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Abstract

The leverage effect refers to the generally negative correlation between an asset return
and its changes of volatility. A natural estimate consists in using the empirical correlation
between the daily returns and the changes of daily volatility estimated from high-frequency
data. The puzzle lies in the fact that such an intuitively natural estimate yields nearly
zero correlation for most assets tested, despite the many economic reasons for expecting
the estimated correlation to be negative. To better understand the sources of the puzzle,
we analyze the different asymptotic biases that are involved in high frequency estimation
of the leverage effect, including biases due to discretization errors, to smoothing errors
in estimating spot volatilities, to estimation error, and to market microstructure noise.
This decomposition enables us to propose novel bias correction methods for estimating
the leverage effect.
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1 Introduction

The “leverage effect” refers to the observed tendency of an asset’s volatility to be negatively
correlated with the asset’s returns. Typically, rising asset prices are accompanied by declining
volatility, and vice versa. The term leverage refers to one possible economic interpretation of this
phenomenon, developed in Black (1976) and Christie (1982): as asset prices decline, companies
become mechanically more leveraged since the relative value of their debt rises relative to that
of their equity. As a result, it is natural to expect that their stock becomes riskier, hence
more volatile. While this is only a hypothesis, this explanation is sufficiently prevalent in the
literature that the term “leverage effect” has been adopted to describe the statistical regularity
in question. It has also been documented that the effect is generally asymmetric: other things
equal, declines in stock prices are accompanied by larger increases in volatility than the decline
in volatility that accompanies rising stock markets (see, e.g., Nelson (1991) and Engle and Ng
(1993)). Various discrete-time models with a leverage effect have been estimated by Yu (2005).

The magnitude of the effect however seems too large to be attributable solely to an increase
in financial leverage: Figlewski and Wang (2000) noted among other findings that there is no
apparent effect on volatility when leverage changes because of a change in debt or number of
shares, only when stock prices change, which questions whether the effect is linked to financial
leverage at all. As always, correlation does not imply causality. Alternative economic inter-
pretations have been suggested: an anticipated increase in volatility requires a higher rate of
return from the asset, which can only be produced by a fall in the asset price (see, e.g., French
et al. (1987) and Campbell and Hentschel (1992)). The leverage explanation suggests that a
negative return should make the firm more levered, hence riskier and therefore lead to higher
volatility; the volatility feedback effect is consistent with the same correlation but reverses the
causality: increases in volatility lead to future negative returns.

These different interpretations have been investigated and compared (see Bekaert and Wu
(2000)), although at the daily and lower frequencies the direction of the causality may be difficult
to ascertain since they both appear to be instantaneous at the level of daily data (see Bollerslev
et al. (2006)). Using higher frequency data, namely five-minute absolute returns to construct a
realized volatility proxy over longer horizons, Bollerslev et al. (2006) find a negative correlation
between the volatility and the current and lagged returns, which lasts for several days, low

correlations between the returns and the lagged volatility and strong correlation between the



high-frequency returns and their absolute values. Their findings support the dual presence of a
prolonged leverage effect at the intradaily level, and an almost instantaneous volatility feedback
effect. Differences between the correlation measured using stock-level data and index-level data
have been investigated by Duffee (1995). Bollerslev et al. (2011) develop a representative agent
model based on recursive preferences in order to generate a volatility process which exhibits
clustering, fractional integration, and has a risk premium and a leverage effect.

Whatever the source(s) or explanation(s) for the presence of the leverage effect correlation,
there is broad agreement in the literature that the effect should be present. So why is there
a puzzle, as suggested by the title of this paper? As we will see, using high frequency data
and standard estimation techniques, the data stubbornly refuse to conform to these otherwise
appealing explanations. We find that, at high frequency and over short horizons, the estimated
correlation p between the asset returns and changes in its volatility is close to zero, instead
of the strong negative value that we have come to expect. At longer horizons, or especially
using option-implied volatilities, the effect is present. If we accept that the true correlation is
indeed negative, then this is especially striking since a correlation estimator relies on second
moment, or quadratic (co)variation, and quantities like those should be estimated particularly
well at high frequency, or instantaneously, using standard probability limit results. We call
this disconnection the “leverage effect puzzle,” and the purpose of this paper is to examine the
reasons for it.

At first read, this behavior of the estimated correlation at high frequency can be reminiscent
of the Epps Effect. Starting with Epps (1979), it has indeed been recognized that the empirical
correlation between the returns of two assets tends to decrease as the sampling frequency of
observation increases. One essential issue that arises in the context of high frequency estimation
of the correlation coefficient between two assets is the asynchronicity of their trading, since
two assets will generally trade, hence generate high frequency observations, at different times.
Asynchronicity of the observations has been shown to have the potential to generate the Epps
Effect.!

However, the asynchronicity problem is not an issue here since we are focusing on the

L As a result, various data synchronization methods have been developed to address this issue: for instance,
Hayashi and Yoshida (2005) have proposed a modification of the realized covariance which corrects for this effect;
see also Large (2007), Griffin and Oomen (2008), Voev and Lunde (2007), Zhang (2011), Barndorff-Nielsen et al.
(2008b), Kinnebrock and Podolskij (2008) and Ait-Sahalia et al. (2010).



estimation of the correlation between an asset’s returns and its (own) volatility. Because the
volatility estimator is constructed from the asset returns themselves, the two sets of observations
are by construction synchrone. On the other hand, while asynchronicity is not a concern, one
issue that is germane to the problem we consider in this paper is the fact that one of two variables
entering the correlation calculation is latent, namely the volatility of the asset returns. Relative
to the Epps Effect, this gives rise to a different set of issues, specifically the need to employ
preliminary estimators or proxies for the volatility variable, such as realized volatility (RV) for
example, in order to compute its correlation with asset returns. We will show that the latency
of the volatility variable is partly responsible for the observed puzzle.

One further issue, which is in common at high frequency between the estimation of the
correlation between two asset returns and the estimation of the correlation between an asset’s
return and its volatility, is that of market microstructure noise. When sampled at sufficiently
high frequency, asset prices tend to incorporate noise that reflects the mechanics of the trading
process, such as bid/ask bounces, the different price impact of different types of trades, limited
liquidity, or other types of frictions. To address this issue, we will analyze the effect of using
noise-robust high frequency volatility estimators for the purpose of estimating the leverage
effect.?

Related studies include the development of nonparametric estimators of the covariance be-
tween asset returns and changes in volatility in Bandi and Reno (2010) and Wang and Mykland
(2009). Both papers propose nonparametric estimators of the leverage effect and develop the

asymptotic theory for their respective estimators; our focus by contrast is on understanding the

2In the univariate volatility case, many estimators have been developed to produce consistent estimators
despite the presence of the noise. These include the Two Scales Realized Volatility (TSRV) of Zhang et al.
(2005), Multi-Scale Realized Volatility (MSRV), a modification of TSRV which achieves the best possible rate
of convergence proposed by Zhang (2006), Realized Kernels (RK) by Barndorff-Nielsen et al. (2008a), the
Pre-Averaging volatility estimator (PAV) by Jacod et al. (2009), and the Quasi-Maximum Likelihood Estimator
(QMLE) of Xiu (2010) which extends the parametric Maximum-Likelihood Estimator of Ait-Sahalia et al. (2005)
to the setting of stochastic volatility. Related work include Bandi and Russell (2006), Delattre and Jacod (1997),
Fan and Wang (2007), Gatheral and Oomen (2010), Hansen and Lunde (2006), Kalnina and Linton (2008), Li and
Mykland (2007), Ait-Sahalia et al. (2011) and Li et al. (2010). To estimate the correlation between two assets,
or any two variables that are observable, Zhang (2011) proposed a consistent Two Scales Realized Covariance
estimator (TSCV), Barndorff-Nielsen et al. (2008b) a Multivariate Realized Kernel (MRK), Kinnebrock and
Podolskij (2008) a multivariate Pre-Averaging estimator and Aft-Sahalia et al. (2010) a multivariate Quasi-

Maximum Likelihood Estimator.



source of, and quantifying, the bias(es) that result from employing what is otherwise a natural
approach to estimate that correlation.

Our main results are the following. We provide theoretical results to disentangle the biases
involved in estimating the correlation between returns and changes in volatility with a sequence
of progressively more realistic estimators. We proceed incrementally, in such a way that we
can isolate the sources of the bias one by one. Starting with the spot volatility, an ideal
but unavailable estimator since volatility is unobservable, we will see that the leverage effect
parameter p is already estimated with a bias that is due solely to discretization. This bias is
small when the discretization step is small, but we will soon see that the optimal discretization
step is not small when more realistic measures of volatilities are used. The unobservable spot
volatility is frequently estimated by a local time-domain smoothing method which involves
integrating the spot volatility over time, locally. Replacing the spot volatility by the (also
unavailable) true integrated volatility, the bias for estimating p is very large, but remains
quantifiable. The incremental bias is due to smoothing. Replacing the true integrated volatility
by an estimated integrated volatility, the bias for estimating p becomes so large that, when
calibrated on realistic parameter values, the estimated p becomes essentially zero, which is
indeed what we find empirically. The incremental bias represents the effect of the estimation
error. We then examine the effect of using noise-robust estimators of the integrated volatility,
and compute the resulting additional bias term, which can make the estimated leverage effect
to go in the reverse direction. Based on the above results, we propose a regression approach to
compute bias-corrected estimators of p. We mainly investigate these effects in the context of the
Heston stochastic volatility model, which has the advantage of providing explicit expressions
for all these bias terms. The effect of a jump component in the price process is also further
analyzed.

The paper is organized as follows. Section 2 documents the presence of the leverage effect
puzzle. The prototypical model for understanding the puzzle and nonparametric estimators
for spot volatility are described in Section 3. Section 4 presents the main results of the paper,
which unveil the biases of estimating leverage effect parameter in all steps of approximations.
Section 5 analyzes the role that price jumps can play when measuring the leverage effect. A
possible solution to the puzzle is proposed in Section 6, which is demonstrated by Monte Carlo
simulations in Section 7 and by empirical studies in Section 8 using the high-frequency data

from S&P500 and Microsoft. Section 9 concludes. The appendix contains the mathematical



proofs.

2 Motivation: The Leverage Effect Puzzle

To motivate the theoretical analysis that follows, we start with a straightforward empirical
exercise to illustrate the leverage effect puzzle. Figure 1 presents the time series of the log-
returns of the SP500 index and the index itself. Large volatility periods accompanied with the

decline of the index is a reflection of the leverage effect.
+-++ Insert Figure 1 Here +++

Slightly more formally, a scatter plot of estimated changes of volatilities and returns provides
a simple way to examine graphically the relationship between estimated changes in volatility
and changes in log-prices (i.e., log-returns). Figure 2 shows scatter plots of the differences of
estimated daily volatilities Vi — Viem against the corresponding returns of horizon m days for
several assets, where V; is the integrated daily volatility estimated by the noise-robust TSRV
estimator. If we start with long horizons, as shown in Figure 2, we see that the effect is present

albeit seriously underestimated in the data.
+++ Insert Figure 2 Here +4+

In addition to the evidence that comes from long horizons, the effect is even stronger empir-
ically if we use a different measurement altogether of the asset volatility, based on market prices
of derivatives. In the case of the S&P 500 index, we employ VIX, which is the square root of the
par variance swap rate with thirty day to maturity; that is, VIX measures the square-root of
the risk neutral expectation of the S&P 500 variance over the next thirty calendar days. Using
this market-based volatility measure, the leverage effect is indeed very strong as demonstrated

in Figure 3.3

3VIX is subject to a risk premium which might make the observed correlation between VIX changes and
asset returns even more negative than what results from the leverage effect, if the risk premium happens to
increase when prices go down. So the point of Figure 2 is not to suggest that VIX provides a solution to the
measurement problem, but simply to investigate the magnitude of the effect when employing a data source for
volatility that is not directly obtained from the price data itself. The leverage effect can be measured using
options data by estimating a parametric model which also takes into account the risk premia: see for example
Pan (2002) who estimates p near —0.5, including jumps in prices, and Bakshi et al. (1997) who estimate p in

the range [—0.7, —0.6] without jumps, and around —0.5 when including jumps.



+++ Insert Figure 3 Here +++

Yet, starting at the daily horizon, even when using high frequency volatility estimates, we
see in Figure 4 that the scatter plot of D, =V,—Vi, against daily returns R; shows no apparent
leverage effect for the different assets considered. As discussed in the Introduction, different
economic explanations provide for different causation between returns and their volatility. To
be robust against the timing differences that different causality explanations would generate, we
next examine scatter plots of different time lags and leads such as {(D,_1, R;)} and {(D;, R;_1)}.
The evidence again reveals no leverage effect. Similar results are obtained if we employ different

time periods and/or different noise-robust volatility estimators such as QMLE or PAV.
+++ Insert Figure 4 Here +++

There are sound economic rationales to support a prior that a leverage effect is present in
the data, and we do indeed find it in Figures 1 and 2. So why are we unable to detect it on
short horizon based on high frequency volatility estimates that should provide precise volatility
proxies? This is the nature of the “leverage effect puzzle” that we seek to understand. Can it
be the result of employing estimators that are natural at high frequency for the latent volatility
variable, but somehow result in biasing the estimated correlation all the way down to zero?
Why does this happen? The goal of this paper is to understand the sources of the puzzle and

propose a solution.

3 Data Generating Process and Estimators

In order to study the leverage effect puzzle, we need two ingredients: nonparametric volatility
estimators that are applicable at high frequency, and data generating processes for the log-
returns and their volatility in the form of a stochastic volatility model. Employing a specific
stochastic volatility model has the advantage that the properties of nonparametric estimators
of the correlation between asset returns and their volatility become fully explicit. We can derive
theoretically the asymptotic biases of different nonparametric estimators applied to this model,
and verify their practical relevance via small sample simulation experiments. Putting together,
these ingredients lead to a solution to the leverage puzzle by introducing a tuning parameter

(represented by m below) that attempts to minimize the estimation bias. Of course, this solution



assumes the constraints implicit in the estimation of the leverage effect in practice: in keeping
with the spirit of the analysis of the paper, we attempt to fix the estimator employed in practice,
rather than design a better estimator from scratch. In section 5, we discuss generalizations of

the model considered here; in particular, we study what happens when jumps are present.

3.1 Stochastic Volatility Model

The specification we start with for this purpose is the stochastic volatility model of Heston

(1993) for the log-price dynamics:

dX, = (n — v)2)dt + v, /*dB, (1)
dvy = k(a — v)dt + fyutl/det, (2)

where B and W are two standard Brownian motions with E(dB,dW;) = pdt, and the parameters
W, a, k, v and p are constants. We assume that the initial variance 1, > 0 is a realization from
the stationary (invariant) distribution of (2) so that v, is a stationary process. Under Feller’s
condition 2k > 2, the process v; stays positive, a condition that is always assumed in what
follows. Note that

p= }glg(l) Corr(vyrs — v, Xpvs — Xi) (3)

so that the leverage effect is summarized by the parameter p under the Heston model (1)-(2).

1/2
We use o, to denote yt/

in the following. In Section 5, we will add price jumps to the model
to investigate their impact on the estimation of p.

Throughout the paper, we refer to the correlation (3) between changes in volatility and
changes in asset log-prices, i.e., returns, as the “leverage effect”. Other papers define it as the
correlation between the level of volatility and returns, or the correlation between the level of
absolute returns and returns (see, e.g., Bollerslev et al. (2006).) The latter definition, however,
would not predict that the parameter p should be identified as the high frequency limit of
that correlation; while that alternative definition is appropriate at lower frequencies, it yields
a degenerate high frequency limit since it measures the correlation between two variables that
are of different orders of magnitude in that limit. High frequency data can be employed to

estimate the correlation between volatility levels and returns, but only over longer horizons, as

it is indeed employed in Bollerslev et al. (2006).



We consider a different problem: the nature of the “leverage effect puzzle” we identify lies
in the fact that it is difficult to translate the otherwise straightforward short horizon / high

frequency limit (3) into a meaningful estimate of the parameter p.

3.2 Nonparametric Estimation of Volatility and Sampling

Our first task will be to understand why natural approaches to estimate p based on (3) do
not yield a good estimator when nonparametric estimates of volatility based on high-frequency

data are employed. With a small time horizon A (e.g., one day or A = 1/252 year), let

t
Via = / veds (4)
t—A

denote the integrated volatility from time ¢t — A to t and ‘A/LA be an estimate of it based on
the discretely observed log-price process X;, which additionally may be contaminated with the
market microstructure noise. Recall that the quantity of interest is p and is based on (3).
However, the spot volatility process v; is not directly observable and has to be estimated by

Aflf/m. Thus, corresponding to a given estimator \7, a natural and feasible estimator of p is
p= COI‘I‘(‘/;-FS,A - W,A, Xiys — Xt)- (5)

With s = A, VH& A and VLA are estimators of integrated volatilities over consecutive intervals.
This is a natural choice for parameter s: changes of daily estimated integrated volatility are
correlated with changes of daily prices in two consecutive days. However, as to be demonstrated
later, the choice of s = mA (changes over multiple days apart) can be more advantageous.

We now specify the different nonparametric estimators of the integrated volatility that will
be used for Vt,A. We assume that the log-price process X, is observed at higher frequency,
corresponding to a time interval § (e.g., one observation every 10 seconds). In order for the
nonparametric estimate ‘A/t’A to be sufficiently accurate, we need § < A; asymptotically, we
assume that A — 0 and 6 — 0 in such a way that A/d — oc.

In the absence of microstructure noise, the log prices X; a5 (¢ = 0,1,--- , A/J) are directly

observable, and the most natural (and asymptotically optimal) estimator of V; A is the realized

volatility
AJs—1
Via = Z (Xi—asir1s — Xi—avis) (6)
i=0



Here, for simplicity of exposition, we assume there is an observation at time ¢t — A, and that the
ratio A/ is an integer (denote by n throughout the paper); otherwise A/§ should be replaced
by its integer part [A/§], without any asymptotic consequences.

In practice, high frequency observations of log-prices are likely to be contaminated with
market microstructure noise. Instead of observing the log-prices X; a5, we observe the noisy
version

Zi—A+is = Xi—A+is + €—Atis, (7)

where the €¢;_a_;5’s are white noise random variables with mean zero and standard deviation o..
With this type of observations, we can use noise-robust methods such as TSRV, PAV, QMLE or
RK to obtain consistent estimates of the integrated volatility. We will mainly consider the PAV
as it is one of the rate-efficient estimators. Result of TSRV is also available in the appendix.
Specifically, the Pre-Averaging volatility estimator (PAV) as proposed by Jacod et al. (2009)
with the weight function chosen as g(x) = x A (1 — x) is defined as the following: let Opay be a

constant, k,, = [@pav/1],

1o it kn—1 kn /2] 1
‘A/tPAAV = = Z Z Lt A+ (i+5)6 Z Zi— At (i+4)s )
Opavv/n = Sy
6 n—1
T Z(Zt—A-i-(i—i-l)& — Zy-nvis)”. (8)
O\

A consistent estimator of the variance of this estimator is provided in Jacod et al. (2009), as

well as a consistent estimator of the integrated quarticity ftt_ A Oads (see (63)).

4 Biases in Estimation of the Leverage Effect

We now present the results of the paper, consisting of the biases of estimators of the leverage
effect parameter p in four progressively more realistic scenarios, each employing a different non-
parametric volatility estimator. We stress again that our purpose in analyzing these estimators
is to match the empirical practice. These progressive scenarios help us document an incremen-
tal source for the bias: discretization, smoothing, estimation error and market microstructure
noise. The results in this section are based on the model (1)-(2): we apply nonparametric

estimators, but study their properties when they are applied to a specific parametric model.

10



4.1 True Spot Volatility: Discretization Bias

First, we consider the unrealistic but idealized situation in which the spot volatility process v
is in fact directly observable. This helps us understand the error in estimating p that is due to
discretization alone. Theorem 1 reports the correlation between asset returns and changes of

the instantaneous volatility, from which the bias can easily be computed.

Theorem 1. Changes of the true spot volatility and changes of log-prices have the following

p /1ii—fi$
COI‘I‘(VS_H — Vg, Xs+t - Xt) = . (9)
Y= (- 2) +

Let us denote the right hand side of the expression in Theorem 1 as C(s, k, 7, «, p). From

correlation:

Theorem 1, the bias due to the discrete approximation can be easily computed, in the form
Ci(s,k,7,a, p) — p. In particular, we have the following proposition expressing the bias as a
function of the integration interval A and the interval length over which changes are evaluated,

mA, m > 1, under different asymptotic assumptions on the sampling scheme:

Proposition 1. When mA — 0 (either with m fized and A — 0, or m — oo and mA — 0),

we have

2 dykp + 4K?
Corr(Vipma — Vi, Xegma — Xi) = p — POy 1’2,;) >mA + o(mA). (10)

Since the value p is negative, the first order of the bias is positive, which pulls the function
Ci(s,k,v,a, p) towards zero, weakening the leverage effect. Figure 5 shows precisely how
the function C(mA, k,, a, p) varies with m for two sets of parameter values: (p,k,7v,a) =
(—0.8,5,0.5,0.1) and (p, K, v,a) = (—0.3,5,0.05,0.04) when A is taken to be 1/252. The former
set of parameters was adapted from those in Ait-Sahalia and Kimmel (2010) and the latter set
was taken to weaken the leverage effect but to observe the Feller’s condition: 2xa > 2. As

expected, the smaller the m, the smaller the discretization bias.

+++ Insert Figure 5 Here +++

4.2 True Integrated Volatility: Smoothing Bias

The spot volatilities are latent. They can be (and usually are) estimated by a local average of

integrated volatility, which is basically a smoothing operation, over a small time horizon A. How

11



big are the biases for estimating p even in the idealized situation where the integrated volatility is
known precisely? The following theorem gives an analytic expression for the resulting smoothing

bias:

Theorem 2. Changes of the true integrated volatility and changes of log-prices have the fol-

lowing correlation:

Corr(Vigman — Via, Xevma — Xi) = Ay /(BoCy) (11)
where
Ay = 29(1 — Ar) + 4AK?p — 2ye™2F
+ e A (285 (y — dkp) — 262 (v — 26p) + 7).,
B, = 2\/6*AN(m+1) (2e8mm — (eAr — 1)%) 4 2Ak — 2,
and

Cy = /2 (Akm + e=2rm — 1) + dykp (—=Axm — e=2%m 1) + 4Ar3m.

While the expressions in Theorem 2 are exact, further insights can be gained when we
consider the resulting asymptotic expansion as A — 0. We focus again on both situations

where m is fixed and m — oo while still mA — 0.

Proposition 2. The following asymptotic expansions show the incremental bias due to smooth-
ing induced by the local integration of spot volatilities:

(2m —1)

COI"I"(VHmA,A - W,A, Xitma — Xt) = COYT(VterA — Vg, Xipma — Xt)—
2/m?—m/3

(12)

O(A) when A — 0 for any m

o(mA) when m — oo and mA — 0 .

The first factor on the right-hand side of (12) is the same as if the true spot volatility were
observable. For the second factor, it is the asymptotic bias, which is 1/3/8 & 0.612 when
m = 1. Note that the asymptote of the bias factor

(2m —1)

1
m =1+ O(E) when m is large. (13)

12



Hence, when m is large, unlike what the initial intuition might have suggested, the bias of
estimated p based on integrated volatilities is asymptotically the same as that of the estimated
p based on spot volatilities.

Figure 5 shows the resulting numerical values for the same sets of parameter values consid-
ered above. They are plotted along with the correlations of the other estimators to facilitate
comparisons. First, as expected, the bias is larger than that when spot volatilities are available.
Figure 5 also reveals an interesting shape of biases of the idealized estimate of spot volatility.
When m is small, the bias is large and so is when m is large. There is an optimal choice of
m that minimizes the bias. For the case A = 1/252, with the chosen parameters as in the left
panel of Figure 5 [(p,k,7,a) = (—0.8,5,0.5,0.1)], the optimum is my = 8 with the optimal
value —0.74, leading to a bias of 0.06. On the other hand, using the natural choice m = 1, the

estimated correlation is about —0.5, meaning that the bias is about 40% of the true value.

4.3 Estimated Integrated Volatility: Shrinkage Bias Due to Estima-

tion Error

Theorems 1 and 2 provide a partial solution to the puzzle. If the spot volatility were observable,
the ideal estimate of leverage effect is to use the change of volatility over two consecutive
intervals against the changes of the prices over the same time interval, i.e. m = 1. However,
when the spot volatility has to be estimated, even with the ideally estimated integrated volatility
Via, the choice of m = 1 is far from being optimal. Indeed the resulting bias is quite large: for
p = —0.8, with the same set of parameters as above, the estimated p is about —0.5 even when
employing the idealized true integrated volatility V; o. When the sample version of integrated
volatility is used, we should expect that the leverage effect is further masked by estimation
error. This is due to the well-known shrinkage bias of computing correlation when variables
are measured with errors. In fact, we already know that it becomes so large that it masks
completely the leverage effect when m = 1 is used as in Figure 4. We now derive the theoretical
bias expressions corresponding to this more realistic case.

The following theorem calculates the bias of using a data driven estimator of the integrated
volatility in the absence of microstructure noise. In other words, we use the realized volatility
estimator. As introduced in section 3.2, we use n to denote the number of observations during

each interval A, and assume for simplicity that the observation intervals are equally spaced at

13



a distance § = A/n.

Theorem 3. When nA — C and m*A — C,, for C, C,, € (0,00), the following expansion

shows the incremental bias due to estimation error induced by the use of RV:

. N 2m —1
Corr(VEan = ViR Xivma — Xi) = Corr(Viyma — Vi, Xipma — Xt)¥ (14)
2y/m? —m/3
120k + 672 12
x |14 14 A)].
( (3v2m — y?)kC — %'y?/QQCCm) [1+o(mA)]

The above theorem documents the bias when there is no market microstructure noise. In-
terestingly, it is decomposed into two factors. The first factor is the smoothing bias and the
second factor is the shrinkage bias due to the estimation errors. The second factor reflects the
cost of estimating the latency of volatility process. The larger the C', the smaller the shrinkage
bias. Similarly, within a reasonable range such that mA is not too big, the larger the m, the
smaller the shrinkage bias.

To appreciate the bias due to the use of RV, the main term in Theorem 3 as a function
of m is depicted in Figure 5 for the same sets of the aforementioned parameters. The daily
sampling frequency is taken to be n = 390 (one observation per minute) so that C' = 390/252.
The choice of m = 1 corresponds to the natural estimator but it results in a very large bias.

Even in the absence of market microstructure noise, the estimated correlation based on the
natural estimator

P = Corr(ViU 4 — VI, Xisa — X)) (15)

is very close to 0. This provides a mathematical explanation for why the leverage effect cannot
be detected empirically using a natural approach. On the other hand, Theorem 3 also hints at
a solution to the leverage effect puzzle: with an appropriate choice of m, there is hope to make
the leverage effect detectable. For the left panel of Figure 5, if the optimal m = 15 is used, the

estimated correlation is about —0.68, when the true value is —0.8.

4.4 Estimated Noise-Robust Integrated Volatility: Shrinkage Bias

due to Estimation Error and Noise Correction Error

Under the more realistic case where allowance is made for the presence of market microstructure
noise under (7), the integrated volatility V; is estimated based on noisy log-returns, using bias-

corrected high-frequency volatility estimators such as TSRV, PAV, QMLE or RK. In this case,
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as we will see, detecting the leverage effect based on the natural estimator is even harder. It
may in fact even result in an estimated correlation coefficient with the wrong sign. Again, the
tuning parameter m can help with the issue.

We consider the PAV as defined in (8), the corresponding result for TSRV can be found in
the appendix.

Theorem 4. When n'/?A — Cpay, 02/A — C., and m*A — C,, with Cpay, Ce and C,, €
(0,00), the following expansion shows the incremental bias due to estimation error and noise
correction induced by the use of PAV:

(2m —1)
2y/m?—m/3
X (14 Ay + By + Cy) V21 + o(mA))],

Corr(VEWA A = VIRV, Zisma — Z1) = Cort(Vipma — Ve, Xipma — X1) (16)

where
A, — 24@22‘9PAV(2045 + "}/2)
U §3Cravkn®(6m — 2 — 3kC,y,)
B, — 96D,,C.
L Opavt2Cpavy2(6m — 2 — 3kChy)
48P, C?
04 11V

N 03 sy V3 Cpavary?(6m — 2 — 35Cy,)’

1 1 _ 1 _ 151
where Yo = 15, P11 = 5, P12 = 55, Paz2 = goag5-

For the same reasons behind the above theorem, using the parameter m helps resolving the
leverage effect problems. When 6Opysy is taken to be 0.5, with m = 1 and the same set of pa-
rameters (p, k,7, @, A,;n) = (—0.8,5,0.5,0.1,1/252,390), the leverage effect is barely noticeable
whereas using m = 25 yields a correlation of about —0.60. Even though the bias is large, the
leverage effect is clearly noticeable.

Again, the estimating biases can be decomposed into two factors. The first factor is the
smoothing bias, the same as that in the RV. The second factor reflects the shrinkage biases due
to estimation errors and noise correction errors. The rate of convergence of PAV is slower than
that of RV. This is reflected in the factor Cpay which is of order n'/2A, rather than C' = nA
in RV.

Theorem 4 and a parallel result to Theorem 4 for TSRV are illustrated in Figure 5 in which

the main terms of the correlations are plotted. For TSRV, when gy is taken to be 0.5 (see
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details about the TSRV setting and notation in the appendix), with m = 1 and the same set
of parameters (p, k, v, a, A,n) = (—0.8,5,0.5,0.1,1/252,390), the leverage effect is nearly zero

whereas using m = 37 yields a correlation of about —0.48.

4.5 Another view on sources of biases

The correlation between the returns of an asset and their volatilities is their covariance di-
vided by their standard deviations. A natural question is which of these three quantities are
understated /overstated in the process.

Under the conditions of Theorem 4, we have (see details in the appendix)
COV(VPmA A Vt AV Zivma — Z1) = Cov(Vigman — Vi, Xerma — Xi)) (1 + o(mA)),
1
Var(VENA & = VIRY) = Var(Vigmaa = Via)[L + O(—) +o(mA)],
Va;r(Zt+mA — Zt) = Var(XHmA — Xt)[l + O(mA)]
That means that the shrinkage biases due to estimation error mainly come from the denomi-
nator, more specifically, the variance of change in volatilities.

In contrast, both the covariance and variance contribute to the source of the smoothing

bias. Indeed, under the same conditions as above, we have

1
COV(VZerA,A - Vt,A, Xigma — Xt)) =A COV(VterA — U, Xeyma — Xt)(l - % + O(WA)>7

1
Var(Vigmaa — Via) = A2 Var (v yma — ) (1 — Im + o(mA)).

Hence both the numerator and the denominator, more specifically, the covariance and the
variance of change in volatilities, contribute to the smoothing bias.

For the discretization biases, we have the following relations:

1 1
—_ Cov(ut+mA — v, Xpama — Xi) = ayp — écw/fpmA + o(mA),

mA
1
m Var(Viyma — 1) = ay® — 50&")/2K,mA + o(mA),
1 aymA(y — 4k
— Var(Xiima — Xy) = a+ 7 g}: ) + o(mA).

They imply that all the three components in the calculation of the correlation contribute to

the bias for estimating p.
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5 The Effect of Jumps

Jumps are an important feature of asset returns. The extent to which their presence impacts
the measurement of the leverage effect depends primarily on two factors: first, price jumps that
are not accounted for when estimating volatility do bias upwards the volatility estimates and
affect the correlation measurement; second, if there are jumps in volatility and the volatility
process tends to jump at the same time as the price process, then the bias can go in either
direction depending upon whether those co-jumps tend to be of the same sign or not.

If we allow for co-jumps in both price and volatility, then the notion of a leverage effect
needs to be extended to incorporate not only the correlation arising between the two Brownian
shocks, but also the correlation arising between the two jump terms. This results in a total

covariation that includes both a continuous and a discontinuous part, namely

t
,07/0 vsds + Zogsgt (AX;) (Avg)

where AX, and Av, denote jumps in log-price and volatility, respectively. The total quadratic

variations are

t t
2 2 2
/0 vsds + Zogsgt (AX,)" and = /0 vsds + Zogsgt (Avg)”.

Now there are different possible definitions for the leverage effect: one is p, as before, which
we can estimate using the continuous part of the covariation. But another part is due to the
co-jumps, » ., (AX;) (Avy).

The two parts can in principle be estimated consistently, although any estimates of the latter
are likely to be unreliable in practice since they would necessarily rely on observing jumps that
are rare to begin with for each series, but in fact rely on jumps in both price and volatility series
that happen at the same time. We will therefore focus on analyzing the first effect, namely the
impact of price jumps on estimating the correlation between the Brownian shocks to price and
volatility, involving a direct effect on the covariation measurement and an indirect effect on the
volatility level measurement.

We consider for this purpose a natural extension of the Heston model that allows for jumps

in the price process, as follows

dX; = (p— 1/2)dt + v,"*dB, + J,dN, (17)
dvy = k(a — vp)dt + AW, (18)
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where B; and W; are Brownian motions with correlation p, Ny is a Poisson process with intensity
A, and J; denotes the jump size which is assumed independent of everything else. We assume
that J; follows a distribution with mean zero and variance a?,.

We analyze what happens to natural estimators of the leverage effect parameter p. In the

absence of market microstructure noise, we employ the truncated realized volatility estimator

AJS—1
"RV, TR
VtuA - Z <Xt_A+(i+1)5 - Xt_A+i6)21{|Xt—A+(i+1)6*Xt—A+i6 <aé6=} (19)
=0

for some w € (0,1/2) and a > 0. Vtﬁf’TR is a consistent estimator of the integrated volatility
Vi.a that filters out the large increments for the purpose of computing the continuous part of
the quadratic variation. By including only increments that are of an order of magnitude smaller
than what the jumps can generate, this estimator computes the sum of squared log-returns only
for log-returns that are likely to have been generated by the Brownian part of the model, and
is known to effectively address the problem of the upward bias in volatility that is caused by
the jumps (see Mancini (2004) and Aft-Sahalia and Jacod (2009)). Without truncation, price
jumps could be a substantial source of attenuation of the leverage effect.

We have the following result about the correlation when the truncated realized volatility is

used as a proxy for the continuous part of the volatility:

Theorem 5. When nA — C, m*A — C,, for C, C,, € (0,00), and 5/16 < w < 1/2,
(2m —1)

Corr( ~RV, TR ~RV, TR 5 _ 3
m2—m

t+mA,A T VA s Xitma — Xt) = COU(Vt+mA — U, Xpyma — Xt) (20)

x (1 + 1205 + 672 )_1/2 (ot G = ma
(37v2m — 4?)kC — §92K2CCyy @t oIA+ (52 = BEmA

1/2
) [1+ o(mA)].

Theorem 5 shows that, once we filter out the jumps using truncated realized volatility, then
up to an additional bias term which is due to the addition of jump variance in the variance of
Xiima — X;, the estimated leverage effect p is subject to the same bias terms as when jumps

are absent.

6 A Solution to the Puzzle

Sections 4 and 5 documented the various biases arising when estimating the leverage effect

parameter p in four progressively more realistic scenarios. The message was decidedly gloomy:
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even in idealized situations, the bias is large, and attempts to correcting for the latency of the
volatility, or for the presence of market microstructure noise, do not improve matters. In fact,
they often make matters worse. But, fortunately, they also point towards potential solutions

to the bias problem.

6.1 Back to the Latent Spot Volatility

We focus on model (1)-(2) first. We show that all the additional biases that are introduced
by the latency of the spot volatility can be corrected, and the problem is reduced to the
discretization bias left in Theorem 1.

Recall the asymptotic expression given in Proposition 2, which can be inverted to yield:
2/m?—m/3
(2m —1)

O(A) when A — 0 for any m

o(mA) when m — oo, mA — 0

COTT(Vt+mA — U, Xeyma — Xt) = COH(V;erA,A - Vt,A, Xigma — Xt) (21)

Thus, up to a multiplicative correction factor that is independent of the model’s parameters,
the integrated volatility V' can work as well as the spot volatility v. The effectiveness of this

simple bias correction is demonstrated in Figure 6.
+++ Insert Figure 6 Here ++4+

In the absence of microstructure noise, using the realized volatility (6), the asymptotic
relative bias in comparison with the use of the true spot volatility is given by Theorem 3. Using
the expressions given there, we can correct the bias due to the estimate by realized volatility back
to that based on the spot volatility. However, such a correction involves unknown parameters
in the Heston model, which is nontrivial to estimate due to the stochastic volatility, which
relies on a nonparametric correction. An alternative approach is to use the following result,
demonstrated in the Appendix. This avoids the challenge of directly estimating the unknown

parameters in the model.

Proposition 3. When nA — C and m*A — C,, with C and C,, € (0,00),

2y/m? —m/3

Corr (Vipma — Vi, Xitma — Xi) = ¢3 2m — 1)

Corr(VE an — Vi, Xeyma — Xi) + o(mA),
(22)
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where c3 is given by

(23)

~1/2
) 4E [o}] A?
C3 = — = = .
nvar(WEYnA,A - Vt,PX/)
Note that in (23), the stationarity of the process of 1 is used so that the correction factor
does not depend on t.

In practice, we can estimate E [o}] nonparametrically based on the fact that the realized

quarticity
n n—1
RQy} = 3 Zi:o (Xt+(i+1)6 — Xt+i6)4
satisfies
E[RQ}] = A’E[o}](1 + o(1)) (24)

for any fixed A as n — oo. A long run average of scaled realized quarticity can be used to
estimate E [o}]. The variance in (23) can be estimated by its sample version.
For the PAV estimator, the bias correction admits the same form as (22) with a different

correction factor.

Proposition 4. When n'2A — Cpay, 02/A — C., and m*A — C,, for constants Cpay, Ce
and C,, € (0,00),

2./m? —m

3 R X
Cort (Vi rma — Vi, Xepma — Xi) = ¢4 / Corr(Viiwan = VIRY, Ziyma — Zi) + o(mA)

(2m —1)
(25)
where
2A, + B, +CY) e
c=|1- 1/2 - PA\/4 > PAV ’ (26)
nt/ Var( t+mAA T V:&,A )
with
A/ . 4@229pAvE [O’?] A2 B/ . 8(1312E [03] U?A C, . 4(1)11021
4 ) 4 — ) 4 — )
V3 Opavi)s O3 a3

where g, P11, D19, Poy are the constants given in Theorem 4.

One can make use of the long run average of the quantity I'? defined in Jacod et al. (2009)
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to estimate A + B} + C}:

AD n—kn+1 kn—1 |kn/2]—1

n 22

I = N Z > Ziatiris — Z Zi-nstirps)

2 i=0 " =k /2
n—2kn+1 kn—1 Lkn/2
4(5 @12 (I)QQ 1
e A3/2(W N W) Z ((k_ Z Zt—A+(i+y‘>6— Z Zo—nv(i)s)’
PAV 2 2 i—0 " i en/2)
J n (27)

i+2kp—1
Z (Zi—at(+1)5 — thA+j6)2>
j:i+kn

5 P ¢>12 L Oz - 2
(— (Zi-ns(i+1)5 — Zi-ntis)* (Zi-ns (4316 — Zi-at(i42)5) -
Q%AVA?)/Q V3 % — ey ) )

Then, we have,
E(IM) = A~YV2(A, + By 4+ C4)(1 + o(1)) (28)

for any fixed A asn — 0o. A long run average of scaled I'}' can be used to estimate A+ B+ C.

6.2 Correction in the Presence of Jumps

In the presence of jumps, for model (17)-(18), we have the following result.

Proposition 5. When nA — C, m*A — C,, with C and C,, € (0,00), and 5/16 < w < 1/2,

2y/m?—m/3

@m = 1) Cor (‘QT;&RA VQRXTR Xivma — Xi) +o(mA)

(29)

Cort (Ve yma — Ve, Xewma — Xi) = ¢5

where c5 is given by

~1/2

1 4B (o] A? / (g s =) )”2 (30)

=[1- : :
’ nVar(le‘XniRA V:{AV’TR) Var(Xiima — Xi) — Var(Je4ma))

and J(Svt) = ZTG [s,t] (X X )

To implement the result above in practice, we can estimate F [o}] consistently using a long

. .. -1
run average of truncated realized quarticity % Y 7 (Xiy(i41)s — Xiris)'1 {|Xes s 05— Xegss| <a6= )}

(scaled by A?), and Var(Jitima)) by m times the long run variance of Y (Xiy(it1)s

Xiris)l 5=} for some a > 0 and 5/16 < w < 1/2.

{’Xt+(i+1)6_Xt+i5 >a
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6.3 Correcting the Discretization Bias From Spot Volatilities

The above results reveal that the biases due to the various estimates are correctable back to
the case where the spot volatility can be viewed as observable. However, Theorem 1 implies
that the estimate of p based on 14 itself is also biased. If the model were known, then the bias
in (10) can be computed and corrected. However, this depends on the Heston model and its
unknown parameters.

A parameter-independent method is as follows. Let p,, = Corr(viima — Vi, Xivma — X3).

Then, by Theorem 1 we see that
pm = p+bm + o(mA). (31)

This suggests that the parameter of interest p (as well as the slope b but this is not needed)
can be estimated by running a linear regression of the data {(m,p,)}. The bias-corrected
estimate of p is simply the intercept of that linear regression. The scatter plot of {(m, p,,)} can
also suggest a region of m to run the above simple linear regression (31). A data-driven choice
of the range of m to be used for the regression is given in Section 7.3.

The above discussion suggests a rather general strategy for bias correction. First, compute
the simple correlation between estimated changes of volatilities and changes of prices. Second,
conduct a preliminary bias correction according to (21) — (29) or (62), depending on which es-
timated volatilities are used. Third, run the simple regression equation (31) for the preliminary
bias corrected estimated correlations. Fourth, take the intercept of the simple linear regression

as the final estimate. The method turns out to be very effective in practice, as we now see.

7 Monte-Carlo Simulations

In this section, we use simulations to reproduce the leverage effect puzzle and its proposed

solution, and to verify the practical validity of the results presented in the previous section.

7.1 Data Generating Process Without Jumps

The true log-price is simulated from the Heston model (1)-(2) with broadly realistic parameter
values: @ = 0.1, v = 0.5, k = 5, p = —0.8 and p = 0.05 over 252 % 5 trading days in five

years (A = 1/252). The sampling frequency is one minute per sample, giving an intraday
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number of observations of n = 390. Therefore the total number of observations over 5 years is
N =252 %390 x 5 = 491,400. The true price is latent. Instead, the observed data {Z;s }491 400
are contaminated with the market microstructure as in (7) with i.i.d. N(0,02) noise, and

o. = 0.0005.

7.2 Visualizing the Leverage Effect Puzzle

With the latent spot volatility 14 and latent price X; known in simulated data, we can easily
examine the correlation of {(X;a — X—1)a, %A — Vu—1)a)} over N observations. As expected,
the leverage effect is strong, with the sample correlation being —0.787 for a given realization.
This is in line with the result of Theorem 1.

Next, consider the more realistic situation that the spot volatility needs to be estimated

by a smoothing method such as a local integrated average Via = fttf A oZdt. A natural
. . . oy " _ —1 . .
estimate is the average of daily spot volatility V; o = Z] NN +in/n In this ideal

. . 2 . . . . 71 .
situation, Oi Atja/m 18 known, resulting in V; o = n ijl O-thJrjA/n‘ The correlation of

1229 is —0.462 for the given realization examined above.

{(X@a — Xia, Viesnaa — Viaa) 12
This is in line with the result of Theorem 2. The magnitude of the leverage effect parameter
p is significantly under-estimated. To appreciate the effect of the tuning parameter m, the

1260 m and

upper panel of Figure 7 plots the correlation {(Ximya — Xia, Vermiaa — Vian) bz
{(Xarma — Xia, Viegmyaa — Viaa) bz 12607 against m. To examine the sampling variabilities,
the simulation is conducted 100 times. The averages of the sample correlations are plotted
along with its standard deviation in the figure. The impact of m can easily be seen and the

natural estimate based on V; o with m =1 is far from optimal.
+++ Insert Figure 7 Here +++

In practice, the integrated volatility is not observable. It has to be estimated using the
discretely observed data. In absence of the market microstructure noise, the realized volatility
provides a good estimate of the integrated volatility. Using RV based on the simulated latent
prices X', we have a sample correlation of —0.250 for the same realization discussed above
based on {(X(t11)a — Xia, ‘A/(E{JYI)A’A VRVA) 1123, More generally, the correlation of {(X(ima —
Xia, V(t YA — VR AA) Fi2 1260=m a5 a function of m is depicted in the lower left panel of Figure
7. As above, this is repeated 100 times so that the average correlations along with their errors

at each m are computed.
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For a more realistic situation, the integrated volatility has to be estimated based on the

contaminated log prices Z; in (7). The volatility parameter is now estimated by the correlation

{(Ztrm)a — Zia, V(t+m AA VtFA)AX) 2P or {(Z@+m)a — Zin, V(rtﬂfga A Vt"gsgw) 207 with

a suitable choice of m. The lower middle and lower right plots of Figure 7 show the correlation
as a function of m. In particular, when m = 1, the sample correlation is merely —0.113 for
PAV and —0.107 for TSRV for the same simulated path as mentioned above, which would be
interpreted in practice as showing little support for the leverage effect. But we know that this
is due to the statistical bias of the procedure as demonstrated in Theorem 4 and Theorem 6.
For this realization, using PAV with m = 26, the sample correlation is —0.682; and using TSRV
with m = 62, the sample correlation is —0.553. While this is still a biased estimate, the leverage
effect can be clearly seen.

The averages of these correlations against m are plotted together in Figure 8. These are in

line with the theory (see the left panel of Figure 5).

+++ Insert Figure 8 Here +4+

7.3 Effectiveness of the Bias Correction Method

We now illustrate the effectiveness of the bias correction method proposed in Section 6. We
simulate sample paths with the same parameters as above. Orsgy and fpay are both taken to
be 0.5.

For each volatility or volatility proxy v, V, VRV JPAV and VTSRV, let p,, be the sample
version or bias corrected estimate of p,, = Corr(Veyma—ve, Xerma—Xt). We call this preliminary
bias-correction. In practice, the model parameters are unknown. We use the non-parametric
methods as described in section 6.1 to obtain the preliminary corrections. More specifically,
E[o}] in RV is estimated by a long run average of scaled realized quarticity based on equation
(24); A + B} + C} in PAV is estimated by a long run average of scaled I'} based on equation
(28). For the unknown values of E[od] and ¢2 in TSRV, we use long run average of Q7 as

— V;ISRY) /2n as discussed above equation (63) in

defined in (63) and long run average of (‘A/t
the appendix.

In our simulation studies and empirical, we employ the following automated method to
select the range of m for the linear extrapolation in Section 6.3. Note that the average of p,,

over many simulations should behave like the black solid curve in Figures 5, 6 or Figure 8.
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For each given sample path, p,, can deviate from the theoretical curve as demonstrated in (the
left panel of) Figure 9, and the deviation can be large when m is small. Therefore, choosing
an appropriate range for linear extrapolation is important and challenging. Our data-driven

procedure runs as follows

1. Compute p,, for every m in [1,1] (I = 252, say). Let my, ma, ms be the positions
correspond to the smallest, second smallest, third smallest among {ﬁm}fq/f:ao (ag = 6,
say, which avoids instable estimates for small m) and set m* = max{my, mg, msg}. m* is
basically the minimum value of {ﬁm}%iao, but is computed more robustly. It is the lower

end point of the range of m.

2. Run the simple linear regression based on the pair of the data {m, p,,}7_t%  for k in
[ko, I —m*], where ko (= 11, say) is the minimum number of data points needed to run
such a regression. Let k* be the value of k that corresponds to the largest multiple-R2.

It is taken as the upper end point of the range of m.

m*+k* .,

3. Run a regression based on {m, p,,}m % ; the intercept of the regression is taken as our

final estimate of p.

In the simulation and empirical studies, we take [ = 252, ag = 6 and kg = 11. The results
are not sensitive to the choices of the parameters. Figure 9 demonstrates how this works on a
simulated data. More extensive results are given in Table 1, which shows that the automated

method works very well among 100 simulations.
+++ Insert Figure 9 Here +++

For the simulation studies, we have the data without microstructural noise available and
hence p,, can be computed based on the realized noise via (22). Let us denote the bias corrected
estimate of p as pry after running the automated linear extrapolation algorithm. In the presence
of microstructure noise, p,, can be computed based on PAV [see (25)] or TSRV [see (62)]. After
running the automated linear extrapolation algorithm, the results are denoted respectively
as ppay and prsgy. Table 1 summarizes the results of 100 simulations of minute-by-minute
(n = 390) data over a five-year period (T' = 5) for the model (1)-(2) with a = 0.1, v = 0.5,
k=25, p=—0.8 and p = 0.05.
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+-+-+ Insert Table 1 Here +-++

The mean of these corrected estimates are all close to the true value p = —0.8, which implies
that these estimates are nearly unbiased. The fact that the problems become progressively
harder can easily be seen from the SD of the estimates.

In summary, Table 1 provides a stark evidence that the methods in Section 6 solve the lever-
age effect puzzle. It also quantifies the extent to which the problem gets progressively harder.
When the sampling frequency is more frequent than one sample per minute, the estimation

error can be reduced. We omit the details here.

7.4 Simulations with Jumps

We now consider the model (17)-(18), which incorporates jumps. For the diffusion part, we
use the same parameter values as above: a = 0.1 v = 0.5, Kk = 5, p = —0.8, u = 0.05,
n = 390 over 252 x 5 trading days in five years. The jumps are of intensity A = 50 with sizes
distributed as A(0,0.0001) (o; = 0.01). We consider the case without market microstructure
noise. The observed data are {Xi(;}?ill’wo. For the truncated realized volatility and truncated
realized quarticity, we use a truncation level ad® = 4,/ad'/? following the suggested value and
the rationale behind Ait-Sahalia and Jacod (2012), Section 9.1.

Figure 10 shows the mean and standard deviation of the sample correlations between the

log-returns and the changes of the truncated realized volatility based on 100 simulated sample

paths. This is in line with Theorem 5 and shows the same feature as the no-jump case.
+++ Insert Figure 10 Here ++-+

We next consider the correction based on Proposition 5. To estimate the quantities in cs,

we use the long run variances to estimate Var( }EX;E{A N sz/’TR) and Var(X;1,ma — X3); apply

n
2
mZ(Xt+(i+1)5 - Xt+i5) ]‘{’Xt+(i+1)5—Xt+i5

=0

>a§w}

to estimate Var(J(;1ma)); and employ a long run scaled average of truncated realized quarticity

_2n n—1 4
A 3 Zizo (Xit(ir1)s — Xigis) 1{‘Xt+(i+l)6_Xt+i§

Sa&w}
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to estimate E [o}]. Then based on equation (29) we can correct the raw correlation Corr(‘ziﬁzRA—

V;X’TR, Xirma — X¢) back to Corr(vrma — Vi, Xitma — X¢). The same automated linear ex-
trapolation procedure as described in section 7.3 is used to estimate p. The results are collected

in Table 2 which shows that the correction is effective.
+-+-+ Insert Table 2 Here +-++

This illustrates that the leverage effect puzzle exists beyond the Heston model. In particular,
when jumps are present, the nature of the puzzle is the same as in the continuous case when

truncated realized measures are used. The proposed nonparametric correction remains effective.

8 Empirical Evidence on the Leverage Effect at High
Frequency

We now apply our bias corrected methods to examine the presence of the leverage effect using
high-frequency data. We have seen in Section 2 that, due to the latency of the volatility process,
it is nearly impossible to use only returns data and no extraneous volatility proxy to get a nice
plot as what was shown in Figure 4. Nevertheless, we will demonstrate that the new tool is
able to reveal the presence of a strong leverage effect contained in high-frequency data. We
only focus on the data of S&P 500 and Microsoft Corporation; we have applied the methods to

various data sets and the conclusions are similar.

8.1 S&P 500 data

Based on the high-frequency returns (1 sample per minute) on S&P 500 futures from January
2004 to December 2007, the naive or natural estimates give the results reported in Table 3. The
leverage effect at the natural choice of m =1 is nearly 0. Even with the data-optimized choice
of m, the correlation with PAV is around -0.50, much smaller than that computed based on the
VIX. The Figure 11 summarizes the sample correlations based on PAV and VIX respectively,

versus horizon m.

+-++ Insert Figure 11 Here +++
+++ Insert Table 3 Here +++
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We now apply our bias corrected methods. First, we compute the preliminarily bias-
corrected estimates p,, using PAV for m in [1,252]. Its scatter plot is presented in Figure
12, which is quite curvy. As illustrated in Figure 9, though on average we’d expect to see a
smooth curve like the black solid curve in Figure 8, variations should be expected from sample
path to sample path. The automated procedure as described in section 7.3 identifies a range of

m for the regression: m = [22,85] (see Figure 12) and our final estimate is ppay = —0.676.

+++ Insert Figure 12 Here +++

8.2 Microsoft

We now use our method to examine how strong the leverage effect is for the Microsoft corpo-
ration. The high-frequency returns at sample frequencies of one data point per minute from
January 2005 to June 2007 are used for estimating the leverage effect parameter. PAV is em-
ployed as the volatility estimator. Again, we apply both the naive method, the simple sample
correlation, and the more sophisticated volatility estimation method, based on preliminary cor-
rection and linear regression. Table 4 summarizes the results of the simple sample correlations.

Again, the leverage effects are barely noticeable for natural choices of m (small values of m).
+++4 Insert Table 4 Here ++-+

The preliminary corrections based on PAV are summarized on the left panel of Figure 13
and the regression is illustrated on the right. Our automated procedure identifies the range
m = [125, 187] for the linear extrapolation, which leads to an estimated leverage effect parameter

pray = —0.684.

+++ Insert Figure 13 Here ++-+

9 Conclusions

There are different sources of error when estimating the leverage effect using high-frequency
data, a discretization error due to not observing the full instantaneous stochastic processes, a
smoothing error due to using integrated volatility in place of spot volatilities, an estimation

error due to the need to estimate the integrated volatility using the price process, and a noise
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correction error introduced by the need to correct the integrated volatility estimates for the
presence of market microstructure noise.

These errors tend to be large even when the window size is small and lead to significant
bias in the leverage effect estimation. They are typically convex as a function of the length of
time, controlled by m which is used to compute changes in the volatilities and prices. We have
shown that these errors can have an adverse effect on the assessment of the leverage effect.

Fortunately, these errors are correctable to the extent where spot volatility is used for a
certain range of m. There is still a substantial discretization bias that remains when using
the spot volatility over a large time horizon, yet a reasonable large choice of m is necessary
so that biases based on integrated volatility becomes correctable. This leads us to further
correcting the biases by aggregating the information in various preliminary estimates of the
leverage effect over different values of m. This is achieved by using a simple linear regression
technique. The effectiveness of the methods is demonstrated using both simulated examples
and empirical study of real asset returns.

In summary, a seemingly natural application of integrated volatility estimators to assess the
leverage effect can lead to severe bias. Perhaps paradoxically, attempts to improve the esti-
mation by employing statistically better volatility estimators (such as noise-robust estimators)
can actually make matters worse as far as the estimation of the leverage effect is concerned.
We show instead that to assess the leverage effect using high-frequency data, one can first do a
preliminary bias correction and then further aggregate these preliminary estimates by running

a local linear regression.
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Appendix

A Preliminary Results

We first compute some moments that are related to the Heston model. They will be useful for
proofs of the theorems. Throughout the appendix, we use the notation E, and Var, to denote
the conditional mean and conditional variance given the latent volatility process {v;}, and E;
denote the conditional expectation given the filtration up to time t. Other similar notations

will be adopted.

A.1 Conditional Moments of Returns
Rewrite the process as
dX, = (u — v)2)dt + pv, AW, + /1 — p2,}*dZ,, (32)

where Z; is another Brownian motion process independent of W. Let Y; = vX; — pv;, which

eliminates the dW; term. Then, it follows that

dY, = [y — pra + (pr = 7/2)v,] dr + /1 = p?v}/%dZ,.

Denoting by a = u — pka/y, b = prk/y — 1/2 and ¢ = p/7, we have from the above expression
that

X, — X, = /“ {(a + by) dt + \/1—7p21/tl/2dZt} + (v — vs). (33)
Hence, conditioning on the psocess {n}, Xy — X is normally distributed with mean
E, (X, — X,) = /u(a + buy)dt + c(vy — vs) = (34)
and variance
Var (X, — X,) = (1 —p?) /u v, dt = o2 (35)
Using the moment formulas of the normal distributif)n, we can easily obtain the first four
moments for the changes of the prices:
E)(Xy = X" = m, + 0,
E,(Xu = X,)" = p, + 3p,0,,
B, (X, — X)* = pb 4+ 30 +6p02.

v-v
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A.2 Cross-Moments of the Feller Process

We now compute the cross-moments of the Feller process {1;}. First of all, it is well known

that

2

E(») =« and Var(y) = 72— (36)

K

Using again [t0’s formula, we have
d(e™vy) = rae™dt + ve™v 2 dw,,
which implies for s > ¢,
E(vslyy) = e 5y, 4 a(l — e*“(sft)). (37)
Similarly, by using 1t0’s formula again,
d(e"v)? = (2ka + v*)e* v dt + 2ve* 324w,
This together with (37) imply that for s > ¢,

E(v3y,) =e 2702 4 6_2’“/ (2ka + 7*)e* ™ E (v, |vy ) du
t

—e : (Vt . a)(efn(sft) 72n(sft))
2k0? + Y2
1 - 72%(57!‘/) ) 38
) (3)
Therefore, for r < s,
E(vvs) = E(v.E(vs|vy))

E[ 2 —N(S r) +Oé(1 _6—n(s—r))yr]
= a? 4+ Yae "7 [ (25). (39)

Using the same technique, we can calculate higher moments and cross-moments. From
d(e™v,)? = 3e*"v2 (kae™ dt + vev, 1/2th) + 3(e v )y ey, dt, (40)
we have

t
E(e™u)® = Evg + 3/ (ko + %) e*™ Evidu.
0
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Using the fact that Ev} = Fvg and Ev? = o® + v*a/(2k), we deduce that

72

2
oY
Evd = (a+ ;)(Oz2 + 19

2K
Recall that E; denote the conditional expectation given the filtration up to time ¢. For s > ¢,

we deduce from (40) that

Ey(e™v,)? = e"v} +/ (3ka + 372) e By du.
t
Now, substituting (38) into the above expression, we obtain after some calculation that
Ew? =3kt [Vf’ + 361(6“(“” — 1+ 1.56162(62”(S’t) — 2ers) 4 Dy

+0.50,81 B2 (3570 — 3257 o Br(s=) 1) ] , (41)
where 3; = a+v%/k and By = 2a+~?/k. For r < s < u, by using conditional expectation and
(37), we have

E(v,vi) = Evvga+ e "9 (y, — a))]
= aBE(v,v,) + e "B, E. (V2 — av,)).
Substituting (37)-(39) into the above formula, the resulting expression involves only the first
three moments of v,., which has already been derived. Therefore, after some calculation, it
follows that
7203
2K

The fourth order cross-moment can be derived analogously using what has already been

E(VerVu) — Oé3 + [e—n(s—r) + e—/@(u—r) + e—n(u—s) + 72K—1a—1€—n(u—r)] (42)

derived along with It0’s formula:
d(e"v,)* = 4e*"v? (kae™ dt + ye”tl/tl/gth) + 6(e* ) y2 e yydt.

We omit the detailed derivations, but state the following results:

3,72 ,}/2 ’)/20{
E 4 — - L 2 LA 43
o) = @+ D)o+ Dya? + 12, (43
and for r < s <wu <t,
CY3"}/2
E(VerVth) :O./4 + 2_ |:€—n(u—r) + e—n(t—r) + 6—5(5—7‘) + e—n(u—s) + 6—H(t—s) + e—ﬁ(t—u)]
K
CY2 4
+ Z |:6—n(t+u—r—s) + e—m(u—r) + 2€—m(t—7’) + e—n(s+t—u—7‘)/2 + 6—n(t—s):|
2K
6
oy —k(t+u—r—s) —k(t—r)
+ 55 [e + 2 . (44)
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B Proofs of the Theorems

B.1 Proof of Theorem 1 and Proposition 1

Let us first compute the covariance. It follows from (33) that
COV(Vt+s — Vg, Xipys — Xt)
t+s
=FE(vVys — 1) {/ (a+ bv,)du + c(Virs — 1)
t
t+s
:b/ [E(Vuviss) — E(vavy)|du + cE(vigs — 1)*.
t
Now, using the moment formulas (36) and (39) and some simple calculus, we have
Cov(vips — v, Xivs — Xi) = ayp[l — exp(—sk)|/k.
By using (36) and (39) again, we easily obtain
Var(viss — 1) = 12a[l - exp(—rs)]/5. (45)
Hence, it remains to compute Var(X;,s — X;). By (34) and (35),
Var(Xes — Xy) = Var(u,) + E(0y) = E(u;, + 0,) — (E())”
t+s
/ / E(a+ bv.)(a + by, )drdu + 2bc/ Ev,.(viys — vy)dr
t+s '
+AE(s — ) + (1 — pHas — (/ a+ bE(v,)dr)?.
t

Using the moments for v; computed in section A.2, after some calculus, we obtain

—Ks _ ] 2
Var(Xyys — Xy) = (s + £ p ) (7 - 704,0) + as. (46)

4K? K

Finally, combinations of the covariance and variance expressions lead to the correlation
formula in Theorem 1.

Expanding the result of Theorem 1 around s = 0, we obtain the Proposition 1.

B.2 Proof of Theorem 2 and Proposition 2

Recall V;a = ftt_ A Vsds. Let us compute the variance of the change of the ideally estimated

spot volatility. Note that E(Vi1maa — Via) = 0. Using the stationarity of the process {1},
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we have

Var(Vigmaa = Via) =E(Vigmaa — Via)?

t+mA t
—2/ / Ev,v, ds du — 2/ / FEv.v, ds du.
t—A +(m—1)A Jt—A

Now, by (39), the above variance is given by

t+mA
/ / —r(u=s) ds du—2/ / « +—e_”(“_5)} ds du.
t—A (m—1)A Jt—A 2K

Simple calculus leads to

Var(Viemana — Via) = ay* B3 /4,

where Bj is as given in Theorem 2. Comparing this with the variance of differenced spot
volatilities, we have

Var(Vieman — Via)

=14+ R,(m,A), 47
A2 Var(Vgpma — ) (1 —1/3m) + Ro(m, A) (47)
where R,(m,A) is such that
lim su [fu(m, &)
p < 0.
mA—0 A

In particular, R,(m,A) = O(A) for any m as A — 0, and R,(m,A) = o(mA) if m — oo and
mA — 0.

Next, we compute the covariance. By (34) and the double expectation formula, we have
COV(V;—I—mA,A - Vt,A, Xt+mA - Xt)

t+mA t t+mA
_E[/ I/SdS - / Vsds] [/ (a =+ bvp)dr + c(Veigma — Vt)]
t—A

t+mA t—i—mA t—i—mA
—b/ / E(vsv,)drds — b/ / E(vsv,)drds
+(m—1)A

t+mA
+ c/ Evs(Vizma — v)ds — c/ Evs(Vitma — vy)ds.
t+(m—1)A t—1

Using (39), after some calculus, we obtain that
Cov(Verma,a = Via, Xevma — Xi) = avAz/(4r7),

where A, is again as given in Theorem 2. The conclusion of Theorem 2 follows from (46) and
the above results. Comparing this with the covariance based on the spot volatilities, we have

COV(‘/t—l-mA,A - Vt,A> Xitma — Xt)
A COV(VterA — Uy, XterA — Xt>(1 — 1/2m)

=1+ R.(m,A), (48)
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where R.(m,A) satisfies lim sup,,»_,o ‘RC(Z%AN < .

By (47) and (48) the following asymptotic expressions are easily obtained:
(2m —1)

N

O(A), when A — 0 for any m

COU"(V;&erA,A - V;:,A, Xt+mA - Xt) = COYY(Vt+mA — Uy, Xt+mA - Xt) (49)

o(mA), when m — oo, mA — 0,

which proves the Proposition 2.

B.3 Proof of Theorem 3 and Proposition 3

The calculation is very involved. We separate them into several subsections so that the structure
of computation can be better recognized. Recall that n = A/§. Without loss of generality, we

assume that £ = A and rewrite VAR’V — VEV. Note that it is easy to verify that F (V(i‘in AA T

VEV) =o0.

B.3.1 Calculation of E [V (X(u1ya — Xa)]

Note that IA/ARV and X(,41)a — Xa involve two different time intervals. By conditioning on the

latent process {1}, VARV and X(,11)a — Xa are independent by (33). Thus,
E [VARV(X(mH)A _ XA)] —E [EJ/&W Ey(Ximina — XA)].

Using (33)—(35), the above expectation is given by

n—1

(i+1)5 9 (i+1)5
E [/ (a+ bvy)dr + cv(ip1ys — cyi(;] +(1-— p2)/ v, dr
0 0 7

0

=

(m+1)A
. / (a+bv,)dr + cVmi1)a — VA ¢ - (50)

A

Expanding the first curly bracket into four terms, we have 4 product terms with the second
curly bracket in (50). Denote those four terms by Iy, - -, I4, respectively.

We now deal with each of the four terms. The first term is given by

L = Z / (a+ buvy)dr + cVimia — cva [/ (@ + by, )dr| .

=0 (/A 0
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Expressing the square-term above as the double integral, I; involves only the third cross

moment of the process {14}. By using (39) and (42), it follows that

n—1 (m+1)A (i+1)né ()
I :Z/ / /5 —22,%20(2 dudrds

n—1  a(i4+1)§
/ / QCCL —H((m—&-l)A—u) _G—H(A—u) dudr
2/@ a

a a + ack) mA3
= ,y ) + R17
202 K2 n

where R; satisfies that lim, . sup,,>; Supa<; | 23 = 0. In particular, we have,

I A
mAQ - 0(5)7

as A — 0 and n — oo or as m — oo, mA — 0, and n — oo.

Using the same argument, the second term can be calculated as follows:

n—1

(m+1)A (i+1)6
I, = 202 / (a + bvy)dr + cVimi1ya — cva [/ (a+ bl/r)dr} (VG+1)s — Vis)

0

(m+1)A (i41)6
/ / 2 2 |:6—f-c(s—r) —e —k(s—10) ]d?"dS
KR
(i+1)6

+/ 202 27 i [e R(mA1)=i8) _ —r((m+1)A=r) _ —r(A~id) | 6—/4(A—r)i|d7,7
i6 Kk

where the cross moment function of the process {14} is used. We have

I acy*(a + ack) mA3?
2 pu—

Ry,
2K + i

where Ry satisfies that lim, .. sup,,>; supa<; IRZA‘? = (. Hence,

Iy A
mA2 O(E)’

as A — 0 and n — oo or as m — oo, mA — 0, and n — oo.
Similarly, we can calculate the third term and the fourth term based on the cross moments

of the process {v;}. They are given by

Iy = — &yt (27 — 1) e 25 mHD) (A% — 1) (a + ack)/(26%),
L= (p* — 1) (e®" —1) e~ AR(m+D) (e — 1) (a + ack)/(26%).
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B.3.2 Calculation of E‘A/(fl‘il)AyA(X(mH)A — Xa) and covariance

By the definition of V&‘il) A it follows that

n—1

E‘7(1;7{1Y|—1)A,A(X(M+1)A - XA) =F Z[XmA+(i+1)6 - XmA+i6]2

1=0

X {(XmAm — XA) + (Xoat+ns — Xmatis) + (Xmana — XmA+(i+1)a)}-

Let Ji, Jy and J3 be respectively the product of the first, second and third term in the curly
bracket with that in square bracket. Each of these terms can be treated similarly as those in
Section B.3.1. That is, by conditioning on the process {1}, they can be reduced to the calcu-
lation of the cross moments of {1}, by using the conditional moments in section A.1. After
tedious calculations involving the cross moments discussed in section A.2; we can obtain asymp-
totic expressions for Ji, Jo and J3. Using these together with what we get for I, --- , I4, we can
easily obtain an asymptotic expression of COV(V(%X@)A,A — IA/ARV,X(mH)A — Xa). Comparing

this asymptotic expression with what we have obtained in Theorem 2, we conclude that

mIAT? Cov(‘A/(l;\:Ll)AA — VE’, Xm+na — Xa)
1
—m IA2 COV(V(m+1)A,A - VA7A7 X(m+1)A — XA) + O(E) asn — oo (51)

=m 'A7? Cov(Viminaa — Vaa, Xmina — Xa) + o(mA),

as A — 0, nA — C and mA — 0.

B.3.3 Calculation of the variance of changes of estimated RV

Let }/; = X(i+1)6 — XZ'(;. Then,

n—1 n—1 i—1
E(VI)? =Y EY!+2) > EV?Y (52)
i=0 i=1 j=1

By using the expression at the end of Section A, we have

(i+1) 4 (+1) 2
EY;4 =F / (a + bI/r)dT’ + CV(i+1)s — CVis +3F (1 - p2>/ vy dr

i0 i0

(i+1) (i+1)8 2
+6(1 — pz)E/ v, dr - / (a+ buvy)dr + cvip1ys — cvis |-
is is
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By conditioning on the process {v;}, Y;* and Yj2 are conditionally independent for j < 1.

Appealing to (34) and (35), we have that for j < i

(+1) 2 (i+1)
EYZ-QY]? =F / (a+bvp)dr + cviprys —cvis |+ (1 — o) / v, dr
i is

(j+1) ? (+1)3
/ (a@+bvy)dr + cvjr1ys —cvjs | + (1 — o) / v, dr
j j

j6 i

Both terms above only involve the cross moments of the process {1;}. After tedious calculations,
we can show that

. 2 2 2 4 2 4) (2 2 A2 A
E(VARV> :<&2+ﬂ)A2_ﬂA3+a(3p 6p + )( O‘K—FV)__’_O(_)’ (53)

2K 6 K n n

2
when A — 0 and nA — C. This is the same for E(V(m+1)A A) )

By conditioning on the process {14}, using the conditional independence, we have

06

(+1)3 ? (+1)s
. / (a + meA+r)dT + CUmA+(j+1)s — CVmA+56 + (1 — p2) / VmA+r dr
J J

n—1n-1 (i+1)6 2 (i+1)8
— E / (a+ by )dr + cvipnys — cvis |+ (1 — 0% / v, dr

i
Again, tedious calculations involving the cross moments of the process {1} yield

a (2ak +~%)

BV Vi s = =

A? — a®mA® + o(A?), (54)

as A — 0 and nA — C. Combination of (53) and (54) results in

Var(‘A/v(l;\Ll)A,A — V) =E(V)? "‘E(V(mH)A A)? = 2BV Vm+1)A A)
2
T
2K 6 K n
2
9 {WM - omeA3} +o(AY). (55)

as A = 0 and nA — C. Comparing this with the variance expression obtained in the proof of
Theorem 2, we have

20 (2ak + A2
Var(VE s s — VEY) = Var(Viomas — Vi) + 22200 E AT )

K n
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Or, equivalently,

mTAT Var(f/(fv{z\jd)A,A - VEV)

ABotA? 1
A (Var(Viema s = Vi) + TS ) ol (56)
L 20 (2ak + %)
=m ' A7 Var(Viyman — Vi e A 57
m ar(Vigmaa — Via) + C'm + o(mA), (57)
when m?A — C,,,.
B.3.4 Adjustment to the Leverage Parameter
Further from (45) and (47), we have
1A-3 2 Yo 1 o,
m AT Var(Vigman — Via) = va — 3m 37 KmA + o(mA), (58)
m
and (56) becomes
mtAT Var(‘A/(E{n\:—l)A,A - V) (59)
6 (2ak + %)

=m A3 Var(Vigman — Via)(1 + ) + o(mA). (60)

(37*m — 7?)kC — 342k2CC,,

By using (51), (59) and (49), we can easily obtain the following relationship:

Corr(v(?n\jrlm,a — VR, Xm+va — Xa)
1

= Corr(Vim+1)a — Va, Xtmi1ya — Xa)) - o [1+o(mA)]
\/1 + (372m772)mcf%72n200m
1—1/2m
= Corr(Vpmit — Ve, Xonst — Xt) - / [14 o(mA)],

12k +672 -
\/(1 i (372”1*72)%0*;7252007”)(1 ~ 3m)
as A — 0, nA — C and m?A — C,,.
Proposition 3 follows from (49), (51) and (56).

B.4 Proof of Theorem 4, Proposition 4 and parallel results for TSRV
B.4.1 Leverage Effect Estimation based on TSRV

We first state the result parallel to Theorem 4 for TSRV. Let Orsgy be a constant, L =

[0rsrvn?/?] be the number of grids over which the subsampling is performed, and 7 = (n — L +
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1)/n. The TSRV estimator is defined as

n—L n—1

1 n
TSRV _ s Atinirs — T i2——§ Zi-ai(i1)s — Zi-nis) - 61
V =7 E:o( t—A+(i+L)s t—A+is) n i:O< t—A+(i+1)d t-Atis) (61)

Theorem 6. When n'/?A — Crsry, 02/A — C. and m*A — C,, with Crsry, C. and C,, €
(0,00), the following expansion shows the incremental bias due to estimation error and noise

correction induced by the use of TSRV:

2m — 1
COI‘I‘(%E?}}XA VTSR ZterA — Zt) = COIT(VIH,mA — Uy, Xt+mA — Xt)“n—)
m? —m/3
x (14 Ag + Bg)"?[1 + o(mA)],
where
96035y C? 80rsrv (2ak +7°)

Ag = and Bg=

CTSR\/O(’YQ((SW —2— 3I€Cm) RCTSRv’72<6m —2— 3/€Cm)

A result parallel to Proposition 4 for TSRV is the following.
Proposition 6. When n'/3A — Crspy, 02/A — C. and m*A — C,, for constants Crsgry, Ce
and C,, € (0,00),

2y/m? —m/3

Cort (Vysma — Ve, Xepma — Xi) = co (2m —1)

Corr(VtTj,?XA VTSRV  Zigma — Zy) +o(mA)

where

B ~1/2
o = <1 48038yl + 801sry E [0f] A2> . (62)

3t Ve (VT o — V)

Two unknown quantities are involved and can be estimated nonparametrically here. For
o, we have under our model that E(VR — V;IBR) /2n = 62(1 + o(1)). A long run average of
(VEY — V;IRV) /2 can be used as a good estimate of o2. This is similar to the way the average
of the subsampled RV estimators is bias-corrected to construct TSRV. For E [o}], consistent

noise-robust estimators of ft A Osds are proposed in Zhang et al. (2005) and Jacod et al. (2009).
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We can use for instance the estimator called Q? in the latter paper:

Q? : A Z Z Zy A+(i+35)8 Z Zy A+(i+35)6
PAV% =0 " j=[kn/2]
5 n—2kn+1 fen—1 Lkn/2)—1
_'04 22 Z ( Z Zt A+(i+j)0 — ]{?_ Z Zt A+(i+7)5
pAV V2 0 ") (63)
i+2kn,—1
Z (Zi—a+(+1)s — Zt—A+j5)2)

j:i+kn

5 n—2 ) )

+ Z(thA+(i+1)6 — Z-n+4is) (Zr—nt(i+3)5 — Zi—nt(i+2)5) "

05 3 A*

where 1y = k., = [fpavy/n] for an appropriately chosen 0pay for any A. A scaled long

1
127
run average of this estimator can be used to estimate E [0}], based on the fact that E(Q}) =

A2Eci(1 + o(1)).

B.4.2 Proof of Theorem 6, Proposition 6 and Theorem 4, Proposition 4
Under the assumptions that n'/*A — Crggry and 02/A — C., we have
m AT Cov(Viean = VA*™, Ziminya — Za)
=m 1A Cov(Vimtnaa — Vaa, Xmina — Xa) + o(mA) (64)
and

m~TAT? \/ar(v(mH — VISRV

. 16602 ol 80 EotA?
—m~1A=3 <Var(V}+mAA ~Via) + IR+ ngil T >+0(mA) (65)

169’E§RV052 i 89TSRV E‘O'zl
mCrsry 3mCrsry

=m AT Var(Vigman — Via) + + o(mA)

:m_lA_S Var(VterA,A — V;,A)[l + AG + BG + O(mA)]v <66)

966 35y C2 _ 80rsrv (2ark+v?)
Crsrvay?(6m—2—3kCp,)”’ BG " kCrsryY2(6m—2—3kCh, by (58)

Under the assumptions that n'/2A — Cpay and O’?/A — C., with the constants 1, @11,

where Ag =

®19, $yy as specified in Theorem 4, we have

m AT COV(‘A/(%AJYUA,A — VRAY, Z(m+1)a — Za)
=m'AT? Cov(Vimsnaa — Vaa, Xmina — Xa) + o(mA), (67)
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and

m~t AT Var( A(In)aAXI)A,A — VM)

8(1)22013A\/EO'?A2 16@12E0't20'€2A 8(13110'21

=m A3 (Var(VterAA —Via) + ) + o(mA)

Pinl/? Opavipin'/?  Opxybin!/?
(68)
_ _ 8<I>QQQPA\/EO'4 16(1312E0'20 8@1102
1A-3 t t Le ¢
=m AT Var(Viemaa — Via) + + + o(mA
(Vima, a) m3Cpay mOpavP3Cpay  mb3 13 Cpay (mA)
=m AT Var(Vigmana — Via)[l + Ay + By + Cy + o(mA)], (69)
. 24P920pavy (2ak+72) o 96P15C,
where Ay = wgCPA\fin;?\G/m_Q_;NCmV 47 9PAV¢§CPAv’721(26m—2—3KCm) and
04 o 48@11062

o H%AV’L/JS CPAV a'yQ (6m7273nCm) :

Similar as in section B.3.4, Theorem 6 follows by (64) and (66), and Theorem 4 by (67) and
(69). Proposition 6 follows by (64) and (65), and Proposition 4 by (67) and (68).

B.5 Proof of Theorem 5 and Proposition 5

Let X ¢ be the continuous part of the log price process: dX¢ = (u—v;/2)dt + th/det. Our idea

of proof is to compare the covariance and variances with jump components to those without
the jump component so that the previous calculations can be used. We first introduce some

notation to facilitate the technical arguments. Let
I ={i:0<i<n—1, X process has jumps between ¢ +id and t + (i + 1)},
and
I} ={i:0<i<n-—1,X process has no jump between ¢t 4+ iJ and t + (i + 1), }.
be respectively the set of time indices for the process X; with jumps and without jumps, and
AXtc,i = tcfA+(z'+1)6 - thA+i§7

AXy i = Xi_at(iv1)s — Xi—avis.

Define V;Z‘V/ = Zf:/[f 71(AX,§Z-)2 the quadratic variation of the continuous part,

Ay = Z(Athi)Q, Ay = Z(AXt,i)21{|Axt,i|ga5w};

iel/ iel/
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and
Az = Z(AXt,i)21{|AXt,i|>a5w}'
ielIe
Then, we have the following simple relation:

~RV,TR __ 7RV
Vin  =Via — A+ Asy — Asy

Our aim is to show A;; for i = 1,2, 3 are negligible by evaluating their second moments.

To this end, let P;s = P{at least one jump between (0,6)}, which is of order O(J).

independence of the jump and continuous parts of the X process, we have

n—1
=0 0<i<j<n—1
n—1
—E (Z(Ax;i)‘lpj,é +2 Y (AXgi)Z(AXEj)QPj&)
=0 0<i<j<n-—1

=PLE((VA)?) + 3 E(AX;) (Prs — P2y)
=1
2 2 2 AS

Following a similar calculation,

E(Agy)? <a*6*™nPjs+ 2 Z a7 Pj
0<i<j<n

_O(5* (128 + nd)) = O(>

ni= )

To analyze As;, we first apply the Cauchy-Schwarz inequality to obtain

A3, <n Z(AXt,i)41{|AXt,i|>a5w}.

icl¢

Taking expectation on both sides and utilize the Cauchy-Schwarz inequality again, we obtain

n—1
B(A3,) <00\ JEAXE ) - Py
1=0

where P.; = P{|X§ — X§| > ad®}. By similar derivation as in Fan et al. (2012), we have
that P, is exponentially small as § — 0 for any 0 < @ < 1/2. Yet, E(AX[,;)® = O((A/n)*).

Therefore, E(A3,) = o(A*) for any k.
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Now, we are ready to compute the variances and covariance involved in the theorem. First
of all, notice that
ViR = VIR = VY s & = VA + Doy,
where Dyar = — (A1 t4ma — A1) + (Astima — Aoy) — (Asirma — Asy). Thus, by the covariance

formula and the Cauchy-Schwarz inequality, we have

~RV, TR ~RV,TR ~ RV ~ RV
|Var(vt+mA,A - Vt,A ) — Val"(VtTn/zA,A - VJZV)\

§2\/Var(‘7t§)7nA,A — Vtﬁv)\/ar(DmA,t) + Var(DmA’t).
Using the order of magnitude of E(A4;;)? for i = 1,2, 3, it is easy to see that
Var(Diay) < E(D2a,) = O(A™) for 0 < w < 1/2.

Therefore, when 1% <w< %,

~

~RV, TR ~RV, TR "~ RV RV
[Var(Viymaa = Via ) — Var(‘/ti:;A,A - VﬁAV)’ = o(A%) (70)
The relation between the observed components and continuous component is simply
Var(Xypma — X;) =Var(X{,,,a — Xf) + o5AmA. (71)

We now relate the covariance component. By independence of the jump part and the

continuous part of the X process, we have when % <w < %,

A ~

COV(%E\:&E?A - Vtﬁf’TRa Xiyma — Xi) — COV(‘Z‘,EX%A,A - Vtiva rmA — Xy)
:COV(DmA,ta Xigma — Xt)
—O(VAF= . mA) = o(A?), (72)

By (70), (71) and (72), it is easy to see when % <w < %,

RV,TR _ {,RV,TR
Corr(Viiman = Via ™ Xevma — Xi)

Var( tc+mA - Xtc)

Var(X{,,,a — X7) + 03AmA

=Corr(Vian = VA Xty n — X7) \/ (1+o(mA))  (73)
Proposition 5 follows by (73) and Theorem 5 follows by substituting

2
Var(X{ A — X{) = amA + (’g_a - %)m2A2 + o(m2A?).
K
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Table 1: Performance of the (feasible) bias correction method based on nonparametrically
estimated asymptotic quantities and an automated linear regression. The 100 estimates of p
are summarized by their minimum, first quartile, median, third quartile, maximum, mean and

SD. Parameters: (p, k,7, a, 0., A,n) = (—0.8,5,0.5,0.1,0.0005, 1/252, 390).

Min.  1st Qu. Median 3rd Qu. Max. Mean SD
prv  -0.9542 -0.8587 -0.8230 -0.7849 -0.7092 || -0.8203 0.051
ppay  -0.9605 -0.8493 -0.7971 -0.7519 -0.6649 || -0.8034 0.064
prsrvy  -0.9852 -0.8671 -0.8041 -0.7353 -0.6265 || -0.8038 0.084

Table 2: The results show the performance of the bias correction based on nonparametrically
estimated asymptotic quantities and linear regression in the presence of jumps, starting with
the raw correlation based on truncated realized volatility. The 100 estimates of p (“prv.rr”)
are summarized by their minimum, first quartile, median, third quartile, maximum, mean and

SD. Parameters: (p,x,7v,a, A,n,05,\) = (—0.8,5,0.5,0.1,1/252,390,0.01, 50).

Min.  1st Qu. Median 3rd Qu. Max. Mean SD
“prvrr”’  -0.9520 -0.8541 -0.8269 -0.7837 -0.6890 || -0.8219 0.053

Table 3: The sample correlations at different horizons m between the returns of S&P500 (Jan-
uary 2004 to December 2007) and the estimated changes of volatilities, using PAV with sampling

frequencies at one per minute and VIX (squared).

m 1 2 5 21 63 126 252
PAV  -0.255 -0.318 -0.403 -0.494 -0.368 -0.317 -0.152
VIX(sq) -0.784 -0.774 -0.761 -0.792 -0.614 -0.469 -0.114
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Table 4: The sample correlations at different horizons m between the returns (January 2005
to June 2007) of Microsoft and the estimated changes of volatilities, using PAV with sampling

frequencies at one per minute.

m 1 2 5 10 21 63 126 252
PAV 0.030 -0.002 -0.017 -0.039 -0.169 -0.339 -0.405 -0.280

SP500 Index and Returns

—— Close
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Figure 1: S&P 500 daily closing values plotted together with daily returns (January 1997 to
September 2011). A strong leverage effect is seen.
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Figure 2: Scatter plots of differences of estimated daily volatility Vt — Vt_m versus returns over
relatively long time span m for S&P 500 futures 2004-2007 data and Microsoft (MSFT) data
from January 2005 to June 2007. Daily volatilities are estimated using TSRV based on high
frequency minute-by-minute observations, and returns are calculated based on daily closing
prices. From left to right: S&P 500 futures when time horizon m is taken to be 5 days (a
week), S&P 500 futures when time horizon m is taken to be 21 days (a month), MSFT when
time horizon m is taken to be 63 days (three months), MSFT when time horizon m is taken to

be 126 days (six months). Solid red lines are the least squares regression lines.
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Figure 3: Daily changes of squared volatility indices versus daily returns. Using the volatility
indices as the proxy of volatility, the leverage effect can clearly be seen. Left: S&P 500 data
from January 2004 to December 2007, in which the VIX is used as a proxy of the volatility;
Right: Dow Jones Industrial Average data from January 2005 to March 2007 in which the
CBOE DJIA Volatility Index (VXD) is used as the volatility measure.
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Figure 4: Upper: Scatter plots of the changes of estimated daily volatilities versus daily re-
turns. Daily volatilities are estimated using TSRV based on high frequency minute-by-minute
observations, and returns are calculated based on daily closing prices. Upper panel from left
to right: S&P 500 futures 2004-2007 data, E-mini S&P 500 2004-2007 data, Dow Jones futures
January 2005 — March 2007 data, Microsoft January 2005 — June 2007 data. Lower: Scatter
plots of differences of estimated daily volatility versus daily returns with leads and lags for
S&P 500 futures 2004-2007 data (left two) and Microsoft data from January 2005 to June 2007
(right two).
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Theoretical Correlations, Big Leverage Effect Theoretical Correlations, Small Leverage Effect
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Figure 5: The theoretical estimated leverage effect parameter p as a function of the tuning
parameter m when A is taken to be 1/252; using the spot volatility (Cor_nu), ideally estimated
spot volatility (Cor_V), realized volatility estimator (Cor_RV), pre-averaging volatility estimator,
(Cor_PAV) and two-time scale volatility estimator (Cor_TSRV) respectively. They correspond
respectively to the function Cy(mA, k, v, a, p) in Theorem 1, Ay /(B2C5) in Theorem 2, and the
main terms in Theorems 3, 4 and 5 respectively. Two sets of parameter values are considered.

Left panel: (p, k,7,«) = (—0.8,5,0.5,0.1); right panel: (p,x,v,a) = (—0.3,5,0.05,0.04).
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Figure 6: The effectiveness of multiplicative correction of smoothing bias, based on the main
term in (21). The solid curve (labeled as Cor_nu) depicts Corr(vima — Ve, Xerma — Xi) as a
function of m; the dash curve (labeled as Cor_V) Shows Corr(V}erA A—Vin, Xivma—X¢) and the
dot-dashed curve (labeled as Cor_V=-Cor_nu) plots V /3 Corr(Vigman—Via, Xevma—Xy).
After correction, the estimate of p based on the mtegrated volatility V' is approximately
the same as that based on the observable spot volatility. Left panel: (p,k,v, o, A) =
(—0.8,5,0.5,0.1,1/252); right panel: (p,k,7, o, A) = (—0.3,5,0.05,0.04,1/252).

53



Sample Correlations Based on Spot Volatilities nu Sample Correlations Based on Integrated Volatilities V
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Figure 7: Sample correlations between the log-returns and the changes of spot volatilities (upper
left), the changes of integrated volatilities (upper right), the differences of realized volatility
(lower left), the differences of PAV (lower middle), and the differences of TSRV (lower right)
over a period of m days. The results are based on 100 simulations. The solid curve is the
average over 100 simulations. The dots are one standard deviations away from the averages.

Parameters: (p, k,v,a, 0, A, n) = (—0.8,5,0.5,0.1,0.0005, 1/252, 390).
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Average Sample Correlations Based on Simulated Data
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Figure 8: The average sample correlations between the changes of log-prices over a period of
m days and the difference of the spot volatility v, the difference of the integrated volatility V,
the difference of the RV estimates, the difference of the PAV estimates and the difference of
the TSRV estimates over the same period. Comparing this with the left panel of Figure 5, we
see how the simulation results are in line with the theory. Parameters: (p, k,~,a, 0., A,n) =

(—0.8,5,0.5,0.1,0.0005, 1/252, 390)
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Preliminary Correction from PAV Regression Based on an Automated Procedure, PAV
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Correction from PAV

Correction from TSRV
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Figure 9: The scatter plots of preliminary bias corrected estimates of the leverage effect pa-
rameter p,, against m for one simulated realization are plotted on the left (upper: PAV, lower:
TSRV); the regression based on the automated procedure described in section 7.3 is illustrated
on the right. The final estimate based on PAV is -0.858, that based on TSRV is -0.815 for this

realization. The true leverage effect parameter p is -0.8.

Sample Correlations Based on Truncated RV for Jump Processes
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Figure 10: Sample correlations between the log-returns and the changes of truncated real-
ized volatilities over a period of m days for 100 sample paths simulated based on model
with jumps: model (17)-(18). The solid curve is the average of 100 simulations; the dots
are one standard deviations away from the averages. Parameters: (p,k,7, o, 0, A, n,05) =

(—0.8,5,0.5,0.1,0.0005, 1/252, 390, 0.01)
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SP500 Leverage Effects Based on PAV and VIX
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Figure 11: The raw sample correlations based on PAV with minute-by-minute data and VIX

(squared), for different horizons m, for S&P500 in the time period 2004-2007.

Preliminary Correction from PAV for SP500 Regression Based on an Automated Procedure
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Figure 12: Left: Scatter plot of preliminary bias corrected estimates based on PAV of the
leverage effect parameter p against m for S&P500 2004-2007 minute-by-minute data. The plot
on the right show how estimates in the range identified by an automated procedure are further

aggregated by using a simple linear regression to obtain a final estimate of the leverage effect.
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Preliminary Correction from PAV for MSFT Regression Based on an Automated Procedure

0.0
|
0.0
|

-0.2
1
-0.2
1

-04
1
-04
1

Correction from PAV

-0.6
1

Correction from PAV
-0.6
1

-0.8
1
-0.8
1

-1.0

-1.0

Figure 13: Left: Scatter plot of preliminary bias corrected estimates based on PAV of the
leverage effect parameter p against m based on the minute-by-minute data of Microsoft returns
in the time period Jan/2005-Jun/2007. The plot on the right show how estimates in the range
identified by an automated procedure are further aggregated by using a simple linear regression

to obtain a final estimate of the leverage effect.

58



