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q = n(x)ei⇥�(x)uref

q = n(x)ei⇥�(x)u(xref )

s = i⇥

qin

qout

2

q = q̂ e�i⇥t
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work in: 

work out: 

If more heat is injected at times of high pressure and less heat at times of 
low pressure, then heat is converted into work 



Diagram of the Rijke tube 

Non-dimensional governing equations 

hot wire or flame air flow 

A simple thermoacoustic model contains the acoustic momentum and energy 
equations, with heat release applied at a point in space 
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1 Three numerical methods used in thermoacoustics (nondim)

This Matlab tutorial demonstrates three numerical methods commonly used for the analysis
of thermoacoustic systems. These methods are described succinctly and further details can
be found in the references. They are applied to a simple model in order to demonstrate the
principles behind each numerical method. The principles do not change when more elaborate
models are considered, but the corresponding codes become more intricate.

1.1 The model

We consider an open-ended tube extending from 0 to X containing gas at uniform density, ⇢,
uniform pressure, p, and uniform ratio of specific heats, �. We consider acoustic perturbations
to the velocity, u, and pressure, p. A hot wire or flame is placed at x = xf , with heat release at
xf given by q(t) = nu(xm, t�⌧) Watts per m2, where n is a real constant with units of pressure,
⌧ is a time delay, and xm is the position at which u is measured. We neglect the mean flow in
the tube, the mean density drop across the hot wire, and viscous and thermal dissipation, The
perturbation momentum and energy equations are:

⇢
@u

@t
+

@p

@x
= 0 (1) {equ_005_005}

@p

@t
+ �p

@u

@x
= (� � 1)q�D(x� xf ) (2) {equ_005_010}

where �D is the Dirac delta. We assume that p is zero at both ends of the tube. This means
that there is no acoustic radiation from the tube, so the model contains no damping mechanism.
The speed of sound is c ⌘ p

�p/⇢.

1.2 Nondimensionalization

We define a reference length, Lref = X, a reference speed, Uref = c, and a reference pressure,
Pref = p. Noting that ⇢ = � when non-dimensionalized, the momentum and energy equations
become:

�
@u

@t
+

@p

@x
= 0 (3) {equ_005_006}

@p

@t
+ �

@u

@x
= (� � 1)q�D(x� xf ) (4) {equ_005_011}

and it is convenient to define �0 ⌘ (� � 1)/�.

1.3 The wave approach for u and p

Integrating (1) and (2) in x and assuming no accumulation within the control volume leads to
two jump conditions across the heater:

[p]
x+
f

x�
f

= 0 (5) {equ_005_015}

[u]
x+
f

x�
f

= �0nu(xm, t� ⌧) (6) {equ_005_020}

Following [?] §245 and [give a reference containing all the details], we consider forwards and
backwards travelling waves, g(t�x), and h(t+x) such that p = g+h and u = (g�h)/�. These
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In the simplest possible model, the heat release is linearly proportional to the 
velocity at a measurement point, with a time delay.  
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Diagram of the Rijke tube 

Non-dimensional governing equations 

hot wire of flame air flow 

The coefficients of the heat release model are found from models, experiments, or 
numerical simulations. The behaviour is very sensitive to errors in these 
coefficients.  
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n and tau are found from: 
•  models 
•  experiments 
•  numerical simulations 



The thermoacoustic mechanism is simple and can be easily modelled 
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Diagram of the Rijke tube 

Non-dimensional governing equations;       single mode Galerkin model 

hot wire or flame air flow 

To explain why this thermoacoustic model is so sensitive, we reduce it to a single 
equation for the eigenvalue, s, by projecting onto the natural acoustic modes.  
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backwards travelling waves, g(t�x), and h(t+x) such that p = g+h and u = (g�h)/�. These
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most unstable 

•  extreme sensitivity to time delay, tau 
•  strong sensitivity to geometric parameters  

1 
2 

Even for small heat release, n, we see that small changes in time 
delay, tau, can cause the most unstable mode to switch. 



The thermoacoustic mechanism is simple and can be easily modelled 
 
 
But thermoacoustic models are very sensitive to parameters 
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For the F1 engine of the Saturn V, thermoacoustic instability was eliminated with 
baffles on the injector plate. But finding this design required 2000 full scale tests. 



Despair: 
 
•  Practical thermo-acoustic systems are extremely sensitive to 

geometric parameters and to the heat release time delay, tau 

•  Some of these parameters, e.g. tau, are difficult to model or 
simulate accurately. 



Hope:  
 
•  Usually (due to damping) only a few eigenvalues are unstable 

•  Many parameters can be changed (including flame parameters) 

•  To find stable operating points, linear stability analysis is sufficient  

•  Experience shows that most systems can be stabilized 

Despair: 
 
•  Practical thermo-acoustic systems are extremely sensitive to 

geometric parameters and to the heat release time delay, tau 

•  Some of these parameters, e.g. tau, are difficult to model or 
simulate accurately. 



We model a thermoacoustic system as an acoustic network and exploit the 
features described earlier to predict how to stabilize it: 

Thermoacoustic model (flame + acoustics) 



A linear analysis is sufficient. 
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A linear analysis is sufficient. Only a few modes are unstable. Many parameters 
can be changed.  

Linear modes of the model 
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Thermoacoustic model (flame + acoustics) 



The 'brute force' approach would be to change each parameter in turn and 
examine its influence on the eigenvalues. 
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Thermoacoustic model (flame + acoustics) 



But with a single adjoint calculation, one obtains the sensitivity of a single 
eigenvalue to every parameter. 
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Conceivably, one could use this gradient information to stabilize all eigenvalues 
at a reasonable cost 
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Thermoacoustic model (flame + acoustics) 



We have applied adjoint-based sensitivity analysis in thermoacoustics to 
stabilize a  model of a practical burner. 



We want to use the model in an optimization algorithm. If the growth rate and 
frequency are sensitive to the model parameters, their gradients will be severely 
prone to error.   



   



The thermoacoustic mechanism is simple and can be easily modelled 
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The thermoacoustic mechanism is simple and can be easily modelled 
 
 
But thermoacoustic models are very sensitive to parameters 
 
 
This sensitivity can be exploited to stabilize a model 
 
 
But models need to be accurate and the sensitivity to parameters 
introduces large systematic error 
 



Ideally, therefore, we would measure growth/decay rates, frequencies, and their 
sensitivity to experimental parameters.  

Model 
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We carefully characterize a laboratory-scale thermoacoustic system 
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Exit temperature (K) Entrance speed of air (m/s) 

We use nonlinear regression to find the values of heat transfer coefficients and 
pressure loss coefficients that best fit the experimental data 
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Having characterized the base state, we measure growth/decay rates and 
frequencies of thermoacoustic oscillations in order to infer n and tau 

two microphones 
loudspeaker for active control or pinging 

heat release at mesh 

1 Three numerical methods used in thermoacoustics (nondim)

This Matlab tutorial demonstrates three numerical methods commonly used for the analysis
of thermoacoustic systems. These methods are described succinctly and further details can
be found in the references. They are applied to a simple model in order to demonstrate the
principles behind each numerical method. The principles do not change when more elaborate
models are considered, but the corresponding codes become more intricate.

1.1 The model

We consider an open-ended tube extending from 0 to X containing gas at uniform density, ⇢,
uniform pressure, p, and uniform ratio of specific heats, �. We consider acoustic perturbations
to the velocity, u, and pressure, p. A hot wire or flame is placed at x = xf , with heat release at
xf given by q(t) = nu(xm, t�⌧) Watts per m2, where n is a real constant with units of pressure,
⌧ is a time delay, and xm is the position at which u is measured. We neglect the mean flow in
the tube, the mean density drop across the hot wire, and viscous and thermal dissipation, The
perturbation momentum and energy equations are:

⇢
@u

@t
+

@p

@x
= 0 (1) {equ_005_005}

@p

@t
+ �p

@u

@x
= (� � 1)q�D(x� xf ) (2) {equ_005_010}

where �D is the Dirac delta. We assume that p is zero at both ends of the tube. This means
that there is no acoustic radiation from the tube, so the model contains no damping mechanism.
The speed of sound is c ⌘ p

�p/⇢.

1.2 Nondimensionalization

We define a reference length, Lref = X, a reference speed, Uref = c, and a reference pressure,
Pref = p. Noting that ⇢ = � when non-dimensionalized, the momentum and energy equations
become:

�
@u

@t
+

@p

@x
= 0 (3) {equ_005_006}

@p

@t
+ �

@u

@x
= (� � 1)q�D(x� xf ) (4) {equ_005_011}

and it is convenient to define �0 ⌘ (� � 1)/�.

1.3 The wave approach for u and p

Integrating (1) and (2) in x and assuming no accumulation within the control volume leads to
two jump conditions across the heater:

[p]
x+
f

x�
f

= 0 (5) {equ_005_015}

[u]
x+
f

x�
f

= �0nu(xm, t� ⌧) (6) {equ_005_020}

Following [?] §245 and [give a reference containing all the details], we consider forwards and
backwards travelling waves, g(t�x), and h(t+x) such that p = g+h and u = (g�h)/�. These

1

n = knq

⌧ = k⌧ ⇥ 0.2
dwire

Uinlet
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Threshold 

Threshold 

We use a linear fit to obtain the linear growth rates between pre-determined 
thresholds. Typically (depending on the growth/decay rate) there are around 500 
cycles in the linear regime. 
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0 2 4 6 8 10

lo
g
(A
m
p
li
tu
d
e)
(P
a
)

-10

-5

0
Decay rate = -0.71917 s!1

Lower limit

Upper limit

Fitting~ 500 cycles 

Growth rate Decay rate 

active control off 
acoustic ping 



Jamieson, N. P., Rigas, G., and Juniper, M. P. 

Frequencies as function of heater power  Growth / decay rates as fn of heater power 

With nonlinear regression on many thousand measurements, we infer models for 
n and tau. 

⌧ = 14.7⇥ 0.2
dwire

Uinlet
n = 103.8q



The thermoacoustic mechanism is simple and can be easily modelled 
 
 
But thermoacoustic models are very sensitive to parameters 
 
 
This sensitivity can be exploited to stabilize a model 
 
 
But models need to be accurate and the sensitivity to parameters 
introduces large systematic error 
 
 
One solution is to infer parameters from experiments 
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We then use these to predict the behaviour of a new experiment 

two microphones 
loudspeaker for active control or pinging 

heat release at mesh, q 

hot wire mesh on automated traverse 
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We operate in the stable regime and obtain a decay rate every 6 seconds. We 
obtain 150 datapoints at each operating point and step to a new operating point 
automatically.  
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This provides growth/decay rates, frequencies, and their sensitivities with 
respect to the model parameters.  
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Shift in decay rate and frequency as the secondary heater power changes 
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Model 
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We characterize the model with a single heater, add a secondary heater, and 
compare predicted and measured growth rate sensitivities to the secondary 
heater power. This forces us to improve our model 
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The thermoacoustic mechanism is simple and can be easily modelled 
 
 
But thermoacoustic models are very sensitive to parameters 
 
 
This sensitivity can be exploited to stabilize a model 
 
 
But models need to be accurate and the sensitivity to parameters 
introduces large systematic error 
 
 
One solution is to infer parameters from experiments 
 
 
This leads to accurate models, which can predict stabilization 
strategies 


