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This supplement contains the technical results and proofs.

1. Preliminary results. We first show a few facts which have been stated
without proof in Section 2 of the paper, like Lemmas 1 and 2 and the inclusion
Qi C Qf.. We first introduce, for each p > 0, the two increasing processes:

t
(A1) H(p) = /0 s / (o A Fy(de),  H'(p) = S JAX P AL

s<t
When p > 2 these processes are finite-valued, but not necessarily so when p < 2. In
this case we have to be careful: if R = inf(¢ : H(p); = 00) and R’ = inf(t: H'(p); =
o0) then both processes H(p) and H'(p) are null at 0 and finite-valued on [0, R) and
[0, R) respectively, the first continuous and the second one cadlag with jumps not
bigger than 1, and they are infinite on (R, o0) and (R, 00). However, if 0 < R < 00
or 0 < R’ < oo we may have H(p)r or H'(p) g finite or infinite, and the left limits

satisfy H(p)r- = H(p)r and H'(p)r— < H'(p)pr < H'(p)rr— + 1.
Note that H'(0); is the number of jumps over [0, ¢], whereas H(0); = fot Fs(R) ds.

Lemma 3. For any random time S and any p > 0, the two sets {H(p)s = oo} and
{H'(p)s = o} are a.s. equal.

Proof. Set R,, = inf(t : H(p); > n) and R, = inf(¢t : H'(p); > n), and consider
the sets A = {H(p)s < oo} and A" = {H'(p)s < oo}. Observe that H(p)gr, < n
and H'(p)r, < n+ 1, which entail A = U,>1{S < R,} and A" = U,>1{S < R}, }.
Moreover H(p) is the predictable compensator of H'(p), so for any stopping time V'
we have E(H (p)v) = E(H'(p)v). We deduce that H'(p)gr, < oo and H(p)r < oo
a.s., and the almost sure equality A = A’ is then obvious. Ol

Proof of (9). If Ay = 0 we have Fy(R) < L;¢(1), whereas Fy(R) = oo if 4; > 0.
Hence {A7 > 0} = {H(0)r = oo}, which is a.s. equal to Q% by the previous lemma,
and (9) follows. O
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Proof of Lemma 1. Denote by I'} the right side of (13). Then obviously

I't = inf(p: H(p)t < 00), I, = inf(p: H'(p): < 00).
Since by the previous lemma, for any p > 0 we have {H(p); < oo} = {H'(p): < oo}
a.s., the almost sure equality I'y = T} is obvious. If p > I'y we have [(|z[PA1)Fs(z) <
oo for A-almost all s € [0,¢], hence (14). When the last condition holds, and if p is
bigger than the right side of (14), we have H(p); < oo, and thus I'; < p: hence (14)
is an equality. 1

Proof of Q% C Q% under Assumption 5. On the set Q%F>O it is obvious that
F;(R) = oo for all ¢ smaller than 7" and in a A-positive set, so H(0)7 = co. On the
set {H(0)r < oo}, and with the notation G(p,u) of (17), we have

T T
/0 Glp uydt < /0 Fi([—u, u)) dt,

which goes to 0 as u — 0 by the dominated convergence theorem, thus {H(0)r <
oo} C (Q;LFZO)C. So finally Q% C {H(0)r = oo}, which by Lemma 3 equals Q.
a.s. g

Proof of Lemma 2. We suppose Assumption 3, so we can obviously apply the last
part of Lemma 1, plus the fact that the instantaneous BG index of F is vyt 114,50},
to obtain that I'y = A— ess sup (75 : As > 0,s € [0,¢]). A simple calculation shows,
for allw >0, v € R, z,y € (0,1] and u € (z, 1],

wazv (log(1/z))v™ ut @ Zitw = w W

v Uhs
fa:(l-‘ry) Elogzgllﬁf)) dz < Kyﬁlogﬁj{ﬁ)

€T )

whereas if p > 0 and v > 0 we get

S leeE" g < (log(1/a)) !

z

F(Hy)M dz < Ky(log(1/x))"

xT

7 o (log(1/))" < [ T 4z < K, aP(log(1/2))".

Furthermore (8) implies, with W; denoting the tail function of |F/|, and for = €
(0, 1]:
[Fl@) < Lija

and also, when v =0 or A; =0, and y € (0, 1],

[Fl(z) = TFlyx(1 +y)) < Lig(2z), /OI\ZIPIF{I(dZ) < LiaP ¢(x).
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If we combine these results, we deduce from (5) and (6) that for z,y € (0,1] and
p >0,

(A.2)

2 Fy(z) < Ai(log(1/z))lett 4 Liz(—o)n

KLy (log(1/x))"t (1=c)nt ;
— — - +x if >0, A¢ >0
Fi(z) — Fi(z(14y)) < v (53/ ) i ) '
KL(log(1/x))° " (y + ¢(27)) otherwise

| =00r 4 =0 = f{‘y|§x} ly|P Fy(dy) < K, L;zP(log(1/x))°

>0, @ < 1/2L; = 2" Fy(w) = 4857 — Lyali=on

é

=02 S 1/ Lo = [y ey P Fi(dy) 2 SRR (1 - s )

(A.2) implies (16) for suitable processes L(¢) and L'(p), and a = (1 — ¢)/2 and the
functions z — ¢((2z) A1) and Y (z) = (log(l/x))(sjt remains to prove that QL =04
a.s., which by (9) and Q. C 0}, a.s. amounts to {A7 > 0} C Q% a.s. First, if I'r > 0
we have Ar > 0 and for any a’ € (0, 1) the set of all s € [0,T] such that As > 0 and
~vs > a' 't has positive Lebesgue measure. For such an s, we deduce from the first
part of (A.3) that %77 F () — 0o as # — 0, hence {A7 > 0,T7 > 0} C QéLF>0.
On the other hand if ' > 0 and A7 > 0 the set of all s € [0, 7] such that As > 0
and s = 0 has positive Lebesgue measure. For such an s we deduce from the last
part of (A.3) that liminf, .o G(p,u)s > 0, hence {Ar > 0,T'7 = 0} C Q?FZO, and
this ends the proof. O

(A.3)

2. Estimates. Throughout this section, we assume without special mention the
following:

Assumption 7. There are three constants L > 1, a > 0 and H € (0,2], and a
function ¢ as in (15), such that with the notation ¢'(x) = z*H when a € (0,1] and
#'(x) = 2 ¢(z) when a = 0, we have for all w and t:

lbs] < L, ol < L,  [@PA1l)F(z) < L

(A.4) z€(0,1] = 2fFy(z) < L
2,y € (0,1] = Fi(e) - Fi(x(1+y) < (y + ¢’(a:)>.

A simple calculation shows that we then have (below, K denotes a constant which
may change from line to line, and may depend on the bounds for X like L, H,a
above and also on the power p used in the statistics, and is denoted K|, if we want
to emphasize its dependency on an additional parameter q):

(A.5) g>H = |2|1Fy(dx) < Kyul™,
{lz[<u}
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Kul=# if H>1
(A.6) uwe (0,1) = |z|Fi(dz) < ( Klog(l/u) if H=1
{u<lel<1} K it H < 1.

We fix the sequence u,, subject to (30) for some p € (0,1/2), and we may assume
Uy, < 1 since u, — 0. We also pick r € (O 2 %), so that

3 T
Ap A2
(A7) = THaE T THEen 0.
Un, Un

Next, we introduce additional notation. We denote by EI* ; and P* ,, respectively,
the conditional expectation and conditional probability with respect to F;_1)a,,-
With any cadlag process Y and any § € (0,1) we associate the processes

(A.8) Y(0) = Y AVilyavssy,  Y'(6) = Y =Y(d)

s<t

and the variables

(A.9) CY,p)i = [AYYP1any|<u,}-
We also define the following increasing processes (j is an integer):

(A.10) D(spn)e = Dot [AXSI Letor iax, < jun)
D(p,un)t = ngt’AXS‘pl{\AXSKun}-

Lemma 4. Ifp > H we have
(A.11) P (KX (™), p)7 = AFD(Lp,n)|) < KAnul T,

Proof. 1) The compensator of D(j,p,n) is

_ t
D)= [ dr | )
0 {up <] <jun}
Next, (A.5) yields
D(j.p,n)ees — D(jypin)e < KsjPul "
for all s,t > 0. Hence for any finite stopping time S we have
(A.12) B(D(j,p,n)s+s — DUypn)s | Fs) < Kbt

2) The compensator of the process Nj* =37 o, Lo x s1try 18 NP = fot Fr(ult)dr.
Let S§ = Rj = (1 —1)A,, and ST, S%,--- (resp. RY,--- ) be the successive jump
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times of X (ult") after time (i — 1)A,, (resp., and with jump size bigger than uy,).
Using (A.4), we have for j > 1, and on the set {S7 | < iAp}:

B(S} < il | Fsp ) <B (N, ~ Mg, | sy, )
(A.13) =E (ﬁmn — Nfgl;t_l | ]:3;31) < KA, u,;H(HT).
Then by induction on j we see that
(A.14) (ST < iAy) < KT A IHA),
and in the same way,
(A.15) PR <ifn) < KA, u

3) Now we consider the variable V;, = ((X(ul*"),p)? — A?D(1,p,n), which we
evaluate on the sets B = {S}' <iA, < ST}, which form a partition of {2 when
7=0,1,---. First, V;, =0 on the sets By and B7'. Second, on the set By we have

Vol < K(A?D(2,p,n) + up, Lrg<ia,})

(because A?D(1,p,n) = 0 when RZ < iA,, whereas ((X(u:*"),p)? = 0 when
)

|AXg]n| <y < 2uy < |AXS;;| for either (j,k) = (1,2) or (j,k) = (2,1)). Therefore

By (Vallsy) < KB, (ATD(2,p,n) spein,y) + Kb Py (RE < i),
The variable under the first conditional expectation in the right is smaller than

(D(2,p,n)ia, —D(2,p,n)s7p)1(sn<in,y +(D(2,p,n)sp — D(2,p,n) (i—1)a, ) L{sp<in,s

and by conditioning first w.r.t. Fsn we deduce from (A.12) and (A.13) and (A.14)

that its conditional expectation w.r.t. F(;_1)a, is smaller than KA2 uﬁ_H(%T). If

we use also (A.15), we arrive at
(A.16) E'y (|Vallpy) < KAZub HE),

Finally |V,,| < up(1+7) on the set Bj, hence by (A.14) we get

ZE |V |1Bn < 2up Z] (KA u H(1+r)> < K'Aiu}ﬁfBH(lﬂ")7
7>3 >3

by virtue of (A.7) (which yields that for any K > 0 we have KApuy T < 1/2
for all n large enough, whereas ijgj/2j4’ < 00). This and (A.16) and V,, = 0 on
By U BY readily yield (A.11). O
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Lemma 5. We have, for allw € (0,1/4):
PPy (un(1 = w) < [ATX (up™")| < un (1 + w))
1
< KA, (w4 ¢ )+ + AT (22) 752 )

Unp,

(A.17)

Proof. For z € R we set A,(z) = {y: |y| > u:™ up(1 —w) < |z +y| <up(l+w)},
and also A(z,2) ={y: 2z < |y| < z(1+2')} when z,2’ > 0. A simple calculation,
using the fact that w € (0,1), shows that for all a € (0,1):

(A.18)

2| <% = A,(z) C A(zn(x), 8w) for some z,(x) € [, 2uy|

Ap(z)N{y:ly] <%} C A(za(z), 22) U A(ul™", au,”™) for some z,(z) € [atun, uy).
The compensator of the process D(z,2'); = > 4 lac,.(AXs) is ﬁ(l‘)f =

fg Fs(A(z,2")) ds. Therefore, the last part of (A.4) yield, for any finite stopping
time S:

(A.19) B(D(z, /)51~ Dz #)s | Fs) < 137 (2 +6/(2)).

Below, we use the notation of the previous proof, and denote by R;" the successive
jump times of X (ul*7) after (i — 1)A,,, and whose absolute size is bigger than u,, /4.
Exactly as for (A.15), we have

(A.20) PR <iAy) < KT A ug i

Let Gy = {un(1 — w) < |[APX (ult")| < uy(1 +w)}. First, we have
(A.21) PP L(Gn N (Ujz3BY)) < Proy(Sy <iAp) < KAy, 370,
Next, G, N B} C An(0), hence (A.18) and (A.19) with z = 2,(0) > u, /4 yield
(A22) PP (GaNBY) < B (APD(:0(0),80)") < KAwu (w+ ¢ (un))

The analysis of Gy, N BY is more difficult. We have G, N BY N {R* > iA,} = 0,
hence G,, N By C CT'UC3 UCY, where

CT = {59 <iln, |[AXsn| S up/4, AXsp € Ap(AXgn)}
Cg = {Sg < iAn, R = ?, ‘AXS{”‘ > un/4, ‘AXSEL‘ < un/4, AXS? € An(AXS;)}
Cp = {Rp <ilA,).

(A.18) and (A.19) yield on the sets {ST < iA,} and {R{" < iA,} respectively (since
#'(auy,) for a < 2 and ¢ (ult™) are bounded):

i1 (CT | Fsp) < E?A( : 51}52 ] E(D(z,8w)ia, — D(z,8w)gn | fs@)
z€|un /4,2un

A A
< K— ! < K—
< Ko+ ¢/(2un) < K5
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2G| Fap) = By swp E(D(2w/aa, — Dz 2w/a) | Frp)
z€[aun,un /4]

+ E(D(ui*, a/uy)in, = DOutt, a/uy )iy | Frp))
w o 1 >

+ +
H+1, H H(1 H(1

< KAn<

These expressions vanish on the sets {S} > iA,} and {R}* > iA,} respectively, so
by (A.14) and (A.20), we get

2 a ullmw A2 W\ L
A23) P(G,NBY) < K—"(l & "_) < K—2n (1 w HH),
where the last inequality follows upon taking a = oy, = (wuZ(HH))l/ (H+2),
Putting together (A.21), (A.22) and (A.23), plus the property Gy, N By = 0, we
get the result. O

The next lemma is an auxiliary result on an It6 semimartingale X satisfying
(A24) B =Ci=0, |AX|<u<]l, / @[ Fi(w, dz) < a < o

(use the notation (2), here v € [0,2]). Many versions of this type of results are
scattered in the literature, but the following seems to be new.
Lemma 6. Under (A.24), for all s,t >0 andp > vV 1 and u as in (A.24) we have

Kpsaub™ fp<2
(A25) E (sup | Xitr — Xo|P | .7'}) < { prad ip<
r<s

Ky (squP™ + sP/2ap/2qp=P/2) jf p > 2

Proof. We set Z(w) = 3 ; [AX;[*, which by assumption is locally integrable with
compensator Z(w) satisfying Z(w)is — Z(w): < sau™™7, as soon as w > . Then
1 <o <1 implies

(A26) E(Z(w)irs — Z(w))" | Ft) < EB(Z(wv)igrs — Z(wo) | Fr) < sau™ 7.

When v > 1 we can write Z(w) = Z(w) — Z(w) + Z(w) and use Burkholder-Davis-
Gundy inequality to obtain (when w > ~):

B((Z(w)ers — Zw)e)" | F) < Ko(BZQw)rs — Z2w))"’? | F) + (sau" 7))

This and (A.26) show that if 2" < v < 2"*! for some n > 1, then

B((Z(w)tys — Z(w)e)" | i) < Ky <sozuw”_7 + Z (Sau”“’—v)v/y).
=0
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Now, when 1 < v < v we obviously have 2o/ < x4+ 2" for any = > 0. Therefore
we deduce from the above that

(A27) v>21 = B(Z(w)gs — Z(w))" | Fr) < Ky(sau®™7 + s'a’u®""7").

Coming back to the problem at hand, another use of Burkholder-Davis-Gundy
inequality yields that the left side of (A.25) is smaller than K, B(Z(2);4s—Z(2):)P/? |
Fi). Then the result readily follows from (A.26) and (A.27). O

Lemma 7. Whenp > 2 and p < p1(p) = %, for all v > 0 we have

(A.28) P ([C(X)P) = C(X (u ), p)}]) < KAul, M n(p)a,
where
(A.29)
n(p)n = up ¢ (un) + Z;l 1 (un)® 77,
331:%—H(1—|—r) azg———H(2—|—3r) IE3:T‘—%, Ty = 2pp+ -1

If X¢f = fot 0sdWs of X wanishes identically, the same holds when p > 1V H
and when p =2 if H = 2, provided p < ijl, and with x4 above substituted with
_ p 1
T4 = —|— = 1.

Proof. 1) We have
X - X(ur) = Xo+ X+ M(n) + B(n),

where

B(n), = / t (b - /{uqu'q} Fi(dr)) ds,

M(n), / / x (p—v)(ds,dx).
{|z|<ust"}

Observe that by (A.4) and (A.6), |A?B(n)| is smaller than KA,, if H < 1, than
K,Apu,? for any z > 0 when H = 1, and than KAnu%1 B+ 56 g > 1. Then,
because of (A.7),

AIBMIT < Ky(A% + Apule- D00

for all ¢ > 1. Next, the Ito semimartingale M (n) satisfies (A.24) with u = ul*" and
v=2and a = Kul? 0 by (A.4) when H = 2 and (A.5) when H < 2. Then
Lemma 6 yields

L (IATM()]7) < KgAgulf= O

(use (A.7) again when ¢ > 2), for ¢ > 2 and also for ¢ > H Vv 1. Moreover
E(JA?X€7) < KqA%/2 for any ¢ > 0 by classical estimates (and because oy is
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bounded). Then, setting x = 0 if X¢ is identically 0 and x = 1 otherwise, we deduce
that for ¢ >2or ¢ > H V 1:

(A30)  E(AM(X — X (u1)]9) < K, (mg/? +(1- KA 4+ Anu;q—HNHT)) .
2) Next, we use the following estimate, for u,w,e € (0,1) and p > 1:
|2+ Y P oy <u) — (2171 fjaf<u)]
< el ljal<uy + f—_”l 91+ Ly > uwy + 4 Lu(i—w) <lol <u(i+u)}-

We have E | (((X(ult7),p)?) < KApuf ™ by Lemma 4 and (A.7) and the (easy)
fact that E ;(A?D(1,p,n)) < KA. Then, using (A.30) and Markov’s in-
equality, plus (A.17), we deduce that if p > H V 1 or if p = 2 the inequality (A.28)
holds with

KAP/21 (1- /Q)Aﬁ_l ubrHT A, wt/(H+2)
+ ug(l—i-'r)—l—r/(H—&—Z)

U(p)n =+ —H —H —
eP—1 b eP—1ob er~t

kAL (1- /Q)Aqfl udr—Hr I
nq—H q—IT; T an +w + uy ¢ (un) + 70,

wqu wu

where ¢ > 2 and € € (0,1) and w € (0,1/4) are arbitrary. Taking advantage of (30)
and (A.7), we deduce that in fact (A.28) holds with

1_H(14r) 2 _H(2+3r)
n(p)n = ull ¢ (un) + uf +uf, te
1 _HQ4r) -+ 1
+ ug)lr—Hrg—p—&—l +w 4+ U%T—Hrw—q + u{{ H+2 wiT2
p—2 q—2
E24yH—p _ S24+H—q _
(A.31) + fi(uﬁ” e Pt g2 w q)
eLig—p 1 Li+H—q
+(1-k) (un” e P y,” w*q>.

It remains to choose €, w and q. We first take

p—r_l  H_4
e = u7(1~+1)10ﬂ P + u;—Hr/p

(H+2)(q(1=(1+r)p)+(1+r) (2w H+pHr—2)) = (14r)pr p_ (H+2)A—pH)
w = Uy (A+r)p(1+q(H+2)) + up, p(i+a(H+2))

It follows that n(p), < ull + ¢'(u,) + Z?:l wy’ + 2?25 uz(Q)j, where

H42 l1-kw)+rwH+wHr—2))—rkwr H+42)(1-—wH

$(q)5 _( )(a( - ) i (q( %) ) , x(q)ﬁ =7 ( @ )q(( 2)))
H+42)(1—wH(14r))—wHr 1+kH+2k—kw(1—r+H(H+2)(147)))—k(1—wH

$(q)7 _ )( ¢ q(( 2)))) , .’L'(q)g _ (n a q(( 2))§ 1) —+( )
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Now, for v > 0 arbitrary, we can choose ¢ large enough to have z(q); > x; — v for
7 =5,6,6,8, where

3+ (14k) H+ 25— (14k) p(1—r+ H(H+2) (1+47))
(1+r)p(H+2) :

1

/ 1—pH(1471)
(1+k)p’

/! —
Tg =T, Tp= ’

"1:‘{5 = s ajlg =
Since p < 1 and & € {0,1}, we have 2§ > x4 and zj > x5 and z§ > 2% = 2. The
result follows. O

Lemma 8. Under the same condition on p and p as in Lemma 7, we have

(a3 B (swp 1B A~ Donl) < Kt o)
Proof. With the notation (A.10), we see that D(p, u,) — D(1,p,n) is increasing and
admits the compensator fg ds f{|z|<u3}+r} |x|P Fs(dx). Therefore (A.5) yields

1 (AP D(p,up) = APD(1,p,n)]) < KA, ulp~ 40,

n

This allows to deduce from (A.11) and (A.28) that

21 (KX p)7) = ATD(p,un)|) < KAzuln(p)n,
which immediately yields (A.32). O

Lemma 9. Let p > 2.

a) Assume a = 0 and (30) with p < p1(p). There is Ho(p, p) > 0 such that, for
any H € (0, Hy(p, p)], we have u,, "n(p), — 0 for a suitable choice of r and v > 0.

b) Assume a > 0 and (30) with p < pi(p). There is x(a,p) € (0,1/2) such that for
all H € 10, 2] we have n(p), < KulX@p) for a suitable choice of v and v > 0.

c) Assume a > 1/2 and (30) with p < pa(p). Then for all H € [0,2] we have
u;Hﬂn(p)n — 0 for a suitable choice of r and v > 0.

Proof. The proof is based on the form (A.29) of 1(p)n.

a) When a = 0, we have ¢'(u,) = é(u,) — 0. Then, with p < pi(p) and r
arbitrary in (0, 3,%1{ — %), it is enough to show that if H is smaller that some number
Hy(p,p) > 0, then ; > H for all j. If H — 0 we observe that x;/H tends to a limit
bigger than 1 for all j = 1,2, 3,4, so the result is obvious.

b) Since u¢'(u,) = uH when a > 0, the result will follow with x(a,p) = a A X’
if, when p = p1(p), we can find x’ = x/(p) such that x; > Hx' for all j and H € (0, 2]
and a suitable choice of 7. We then have x4 = H/p, whereas z; > Hy' for j =1,2,3
is implied by 24+ 2r +2x’ < 1/p and 4+ 6r + 2y’ < 2/p and r > 2x’ + 2r/p. Since
p > 2, we can choose r > 0 and x’ > 0 small enough for these to hold, hence the
result.

c) We assume a > 1/2, so again uX¢'(u,) = u2. Hence, taking p = pa2(p), it
suffices to show that for any H € (0,2] we can find r such that z; > H/2 for all
j. We take r = Hp/(2p — 2H), and checking z; > H/2 for j = 1,2,3,4 is a simple
matter. O
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3. Limiting results for B(p,u,,A;). We denote by 2B the convergence in
probability, locally uniformly in time. We set

(A.33) Alp)e = my /0 t 0[P ds.

Proposition 1. Under Assumption 1, and if (30) holds with some p < 1/2, we have
(A.34) B(2,un, An) =5 A(2)

and for any p > 2,

(A.35) ALPI2 B(p g, Ay £, A(p)r on the set Qf}

If moreover we have Assumption 2 and if k > 2 is an integer and p > 2, the
2-dimensional variables

A;l/Q (A};PﬂB(p, un, Ap)T — A(p)T, A};pﬂB(p? Un, kAp)T — kp/271A(p)T) )

stably converge in law, in restriction to the set Qf}, to a limit which is defined on an
extension of (Q, F, (Ft)e>0, P) and which, conditionally on F, is a centered Gaussian
variable with variance-covariance matrix

1 ( (map — mf,)A(Qp)T (mgp — kp/me,)A@p)T)
( )

A.36 —_—
( ) map \ (Mep — kp/2m]2o)A(2p)T kP~ (mgy, — mg)A(2p)T

Proof. 1) We first prove (A.34) and the last claim. We set I' = {(w, t) : Fi(w,R) <
oo}. By localization we may suppose that the processes by, o, and f{|$\<1} |z| Fy(dx)
restricted to the set I' are bounded. Since ¢ — F; can be modified on a A-null set,
we can replace Fy by the null measure for all ¢ < R = inf(s : H(0)s = 0o) (notation
(A.1)) such that Fy(R) = oo, and so b} = by — L;<py f{\$|<1} xFy(dx) is a bounded
process. Therefore the process Y = X’ + Z where

t t
(A.37) X! = Xo+ / b.ds + / odWs,  Zi= Y AX,
0 0

s<tAR

is well defined. Moreover, the following is obvious:

(A.38) t<R = X, =Y.

We associate with X’ the processes B'(p, A,): = ZEZ?"] |A?X'|P. Since X' is con-

tinuous and satisfies Assumption 1, we know (see for example (11) and Theorem
2 of Ait-Sahalia and Jacod (2009a)) that (A.35) and under Assumption 2 the sta-
ble convergence in the last claim hold true, if we substitute B(p,un, k'Ay,)r with
B'(p,k'Ay) (where k' =1 or k' = k). Assumption 2 is slightly weaker than in Ait-
Sahalia and Jacod (2009a), but the extension to the present case is straightforward.
Hence the desired results will hold if we prove that

(A.39) P(QL N {B(p, un, K’ Ap)r # B'(p, K An)1) — 0.
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To see this we observe that there are integers nj(w) and ng(w) with the following
properties: n > ny implies |A?X'| < w, for all ¢ < [T'/A,] (by the boundedness
of ¥ and o and in view of Lévy’s modulus of continuity and of the assumption
(30) for some p < 1/2); and, when n > ng, the (finitely many) jumps of Z have a
modulus bigger than 2u,, and the time separating any two of them is bigger than
k'A,,. Furthermore on Qé: we have R > T, s0 Xy = Y, for all ¢t < T by (A.38).
Hence on the set Q% and if n > ny V ng we have A?X1{|A?X|§un} = A'X’ for all
i < [T/A,]: this readily implies (A.39). 2) Now we turn to (A.34). It is enough to
prove that B(2,u,, Ap)t N A(2); for each fixed t. For any € > 0, and if n is large
enough for having 2e\/A,, < u,, < ¢ (recall (30) with p < 1/2) we have

[t/An] [t/An]
(A40) Ay Z fE(A?X/\/A_n) < B(QaunaAn)t < Z g&(A?X)7

=1 i=1

where f.(z) = 22h(z) and g.(z) = 22h-(z) and h.(z) = (1 — |z|/2¢)T A 1. Now by
Theorems 2.2 and 2.4 of Jacod (2008), we have

Z[t/An] gE(AnX) P A(2 t+f0fg€ 2)Fy(dx),
A S L (APX)VER) S [ e (f2)ds,

where p, denotes the normal law N(0,a?). Then the two right sides of (A.41) con-
verge to A(2); as € — 0, and the result readily follows from (A.40). O

(A.41)

Now we turn to the behavior of the processes B(p, uy, A,) on the set fof;, under
Assumption 5. First, we consider the processes

- t
(A.42) D(p, un) = / ds / ([P Fy(dz)
0 Jeicuny

Proposition 2. Under Assumptions 1 and 5, and if p > 2 and (30) holds with
p < p1(p), there is an € > 0 such that for all T > 0,

(A.43) ubT(=E)=P sup | B(p, Un, An)t — D(p, un )¢ £,0 on {I'r > 0}.
t<T

Proof. We take e arbitrary in (0, x), where x = x(a,p) is deﬁned 1n Lemma 9, with
a as in Assumption 5. We pick « in the (non-empty) interval ( X,1), and also an
integer m > (2/a) V (1/¢), and we set z; =2 —1/m and z; = 2oﬂ 1 for j > 2. The
intervals I; = (zj41, 25| for j > 1 form a partition of [0,2 — 1/m], and since I'r < 2
and m is arbitrarily large, for getting (A.43) on {I'r > 0} it is enough to prove it
separately on each set Q). = {I'r € I;}. Below, j > 1 is fixed. The process I'; is
optional and increasing (not necessarily cadlag, though). Recalling (3), we can thus
set

t t t
X{=Xo+ / bsds + / osdWs + / Lr, <2y | Tlje<y(p —v)(ds, dz)
0 0 0

t
(A.44) —i—/[; 1{1"3§Zj}/$1{x|>1},u(d8ad$)
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This process obviously satisfies Assumption 5 with the same constant a and function
¢ and ¢ as X, and with a global BG index z; A T'; instead of I';. Moreover, on the
set . we have X = X; for all ¢ < T'. Hence it is enough to prove the result for X’
instead of X. Or, in other words, we can assume that X itself satisfies Assumption
5 with I'y < z; for all ¢t. Next we pick v € (1,aﬁ), and we set H = z;v when
j < oo and H = € when j = oo. Then by Assumption 5 we see that the first two
properties in (16) hold, if I'; + € is substituted with H, with a locally bounded
process L; instead of L(g);. Hence, by a standard localization argument, it suffices
to prove the result when the process satisfies Assumption 7, with H as before and
a > 0 as in Assumption 5. For any ¢ > H the compensator of D(q,u,) is 15(q, Un),
which is bounded by (A.5) for any ¢. The quadratic variation of the square-integrable
martingale D(p, u,) — D(p, uy) is D(2p, uy). Therefore (A.5) again yields, together
with Doob’s inequality:

(A45) B sup|D(p,un)s — D(pwn)s?) < AB(D(Ep,un)y) < KTu ™.
s<T

Combining this with (A.32) and using Cauchy-Schwarz inequality yield

(A46)  B(sup |B(p. un An)s — Do un)il) < KTy (n(p)o” + 7).
RIS

Our choice of p implies by Lemma 9 that we can choose the number 7 in such a

way that 7(p), < KulX. Then, recalling zj+1/2j > 1/oc and x < 1/2, we deduce

from our choices of o and v that, if 241 < I'r < 2;, both —H/2 and Hx — H are

bigger than —I'r(1—¢). Then (A.43) in restriction to the set Q7. readily follows from

(A.46). O

Proposition 3. Under Assumptions 1 and 5, and if p > 2 and (30) holds with
p < p1(p), for allT > 0 we have

1
(A.47) — sup | B(p, tn, An)s — D(p,un)i| — 0 on {I'p = 0}.

p
Un t<T

Moreover, if 1)(0) = co we have

m ?;15 | B(p, wn, Apn)t — D(p, un)i] .0 on {T'r =0}.

Proof. The scheme of the proof is essentially the same as in the previous proposition.
We define a new process X’ by (A.44), in which we take z; = 0. This process has a
global BG index identically 0, and it satisfies Assumption 5 with the same functions ¢
and v and, say, a = 1 (a is indeed irrelevant in this case). Moreover, on the set {I'r =
0} we have X{ = X; for all t < T. Hence it is enough to prove the two convergences
(A.47) and (A.48) on the whole set €2, when the process X satisfies Assumptions 1
and 5 and 'y = 0 identically. By a standard localization argument, it suffices to prove
the results when X satisfies Assumption 7, with H = H(p, p) (see Lemma 9) and a =

(A.48)
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0, and also when the processes G(q,u): = m f{|x|§u} |z|? Fy(dz) are bounded
by the same constant L for ¢ = p and ¢ = 2p when u € (0, 1]. Then by Lemma 9-(a)
we can choose the number 7 in such a way that u, #n(p), — 0, and (A.47) then
readily follows from Lemma 8. In view of (A.47), (A.48) will hold as stated, as soon
as it holds with B(p,u,, A,) substituted with D(p, u,). To see that this is true, we
use the estimate G(2p,u); < L, so (A.45) holds with the right side substituted with

ALTu4)(uy). Thus the sequence Mﬁ sup;<p | D(p, un )t — D(p, un)¢| is tight,
and (A.48) follows. O

The asymptotic behavior of B(p,un,A,) is of course not completely specified by
these two propositions, but they will be enough for our purposes, in restriction to
the set {I'r > 0}, and also on {I'r = 0} when ¥ (0) = co. When #(0) = 1, however,
we need more. The next result holds as soon as u,, — 0.

Proposition 4. Under Assumption 5 with ¢(0) = 1, the variables un,” D(p, un)r
are bounded away from 0 in probability, in restriction to the set Q?FZO, that is

(A.49) 21_1)]% 1imnsup P({u;pD(p, up)r < €}N Qg’}“:O) = 0.

Proof. If (A.49) fails we can extract a subsequence of u,, which we still denote with
the same index n, such that for some sequence ¢, — 0 and some 1 > 0 we have

P(W?’D(p, Un)T < En} N QQLFZO) > .

Now, let

n __
Hy = Z 1{5}/%”<|Axs|gun}’
s<t

whose compensator is
~ t — —
i — / ds(Fy(=1/Pu) — Fo(un)).
0

Observe that if u,”D(p, u,)r < €y, then H% = 0. Therefore it suffices to prove that
the next property brings forth a contradiction:

(A.50) ]P’({H% =0}n Q;;F=°) > 9.
Fix s and w for a moment, and suppose that a < G(p,u)s < d’ for two constants

0 <a<da and all u € (0,1]. Since ¢ = 1, and for 0 < z,v < 1, we deduce

— 1

Fs(vﬁ)_ﬁs(v) > _/ |y|p Fs(dy) = G(p, ’U)S—xpG(p, U*x)s >y = a_*xpa/»
VP J{wa<ly|<v}

and y > 0 if we take x small enough. Now, the interval (f-:%/ Py, u,] contains exactly
% [log(e)/log(x)] disjoint intervals of the form (v, v], and the previous minoration
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yields Fs(ei/pun) — Fy(un)) > % [log(en)/log(z)], hence Fy(epun) — Fy(uy)) — oo.
Therefore, in view of (20) and the last part of (16), and applying Fatou’s Lemma,
we deduce

(A.51) H} — oo on the set Qf;,’ﬂpzo.

Now, set S, = inf(t : H' > 0). We have Hg <1, so E(ﬁ[gﬂ) =E(Hg ) <1 and
thus P(Hg > A) <1/A. Therefore

P({S, > T}N Q' %) <P(HE, > A)+P(Q7' °n{H} < A})
1
A
So, by choosing first A large and second n large, and taking advantage of (A.51),

we deduce that P({S,, > T'} N lerzo) — 0. Since H: = 0 when S,, > T we see that
this contradicts (A.50), and we are done. O

< S+ PPN {HE < A}

Finally, we prove much more precise limiting results under Assumption 6. As seen
before, the behavior of D(p,u,) is key, and we start by studying these processes.
We need a law of large numbers and a central limit theorem, and a 4-dimensional
one for the latter. Taking p’ > p and v > 1 and writing u), = yu,, we introduce
4-dimensional processes D", 5”, B™ and D with respective components
(A.52)

D™t = ug_pD(p, Un), D™l = ug_pf)(p, uy), B™'= ug_pB(p, U,y Ay),

D2 = ug_plD(p’,un), D2 = ug_plﬁ(p’,un), B™? = ug_plB(p’,un, Ay),
D3 = PP D(p,ul)), D™ =u/PPD(p,ul), B™ =u. P PB(pul,A),
Dt = u;LB*p'D(p/, ul,), DA — u;lﬁfplﬁ(p’, ul), B = u;LB*p/B(p/ ul, Ap),

n n r'no

- A —3
(A.53) p D=L =D ,’3—

p—p p—p
Proposition 5. Assume Assumption 6, and suppose p > (5.

a) We have D" ““5 D.

b) If further ' < /2, the 4-dimensional processes ugﬁ/Q(D" — D) stably con-
verge in law to a limit which is a continuous process, defined on an extension of
(QF, (Ft)e=0,P), and which conditionally on F is a centered Gaussian martingale
with covariance (or quadratic variation) process

BA_ APPEA _FA PP gA
2p—B8  2p—B ptp'-B ptp'-pB
APTPBA APBA APTPBA APBA
(A.54) c — 2p:3 220*/3_ pﬂ)_fﬁ p+plfli
BA  APPBA BA  APP A
p+p'=B8 ptp'—B8 205  2p'-P
1PV A APBA APV BA APA
p+p' =B p+p'—8 20'-B 2P
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Proof. a) We easily deduce from (22) that if u > 0 and g > §,

q—B ,
P Fy(d) — 4,2 < KLw??,
{le|<v} p-5

(A.55)

which, together with the definition (A.42) and 8’ < 3, gives us
u.c.p. BZ
Lep. P&
q—p
Observe that Y™ = v~ %(D(q, va)—D(q, vn)) is a martingale with predictable bracket

vgﬂf2ql~)(2q,vn), which goes to 0 by (A.56), hence another application of (A.56)
yields

(A.56) ¢>B, va—0 = vl 9D(q,vn)

(A.57) q>p0, vy, —0 = Ug_qD(q,vn) e %
This implies (a).

b) Observe that sup,, Hu;B/Q(ﬁg — Dg|| — 0 by (A.55), as soon as 3’ < 3/2.
Hence for (b) it remains to prove that M" = un?! Z(D” — D™) stably converges in
law to a continuous process M, defined on an extension of (€, F, (F)¢>o0, P), and
which conditionally on F'is a centered Gaussian martingale with covariance process
(A.54).

Now, M™ is a 4-dimensional martingale, whose quadratic covariation process C™
is

CmM = un = D(2p, un), C™22 = 2Pul P2 D (2p, ),
Cn33 = up ™ D(2p un), Ot = P, 0720 D2yl ),
12 — 5P D(2p, uy), O3 = up " D(p + ' un),

cnl4 — ’yﬁfp,ugipip/D(p —i—p', Un), on23 — ,yﬁfpug*p*p’D(p + p/’ un)’
Cn,24 — ,}/ﬂu%/@—P—P’D(p -+ p,7 u;l)’ C'ﬂ,734 = ’yﬂ_p/ugi2plD(2p,, un)

Then C} =, G, forall ¢ by (A.57). This implies that the sequence (M"™) converges
in law to a continuous limit M which a local martingale having quadratic covariation
process C.

At this stage, we are left to show that

(A.58) (M™, Ny, — 0,

for any bounded martingale N in a set N which generates all martingales (in the
sense of stochastic integrals). A choice of N consists in all M that are orthogonal to
u—v, and those which are of the form W (u—v) for ¥ predictable and vanishing on
the set {(w,t,z): |z| < e} for some € > 0. Now (M", N) vanishes if N in the first
class above, and also for those in the second class as soon as u), < e: then (A.58)
obtains. 0O
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We now apply this to derive results on the processes B(p, un, A,); recalling the
notation (A.52) and (A.53), the following result is an obvious consequence of Lemmas
8 and 9 and Proposition 5.

Proposition 6. Assume Assumptions 1 and 6, and let p’ > p > 2.

a) If (30) holds with p < p1(p), we have B" ““5 D.

b) If (30) holds with p < pa(p), and B’ < B/2, the 4-dimensional processes
un”’ 2(B” — D) stably converge in law to a limit which is a continuous process, de-
fined on an extension of (2, F, (Fi)t>0, P), and which conditionally on F is a centered
Gaussian martingale with covariance given by (A.54).

4. Consistency results. In this section we prove Theorems 1 and 4, and we
give a description of the asymptotic behavior of the variance estimates V,, and V,/
given by (37) and (44).

Proof of Theorem 1. By virtue of Lemma 2, we can assume Assumptions 1, and also
5 for (b). Take p > 2. We have (A.35) and also (upon substituting A,, with kA,,):

AP B(p un KAL) —— kP2 A(p)g

on the set Qf} Since further A(p)r > 0 on the set Q'Y, (34) follows from (33).
The proof of (35) is more involved. Let € > 0 be such that (A.43) holds, and let
a’' € (1 —¢,1). Recall that

(459 I A A
{lz[<un} 0
Therefore if Z}" = inf,¢(0,u,] 2¥TTFy(z), and in view of (A.42), we get

T
~ o p
D > bt L Ztdt
e = L [z

(note that p > a'I'p because a'T'r < 2). Now, (19) implies that on the set Qékr>0
the sequence Z}', which increases in n, goes to 400 on a subset of [0,7] with pos-
itive A-measure. Then fOT Zdt increases to +00, and we deduce from the previous
minoration that for n large enough (depending on w), we have

(A.60) D(p,up)y > ub~@TT on Q?F>0'

By our choice of @’ we have I'r(1 — ) < @’ T'p. Then (A.43) and (A.60) imply that
for all n large enough,

(A.61) B(p,un,An)r = 5(p7un)T(1+Yn)a where Y, & 0 on Q?]’ﬂp>0>

and in exactly the same way we obtain, again for n large enough,

(A62)  B(p,un, kAn)r = D(p,un)r(1+Y]), where Y] — 0 on Q370
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At this stage (35) restricted to Qékr>0 readily follows. Second, recalling ﬁ(p, Up )T =
unb (up fo (p, un)sds, we deduce from (20) that

(A.63) hmlnf ¢( 5 D(p,un)y > 0 on QQLF:O.

Hence When ¢( ) = 00, we can apply (A.48) to obtain (A.61), and (A.62) as well, on
the set Q7. =0 instead of Qz 1>0 and (35) restricted to Q7 =020 follows when 1(0) = oo.
Finally, suppose that (0 ) = 1 We apply (A.47) for A and kA, to obtain that

(A64) B(p7 unajAn)T - D(p, Un)T + 'U/;Z YT‘Z on {FT = 9}7 where Yﬁ] L 0

for j = 1 and j = k. We have |S,, — 1| < (|Y;}| + |Y;*|)/|e + Y.F| if un " D(p, un)7 > €,
hence for all €, > 0 we have

limsup P({]S, — 1| > n} 095 ") < limsup P({u,”D(p, un)r < e} 10 ).

We deduce from (A.49) that (35) holds on the set Q%&FZO, and in view of (18) this
finishes the proof. O

Proof of Theorem /. In view of (40), and since A(p)r > 0 and A(p')r > 0 a.s. on
Q. (42) is a trivial consequence of (A.35). For (41), it suffices to prove it under
Assumption 6, on the set 0r , and this follows from (a) of Proposition 5. Il

We end this section with the asymptotic behavior of the variances V,, and V]
defined in (37) and (44). We have two exponents p’ > p > 2, and we assume that
(A.15) holds with p = p1(p), which is smaller than p;(p’). First, under Assumption
1, we deduce from Proposition 1 that

(A.65) X—Z v o= N(p, k) % in restriction to Q:J; Ny,
_n - 2y P =P (1 — v p +(1 -~ p
A, (0= "T0m 0 T
_ o Alp+0)r : _— f oW
A .66 — 2= - in restriction to Q7. N Q7 .
( ) ( Y Y )A(p)TA(p/)T> T T

The behavior of V,, on the set ngs under Assumption 5 is more difficult to establish
and is given in the next proposition:

Proposition 7. Under Assumptions 1 and 5, and if (30) holds with p = p1(p), we
have

Q4 if (0) =

P . ..
A.67 V., — 0 in restriction to the set
(A.67) { QL0 4p(0) =
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Proof. Exactly as in the proof of Theorem 1 above, for all n large enough we have

(A.68) B(p,un, Ap)r = 5(pa un)r(1+Yn), B(2p,un, Ap)r = 5(2177 up)r(1+ Yr/b)v
and Y, and Y, go to 0 in probability in restriction to the set ngr>0. We also have
(A.60) and D(2p,un)r < KnL(n)Tu%pfrTﬂ7 for any n > 0, by (A.59). Then for n
large enough we have on the set QE,LF> 0.

1+,
(1+Y,)?
Since L(n)r < oo for all > 0 and 2a’ > 1, we deduce (A.67) in restriction to
Q;LF>O. Next, we still have (A.68) with Y, and Y, going to 0 in probability in
restriction to the set QZ’FZO, when 9(0) = oo. Moreover if 'y = 0 we also have

D(2p,un)r < L'(2p)7un’(un) by (16). Therefore, denoting by Z the left side of
(A.63), for all n large enough we have on the set Q%FZO :

V, < K L(n)Tug“,_l)‘sT_".

1+ 1Y) 1
Z>0, V, <K n L'(2p)p.
= Kvy Zot) VAT
Hence if 9(0) = oo, we deduce (A.67) in restriction to Qf;,’ﬂrzo. O

Finally, we deduce from (A.56) and under Assumptions 1 and 6 that, in restriction
to the set Qg@ :

Viop o A (p—pB)? 8 B (p' — B)? 8 B—p/
u—g—ﬂ/_ i, (2p_ﬁ(1+7 — 27 p)+—2p,_ﬁ(1+’y — 2977
(A.69) — 2(pp_f2/(1i ; 5) (1+42 —AfP— vﬁ—p’)).

5. Central Limit Theorems and Theorems 3 and 6. In this section, we
prove Theorems 2 and 3, resp. 5 and 6, and the proof is the same for both pairs
of theorems, and for the first pair it essentially reduces to Theorems 5 and 6 of
Ait-Sahalia and Jacod (2009b). Moreover it is enough to prove the results under
Assumptions 5 instead of 3 and 6 instead of 4, according to the case. There are
three steps:

Proof. 1) We need a CLT for S,, and S], under the null hypothesis. For this, we

apply Propositions 1 and 6, and after some (elementary) calculations we obtain the
following stable convergence in law, under Assumptions 1, and respectively 2 and 6:

1
VA,
where U is F-conditionally centered Gaussian with variance V' given by (A.65), and
1 L—(s)

(A7) e
Un

(A.70) (Sp — kP21 “9 U in restriction to of Nl

U’ in restriction to Qé,?
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where U’ is F-conditionally centered Gaussian with variance V'’ given by (A.69).

2) We combine the stable convergence in law in (A.70) and (A.71) with the con-
vergence in probability in (A.65) and (A.69), to deduce Theorems 2 and 5. In turn,
these results immediately yield that in both theorems, the asymptotic level of the
test equals a.

3) It remains to prove that in both cases the asymptotic power equals 1. In case
of Theorem 3 we see by (A.67) and also (35) that (S, — k?/271)/\/V,, — —o0 on
the set Q% (when 9(0) = o), whereas in case of Theorem 6 we deduce from (A.66)
and also (35) that (S), — 'yp/*p)/m — —oo on the set Q% So in both cases the
asymptotic power is obviously 1. O

6. In the presence of noise.

Proof of Theorem 7. 1) In view of the definition of S,, and ?:1, it is clearly enough
to show the following convergence in probability, with f is as in (47):

Ay — p_ 2f(0)
FB(paumAn)t — mt

(A.72)
for the appropriate values of p in (30), in connection with the value of p.

2) We start with the behavior of the truncated power variations when there is
only noise. That is, we denote by B(p, un, A,) the process defined by (32), when we
substitute X;a, with €;a,,, that is

[t/An]

(A73) E(p, Unp, An)t = Z |5? - 6?—1|p 1{|6?—5?71|§un}'
=1

The aim of this step is to show the following convergence result:

An = P 2f(0)
— B A —t.
ug—‘rl (P, un, Ap)y — D+ 1

(A.74)
Let §+(p, Un, Ayp)¢ and B~ (p, un, Ap)¢ be the variables defined by the right side
of (A.73), except that the sum is extended over all indices ¢ that are even, resp. odd.
It is then sufficient to prove that, suitably normalized, both these variables converge
to half the limit in (A.74), and it suffices to prove the result for, say, By (p, un, Ay).
The summands (' = [} — &/ 4[P Ljen_en |<u,) for @ even are iid. for each n,
with a law depending on n. Moreover if G(z) = E(|e1 — €0[P1fjc,_co|<s}), We have
E(¢") = G(up) and E((¢")?) < uhG(up). The result then readily follows from stan-
dard properties of i.i.d. triangular arrays, plus A, /u, — 0 (because p < 1) and the
convergence G(x)/zPTt — 2f(0)/(p + 1) as  — 0, which is a consequence of (47).
3) In view of (A.74), it is enough to prove that
A, = ~ P

p+1 B(p> Unp, An)t - B(p7 Unp, An)t — 0.
Un,

(A.75)
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Since Assumption 1 holds, by a standard localization procedure we may in fact
suppose that

(A.76) E(ATX|?) < KA,.

Observe that if for some reals x, y we have || < u, /2 and either |z +y| < u, < |y|
or ly| < wuy, < |z +yl, then |y — u,| < |z|, and thus

|2 + 1P Lperyi<uny = 1917 Lyi<uny | < K (U (Ljaisun /2y + Hly—unl<lel<uny) + b )

p—2(.12 Ug‘fﬁ‘lﬂ p—1
< K (ol s Lycauy + b o))
|y_un|

for any ¢ > 0. Then, taking (A.76) and (47) into account, the latter implying

Eggn F”J;(% dy < K u}/ 2, we deduce that the expectation of the left side of (A.75)

is smaller than U s
A, AYYAY
Kt( =+ = ).
U /2 U
n Un n

If p < %, the above goes to 0, and the proof is complete. O





