] = (0+ AM [Z,2])A +

E[(AX; —E[AXy))®] =AM [Z,3] A

3 %4 (QQ_ﬂ)ﬂAM[Zal]M[Zvﬂ 2 2
+2<n9,0 + (a—3) )A + o(A%)
2
E [(AXt —E [AXt])4] =AM [Z,4 A + (3202 + 36% 4 60AM [Z, 2]
(20— B)p 2
20 PP ZAM 2] o
+ (a—p) + o(A*)
while the autocorrelation function of the process is given by
E[(AX, — E[AX])(AXirr — BIAX,,])] = BAN2a = B) —(a-p)r 1Z,1)% A% 4 o(A?)

2(a— )
for all T > 0.

Intuitively, the identification of the parameters is achieved as follows: the higher order moments
(3 and 4) isolate the jump parameters at the leading order, while the variance puts them on an equal
footing with the diffusive parameters.” The autocovariance isolates the jump parameters. Indeed, if
the model had no jump component, then from (3.5) with Z; = 0, the law of iterated expectations

implies that

E[(AX) (AXi1,)] = E[(AX) B [(AXiyr) [ Fiir]) = B[(AX,) (uA)]
— B[E[(AX,) | ] (ud)] = A2

"We use regular moments as opposed to absolute moments. The use of absolute moments —especially absolute
moments of order less than 1 (see Ait-Sahalia (2004))— may be considered in addition, especially for estimating para-
meters of the volatility process. Since we are mainly interested in the parameters of the jump process we have chosen
to consider only regular moments in the interest of simplicity and parsimony.

12



and so E[(AX; — E[AXy])(AXiyr —E[AX:i;])] = 0. Thus any autocovariance is due to the jump
component. Further, if the jump component is Poissonian, then the increments would be independent
and it is the self-excitation of the jumps that gives rise to the autocorrelation. Thus the observed
autocovariance of the increments isolates the self-exciting component of the model. As noted above,
the model reduces to a Poissonian jump-diffusion if 5 = 0. Then the model no longer generates any

autocorrelation in returns.

3.3 The Bivariate Model

We now turn to the bivariate case, m = 2. For ease of exposition, we restrict attention here to
the more tractable triangular excitation case, where 815 = 0, with state-independent volatilities, and
consider the general non-triangular case with state-dependent volatilities in the Appendix. That is,

the base model is
dX1t = prdt + o1dW} + Z1dNyy

dXot = podt + o2dWE + ZoydNoy
dA it = 01 (Moo — A1¢) dt + B11d Ny,
dAot = 0 (Aaso — A2t) dt + B21d N1y + [a2dNoy

(3.6)

with E[dWEdW2] =: pdt.

Theorem 2. For the bivariate model (3.6), the mean and variance of the log-returns are given in

closed-form up to order A? by the following expressions

E[AX1] = (p1 + M M[Z1,1])A + o(A?)
E[AXy] = (p2 + AaM[Z2,1])A + o(A?)

and

E[(AXy - BIAXU])Y] = (03 + MM([2,2)) A+ C-0ulBua a7, 1]2A2 4 o(A2)

E [(AX2 — E[AX2])?] = (03 + \oM [Z2,2])A + <2 851 (0 +(e1 —Bu) (@2—Bz2) )

(a1—B11)(a2—PB22)(a1+a2—LB11—0F22)

+ Cozoiulide) a7, 1202 + 0 (A2)

E [(AXlt —E [AXUD(AX% —E [AXQt])] = pO’lo'QA

B21 (a2+(a1—ﬂ11)(a2—ﬁ22))>\1 9 9
2(0411311)(0414-@2—311—522) M [Zl’ 1] M [ZQ’ 1] A +o (A ) :

_l’_

As expected, the variance places the contributions from the diffusive and jump components of
the model on the same level. However, the leading terms of the higher order moments isolate the

jump component:
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Theorem 3. The higher order moments of the bivariate model are given up to order A? by the

following expressions:

E[(AXy, — B[AXy])] = M M[Z;,8]A + 2EQBPudar (7, 1] M [71,2] A2 4 o(A?)

B [(AXy — B[AXx))Y] = 2 M([Z5,3]A + § (Loa-faiute

n (a2 +(a1—B11)(a2—B22) ) M52

(a1 —pP11) (a2 —P22) (a1 +az—B11—F22)

Bo1 (a2 +(as—p22)(a1—B11))A

E [(AXlt —E[AX1])*(AXoy — E [AXth = 22(10&1511;&1_7_22_1511i152)2)1
XM [Z1,2] M [Z3,1] A% + o(A?)

Bo1 (a2 +(as—p22)(a1—P11) )X

E [(AXlt —E[AX1,])(AXy — E [AXQt])Q] = 22(10511511)2(061.7_22_211332)2)1
x M [Z1,1] M [Z4,2] A% + 0o(A?)

M [Z9,1] M [Z3,2] A? + o(A2)

E [(AXy — E[AXy))*] = MM[Z1,4]A + (301 + 6M [Z1,2] Mo}

2 _ a—
S22 Ceglu b bt o 2Bt g [7,1) M [Z,3]) A% + o(A2)

E [(AXy — E[AXy))*] = MM ([Zs,4]A + (301 + 6M [Z2,2] X203
+3M [Z2,2]? (199 + Ba2da) + 4 (nay + (Ba2 — A2) Aa) M [Z2,1] M [Z3,3]) A2 + o(A2).

The other contemporaneous cross-terms that are not listed above,
B |(AXy — BIAX:]Y (AXy — B[AX])] |

of order j + k = 4, are of smaller order O(A?).
The expressions above depend upon expected values and variances of the jump intensities, which

are given by
A1,00
)\1 = E [)\1,5] 31_15’11
. _ 01821, 00 F 010222 00 —@2811 02,00
A2 i=E[Ay] = (01 —P11)(02—B22)

and ,
. _ Bi1A
=B P = M+ o 5
. 271 _ 2 B2 A2 (a§+(a2—522)a1+ﬂ11(,322—6342)))\1,3%1
M2z =B [/\Qt] B )\2 T 2(04222*522) 2(a1—pP11)(a2—P22) (a1 +az—PB11—F22)

— _ (21 —P11)B11 6212
e =B P\lt)\%] = XA + 2(041*ﬁ111)(a111+a121*,231111*522) ’

The final result provides the autocovariance function of the bivariate model:

Theorem 4. For the bivariate model (3.5), the autocovariances of the log-returns at lag 7 > 0,
Cij(1) = Bl(AXj: — BIAX; ) (AXirir — B[AX 11-])],

are given in closed-form up to order A? by the following expressions, which are driven by the mutually
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exciting component of the model:

6171(7') = e_T(al_’Bll)all 1M [Zl, 1]2 AQ + O(Az)

CLQ(T) =€ —7(a1— 511)&12 1M [Zl, ]M [ZQ, 1] A2 + O(A2)

Co1(7) = (e =Pi)ay; | + e T(02=F2) a9y o) M [Z1,1] M [Z5,1] A% + o(A?)

Ca(r) = (7™ agy ) 4 e (02 2)agy o) M [Z5, 1]2 A% + 0(A2)

where
_ (2a1—pB11)B1iM _ (201 —B11)B11821 M1
a1 = 2(a1—PB11) a12,1 = 2(a1—LF11) (a1 +az—P11—P22)

(201=P11)B11821 M1 B21(a3—(aa—PB22)*) M1

21,1 = 3(a1—Bn)(—a1+az+511—P22)’ a21,2 = (a14+az—PB11—PF22) (a1 —az—PB11+622)
(201 —B11)B11A182;

a22,1 = 2(a1*511)(a1+a2*511*ﬁ22)(*a1+a2+ﬁ11*5223
a _ (2a2—B22)B22X2 + (a%—(a2—522)2 162,
222 = " 2(az—P22) 2(ag—P22) (1 +a2—P11—P22) (a1 —az—pF11+P22)

As in the univariate case, the diffusive component of the model generates no autocorrelation.
Also, the autocorrelation structure is asymmetric, reflecting the fact that the excitation from jumps

in sector 1 to jumps in sector 2 is not the same as that from jumps in sector 2 to jumps in sector 1.

3.4 Interval-Based Moment Functions

GMM can be carried out using the instantaneous moments above, on short time intervals (daily).
However, in order to improve accuracy and reduce the number of moment conditions to be used, we

calculate in addition the unconditional interval-based moments (i,7 = 1,2;0 < 51 < s9 < s3 < S4)

f 24X, t}

(2 axie - B[ ax.])’]

_f5512 dXip [ X, — B [fssf dXi,t] B [f82 ix; “H ’ oy
: [SdX [ dX B [ Jd Xu} [ [ dx, ”

@@@@

which can be applied on time intervals of arbitrary lengths. We are also able to compute these
integrated moment conditions in closed-form.

The explicit formulae we derive for the moment conditions are contained in the Appendix. The
lengthy closed-form expressions for the integrals /7, s and I N defined in the Appendix as well
as for the derivatives of the moment conditions (needed to compute €; see (3.10) below) are not
displayed in this paper to save space. These expressions are available in computer form from the

authors upon request.
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3.5 GMM Estimation

Given the expressions for the moment functions above, we proceed to estimate the parameters
of the model using GMM. Let Y,a = Xpa — X(n-p)a, » = 1,..., N, A > 0, with NA =T,
denote the log-returns on the interval [0,7] and let § € © denote our d-dimensional parameter
vector. To estimate 6 we consider a vector of M moment conditions h(y, A, 8), M > d, continuously
differentiable in 6. Let 6y denote the true value of 6 and suppose that E[h(Y,A,A,0)] = 0. This
is the key requirement for consistency of the GMM estimator. The closed-form expressions for the
moments derived above ensure that it will be satisfied, since we will use for each component of
the vector h the difference between the corresponding sample moment of the log-returns and its
closed-form expression derived under the model.

We assume that the log-returns are stationary, which is the case for our model under the para-
meter restrictions discussed above. Let gr(y, A, ) denote the sample average of h(yna,A,0), that
is gr(y, A, 0) == & SN A(yna, A, 0). Then the GMM estimator @7 is the value of § € © that mini-
mizes the quadratic form gr(y, A, 0) Wrgr(y, A, 0), where W is an M x M positive definite weight
matrix assumed to converge in probability to a positive definite limit W. The system is exactly
identified if M = d, in which case the choice of W becomes irrelevant.

The weight matrix W can be chosen optimally in the following way: Suppose that the process
{h(Ynna, A, 0p) o2 _ is strictly stationary with mean zero and v-th autocovariance matrix I', :=
E [h(YnA, A, 00) h(Yin—va, A, 60) ] . Assuming that these autocovariances are absolutely summable
(i.e., that the sequence of partial absolute sums has a finite limit), let S := > > T',. We note that

V=—00

S is the asymptotic variance of the sample average of h(y,a, A, 6p):

S= lim N E[gp, (Y, 0)gry (Y, 6)]. (3.7)

N—o0

The optimal weight matrix is S~!. A non-negative definite estimator of S is

Sp=tor+ 30, (1= ) (For + i), (35)

with
1

~ N ~ ~
FU,T = N Zn:erl h(ynA7 A, 9) h(y(nfv)Av A, 0)/ (39)

Here 6 is an initial consistent estimate of 6y, which can be obtained by minimizing the quadratic
form with W = 1.
Under standard regularity conditions (see Hansen (1982)), v/T (6 — 6) converges in law to
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N(0, ) where
Q= AT'D'WD(D'WSWD) 'D'WD, (3.10)

and D is the gradient of E [h(Y,a,A,0)] with respect to ¢’ evaluated at 6. When Wy is chosen
optimally, W = S~1 and (3.10) reduces to Q! = A=1D'S=1D.

3.6 Finite Sample Behavior and Practical Considerations

One advantage of the proposed closed-form estimation method is that it is numerically tractable,
so that large numbers of Monte Carlo simulations can be conducted to determine the finite sample
distribution of the estimators. In a setting designed to mimic the features of the empirical data
analysis, we study the best choice of the array of autocovariances and cross-covariances to employ as
moment functions, and the corresponding degree of accuracy of the estimation method for various sets
of parameter values. We find that for daily data, the optimal array of moment conditions, striking
a balance between accuracy and computational feasibility, is to use daily means and instantaneous
(co)variances and to use daily, weekly or monthly autocovariances and cross-covariances depending on
the degree of excitation. We find that using autocovariances and cross-covariances between periods of
the same length rather than of different lengths produces the most stable results. Visual inspection
of the autocorrelograms and cross-correlograms of the data is used to determine the number of
autocovariances and cross-covariances we need to include in our GMM estimation. The Monte Carlo
results are not included in the paper to save space but are available from the authors.

It is clear from the explicit expressions of the moments above that there will be difficulty in
practice identifying the stochastic volatility parameters: there are simply too many latent processes
between V; and A¢; while those are integrated out as part of the development of the unconditional
moments, their corresponding parameters remain. So they are theoretically identified, but this
identification can be tenuous in practice. This is an unavoidable consequence of the unobservability
of those state variables. This will be especially so in the multivariate context where there are many
potential correlation coefficients: between each asset’s log-return and all the volatilities, among the
different asset log-returns and among the different volatilities. To avoid this problem, we will restrict
some of the parameters to be identical. In the bivariate case, the restrictions that oy = as and
A0 = A2 o facilitate the identification.

To disentangle diffusion from jumps we adopt a two-stage procedure: we first estimate the para-
meters {1, 2, 01,02, p} from the continuous part of our model using truncated data. The truncation
removes (most of) the jumps so that the truncated data can be viewed as being generated by the

continuous part of our model. We fit the truncated data using moment conditions that are derived
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from the continuous part of our model, ignoring the discontinuous jump part. Due to the truncation,
the volatility and correlation parameters are slightly biased downwards, which we correct for. Then
in a second stage we treat the obtained parameter estimates for the continuous part of our model as
fixed and given and identify the parameters of the Hawkes process {v1,72, Ao, @, 511, 512, B21, B22}
using the full set of moment conditions. Using the starting values obtained in this way, we then
estimate all the parameters of the Hawkes jump-diffusion model simultaneously using the full set
of moments conditions (doing so removes the slight downward bias in the correlation and volatility
parameters). We repeat this multiple times, using parameter estimates as starting values, and con-
tinuing until starting values coincide with corresponding parameter estimates and a minimal value
function is obtained. Rather than using the standard identity matrix as the weight matrix in first
stage GMM, we have found it helpful to put extra weights on the third and fourth moments to make
them relatively comparable in magnitude to the other moments.

With these types of moment conditions and caveats, the estimates that we obtain from Monte
Carlo simulated data are usually quite accurate. It behaves as is typical of GMM given the number
of parameters of the model. Higher-dimensional versions of the model become more difficult to esti-
mate, and the two-stage procedure helps in that it fixes the region of the parameter space over which
to conduct the search. One approach to reduce the number of parameters consists in not having
independent parameters for similar effects (for example, setting all the cross-excitation parameters
to be identical). Another, which we have primarily adopted, consists in focusing only on fairly unre-
stricted but bivariate models. The Monte Carlo results show that the population parameters of the
Hawkes jump-diffusion model can be identified with sufficient degree of precision from data generated
by the Hawkes jump-diffusion model. We also analyzed the situation in which the data generating
process is in fact a Poissonian jump-diffusion (with constant jump intensities) but is assumed to be a
Hawkes jump-diffusion (with stochastic jump intensities). We find that our estimation methodology
is able to distinguish between these two models, finding parameter estimates for «, 511, S12, 821 and

(B2 that are not significantly different from zero in this case.

4. Empirical Analysis

4.1 Data Sequencing

We are interested in capturing patterns of contagion between stock indices around the world. We
use Morgan Stanley Capital International (MSCI) international equity index data. We will study
six indices: US; Latin America (LA); UK; Developed countries Europe (EU); Japan (JA); Emerging
markets Asia (ASEM). Daily data are available from January 1, 1980 (for US, UK, EU and JA),
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from January 29, 1988 (for LA) and from January 1, 1988 (for ASEM). Summary statistics are in
Table 1. For all the regions, the excess kurtosis is substantially larger than that for a Gaussian
distribution, as would be caused by jumps. Notice the difference in excess kurtosis between the US
return series of panel A and the US return series of panel B. This difference is mainly due to the
1987 Black Monday, the returns of which are included in the longer sample period but not in the
shorter sample period.

Autocorrelograms and cross-correlograms are in Figure 4. The model predicts that the empirical
autocorrelation and cross-correlation is decreasing and convex, hence that the instantaneous corre-
lation is the largest. The data reveals substantial correlations between US returns on day j and
returns of other regions of the world on the following day j + 1, except for Latin America where
this phenomenon is less pronounced. It becomes apparent from the plots that autocorrelations and
cross-correlations die out quickly, so that in five days time (or even fewer) most correlation has dis-
appeared. The presence of these short-run correlations is what makes possible the identification of
the self- and cross-excitation parameters.

In order to cope with the different time zones and hours of operation of the markets around the
world some adjustments need to be made to the raw data to get the sequencing right given the time
differences. To get a qualitative insight in the direction of jump transmissions, we start by sorting
daily US returns to find the most extreme declines (over 3.0% in a single day) in the US stock market
in the period January 1, 1980 to December 31, 2008. If the inter-arrival time of these jumps was
less than 6 weeks, we grouped the returns as being one event, or a related sequence of events. We
end up with 63 declines and 23 groups. We read the analysis in the press in the days following each
event (statements such as “Tokyo opened lower after Wall Street closed down 3%” vs. “Wall Street
opened lower following a rout in European markets”) to confirm the sequencing: where and when
the event started, and whether transmission (contagion) took place following one of these events.
Generally speaking, we find that it is either (and primarily) a US news announcement that causes
the US market to slump, and often such a decline transmits contagiously, or it is a non-US event,
typically an adverse shock in emerging markets, and then other regions of the world decline once the
US start declining. There are few exceptions to this general pattern of transmission.

For the US and Japan, and the US and Emerging Markets Asia, we calculate the instanta-
neous correlation by leading the Japanese return series by one day. To calculate the lagged cross-
correlations we lead the Japanese return series by one day when computing corr(AXPS,Angj),
j = 1,2,..., and we do not lead the Japanese return series (i.e., use the original timing) when
computing corr(AX}A AXUS), j = 1,2,.... The same applies for the pair US and emerging mar-

t+j
kets Asia. This sequencing procedure is symmetric in the sense that both corr(AXUS, AXtJfl) and
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corr(AX{A, AXUS) correspond to a 36 hours lag.

For the US and UK, and the US and Developed Countries Europe, we calculate the instantaneous
correlation by averaging the instantaneous and 1-day lagged UK returns. To calculate the lagged
cross-correlations we average the j-day lagged and j 4 1-day lagged UK returns when computing
corr(AXYS, AXE:?), j=1,2,..., and we do not modify the UK series (i.e., use the original timing)

when computing corr(AX}JK,AXBFSj), j =1,2,.... The same applies for the pair US and devel-
oped countries Europe. We finally note that the pair US and Latin America does not require any

modification because they operate in the same time zone.

4.2 Parameter Estimates

We use 4m +m(m —1)/2+m? x (#lags of autocovariances and cross-covariances) moment con-
ditions to identify the parameters of our model, where in the bivariate case m = 2: the interval-based
first moments, autocovariances and cross-covariances, and the third and fourth moments approxi-
mated at the leading order in A. Informed by Monte Carlo evidence, we restrict a3 = ao =: « and
that M 0o = A2.00 =t Ao, and we fix p; = po = 1. We further use 3 lags of daily autocovariances and
cross-covariances. This leaves us with 13 parameters to be identified by 21 moment conditions. GMM
parameter estimates are in Table 2. One round of optimization (data import, GMM optimization,
standard errors and test statistics) of the model takes a few minutes on a regular computer.

When computing the empirical third and fourth moments as well as the empirical lagged auto-
covariances and cross-covariances, the population counterparts of which are completely determined
by the jump component of the model, we apply one-sided cutoffs to the data (of -2% for US, UK,
EU and JA; -2.5% for ASEM; and -3% for LA), considering only the returns (likely jumps) that are
smaller than the given cutoffs. The magnitudes of the cutoffs are dictated by inspection of the cor-
responding higher order moments and lagged autocovariances and cross-covariances, selecting values
for which these moments are robust to changes in the cutoff magnitudes. Figure 5 plots the result-
ing empirical autocorrelations and cross-correlations. Visual inspection of the autocorrelograms and
cross-correlograms is used to determine the number of autocovariances and cross-covariances we need
to include (i.e., to determine the total length of the time period to be considered), and we initially
estimate the model on this basis. Using the parameter values obtained in this way, we then compute
the reconstructed autocovariances and cross-covariances from our model using the estimated para-
meter values to verify whether the autocovariances and cross-covariances beyond the number of lags
considered are indeed approximately negligible.

We find large estimated values for 517 and (92, measuring the degree of self-excitation. They

provide clear evidence that both the US market as well as other markets strongly self-excite. These
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estimates come along with relatively moderate estimates for the volatility levels. It seems that, due to
the integrated nature of the moment conditions, the jump part of our model partially captures what
was traditionally (with continuous return dynamics) modeled as (instantaneous) volatility. Also, we
typically find relatively large estimated values for (21, measuring the degree of transmission from
the US to other regions of the world. Large values for (21 imply that when the US jumps, there
is a strong increase in the probability of a consecutive jump in another region of the world. From
the empirical cross-correlation plots, the effect seems to be mainly driven by transmission on the
same day or the day following the day of occurrence of a US jump.® Estimates of 312, measuring
the degree of the reverse transmission, are positive but relatively small. Statistically, the estimated
values of the (12’s are not significantly different from zero with daily data.

In addition to the parameter estimates, we also compute the model-implied autocovariances and
cross-covariances that are obtained by substituting the parameter estimates into equations (B.7),
(B.8) and (B.9), as well as the reconstructed third and fourth moments. Comparing the model-
implied covariances and higher order moments with their empirical counterparts, we find that the

model fits the data quite well.

4.3 Testing for the Presence of Various Forms of Contagion

If desired, it is possible to test for the presence of contagion in the context of our model. Contagion
tests have been an important focus of the international finance literature (see Dungey, Fry, Gonzalez-
Hermosillo, and Martin (2010) for a discussion of the existing tests in the literature). In the model,
on a path-by-path basis, contagion takes the form of an increase in the likelihood of successive shocks
in the affected countries beyond the initial shock and transmission. Whether this happens or not
in our model is directly controlled by the presence or absence of the § parameters. More generally,
testing for the presence of various forms of contagion is connected to testing the joint hypothesis that
all the coefficients of mutual excitation (; ;’s are 0. But it is also possible to test that any desired
subset of the (3; ;’s are 0, leading to narrower definitions of contagion. For instance, we can further
separate between testing for self- or time-series contagion (diagonal ;; = 0) as opposed to testing
for cross-sectional contagion (off-diagonal 3; ; = 0, i # j). Or we could test for asymmetries in cross-
sectional self-excitation, for instance testing that it flows in one direction only from a given market
i (say, the US) to all the other markets but not in the reverse direction: this would correspond to a

joint test of 8;; > 0 and 3; ; = 0, for a fixed ¢ and all j # . Since the inference is based on standard

8Recall that, because of the sequencing procedure adopted (see Section 4.1), “the same day” for the pair US and
JA (ASEM) means here date ¢ for US and date ¢t + 1 for JA (ASEM). Similarly, “the day following the occurrence of a
US jump” for the pair US and JA (ASEM) means here date ¢ for US and date ¢ + 2 for JA (ASEM).
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GMM given the relevant moment functions, GMM-based testing tools apply to test these or any
other combination(s) of parameter restrictions.

We employ for this purpose the x? statistic that follows from (3.10). The Hawkes jump-diffusion
model nests the popular Poissonian jump-diffusion model, to which our model reduces when all
Bi,;’s are 0 and therefore generates no contagion. In that case, we are testing the (contagion) model
with Hawkes jumps and stochastic volatility, versus the nested (non-contagion) model consisting of
Poissonian jumps and stochastic volatility. A Poissonian model with dependent jumps is non-nested
in our model, but can still be tested using appropriate techniques for testing non-nested models along
the lines of Vuong (1989). Specifically, we test the following null hypotheses: HJ : Bij=0,1,5=12;
Hy : Bii =0, i=1,2; H{L: Bij =0, 1,7 =1,2, i # j. We adopt a Wald chi-square test based on
the GMM estimates. Test results are reported in Table 3. The null hypotheses are rejected in the
vast majority of the cases, providing clear evidence for excitation (rejection of H{)), self-excitation
(rejection of H{!) and cross-excitation (rejection of H{T). It means in particular that a Poisson
jump-diffusion model is rejected when tested against the Hawkes jump-diffusion model. In addition
to testing nested models with simpler jumps against our model, our estimation methodology also
allows for testing the null hypothesis of simpler nested models with stochastic volatility but without
jumps by considering H%)V : Ao = 0. Table 2 shows that this null hypothesis is rejected in all cases.

Finally, we note that if the cross-excitation is asymmetric, which occurs when the off-diagonal
parameters are not equal, say [o1 > P12, then the returns of asset 2 will appear to Granger-cause
those of asset 1 if the two time series are subjected to a test of Granger causality. In the context of risk
management, Granger causality has been proposed as a measure of the degree of connectivity between

markets and their potential to generate systemic risk (see Billio, Getmansky, Lo, and Pelizzon (2010)).

4.4 Splitting Total Risk into Brownian, Poissonian Jump and Contagion Risks

As follows from the general theory of semimartingales, the second moments of log-returns given
in Theorems 1 and 2 incorporate contributions to the quadratic variation of returns from all the
components of the model. In economic terms, this means that we can split the total risk produced
by an asset in terms of its Brownian (or continuous, or volatility) risk vs. jump risk. And because of
the structure of the jumps, we can further split the jump risk into a Poissonian (or constant intensity)
and a Hawkes (mutually exciting) component. The Hawkes component is the additional term in the
variance equation [ {(f dX; — E U dXt] )2] that is f—dependent. Economically speaking, in light of
the previous section, the percentage of the total risk that is due to the mutually exciting piece can
be thought of as a contagion measure. Results of this split are reported in Table 4. We find that the

mutual excitation component accounts for about 5% of the total risk as measured by the interval-
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based instantaneous autocovariance and about 10% of the total risk as measured by the interval-based
instantaneous cross-covariance. Note that these are percentages of the total variability produced by
an asset over its whole sample path in which jumps occur only rarely. It is moreover the component

over and above the Poissonian component.

4.5 Robustness Checks: Open-to-Close and Close-to-Open Returns, and Sample
Splits

To mitigate the need to carry out sequencing adjustments to the raw data, which depend on the
particular time zone in which the markets are operating, we also carry out an analysis with open-
to-close (= “daylight” return) and close-to-open returns (= “night” return). With a close-to-open
return computed from the previous afternoon’s closing price to the next morning’s opening price, we
have an instantaneous correlation to measure at the daily frequency. Daily returns can be computed
either by summing the open-to-close return and the following close-to-open return or by summing the
close-to-open return and the following open-to-close return. If the opening of the US market marks
the beginning of a new day, the US daily returns will be computed by the former alternative while
e.g., the Japanese daily returns will be computed by the latter alternative. If, however, the opening
of the Japanese market marks the beginning of a new day, the US daily returns will be computed by
the latter alternative while the Japanese daily returns will be computed by the former alternative.
As we will see below these “natural” daily return definitions will introduce some asymmetry in the
daily data.

We use open and close international equity index data from finance.yahoo.com. We study two
indices: the S&P500 and Nikkei. Open-to-close and close-to-open data are available from January
4, 1984. We compare two situations, one where the opening of the US market marks the beginning
of a new day, and one where the opening of the Japanese market marks the beginning of a new day.
In the first, we find moderate correlation between Nikkei returns on day j and S&P500 returns on
the following day j + 1, while the correlation between S&P500 returns on day j and Nikkei returns
on the following day j + 1 is relatively small. Conversely, in the second situation we find substantial
correlation between S&P500 returns on day j and Nikkei returns on the following day j + 1, while
the correlation between Nikkei returns on day j and S&P500 returns on the following day 7 + 1 is
approximately zero. This can be explained from the fact that in the first most transmissions from
the US to Japan will already be reflected in the Japanese returns of the same day (“instantaneous”),
hence a relatively small correlation between S&P500 returns on day j and Nikkei returns on the
following day j + 1. In the second, the transmissions from the US to Japan can only be reflected

in the Japanese “night” returns of the same day or in the returns of the following days. It appears
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from the results that the Japanese night return does not significantly reflect the US cross-excitation,
hence a substantial correlation between S&P500 returns on day j and Nikkei returns on the following
day j + 1. The converse applies to the transmission of shocks from Japan to the US.

Because the direction (causality) of transmissions on the same day cannot be identified with daily
data (here composed from the intradaily open-to-close and close-to-open returns), GMM learns most
about the direction of transmission from the covariances between day j and day j + 1. The most
natural way to proceed is therefore to let the opening of the Japanese market mark the beginning
of a new day. The parameter estimates using these data are broadly consistent with the parameter
estimates based on daily returns: there is clear evidence for self-excitation in the US market. The
transmission from the US market to Japan is more pronounced than earlier, and the self-excitation
in the Japanese market is still present, although a little less pronounced. Again, we find positive
but small estimates, that are statistically not distinguishable from zero, for the reverse transmission
from Japan to the US. We recall here that the sample period for the pair S&P500 and Nikkei
is different from (shorter than) the sample period for the MSCI pair US and Japan considered
earlier. Furthermore, while corr(AXYS, AX/4) and corr(AXj4, AXJS) correspond to a 36 hours
lag, corr(AXpEPs00) AXNKRe!) and corr(AXVikkel AXE_,%PE’OO) correspond to a 24 hours lag. Again
the tests provide clear evidence for excitation, self-excitation as well as cross-excitation (Table 3).

As a second robustness check, we have estimated the Hawkes jump-diffusion model over two
subsamples of the full sample. Long time series are a necessary evil with any jump-based model
since a sufficiently large number of jumps needs to have been observed in the sample to obtain
meaningful estimation results. To assess the effect of sample changes on the parameter estimates,
we have split the full sample into two subsamples: the first subsample covers January 1, 1980, to
October 1, 2001, which corresponds to the first three quarters of the full sample ([0, 3/4]); the second
subsample covers April 1, 1987, to December 31, 2008, which corresponds to the last three quarters
of the full sample ([1/4,1]). We focus attention on the pair (US,UK). The parameter estimates we
find are again consistent: there is clear evidence for self-excitation in the US market and for cross-
excitation from the US to the UK in both subsamples. We find that the expected number of jumps in
the second subsample is estimated at larger values for both equity indices than the expected number
of jumps in the first subsample. This is largely due to the fact that the second subsample covers the

crisis episode in 2008, while this episode is not included in the first subsample.

4.6 Measuring Market Stress Using Filtered Values of the Jump Intensities

Stress in the marketplace is often measured using a volatility index such as the VIX from the

Chicago Board Options Exchange (CBOE), which has often been labeled the “fear gauge.” VIX
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levels above 80% at an annualized rate were recorded at the height of the financial crisis in the Fall
of 2008, as shown in Figure 6. This is an unrealistic level from the perspective of a purely-diffusive
model, at least if we take the implications of such a level over a few months’ horizon, and is most
likely indicative that jumps are feared. If the model does not allow for jumps, then the only way that
high risk can be translated is through extreme volatility numbers. But what is measured by VIX is
a form of total (continuous plus jump) variance. To the extent that the risk that is truly feared is
that of jumps, then a measure that captures solely the jump risk would be advantageous.

Consider therefore the Hawkes jump intensities as a measure of market stress. By construction,
higher values of A;; lead to higher probability of jumps in asset 7, and should be reflected in higher
derivative prices such as options. In a Hawkes model, these intensities are time-varying, and it is
likely that they will reflect market conditions at the time. Just like volatilities, jump intensities are
latent; unlike volatilities, no market instrument is currently traded which references jump intensity.
There are no “jump intensity swaps,” for instance. One solution to infer jump intensities is to filter
them out of the observed time series of returns.

To illustrate, we focus on the US and UK markets. In order to filter jump intensities from the
time series of asset returns, we insert the parameter estimates of Table 2 in (2.8), and estimate to
be a jump (hence, dN;; = 1) each daily return in the corresponding time series that is below the
one-sided cutoffs of -2%. Filtering jumps on the basis of large returns is a natural approach, see e.g.,
Lee and Mykland (2008). The resulting plots of the estimated time series of (Ausy, Auk,¢) are in
Figure 7. The plots show that the filtered )A; ;s are plausible indicators of market stress, increasing
in particular in the sample around the crisis periods. Indeed, from the plots we observe that the two
most noticeable periods of market stress are 2000-02 (Internet bubble burst, 9/11) and the fall of
2008 (credit crisis).

Once we identify the first jump in the time series (the market is stressed by this measure), the
model predicts that further jumps are more likely to occur in the short run. We test whether this out-
of-sample prediction dominates those from two alternative models: a model with stochastic volatility
only, so all market stress is volatility-driven, and a model with Poissonian jumps, so the occurrence
of a jump does not predict that more jumps are likely. We focus on the US. Specifically, we define a
jump indicator taking the value one if the daily US index return is smaller than the one-sided cutoff
of -2%, and zero otherwise. The predicted jump probability for the Hawkes jump-diffusion is XtA,
with \; the filtered jump intensity and A = 1 trading day. The predicted jump probability for the
Poisson jump-diffusion is AA, with \ the realized jump intensity. The predicted jump (or extreme
decline) probability for the stochastic volatility model is approximated as the Gaussian probability

of observing an equity index return smaller than -2%, given a realized volatility estimate (based on
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the full history or on a rolling window). The predictions are plotted in Figure 8. On the basis of the
Mean Squared Prediction Error we find that the Hawkes jump-diffusion model clearly dominates the

nested models with simpler jumps or without jumps.

5. Conclusions

We proposed an intuitively appealing reduced-form model for asset returns that is able to capture
jump clustering in time and across assets, or financial contagion. The model is coined the Hawkes
Jump-diffusion model. Unlike other models based on Hawkes jump processes alone, our model incor-
porates the standard elements of drift and stochastic volatility in addition to these jumps, thereby
being most naturally thought of as a generalization of the Poisson jump-diffusion model familiar to
financial economists. We developed an estimation procedure for the model based on GMM. The
estimation procedure relies entirely on closed-form moment functions, hence is amenable to a multi-
variate setting and is numerically tractable. Monte Carlo evidence shows the population parameters
of the data generating process can be recovered with a sufficient degree of precision for practical
applications. We implemented the estimation procedure on international equity data, studying the
patterns of jump excitation among six world markets. Our empirical results indicate that both the
US market as well as the other markets strongly self-excite. Furthermore, we find that US jumps tend
to get reflected quickly in most other markets, while we find that statistical evidence for the reverse
transmission is much less pronounced. The tests empirically reject a model based on Poissonian

jumps against a model based on Hawkes jumps.
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Appendix: Explicit Formulae for the Moment Conditions

Appendix A: Univariate Case
Let m = 1 and assume that

dVy = k(0 — V3)dt + n/VidWy (A1)

dX; = pdt + Vi dW7 + Z,dN,
d)\t = (>\oo — )\f) dt + ﬂdNt

with E [thXthV] =: pVdt. The vector of Brownian motions W, the jump size Z and the jump process N
are assumed to be mutually independent. The corresponding integral equation for A\; reads:

t
A = Ao + / Be =) dN,. (A.2)

A.1 Moment Conditions: Univariate Self-Exciting Jumps

Write
A:=E[N],  Vn(r):=E[dNy dNy] / (dt)* — N2 (A.3)
Then E [dX,] /dt = p+ AE[Z], and
2
]E[d)((':,i_;)ngf,] _ (E[lf{i(t]> _ (E [Z])2 VN(T)7 7> 0; (A4)

with A = Aoar/(a — ) and V(1) = %%Ef)e_(a_ﬁ” for 7 > 0. Furthermore,

E [(dXt ~E [dXt])2] Jdt = 6+ \E [72]
E |[(dX; — B[dX;))®| /dt = \E [Z?]
E |(dX; — E[dX,))*| /dt = NE[Z4].

A.2 Interval-Based Moment Conditions: Univariate Self-Exciting Jumps

Let 0 < 81 < 83 < 83 < 84 and let Ay := 89 — 51, Ag:= 84 — 83 and 7 := s3 — s1. Write A :=E[)\], and

ol Ay, Ag) s 2L O 7 N

E{(fjf thN,,)Z

A, -2
gn,z(A1) = Al]l — (B[Z])% A2A,.

Then B [ [ dX,] = (4 -+ AB[Z]) A, and

B 120X 2 ] B2 0] B[ 4X,] = BI27 g 0 20 A

with
fn(r, AL Ag) = % (e—(a—ﬁ)(T—Al) — e (@=B)(T=A1+A2) _ p—(a=B)T | e—(a—ﬁ)(f—s-Az)) .
Furthermore,
E {(f dXt)Q} - (B[ ax,] )2 — (04 gn,2(A1) As;
with

gn.z(A1) = B [22] + (B[Z))* “0 2557 (1 + mamg (€T - 1)> '
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Appendix B: Bivariate Case

Let m = 2 and assume that

Xm,t = /let + \/ﬁdWﬁ + Zlvthlvt

dXo 1 = padt + \/Va, 1 dW5, 4+ Z3 4dNo 4

dViy = k(01 — Vig)dt +nm1/Va, dWY

Vo, =d () i

dA1t = a1 (Moo — A1,e) dt + Br1dNy ¢ + BradNo
dXat = az (M2,00 — A2yt) dt + B21dNy ¢ + Ba2dNay

with BldW:5dWsY] =: pdt and BldWdW}Y] =: p{'dt, i = 1,2. The vector of Brownian motions W, the
vector of jump sizes Z and the vector of jump processes N are assumed to be mutually independent. The

corresponding integral equation for A;; reads:
t t
Ait = Aooyi +/ Bine =Ny +/ Bine” = IdN, i=1,2.
— 00 —00

B.1 Moment Conditions: Bivariate Mutually Exciting Jumps
Write

E[le,H,QdNL,,] _ )& E[le,t+72dN2,t] “ A
Aii=ENig], i=12, Vn(71):= ( E[sz,t(ffgiNl,t] I ]E[d]\gjtt)JerNw] 22 )
T @ A2 T anr T

Then E [dX; ] /dt = p; + ME[Z;], for i = 1,2, and

BldX1 14rdX1e] (JE,[Xm,,,]>2 E[dX1,14rdXo2¢]  E[dX1,.] B[dXo ]

(dt)? dt (dt)? at dt
EldXs.1-dX1..]  B[dX1.] BldX2.] E[dX2.11rdXo..] E[dX2.] 2
(dt)? Tt dt (dt)? - dt
:< (B[Z1])* Vian(7) E[Zl]E[Zzz]Vl,z,N(T)> >0
BlZ\|E[Z:]V21,n (7))  (E[Z2])” Vao,n(7) ’
with
Ay = A1, c0 1 (2 —B22)+ X2, 00 22812
1 (a1 =P11)(a2—B22)—P12B21
Ao — 2,002 (@1 —P11)+ A1, 001821,
2 (a1 —P11) (a2 —P22)—P12P21
and

Vian(T) = ((1 +e'7) (2 B11 P12 Poroan A1 + 2 Bi1r oy (Paz — a2) (=2 + a1 + a2) M

835 B21 A2 — By (831 M + (= (Baz 1) + Bi1 (B22 — a2) 4+ a2 (a1 + a2)) )\2)) T
+2e (5%1 (= (Bi2 fa1) + (B2 — @2) (B11 + B2z — 31 — az)) Arr cosh (%)
+ (B11 + Baz — a1 — az) (2 P11 (Br2 Ba1 (2 B2z + a1 — 2 z)

+aq (B22 — @) (Brz + a1 —a2)) A — B (B12 P21 + (B22 — a2) (B + 31 — aa)) Mt
+831 (B22 — a2) A1 — Bi1 By (Baz — a2) Ao
+B12 (= (B21 (3B12 a1 +4ar (Ba2 — a2)) A1)

+B12 (B12 Ba1 + Boz 1 — o1 a2 + 03) /\2)) sinh (%)))
/ (46(—[311—/322§ﬂ1+a2+r)" ( B (512 ﬁ21) —+ (511 — Oll) (ﬂ?? - QQ)) (611 + BQQ — 1 — 042) 7") ;
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V1,2,N(T) = ((—1 - 6”) (521 (512 521 Q1 — ﬁu (512 ﬁ21 +2a (ﬁ22 - 042))) A1
+B12 ((Baz — 2011) (B2 Bo1 + P2z 1)
— (P12 821 +2 (Boz — 1) 1) az + 21 03
+B11 (2B12 Bo1 — B3y + 2Bz (201 + 2) — 20z (201 + a2)) ) )\2) T
—2e'7 (5%1 (Baz — a2) (B21 A1 — 2 B12 A2) r cosh (%)
+(511 Ba1 (Bi2 B21 (3B22 + 201 — 3a)

+201 (B2 — a2) (a2 + a1 — a2) ) A1 — P12 $3) (2812 P21 — a1 (=3 Baz + o1 + 3a2)) M
—B11 P12 (B3y + Bi2 Bo1 (Baz + 41 —az) =603 as +203 + 2801 (Bar +2az)
—B35 (201 + 3 ) ) A2 + Bi2 (2 B B3
+B12 821 (B32 + B2z (a1 — 20a2) + (a1 — a2) (201 + 2))
+ar (B3 +2B22 a1 (o1 +a2) —2 (a1 — as) a2 (a1 + ) — 53, (1 +3a2)) ) As
+631 (Baz — az) (B21 A1 — 2 B12 A2)
+6% ( — (B21 (Bi2 B2r + (P22 — a2) (Ba2 + 31 —a2) ) A1)

+12 (2812 a1 — B3y — 6 an +2 22 (Bay + a2)) A2) ) sinh (%)))
/ (46<7ﬂ117ﬂ222a1+a2+rﬁ ( — (P12 B21) + (B11 — a1) (B2 — 042)) (B11 + P22 — o1 — a2) 7") )

where

ri= \/5%1 +4B12821 — 2611 (Baz + a1 — a2) + (Baz + a1 — a2)27

and 7 > 0. The expressions for Va2 n(7) and Va1 n(7) are obtained from these by interchanging
suffices. Furthermore,

E[(dXi,t)Q] . (E[dXi,t])2

—f. . 2 . .
b Blax L dxs E[E)gljﬁ[g(l?t][zi] = (B.5)
a ot = pV010s.

B.2 Interval-Based Moment Conditions: Bivariate Mutually Exciting Jumps
Let 0 < 51 < 89 < 83 < 84 and let Ay := 59 — 81, Ag := 54 — s3 and 7 := s3 — s1. Write

BdN1t4rdN1e] _ y2  BldNierrdNae]
No=E[Ny], i =12 Vy(r):= g X (0" .
i = ity = 1,4 N(T) T E[dN2, t4+dN1 ] VY E[dN2,147dN2 1]

_ )\%
Then E [ S dXZ-,t] /AL = pi + NE[Z], for i = 1,2, and

BlfoddXuu [2 dXa]  B[fiAdXau] B2 dX0] B[S dXi 2 dXae]  B[[0tdXiu] B2 dXo]

A1As Ay Ar A1As - Az Ay
B[[0 dXou [[2dXs] B[ dXou] B[[f2dX0.]  B[f5 dXou [ dXae]  B[f5 dXau] B[[S2 dXau]
A1A2 2 Al A1A2 A2 A1
(B[Z1])2 1], n(T:A1,A2)  BIZiB[Z)I] 5 v (1,A1,A0)
A1 A, L A1ds )
E[Z1]E[Z2)15 | n(T.A1,82)  (B[Z2])215, n(7.A1,A2) ’
A1Az A1As (B )
7
with
IT, (T A Ag) =[50 [22 Vi v(u—t)dudt
1,1,N T,A1,A2) = %:53 ts:SI 1,1,N )
4 2
I{,2,N(T7 Al, AQ) = fu:sg t=s1 VL?,N(U — t)dudt.

The expressions for I3, ,; and I 5 are obtained from these by replacing V1 1y and V1o n by Voo v
and Va1 n, respectively. Explicit expressions for V; j x(7) have been derived earlier; see Section B.1.
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Furthermore,

fozon] _lgzand)

A1 B Al

127,
=60;+ \E [Zﬂ + Q(E[ZZ])AI;’Z’N(A”, 1=1,2;

E[ISSIQ dX1e [J2 dXz,u] B E[fsslz dXM]]E[fSSl? dxz,u] 00 + E[Z1]E[Z2) (11,25 (A1) +12,1, §(A1)) |

Aq Ay Ay
with '
Liin(A1) f 2 ft o Viin(u—t)dudt, i=1,2,

Lan(AL) = [2, ﬁ281 Vi, n(u —t)dudt.

The expression for I3 1y is obtained by replacing V2 y in the above expression by Va1 n.
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Figure 1

Mutual Excitation: Example 1.

This figure plots the cascade of declines in international equity markets experienced between February 26,
2007 and March 1, 2007 in the US; Latin America (LA); Developed European countries (EU); China; and
Developed countries in the Pacific. Data are hourly. The first observation of each of the price index series is
normalized to 100 and the following observations are normalized by the same factor. Source: MSCI MXRT
international equity indices on Bloomberg.
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Figure 2

Mutual Excitation: Example II.

This figure plots the cascade of declines in international equity markets experienced between October 3, 2008
and October 10, 2008 in the US; Latin America (LA); UK; Developed European countries (EU); and Developed
countries in the Pacific. Data are hourly. The first observation of each of the price index series is normalized
to 100 and the following observations are normalized by the same factor. Source: MSCI MXRT international
equity indices on Bloomberg.
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Figure 3
Large Stock Index Returns in the Six World Regions.

This figure plots the large log-returns of daily MSCI international equity index data. We consider six series:
US; UK; Developed countries Europe (EU); Japan (JA); Emerging markets Asia (ASEM); and Latin America
(LA). Sample period US, UK, EU and JA: January 1, 1980 to December 31, 2008; sample period ASEM:
January 1, 1988 to December 31, 2008; sample period LA: January 29, 1988 to December 31, 2008. The
large stock index returns plotted are obtained from the raw stock index returns by considering only those
returns that are larger in absolute value than minus the cutoffs documented in Section 4.2. The purpose of
the truncation is to illustrate the clustering of large returns. The descriptive statistics in Table 1 are based
on the original (non-truncated) log-returns.
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Correlation

Correlation

Correlation

This figure plots autocorrelations and cross-correlations for the log-returns of the daily MSCI international
equity data of Table 1. We consider six series: US; UK; Developed countries Europe (EU); Japan (JA);
Emerging markets Asia (ASEM); and Latin America (LA). Sample period US, UK, EU and JA: January 1,
1980 to December 31, 2008; sample period ASEM: January 1, 1988 to December 31, 2008; sample period LA:

US and UK

Figure 4
Autocorrelations and Cross-Correlations (Raw Data).

1 T T
08 corr@ X!’ D xt‘j i
sk N | corr@ X! D x:S
. == con@X"D x!”j)
0.4 4
- —curv(Dx‘!“fD x‘:/ﬂ
0.2
° S
-0.2 L L
0 3 4 5
i
US and JA
1 T T
08 cun(Dx[“D x{”j} ,
sk N\ corr@ X, D x:) |
’ cme= cor@ XD x"§
04 P %) |
. ) - —corl(DX;'A‘D xf‘:)
0.2 gl
0 g e s s a5
-0.2 L L
0 3 4 5
i
US and ASEM
1 T T T
USo U
08 cor@ X 0 X |
------- corr(@ X Sp X5
06 T
----- corr@ X**FMp x9
0.4 ‘ v |
’ = = =cor® X *™p X
0.2p." 8
0
-0.2 . .
[ 3 4 5

Correlation

Correlation

Correlation

US and EU

0.81

0.61

corr@ x:’?D X'y

-

------- corr@ xf °p x:’)

EU v
e con@ XD X3

EU L EU
== =com@X 0 X.)

January 29, 1988 to December 31, 2008. The unit of the index j is days.

36

0.2 . ) ‘
0 1 3 . .
i
US and LA
1 , i
Uso U
corr@x; D xwﬁ i
------- corr@ x” D X1
0% 1]
LAL U
s== con@X: ‘Dx“ﬁ |
- —con(Dx:"p k::}
-0.2 . . )
0 1 3 P .
i
EU and JA
1 ; .
U EU
0.81 cor@ X0 |
------- corr®@ X0 X'y
061 t |4
ceme= corr@ XD X™Y)
0.4r t o) |
A = = =con@ XD xj?
0.21 i
o N = T cenesl
0.2 . . ‘
[¢] 1 3 4 s



US and UK
1 T T T
us
oal corrp X ,Dx‘j) i
------- couoxﬁ‘s,oif:)
ol H
B N corrp X0 X%
g P Xy
S = = =comp XX 11
8 .
0.2f
0
0
i
US and JA
1 T T T
corrp X0 xf)
o.8f i
------- carroxj‘s,nx:)
§ 0.6r - EcerXjA,DX:J:) il
s
LI = = =compx"D X ||
s
S e
0.2f g
AT n.--e-r_-e_".'_""-"— = ; e
0
0 1 2 3 4 s
]
US and ASEM
1 i T
us s
vl cor@X o XD ||

Corelation
o
'S
T

-+ corrp X°p X'
0%y
----- corrp )(:>EN:D x‘:)

— = e XY

This figure plots autocorrelations and cross-correlations for the adjusted log-returns of the daily MSCI inter-
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Figure 5
Autocorrelations and Cross-Correlations (Adjusted Data).

US and EU

national equity data with cutoffs. The unit of the index j is number of days.
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Figure 6
Volatility Index (VIX).

This figure plots the close index values of the VIX. Sample period: January 2, 1990 to March 31, 2009.
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Figure 7
Estimated Time Series of the US and UK Jump Intensities.

This figure plots the estimated time series of Auys: and Auk,, filtered from the time series of asset returns.
The adopted filtering procedure is described in Section 4.6. Sample period: January 2, 1990 to March 31,
2009.
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Figure 8
Out-of-Sample Prediction of Jump Probabilities.

This figure plots the out-of-sample prediction of the jump probability for a model with stochastic volatility
only, a model with Poissonian jumps and a model with Hawkes jumps. The predicted jump probability for the
Hawkes jump-diffusion is S\tA, with \; the filtered jump intensity and A = 1 trading day. The predicted jump
probability for the Poisson jump-diffusion is AA, with A the realized jump intensity. The predicted “jump” (or
extreme decline) probability for the stochastic volatility model is approximated as the Gaussian probability
of observing an equity index return smaller than -2%, given a realized volatility estimate (based on the full
history or on a rolling window). The jump indicator takes the value one if the daily US index return is smaller

than the one-sided cutoff of -2%, and zero otherwise.
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Panel A US UK EU JA
Mean 0.00028 0.00024 0.00027 0.00023
St. Deviation 0.011 0.012 0.011 0.014
Skewness -1.39 -0.38 -0.37 -0.103
Excess Kurtosis 32.9 10.3 10.9 8.48
Panel B US LA ASEM
Mean 0.00023 0.00053 0.00016
St. Deviation 0.011 0.018 0.013
Skewness -0.28 -0.48 -0.31
Excess Kurtosis 10.7 10.6 7.3
Table 1

Descriptive Statistics: MSCI International Equity Indices.

This table reports descriptive statistics for the log-returns of daily MSCI international equity index data. Panel
A: Sample period: January 1, 1980 to December 31, 2008. Panel B: Sample period US and Latin America:
January 29, 1988 to December 31, 2008; sample period Emerging Markets Asia: January 1, 1988 to December

31, 2008.
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1 US US US US US
2 UK EU JA LA ASEM
20.3** 21.8** 21.3%** 24.2%%* 23.5%%*
(9.3) (9.2) (6.5) (4.9) (0.8)
P11 17.1%* 18.6*** 17.0%* 17.8%* 16.2%**
(6.7) (6.2) (7.9) (7.6) (4.9)
P12 1.2 1.2 1.9 3.0 3.9
(2.9) (2.3) (4.0) (8.4) (3.3)
Ba1 13,17 8.2%* 4.0 5.6 8.6%**
(3.9) (3.5) (5.9) (4.1) (1.6)
Ba2 7.1 13.6** 17.3%%* 18.5** 14.3%**
(4.9) (6.8) (5.0) (7.6) (1.8)
Aoo | 0.40%** 0.31%** 0.37** 1.80%** 3.14%%*
(0.081) (0.066) (0.159) (0.252) (0.156)
A1 4.63 3.88 4.81 19.83 29.54
Ao 5.25 4.70 6.78 27.56 35.85
VO | 01467 0.148%*  0.146***  0.142"*  0.138***
(0.0132)  (0.0123)  (0.0153)  (0.0063)  (0.0049)
V0Oy | 0.175%*  0.155"*  0.199**  0.211***  0.164***
(0.0078)  (0.0073)  (0.0059)  (0.0094)  (0.0052)
) 0.396***  0.456***  0.408***  0.757"*  0.632***
(0.0493)  (0.0401)  (0.0693)  (0.0748)  (0.0503)
pi | 0.215%%  0.199**  0.218*  0.370*  0.470***
(0.0458)  (0.0412)  (0.0418)  (0.0395)  (0.0465)
po | 0.204%*  0.188%*  (0.245™* 07747 0.578*
(0.0383)  (0.0346)  (0.0461)  (0.0751)  (0.0606)
1/91 | 0.0307*** 0.0326™* 0.0304** 0.0156™* 0.0138***
(0.00726) (0.00737)  (0.00669) (0.00169) (0.00138)
1/92 | 0.0272*** 0.0250"** 0.0273**  0.0231***  (0.0150***
(0.00342) (0.00306) (0.00339) (0.00189) (0.00087)
Table 2

Parameter Estimates for the Bivariate Hawkes Jump-Diffusion Model.

This table reports the GMM parameter estimates for the 13 parameters of the bivariate Hawkes jump-diffusion
model under exponential decay; standard errors are in parentheses. *, **, and *** indicate significance at the
95%, 97.5%, and 99.5% confidence levels, respectively. We consider six series: US; UK; Developed countries
Europe (EU); Japan (JA); Emerging markets Asia (ASEM); and Latin America (LA). Sample period (US,UK),
(US,EU) and (US,JA): January 1, 1980 to December 31, 2008; sample period (US,ASEM): January 1, 1988

)

to December 31, 2008; sample period (US,LA): January 29, 1988 to December 31, 2008.
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US US US US US S&P500
Null Hypothesis UK EU JA LA ASEM Nikkei
H(I) No Excitation koK koK ko *Hk Fxk Fkok
H(I]I No Self—Excitation *okok ok ok *okok ok ok *okok *k
H' | No Cross-Excitation e o ** Ax ok
Table 3

Contagion Tests Results.

This table reports the rejection significance of the Wald chi-square test statistics where the respective null
hypotheses specify complete absence of excitation (5;; = 0, i,7 = 1,2), absence of self-excitation (5;; = 0,
i =1,2), and absence of cross-excitation (8;; =0, 4,5 = 1,2, i # j). *, **, and *** indicate rejection at the
90%, 95%, and 99% confidence levels, respectively. We consider eight series: US; UK; Developed countries
Europe (EU); Japan (JA); Emerging markets Asia (ASEM); Latin America (LA); S&P500; and Nikkei.

1 UsS US US US US S&P500
2 UK EU JA LA ASEM Nikkei
Brownian auto 1 68.5% 68.9% 67.2% 65.3% 60.8% 59.1%
Poisson auto 1 26.7% 25.8% 28.2% 30.3% 35.0% 33.5%
Hawkes auto 1 4.8% 5.3% 4.6% 4.4% 4.3% 7.3%
Brownian cross 12 | 88.9% 90.2% 90.6% 92.0% 91.3% 84.0%
Poisson cross 12 0% 0% 0% 0% 0% 0%
Hawkes cross 12 11.1% 9.8% 9.4% 8.0% 8.7% 16.0%
Brownian auto 2 78.1% 77.4% 76.3% 56.9% 60.2% 79.1%
Poisson auto 2 18.8% 18.9% 19.6% 36.2% 35.1% 17.3%
Hawkes auto 2 3.1% 3.7% 4.1% 6.9% 4.7% 3.6%
Table 4

Splitting Total Risk into Brownian, Poissonian Jump and Hawkes Jump Components.

This table reports the split of the total risk produced by an asset in terms of its Brownian risk, its Poissonian
component and its Hawkes component, on the basis of the interval-based instantaneous autocovariances and
cross-covariances with the GMM parameter estimates of Table 2. The Hawkes component is the additional
term in the autocovariance and cross-covariance equations that is f—dependent. We consider eight series: US;
UK; Developed countries Europe (EU); Japan (JA); Emerging markets Asia (ASEM); Latin America (LA);
S&P500; and Nikkei.
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