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S U M M A R Y
We investigate the effects of lateral perturbations in velocity and anelasticity (Q) on surface
wave amplitudes based upon wave propagation simulations in 3-D earth models using a
spectral element method (SEM). We construct 3-D Q models based upon a wave speed model
S20RTS using a set of reasonable mineralogical parameters assuming lateral variations in both
wave speed and anelasticity are due to temperature perturbations. We measure and compare
amplitude perturbations of surface waves caused by 3-D wave speed (elastic) structures and
those caused by 3-D anelastic (Q) structures at a period range of 50–200 s. The measurements
show that influence of 3-D wave speed structures on amplitudes is comparable to that of
3-D Q structures at short period (50 s), but becomes dominant at longer periods. In ray
theoretical framework, surface wave amplitudes can be decomposed into three terms—elastic
focusing, anelastic attenuation and anelastic focusing—which depend, respectively, upon the
roughness of phase velocity perturbations (∂2

yδ ln c), perturbations in anelasticity (δ ln Q−1)
and the roughness of perturbations in anelasticity (∂2

yδ ln Q−1). Ray-theoretical calculations
confirm the relative importance of 3-D Q and 3-D wave speed in perturbing surface wave
amplitudes and show that anelastic focusing effects, which have been ignored in present-day
tomographic studies, have a more significant effect than attenuation. Therefore, the effects of
3-D Q structures can be ‘counter-intuitive’ at long period for surface waves travelling through
a low-Q region may experience amplitude increase.

Key words: Elasticity and anelasticity; Surface waves and free oscillations; Seismic atten-
uation; Seismic tomography.

1 I N T RO D U C T I O N

The anelasticity of Earth material causes energy dissipation of seis-
mic waves through internal friction and it is often measured by
the quality factor Q. In the past decades, progress made in mineral
physics has allowed laboratory studies of anelasticity of upper-
mantle minerals under high temperature and high pressure. Recent
mineralogical experiments show that variations in temperature, wa-
ter content and composition have very different effects on seismic
wave speed and anelasticity in the Earth’s mantle (e.g. Karato &
Spetzler 1990; Isaak 1992; Jackson et al. 1992, 2002; Jackson 2000;
Karato 2003; Faul & Jackson 2005). Therefore high-resolution 3-D
anelastic structures, together with 3-D elastic wave speed structures,
can provide important constraints on the thermal and chemical state
of the Earth’s interior.

The propagation of seismic waves can be affected by pertur-
bations in both elastic and anelastic properties; therefore, seismic
travel times and amplitudes depend upon both wave speed and
anelasticity. In mapping lateral heterogeneities in the Earth’s in-
terior, seismic travel times are usually used to invert for wave
speed and amplitudes are used to map anelasticity. In extending

the finite-frequency theory of surface wave anelasticity (Dahlen &
Zhou 2006) to account for anelastic dispersion, Zhou (2009) pointed
out the importance of accounting for coupling of elastic and anelas-
tic effects in both travel times and amplitudes and suggested that
joint tomographic inversions of 3-D wave speed and 3-D anelasticity
structures are necessary for long-period surface waves.

It has been long recognized that anelasticity can affect travel
times of seismic waves through physical dispersion (e.g. Liu et al.
1976; Kanamori & Anderson 1977). However, in 3-D wave speed
tomography, seismic travel times are typically used without con-
sidering anelastic dispersion caused by 3-D anelastic structures.
Ruan & Zhou (2010) showed that physical dispersion due to lateral
perturbations in Q can cause 15–20 per cent of observed phase de-
lays (travel times) in long-period surface waves. Ignoring anelastic
dispersion in surface wave inversions may therefore lead to biased
tomographic models.

In resolving 3-D Q structures of the mantle, the difficulty is
that elastic focusing and defocusing caused by 3-D wave speed
structures can strongly affect seismic amplitudes (e.g. Woodhouse
& Wong 1986; Romanowicz 1998; Selby & Woodhouse 2000;
Dalton & Ekström 2006a,b; Yang & Forsyth 2006; Zhou 2009).
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To date, the relative importance of elastic focusing and anelas-
tic effects have not been well understood. In global anelastic to-
mography, different research groups take different approaches in
handling elastic focusing/defocusing effects on amplitude (e.g.
Durek et al. 1993; Romanowicz 1995; Bhattacharyya et al. 1996;
Selby & Woodhouse 2002; Gung & Romanowicz 2004; Dalton &
Ekström 2006b). The additional anelastic focusing/defocusing ef-
fects associated with anelastic dispersion have always been ignored.
Although the resulting 3-D Q models are comparable in magnitude,
large-scale features can differ greatly from each other (e.g. Gung
& Romanowicz 2004; Dalton et al. 2008). More recently, there has
been growing interest in modelling 3-D anelastic effects on seismic
travel times and amplitudes through numerical wave propagation
using currently available 3-D Q models (e.g. Savage et al. 2010).

In this study, we quantify the effects of anelastic (Q) and
elastic structures on surface wave amplitudes through numeri-
cal wave propagation simulation using a spectral element method
(Komatitsch & Tromp 1999, 2002a,b). Investigations of surface
wave phase delays based upon the same simulations have been doc-
umented in Ruan & Zhou (2010). The effects of anelasticity are
incorporated using an absorption band model with three standard
linear solids (Savage et al. 2010). The Earth’s bulk quality factor
(Qκ ) is orders of magnitude larger than the shear quality factor
(Qμ), and the sensitivity of Rayleigh waves to perturbations in Qκ

is very weak; for Love waves, the sensitivity is zero. In this paper,
we consider lateral heterogeneities only in Qμ and ignore pertur-
bations in Qκ , and Q in this paper refers to Qμ hereinafter. We
simulate wave propagation in earth models with and without the
presence of 3-D heterogeneities, and measure amplitude perturba-
tions in fundamental-mode surface waves caused by 3-D wave speed
structures as well as those caused by 3-D Q structures. Our ampli-
tude measurements based on the 3-D models show that the effects
of 3-D wave speed structures and 3-D Q structures are comparable
in short-period surface waves, and the effects of 3-D wave speed
structures are dominant in long-period surface waves.

In ray theory, amplitude perturbations due to 3-D heterogeneities
can be decomposed into three contributing effects: elastic focusing
and defocusing, anelastic attenuation and anelastic focusing and
defocusing. We calculate ray theoretical amplitude perturbations in
3-D wave speed and 3-D Q models. Ray theoretical calculations
confirm that elastic focusing dominates amplitude perturbations in
3-D models used in this study. In addition, we shows that the effects
of anelastic attenuation are less significant compared to anelastic
focusing/defocusing effects in long-period surface waves. Finally,
we discuss the uncertainties in mineralogical parameters used in the
numerical experiments.

2 WAV E P RO PA G AT I O N I N 3 - D Q
A N D 3 - D WAV E S P E E D M O D E L S

In this section, we will briefly review earth models and numerical
wave propagation experiments used to quantify the effects of 3-D
anelasticity and 3-D wave speed structures on surface waves. The
same models have been used to quantify the effects of anelastic
dispersion on travel times in Ruan & Zhou (2010). We construct a
1-D reference Q model based upon a reference geotherm assuming
half-space cooling of an adiabatic mantle. Parameters are shown in
Table 1.

The reference geotherm profile is plotted in Fig. 1. The corre-
sponding reference 1-D Q model then can be constructed from the
reference geotherm assuming a thermally activated mechanism of

Table 1. Geothermal parameters used for
reference temperature profile.

Parameters Values

Surface temperature, Ts 0◦C
Mantle temperature, Tm 1300◦C
Thermal diffusivity, κ 1 × 10−6 m2 s−1

Cooling age, τ c 60 Myr
Adiabatic gradient 0.5◦C km−1

anelasticity (Jackson & Anderson 1970; Karato & Spetzler 1990),

Q(T ) = A exp

[
α(E∗ + PV ∗)

RT

]
, (1)

where the activation energy E∗ = 470 KJ mol−1 and activation
volume V ∗ = 17 cm3 mol−1 are estimated from laboratory studies
of upper mantle minerals (e.g. olivine). The constant A = 1.394
is chosen so that the reference Q model is close to model PREM
(Fig. 1).

Assuming a purely thermal origin of lateral perturbation in both
wave speed and anelasticity (Q), we follow Ruan & Zhou (2010)
and calculate temperature perturbations that correspond to shear
wave speed perturbations in model S20RTS (Ritsema & Van Heijst
2000) using the temperature partial derivative of shear wave speed
(e.g. Karato 1993; Ruan & Zhou 2010),

∂ ln V

∂T
= ∂ ln V0

∂T
− 1

Qπ

E∗ + PV ∗

RT 2
. (2)

The temperature partial derivative ∂ ln V /∂T depends on Q, and
an iterative approach was used to compute perturbations in Q. The
rms of the wave speed and Q models are plotted in Fig 1 as a
function of depth, and 3-D wave speed and 3-D Q maps at a depth of
100 km are plotted in Figs 2(a) and (b). The rms strength of δ ln Q−1

in the Q model is comparable to recent tomographic 3-D Q models
(e.g. Dalton et al. 2008). Assuming current global tomographic
3-D Q models are correct in order of magnitude, our 3-D Q model
should be reasonable for the investigation of 3-D anelastic effects
on surface waves. The advantage of using the wave speed-converted
Q model is that the Q model is highly correlated with the 3-D wave
speed model S20RTS, which allows us to investigate correlations
between their corresponding effects.

We investigate the effects of 3-D wave speed and 3-D Q struc-
tures on surface wave amplitudes through wave propagation sim-
ulation in four different earth models (Table 2) using a spectral
element method (Komatitsch & Tromp 1999, 2002a,b). To examine
the elastic focusing/defocusing effects on surface wave amplitudes
due to 3-D wave speed structures, we measure amplitude differ-
ences between synthetic seismograms generated in model (I)—1-D
velocity and 1-D Q (PREM) and model (II)—3-D velocity and
1-D Q (S20RTS). The Q structures in model (I) and (II) are iden-
tical; therefore, the measured perturbations in surface wave am-
plitudes are due to the 3-D velocity structures, that is, (A3−D V −
A1−D V)/A1−D V or elastic δ ln A. In the case of examining the effects
of 3-D Q structures (‘anelastic effects’ hereinafter), we measure
amplitude perturbations between synthetic seismograms generated
in model (III)—3-D velocity and 1-D Q and model (IV)—3-D ve-
locity and 3-D Q. The velocity structures are identical in these two
models so amplitude perturbations are due to 3-D Q structures, that
is, (A3−D Q − A1−D Q)/A1−D Q or anelastic δ ln A. The 1-D and 3-D
Q models are shown in Figs 1 and 2.

We use 12 earthquake events and 801 seismic stations in numeri-
cal simulations to provide a good global path coverage (Fig. 2). For
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Figure 1. (a) Reference 1-D temperature model derived assuming half-space cooling of an adiabatic mantle. Adiabatic thermal gradient is 0.5◦C km−1, and
geothermal parameters are shown in Table 1. (b) Reference Q model (Qμ) constructed using the reference geotherm and mineralogical parameters E∗ =
470 KJ mol−1 and V∗ = 17 cm3 mol−1. PREM Qμ is also shown in dashed line for reference (Dziewonski & Anderson 1981). (c) Depth profile of 1/Q where
grey bars indicate rms variations of 1/Q at various depths in 3-D Q model. (d) rms of 3-D wave speed and Q models as a function of depth.

each event, wave propagation simulations are run for all four models
in Table 2. Examples of synthetic seismograms from SEM simula-
tions and associated ray paths are plotted in Fig. 3. The transverse
and vertical component seismograms at station BMN have been
bandpass filtered between 8 and 15 mHz. The top two seismograms
in Figs 3(a) and (b) show amplitude perturbations caused by 3-D
Q structures, while the bottom two seismograms show amplitude
perturbations caused by 3-D wave speed structures. Amplitude vari-
ations measured at a period of 100 s (10 mHz) are shown beneath
each two traces. For the transverse component (Love waves), lateral
variations in Q cause a 3.5 per cent increase in amplitude while vari-
ation in wave speed cause a 133.7 per cent increase in amplitude.
In the vertical component Rayleigh waves, the 3-D Q and 3-D wave
speed structures increase amplitude by −1.3 and 42.5 per cent, re-
spectively. This indicates elastic effects on surface wave amplitudes,

that is, focusing/defocusing, can be much stronger than anelastic at-
tenuation. In this example, both Love waves and Rayleigh waves
show a strong elastic focusing (amplification) on amplitudes as they
propagate through strong slow anomalies. We assume lateral het-
erogeneities in the earth models are thermally originated, therefore
a slow anomaly is associated with a low Q anomaly where strong
anelastic attenuation is expected (decrease in amplitude). However,
synthetic seismograms show a slight increase in the amplitude of
Love waves and a negligible decrease in the amplitude of Rayleigh
waves. Such unexpected variation indicates anelastic focusing ef-
fects associated with physical dispersion are strong enough to cancel
out the attenuation effects. The details of wave focusing effects as-
sociated with anelastic dispersion will be discussed in Section 5.
Amplitude measurements as a function of wave period are shown in
Figs 3(d) and (e) for Love waves and Rayleigh waves, respectively.
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Figure 2. (a) 3-D shear wave speed model S20RTS (Ritsema & Van Heijst 2000) at a depth of 100 km. (b) 3-D anelasticity (Q) model at a depth of
100 km, the perturbation magnitude of Q−1 are comparable to recent tomographic models (e.g. Dalton et al. 2008). Note that perturbations in Q model and
wave speed model are correlated as we assume both of them are caused by temperature variations. (c) Ray paths used in numerical simulations. Locations and
focal mechanisms of the twelve earthquakes are indicated by beach balls.

The strong frequency dependence of amplitude perturbations will
be discussed in Sections 4 and 5.

3 M E A S U R E M E N T S O F S U R FA C E WAV E
A M P L I T U D E VA R I AT I O N S

To reduce bias in spectral estimation, we measure surface wave
amplitude perturbations using a multitaper method (MTM) (Laske
& Masters 1996; Zhou et al. 2004). In this study, five 2.5-π pro-
late spheroidal eigentapers (Slepian 1978) are used. Seismograms
measured with these eigentapers have their spectra narrowly concen-
trated around the central frequency. Amplitude perturbations and as-
sociated errors are estimated by least-square fitting of measurements
made with the five orthogonal tapers. We measure fundamental-
mode surface wave amplitude perturbations at frequencies (periods)
from 5 mHz (200 s) to 20 mHz (50 s).

Time windows are chosen for each seismogram to include group
arrivals of surface waves at the periods of measurement, and to
exclude higher-mode surface waves whenever possible. The spec-
tra of windowed seismograms depend on the time window applied
in making measurements. To examine the effects of windowing
on amplitude measurements, we compare amplitude perturbations
of 100 s Rayleigh waves measured with different time windows.
We start with a measurement window that is approximately five
times as long as the period of the wave (∼500 s) centred at the
arrival of the fundamental-mode surface wave, we then extend the
length of the window by 150 s in both directions to make it a longer
window (∼800 s) and the third measurement window is 1100 s
centred at the same arrivals. Examples of measurement time win-
dows as well as amplitude variations caused by measurement time
windows are shown in Fig. 4. Overall, amplitude variations due to
differences in window length can be significant, especially when
windows are extended to include higher-mode energy. A longer
time window can increase the resolution of amplitude spectra, how-

Table 2. Models used for 3-D SEM wave propagation simulation.

Model Velocity Anelasticity (Q)

Elastic effects I 1-D (PREM) 1-D (PREM)
II 3-D (S20RTS) 1-D (PREM)

Anelastic effects III 3-D (S20RTS) 1-D (Q1DMM)
IV 3-D (S20RTS) 3-D (Q3DMM)

ever, it may also increase the risk of higher-mode contamination.
In this study, we carefully choose measurement windows to strike
a balance between good spectra resolution and minimum higher-
mode contamination. Due to the dispersion of surface waves, we
select measurement windows based on visual examination of seis-
mograms band-pass filtered at two different frequency bands, 20–
10 mHz (50–100 s) and 5–10 mHz (100–200 s). The final hand-
picked measurement windows range from 600 to 800 s in the period
range between 50 and 100 s and the window length varies from
1000 s to 1600 s in the period range between 100 and 200 s, respec-
tively.

Fundamental-mode surface waves in model PREM and S20RTS
have different group arrival times. This often makes it difficult to
exclude higher-mode surface waves in determining the time window
for measurements, especially in the case of Love waves. To exam-
ine the possible effects of including higher-mode surface waves in
the measurement window, we compare measurements made with
and without higher-mode surface waves. In the case with higher
modes, we measure amplitude perturbations between seismograms
generated in model PREM and S20RTS using SEM; therefore,
both seismograms include all seismic phases. In the case with-
out higher modes, we measure amplitude perturbations between
fundamental-mode-only seismograms generated in model PREM
based on surface wave mode calculations and seismograms gen-
erated in model S20RTS using SEM. Amplitude measurements
made with and without higher modes for 100 s Love waves and
Rayleigh waves are shown in Fig. 5. Higher-mode surface waves
have some effects on Rayleigh wave amplitudes (Fig. 5b), but in
general they are not significant compared to uncertainties in mea-
surements. The effects of higher-mode surface waves are stronger
in Love waves than in Rayleigh waves (Fig. 5a). This is expected be-
cause fundamental-mode Rayleigh waves travel much slower than
higher-mode Rayleigh waves, but the difference in travelling speed
between fundamental-mode and higher-mode Love waves are much
smaller and therefore they are not well separated in seismograms. It
is also noteworthy that amplitudes of fundamental-mode and higher-
mode surface waves are caused by the same subsurface structures
but they have different depth sensitivity. Unless the structure varies
rapidly with depth, bias introduced by high-mode contamination
will be limited, as shown in Fig. 5. In Fig. 5, the calculations are
for an extreme case and effect of higher-mode contamination is, in
general, less significant in the measurements that we will discuss in
Section 4.
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Figure 3. (a) Transverse and (b) vertical components of synthetic seismograms at station BMN, bandpass filtered between 8 and 15 mHz. Top seismogram
pairs show effects due to anelastic perturbations, black seismograms are generated using model (III): 3-D velocity and 1-D Q, red seismograms are generated
using model (IV): 3-D velocity and 3-D Q. Bottom seismogram pairs show differences due to elastic perturbations: black seismograms are generated using
model (I): 1-D velocity and 1-D Q; red seismograms are generated using model (II): 3-D velocity and 1-D Q. Amplitude perturbations measured at 100 s
using a multitaper technique are indicated below the trace pairs. The ray path of the seismograms is shown in (c) and measured elastic and anelastic amplitude
perturbations as a function of period are plotted in (d) for Love waves and (e) for Rayleigh waves.

The excitation of surface wave amplitudes by a moment tensor
source depends on local structure at the source. In 3-D models, lo-
cal structures in source regions are often different from that in 1-D
models. In Fig. 6, we show that the effects of source radiation dif-
ferences on surface wave amplitudes are not significant as we have
excluded paths close to nodal planes where source local structures
may have stronger influences on source excitations. The amplitude
variations due to direct source excitation differences are generally
smaller than measurement error bars.

4 3 - D A N E L A S T I C E F F E C T S
O N S U R FA C E WAV E S A N D F R E Q U E N C Y
D E P E N D E N C E

It is well known that amplitudes of seismic waves can be affected
by the magnitude of earthquakes, geometrical spreading, source ra-
diation pattern, wave attenuation and focusing/defocusing effects.
In this study, we focus on amplitude perturbations caused by wave
attenuation and focusing/defocusing effects, and quantify the ef-
fects of 3-D wave speed and 3-D Q structure as a function of wave
period. Lateral perturbations in wave speed affect the amplitude of
seismic waves through elastic focusing/defocusing without energy
loss. In the presence of 3-D anelastic heterogeneities, amplitude of
seismic waves can be attenuated due to energy loss caused by inter-
nal friction in mantle materials. In addition to anelastic attenuation,
anelastic structures also cause physical dispersion, introducing ad-

ditional focusing/defocusing effects which we have referred to as
‘anelastic focusing/defocusing’. Anelastic focusing/defocusing ef-
fects strongly depend upon wave frequency because of physical
dispersion. It is worth emphasizing that this type of focusing effects
is associated with 3-D Q structures.

In Fig. 7, we compare Love- and Rayleigh-wave amplitude vari-
ations caused by 3-D wave speed structures, elastic δ ln A and those
caused by 3-D Q structures, anelastic δ ln A. Vertical and horizontal
coordinates in the scatterplot represent elastic δ ln A and anelastic
δ ln A measured for the same source–receiver pair. Black crosses on
each dot show measurement errors estimated using multitaper tech-
nique. We have excluded measurements with large error bars, which
leaves approximately 3000–6000 measurements in each scatterplot.

Our measurements show that 3-D anelastic effects on surface
wave amplitudes are frequency-dependent; anelastic effects in long-
period surface waves are much weaker than those in short-period
surface waves. For 50-s Love waves, anelastic effects on amplitude
are comparable to elastic effects, and they are, in general, negatively
correlated. For surface waves at longer periods (100 and 200 s), 3-
D Q structures cause much smaller amplitude perturbations than
3-D wave speed structures, that is, anelastic effects on amplitudes
are much weaker than elastic focusing. In addition, the correlation
between anelastic effects and elastic focusing is positive, indicating
that the dominant effect of 3-D Q structures is anelastic focusing
rather than attenuation as anelastic focusing correlates positively
with elastic focusing. Similar patterns are seen in Rayleigh waves.
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Figure 4. Comparison of elastic amplitude variations ((A3DV − A1DV )/A1DV ) of 100 s Rayleigh waves measured with different time windows. (a) Shows
amplitude perturbations measured using 500 s time windows plotted against measurements made with 800 s time windows, and (b) is the same as (a) but for
800 s time windows and 1100 s time windows. Examples of time windows are shown in (c) for a seismogram at station BMN. The seismogram is the same as
in Fig. 3(b) but bandpass filtered between 4 and 20 mHz. Amplitude perturbations measured using different windows show significant differences, especially
when the time window is long enough to include significant higher-mode energy. Time windows in our study are chosen to provide a good spectra resolution
but minimum higher-mode contamination.

In 50-s Rayleigh waves, the effects of 3-D wave speed and 3-D
Q structures are about equally important, and they show roughly
a negative correlation. In 100- and 200-s Rayleigh waves, anelas-
tic effects become much weaker than elastic focusing/defocusing
effects, and correlate positively with elastic focusing effects.

To better illustrate the relative importance of elastic and anelastic
effects, we calculate the average absolute amplitude perturbations
caused by 3-D wave speed and 3-D Q structures at periods of 50, 100,
150 and 200 s (Fig. 8). The average absolute amplitude perturbation
is defined as

|δ ln A|ave = 1

N

N∑
i=1

|δ ln Ai |. (3)

The black bars in Fig. 8 indicate amplitude perturbations caused by
3-D wave speed structures (elastic δ ln A), while the grey bars are
those caused by 3-D Q structures (anelastic δ ln A). At all periods,
elastic δ ln A is larger than anelastic δ ln A except for short-period
(50 s) Rayleigh waves where anelastic effects on amplitudes are
comparable to elastic focusing effects. This is expected because
50 s Rayleigh waves are most sensitive to the low Q zone (Fig. 7),
and therefore experience strongest attenuation in amplitude. At
longer periods (>100 s), anelastic effects decrease very quickly

with increasing wave period, and elastic focusing/defocusing ef-
fects dominate surface wave amplitude variations. We conclude
that focusing/defocusing caused by 3-D wave speed structures are
the dominant effects in surface wave amplitudes, tomographic stud-
ies without full consideration of focusing/defocusing effects may
strongly bias tomographic results. In current 3-D Q tomographic
studies, elastic focusing/defocusing effects are sometimes ignored
(e.g. Gung & Romanowicz 2004). This does not simply imply that
tomographic Q perturbations have been overestimated because to-
mography is often an ill-posed problem due to limited data cov-
erage, noise in data as well as errors in tomographic theory. How
errors in tomographic theory are mapped into tomographic mod-
els depends on regularization (damping or smoothing) applied in
inversions.

The correlation between elastic and anelastic effects on ampli-
tude variations is frequency-dependent (Fig. 7). At 50 s, the cor-
relation between anelastic and elastic effects is largely negative,
while at longer periods (>100 s) the correlation becomes positive.
We have assumed lateral heterogeneities in the models are purely
thermal; therefore, a slow anomaly is associated with a hot region
where strong attenuation is expected. A slow anomaly along a ray
path will result in elastic focusing (amplification) and therefore an
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Figure 5. Comparison between amplitude perturbation measurements with and without higher-mode surface wave effects. (a) Amplitude measurements made
using single-mode reference seismograms plotted against measurements made with multimode reference seismograms for 100-s Love waves. In single-mode
reference measurements, δ ln A is measured between fundamental-mode-only seismograms generated in PREM using surface wave mode calculations and
seismograms generated in model S20RTS using SEM. In multimode reference measurements, δ ln A is measured between seismograms generated in PREM
and S20RTS using SEM. Panel (b) is the same as (a) but for 100-s Rayleigh waves.

increase in amplitude, while the higher-than-normal temperature of
the anomaly will lead to stronger anelasticity. If we assume the dom-
inant effect of a low Q region is anelastic attenuation, an increase
in elastic δ ln A should correspond to a decrease in anelastic δ ln A,
and one should expect a ‘negative’ correlation between anelastic
and elastic effects on amplitude.

At short period (50 s), the correlation between elastic focusing
and anelastic effects is in general negative, the correlation coef-

ficient is −0.05 in Love waves and −0.38 in Rayleigh waves. It
is known that elastic focusing/defocusing effects are associated
with the roughness (second spatial derivative) of 3-D wave speed
structures and the attenuation of amplitudes is associated with 3-D
Q structures; lateral variations in Q structures and roughness of
wave speed structures are not necessarily well correlated, which
explains the small correlation coefficients at short periods where
anelastic effects are dominated by wave attenuation.

Figure 6. Examples of 100-s Rayleigh-wave amplitude measurements made with and without corrections of source radiation differences between 1-D and 3-D
models for (a) anelastic models and (b) elastic models. The effects of source radiation differences on amplitudes are not significant compared to measurement
error bars.
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The correlation between anelastic and elastic effects becomes
positive in long-period surface waves (100 and 200 s). While the
positive correlation seems to be ‘counter-intuitive’, it can be well
explained by 3-D anelastic focusing/defocusing effects associated
with additional wave speed perturbations caused by physical dis-
persion. In anelastic material, relaxation of elastic moduli depends
upon the frequency of the waves, resulting in frequency-dependent
wave speed, that is, anelastic dispersion (Dahlen & Tromp 1998)

c(ω) = c(ω0)

[
1 + 1

π Q
ln

(
ω

ω0

)]
, (4)

where c(ω0) is the wave speed at a reference angular frequency
ω0, and Q is the quality factor. In the presence of 3-D Q anoma-
lies, anelastic focusing effects are associated with the roughness
(second spatial derivative) of 3-D Q structures. In our earth model,
lateral perturbations in Q and wave speed structures are well corre-
lated, so do the roughness structures of 3-D Q and 3-D wave speed
models, therefore a positive correlation between elastic focusing
and anelastic effects is expected when the dominant effect of 3-D
Q structures is anelastic focusing. At long period (>100 s), the
positive correlation indicates 3-D Q structures affect surface wave

Figure 7. Comparison between anelastic and elastic effects on Love- and Rayleigh-wave amplitudes at periods of 50, 100 and 200 s. Measurement error bars
are estimated from multitaper analysis. Radial sensitivity (∂c/∂β) of fundamental-mode Love and Rayleigh waves are also plotted for reference. At 50 s, the
anelastic effects on amplitudes are comparable to elastic effects, they are in general negatively correlated. At longer periods (100 and 200 s), anelastic effects
become weaker with increasing wave period, and begin to show a positive correlation with elastic effects. Anelastic effects in 50 and 100 s Rayleigh waves are
stronger than in Love waves due to its stronger sensitivity to the low Q zone.
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3-D anelastic effects on surface wave amplitudes 975

Figure 8. Comparison between the anelastic and elastic effects on surface wave amplitudes as a function of periods. The average amplitude perturbations,
|δ ln A|, are calculated using eq. (3). Anelastic effects are less significant than elastic focusing on amplitudes except for in short-period (50 s) Rayleigh waves.

Figure 9. (a) Perturbations in 100 s Rayleigh-wave phase velocity due to 3-D wave speed structures. (b) Perturbations in 100 s Rayleigh-wave Q−1 due to 3-D
Q structures; (c) and (d) are the corresponding power spectra [eq. (9)] of perturbations in phase velocity and Q−1. Power density of perturbations in both phase
velocity and Q−1 models decreases with increasing harmonic degree, indicating that long-wavelength anomalies are dominant in both models.

amplitudes mainly through anelastic focusing and anelastic attenu-
ation is minimum.

It is worth noting that wave speeds in anelastic media have been
decomposed into ‘elastic speed’ (speed at a reference frequency)
and ‘anelastic speed’ associated with additional physical disper-
sion. At the reference frequency ω0, ‘anelastic speed’ is strictly
zero and independent of Q perturbations (eq. 4). The effects of Q
perturbations on wave speed at the reference frequency are included
in ‘elastic wave speed’. If the reference frequency is close to the
high-frequency end of a mantle absorption band model, the ‘elastic
speed’ will be close to wave speed associated with unrelaxed modu-
lus. In this paper, we have chosen a reference frequency of 1 Hz for

two reasons: (1) mantle models are often developed at a reference
frequency of 1 Hz due to limited bandwidth of teleseismic data
and (2) our calculations at 1-Hz reference frequency will provide a
lower limit estimates of 3-D anelastic dispersion effects in surface
wave amplitudes.

5 R AY T H E O R E T I C A L P R E D I C T I O N S
O F S U R FA C E WAV E A M P L I T U D E S

In a 3-D earth model with lateral variations in both wave speed and
anelasticity (Q), amplitude perturbations can be decomposed into

C© 2012 The Authors, GJI, 189, 967–983

Geophysical Journal International C© 2012 RAS



976 Y. Ruan and Y. Zhou

Figure 10. Roughness of perturbations in (a) phase velocity and (b) Q−1 models for 100-s Rayleigh waves. Panels (c) and (d) are their corresponding power
spectra, both show a flat spectra between harmonic degree 5 and 20, indicating larger-scale structures (l < 5) are relatively insignificant in the roughness maps.
Two roughness maps are well correlated with a correlation coefficient of −0.99.

three components in the framework of ray theory (Zhou 2009),

δ lnA = δ lnAV foc + δ lnAQatt + δ lnAQfoc. (5)

The first term,

δ lnAV foc = 1

2 sin 


∫ 


0
sin x sin(
 − x)∂2

y

δc

c
dx, (6)

is the elastic focusing/defocusing term which depends on the rough-
ness (second spatial derivatives) of perturbations in phase velocity
(δc/c).

The second term,

δ lnAQatt = − ω

2C Q

∫ 


0

δQ−1

Q−1
dx, (7)

accounts for wave attenuation which depends upon the perturbations
of anelasticity (δQ−1).

The third term,

δ lnAQfoc = c

2πC Q sin 

ln

(
ω

ω0

)∫ 


0
sin x sin(
 − x)∂2

y

δQ−1

Q−1
dx,

(8)

accounts for anelastic focusing/defocusing and depends upon the
roughness of perturbations in anelasticity. In the above equations,

 is epicentral distance in radian, c and C are local phase and group
velocities measured in radians per second on the unit sphere, Q
is local Love-wave or Rayleigh-wave quality factor, ω is angular
frequency and integrations are along the great circle ray path. It
is worth emphasizing again that anelastic focusing in this paper is
defined with respect to the reference frequency ω0. At the reference

frequency, the third term is zero, it does not indicate that Q pertur-
bations have no affect on amplitudes through anelastic focusing but
that the effects have been included in ‘elastic focusing’ caused by
perturbations in ‘elastic speed’ (speed at the reference frequency).

To calculate the ray theoretical surface wave amplitude variations
caused by 3-D wave speed and 3-D Q structures, we construct local
1-D wave speed and Q models on 2◦ × 2◦ cells. This produces 16 200
1-D local models for each of the 3-D models shown in Table 2. For
each 1-D model, we calculate phase velocities and Q values for
both Love waves and Rayleigh waves at periods of 50, 100, 150 and
200 s by solving radial equations for spherically symmetrical earth
models. Phase velocity maps (δc/c) associated with 3-D wave speed
structures are calculated based on model I and model II (Table 2).

Example phase velocity maps (δc/c) and Q maps (δQ−1/Q−1) are
shown in Figs 9(a) and (b) for 100 s Rayleigh waves. They are well
correlated because both are derived from a thermal model. Note that
fractional perturbations in Q−1 are about one order of magnitude
stronger than those in phase velocity. The power spectra of the phase
velocity and Q maps are calculated as

Pl = 1

2l + 1

[
a2

l0 +
l∑

m=1

(a2
lm + b2

lm)

]
, (9)

where alm and blm are the coefficients when the maps are decom-
posed using the real spherical harmonics (Dahlen & Tromp 1998,
Appendix B),

ψ(θ, φ) =
∞∑

l=0

[
al0 Xl0 +

√
2

l∑
m=1

Xlm(alm cos mφ + blm sin mφ)

]
,

(10)
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where ψ(θ , φ) represents the perturbation field of phase velocity
or Q−1. The power spectra are plotted in Figs 9(c) and (d) for
100 s Rayleigh waves. The power spectra of perturbations in both
phase velocity and Q−1 show that long-wavelength anomalies (l <

10) are dominant features in both models and the power spectra in
general decrease with harmonic degree. Roughness of perturbations
in phase velocity and Q−1 (second spatial derivative) are calculated
using surface Laplacian

∇2ψ = ∂2ψ

∂θ 2
+ cot θ

∂ψ

∂θ
+ 1

sin2 θ

∂2ψ

∂φ2
.

Example roughness maps for 100 s Rayleigh waves are shown in
Fig. 10. For both Q−1 and phase velocity models, the roughness
maps show much smaller-scale structure, and unlike the perturba-
tion maps (Fig. 9) there is no apparent difference between oceans
and continents. The roughness map of Q−1 and the roughness map
of phase velocity are well correlated, and both roughness maps have
flat spectra between degree 5 and 20; the largest scale structures (l <
5) are relatively insignificant in roughness maps. Given that model
S20RTS contains structures limited to harmonic degree l ≤ 20, we
do not expect smaller-scale structures in both phase velocity and
Q−1 models and their roughness maps.

To calculate ray theoretical predictions, we compute the sec-
ond spatial partial derivative (roughness) of δc/c and δQ−1/Q−1

in the direction perpendicular to the geometrical ray path in the
ray coordinates by rotating the coordinates such that the source
and receiver are on the equator (see Appendix). Ray theoretical
calculations of amplitude perturbations confirm: (1) elastic focus-
ing/defocusing effects caused by 3-D wave speed structures domi-
nate amplitude variations; and (2) anelastic effects caused by 3-D
Q structures are important at 50 s but decrease quickly at longer pe-
riods. Fig. 11 shows the predicted 3-D elastic focusing/defocusing
effects (δ ln AV foc) and 3-D anelastic effects (δ ln AQatt + δ ln AQfoc) on
Love and Rayleigh wave amplitudes at 50, 100 and 200 s. In short-
period surface waves (∼50 s), elastic focusing/defocusing effects
are comparable to anelastic effects, that is, δ ln AV foc is comparable
to (δ ln AQatt + δ ln AQfoc). Elastic effects can cause an amplitude
perturbation of approximately ±100 per cent while anelastic ef-
fects can result in an amplitude perturbation up to ±75 per cent
in 50 s Rayleigh waves, and approximately ±50 per cent in 50 s
Love waves. The anelastic effects in Rayleigh waves are relatively
stronger than in Love waves at 50 s due to their stronger sensi-
tivity in the low Q zone. Elastic and anelastic effects at this pe-
riod in general show a negative correlation, consistent with SEM

Figure 11. Ray theoretical predictions of 3-D anelastic and 3-D elastic effects on Love- and Rayleigh-wave amplitude variations at periods of 50, 100 and
200 s. At 50 s, (a) and (d), anelastic effects on amplitudes are comparable to elastic effects (focusing/defocusing), and they are, in general, negatively correlated.
Anelastic effects on Rayleigh waves are stronger than Love waves due to their better sensitivity to the low Q zone in reference model. At 100 s, (b) and (e),
anelastic effects become weaker and the correlation between anelastic and elastic effects becomes positive. At 200 s, (c) and (f), anelastic effects become very
weak, and they are positively correlated with elastic effects.
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simulations in 3-D models. In long-period surface waves (>100 s),
elastic focusing/defocusing effects on amplitudes are the dominant
effects, that is, δ lnAV foc 
 (δ lnAQatt + δ ln AQfoc). While elastic
focusing can cause ±100 per cent amplitude perturbations in both
Love and Rayleigh waves, anelastic effects cause approximately
±50 per cent amplitude perturbations in 100 s Rayleigh waves and
±35 per cent in 100 s Love waves, and anelastic perturbations de-
crease to less than ±25 per cent in both Love waves and Rayleigh
waves at 200 s. At long periods, anelastic effects and elastic effects
are positively correlated.

To better understand the relative importance of anelastic focus-
ing/defocusing and anelastic attenuation in amplitude perturbations
as a function of period, we plot anelastic attenuation, δ ln AQatt and

anelastic focusing, δ ln AQfoc, against elastic focusing, δ ln AV foc in
Fig. 12. In 50 s Rayleigh waves, as shown in Fig. 12(a), the ef-
fects of elastic focusing/defocusing and attenuation are comparable
(δ ln AV foc ∼ δ ln AQatt). In general, they are negatively correlated
as expected. The correlation plot shows strong scattering. This
is because attenuation (δ ln AQatt) depends upon perturbations in
Q−1 while elastic focusing/defocusing depends upon the roughness
of phase velocity perturbations (∂2

y δ ln c). Although δ ln Q−1 and
δ ln c are correlated, δ ln Q−1 (Fig. 9b) and the roughness of δ ln c
(Fig. 10a) are not well correlated. In Fig. 12(b), we compare anelas-
tic focusing/defocusing effects with elastic focusing/defocusing ef-
fects, and show that they are well correlated as expected based
upon the correlation between the roughness maps (Fig. 10). Note

Figure 12. Comparison of anelastic attenuation (δ ln AQatt) and anelastic focusing/defocusing effects (δ ln AQfoc) on Rayleigh wave amplitudes. (a) Anelastic
attenuation (δ ln AQatt) versus elastic focusing/defocusing (δ ln AV foc) on 50 s Rayleigh wave; they are comparable and, in general, negatively correlated. (b)
Anelastic focusing/defocusing (δ ln AQfoc) versus elastic focusing/defocusing (δ ln AV foc), δ ln AQfoc is much weaker than δ ln AV foc and they are positively
correlated. (c) and (d) are the same as (a) and (b) but for 200 s Rayleigh waves. At long periods, anelastic attenuation is the least significant effect, that is,
δ ln AQatt < δ ln AQfoc < δ ln AV foc.
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the roughness ∂2
y δ ln c and ∂2

y δ ln Q−1 have opposite signs and the
ln (ω/ω0) term in eq. (8) is negative as we consider wave fre-
quency lower than reference frequency of 1 Hz. Therefore the cor-
relation between elastic focusing and anelastic focusing effects is
positive.

Ray theoretical calculations show anelastic attenuation and
anelastic focusing/defocusing effects have different frequency de-
pendence. Anelastic attenuation decreases quickly with increasing
wave period. At 50 s, anelastic attenuation in Rayleigh waves is
comparable to elastic focusing/defocusing, while at 200 s, anelas-
tic attenuation is almost negligible compared with elastic focus-
ing/defocusing (δ lnAV foc 
 δ lnAQatt) as shown in Figs 12(a) and
(c). The decrease of anelastic attenuation with wave period is ex-
pected as long-period waves experience fewer cycles compared
to short-period waves. However, anelastic focusing/defocusing
is much less frequency-dependent than anelastic attenuation. In
Fig. 12(d), anelastic focusing/defocusing effects (δ ln AQfoc) is about
20 per cent of the elastic focusing/defocusing effects (δ ln AV foc) in
200 s Rayleigh waves, this ratio is close to the ratio at 50 s. The
frequency-independent ratio between elastic and anelastic focusing
is a result of largely frequency-independent correlation between ve-
locity and Q models. The correlation coefficient between the rough-
ness field of phase velocity and roughness field of Q−1 is −0.99 for
50 s Rayleigh waves and −0.92 for 200 s Rayleigh waves.

We have assumed that mantle heterogeneities in wave speed and
anelasticity are caused by temperature perturbations; therefore, the

wave speed and anelasticity models as well as their roughness maps
are well correlated. In the mantle, variations in composition, wa-
ter content and partial melting may also introduce seismic hetero-
geneities with roughness structures that may be different from those
caused by purely thermal (diffusion) process. In Fig. 13, we vary the
roughness of the wave speed and Q models and compare elastic and
anelastic ray theoretical amplitudes. The smoother degree-12 mod-
els used in the calculations are the same as the degree-20 models
shown in Fig. 9 but with structures limited to spherical harmonic
degrees l ≤ 12. Compared to calculations in degree-20 models
(Fig. 11), the scatterplots in Fig. 13 show that elastic (or anelas-
tic) focusing effects become weaker in a smoother model where
spherical harmonic degree l > 12 structures are excluded. This is
expected because overall model perturbations are weaker in degree-
12 models. The correlation between elastic and anelastic effects also
becomes weaker when we compare calculations in degree-12 wave
speed model and degree-20 Q model (or in degree-20 wave speed
model and degree-12 Q model). However, the relative significance
of elastic and anelastic effects as well as their frequency-dependent
correlation are not particularly sensitive to model roughness: at 50 s,
the correlation is largely negative and it becomes positive at longer
periods.

In conclusion, ray theoretical calculations confirm that elastic fo-
cusing/defocusing effects on surface wave amplitudes caused by 3-
D wave speed structures are comparable to anelastic effects caused
by 3-D Q structures at short periods (∼50 s); at longer periods

Figure 13. Comparison of elastic and anelastic effects calculated in models with different model roughness. The degree-20 models are the same as in Fig. 9,
and degree-12 models are the same as degree-20 models but with structures limited to spherical harmonic degree l ≤ 12. Top row in each column shows elastic
focusing in degree-20 model versus anelastic effects (attenuation and anelastic focusing) in degree-12 model. Bottom row shows elastic focusing in degree-12
model versus anelastic effects in degree-20 model. Compared to calculations in degree-20 models (Fig. 11), elastic (or anelastic) focusing effects become
weaker in degree-12 models, and the correlation between elastic and anelastic effects also becomes weaker when we compare calculations in degree-12 wave
speed model and degree-20 Q model (or in degree-20 wave speed model and degree-12 Q model). However, the relative significance of elastic and anelastic
effects as well as their frequency-dependent correlation are not particular sensitive to model roughness.

C© 2012 The Authors, GJI, 189, 967–983

Geophysical Journal International C© 2012 RAS



980 Y. Ruan and Y. Zhou

(>100 s), elastic focusing/defocusing effects become dominant. At-
tenuation effects decrease quickly with wave period and become the
least significant effects on amplitude perturbations at long periods,
weaker than anelastic focusing/defocusing effects. Our calculations
suggest that both elastic focusing and anelastic focusing effects
need to be taken into account when long-period surface wave am-
plitude data are used in tomographic studies. The effects can be
accounted for by joint inversions of wave speed and Q structure
using finite-frequency sensitivity kernels in anelastic media (Zhou
2009).

6 E F F E C T S O F M I N E R A L O G I C A L
PA R A M E T E R S

The construction of the 1-D reference Q model and the 3-D Q
model both depend upon mineralogical parameters. In this section,

Table 3. Mineralogical parameters used in different anelastic-
ity (Q) models.

Parameter set E∗ (KJ mol−1) V∗ (cm3 mol−1) A

ML 420 19 1.394
MM 470 17 1.394
MH 520 15 1.394

Figure 14. Reference Q models constructed using three different miner-
alogical parameter sets (Table. 3). Q values in Q1DMM are moderate and
comparable to PREM at depths between 80 and 220 km, Q values are higher
than PREM in model Q1DMH and lower than PREM in model Q1DML.
PREM Q model is plotted in grey dashed line for reference.

we experiment with two additional parameter sets to examine the
dependence of 3-D anelastic effects on mineralogical parameters.
The additional sets of mineralogical parameters, ML and MH, are
shown in Table 3, and their corresponding 1-D Q models, Q1DML

and Q1DMH, are plotted in Fig. 14. Compared with PREM Q profile,
Q1DML has much smaller Q values while Q1DMH has overall larger
Q values. The PREM-like 1-D Q model Q1DMM is the model we
used in Sections 3 and 4. Following the same algorithm discussed
in Section 2, we use the additional parameter sets (ML and MH) to
construct the corresponding 3-D Q models, Q3DML and Q3DMH,
from the same 3-D wave speed model S20RTS. The 3-D Q models
at a depth of 100 km are shown in Fig. 15. We simulate wave
propagation in these two additional global Q models and make
amplitude measurements following the same process as described
in Section 3.

Comparisons of 3-D elastic effects and 3-D anelastic effects on
both Love waves and Rayleigh waves are shown in Fig. 15 as a
function of period (50, 100, 150 and 200 s) for each mineralogical
parameter set. The elastic focusing/defocusing effects on amplitudes
(black bars) are identical in these three groups but the anelastic
effects (grey bars) are associated with 3-D Q models generated
using different mineralogical parameter sets. The values above each
bar are average absolute amplitude perturbations (|δ ln A|).

Our measurements show that 3-D anelastic effects on short-
period surface waves depend upon mineralogical parameters. For
50 s Love waves in model Q3DML (parameter set ML), the average
amplitude perturbation |δ ln A| caused by 3-D Q structures is 0.14,
this value decreases to 0.12 in model Q3DMM and to 0.11 in model
Q3DMH. A similar pattern is shown in 50 s Rayleigh waves: the
average amplitude perturbation |δ ln A| caused by 3-D Q structures
is 0.22 in model Q3DML, stronger than amplitude perturbations
caused by 3-D wave speed structures (0.20) and decrease to 0.19 in
Q3DMM and 0.15 in model Q3DMH. At short periods, the dominant
effect of 3-D Q structures is anelastic attenuation which depends
upon δQ−1. While fractional perturbations δ ln Q−1 are the weakest
in Q3DML , absolute perturbations δQ−1 are the largest among the
models. The effects of variations in mineralogical parameters on
anelastic amplitude perturbations are in general small, especially at
longer periods (>100 s). This is because anelastic focusing becomes
the dominant anelastic effect at long periods, and it depends upon
the roughness of perturbations in Q−1 which do not vary greatly with
mineralogical parameters and, moreover, anelastic attenuation and
anelastic focusing/defocusing have opposite effects on amplitudes.

7 E F F E C T S O F M E A S U R E M E N T
T E C H N I Q U E S

We have used Slepian multitapers to measure amplitude variations
in frequency domain. The Slepian multitaper method (MTM) has
been introduced in surface wave measurements to reduce bias in
spectral estimates (e.g. Laske & Masters 1996; Zhou et al. 2004).
In Fig. 16, we compare amplitude measurements of 50, 100 and
200 s Rayleigh waves made with box-car tapers, cosine (Hann) ta-
pers and Slepian multitapers. The comparisons show that amplitude
measurements are dependent upon measurement techniques. This
is because different tapers emphasizes different part of the seis-
mogram in the measurement window. The differences in measure-
ments can be minimized when when surface waves group energy at
measurement frequency arrives approximately at the centre of
the time window. In practice, the length of the time window is
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determined by spectra resolution, and arrival-centred measurement
windows often include higher-mode energy.

In conclusion, surface wave amplitude measurements are sensi-
tive to measurement techniques. In traditional ray theory, the ef-
fects of measurement techniques can not be accounted for. Finite-
frequency kernels that account for the effects of measurement tech-
nique and detailed comparison between SEM measurements and
finite-frequency kernel predictions as well as ray theoretical predic-
tions will be discussed in a separate paper.

8 D I S C U S S I O N A N D C O N C LU S I O N

We investigate the effects of lateral variations in both wave speed
and anelastic structure (Q) on surface wave amplitudes. Assum-
ing that mantle heterogeneities are dominantly thermal and current
tomographic models are accurate in order of magnitude, we con-
struct 3-D earth models and compute synthetic seismograms using
a spectral element method (Komatitsch & Tromp 1999, 2002a,b).
We compare surface wave amplitude perturbations caused by 3-D
wave speed structure with those caused by 3-D anelastic structure.

The comparison shows that 3-D anelastic effects on amplitudes are
significant only in short-period (∼50 s) surface waves, and become
less significant in long-period (>100 s) surface waves. The elastic
and anelastic effects on amplitude are negatively correlated at short
period and the correlation becomes positive at long period because
anelastic focusing/defocusing associated with anelastic dispersion
becomes stronger than anelastic attenuation.

We calculate ray theoretical amplitude perturbations of surface
waves due to elastic focusing/defocusing (δ ln AV foc), attenuation
(δ ln AQatt) and anelastic focusing/defocusing (δ ln AQfoc). The cal-
culations confirm that (1) at short period (∼50 s), anelastic atten-
uation is comparable with elastic focusing/defocusing (δ ln AQatt ∼
δ ln AV foc) on surface wave amplitudes, but decrease rapidly with in-
creasing wave period; (2) at longer period (>100 s), anelastic attenu-
ation is less significant than anelastic focusing/defocusing (δ ln AQatt

< δ ln AQfoc) and (3) anelastic focusing is positively correlated with
elastic focusing if mantle heterogeneities are dominantly thermal.
The frequency dependence of anelastic amplitude perturbations is,
in general, not sensitive to mineralogical parameters used in thermal
models, especially at long periods (>100 s).

Figure 15. Anelastic effects on surface wave amplitudes measured in three 3-D Q models generated using mineralogical parameter sets ML, MM, and MH.
(a), (b) and (c) are maps of perturbations in Q−1 (δ ln Q−1) at a depth of 100 km, the corresponding 1-D reference Q models are shown in Fig. 14. (d), (e) and
(f) are comparisons between anelastic effects (grey bars) and elastic effects (black bars) on amplitude perturbations of Love waves. Amplitude perturbations
shown above each bar are the average absolute values,|δ ln A|. (g), (h) and (i) are the same as (d), (e) and (f) but for Rayleigh waves. Measurements with large
error bars have been excluded. Although fractional perturbations in Q−1 are the smallest in model Q3DML, the absolute amplitude perturbations are the largest
among the models due to the associated low Q values in the reference model Q1DML (Fig. 14).
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Figure 16. Comparison of Rayleigh-wave amplitude variations measured using different measurement techniques at periods of 50, 100 and 200 s. Panels (a),
(b) and (c) are multitaper measurements (mtm) plotted against measurements made with cosine tapers. Panels (d), (e) and (f) are cosine taper measurements
versus box-car taper measurements. Note that amplitude perturbations are dependent upon the measurement techniques.
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A P P E N D I X A : C A L C U L AT I O N
O F A M P L I T U D E F O C U S I N G

In the computation of the focusing/defocusing of surface wave am-
plitudes, we calculate the second spatial derivative (roughness) of
perturbations in both phase velocity and Q models. In spherical
coordinates, the surface Laplacian can be written as

∇2ψ = ∂2ψ

∂θ 2
+ cot θ

∂ψ

∂θ
+ 1

sin2 θ

∂2ψ

∂φ2
, (A1)

where ψ represents the perturbation field of phase velocity or Q−1.
We expand the perturbation field using spherical harmonics

ψ(θ, φ) =
∞∑

l=0

[
al0 Xl0 +

√
2

l∑
m=1

Xlm(alm cos mφ + blm sin mφ)

]
,

(A2)

where X lm is the spherical harmonics (Dahlen & Tromp 1998, Ap-
pendix B). The roughness of the function, ∇2ψ , can then be ex-
pressed in terms of the real spherical harmonics X lm and its deriva-
tive dXlm/dθ ,

1

sin2 θ

∂2ψ

∂φ2
=

∞∑
l=0

−
√

2

sin2 θ

l∑
m=1

Xlmm2(alm cos mφ + blm sin mφ),

(A3)

cot θ
∂ψ

∂θ
=

∞∑
l=0

cot θ

[
al0

dXl0

dθ

+√
2

l∑
m=1

dXlm

dθ
(alm cos mφ + blm sin mφ)

]
, (A4)

∂2ψ

∂θ 2
=

∞∑
l=0

[
al0

√
l(l + 1)(cot θ Xl1 +

√
(l + 2)(l − 1)Xl2)

]

+
∞∑

l=0

[√
2

l∑
m=1

(− m

sin2 θ
Xlm + m cot θ

dXlm

dθ

+√
(l + m + 1)(l − m)

dXl(m+1)

dθ
)

× (alm cos mφ + blm sin mφ)

]
. (A5)

The roughness maps in Fig. 10 are calculated using eqs (A3)–(A5).
In the calculation of the path integrals in eqs (6) and (8), we rotate
the coordinates such that source and receiver are on the equator, and
only the colatitudinal second partial derivatives ∂2/∂θ 2 are needed
after rotation.

The colatitudinal derivatives dXlm/dθ are calculated using a pair
of coupled recurrence relations (Master & Richards-Dinger 1998)

Xl(m−1) = −dXlm/dθ + m cot θ Xlm√
(l + m)(l − m + 1)

, (A6)

dXl(m−1)

dθ
= (m − 1) cot θ Xl(m−1) + √

(l + m)(l − m + 1)Xlm .

(A7)

For this recurrence relations, the stable iteration direction is down-
ward from m = l to m = 0; the starting values in this case are

Xll = (−1)l

(
2l + 1

4π

)1/2
√

(2l)!

2l l!
(sin θ )l , (A8)

dXll

dθ
= l cot θ Xll . (A9)
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