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THE GEOMETRY OF ALGORITHMS
WITH ORTHOGONALITY CONSTRAINTS

ALAN EDELMAN*, TOMAS ARIAST, AND STEVEN T. SMITH?

Abstract. In this paper we develop new Newton and conjugate gradient algorithms on the
Grassmann and Stiefel manifolds. These manifolds represent the constraints that arise in such
areas as the symmetric eigenvalue problem, nonlinear eigenvalue problems, electronic structures
computations, and signal processing. In addition to the new algorithms, we show how the geometrical
framework gives penetrating new insights allowing us to create, understand, and compare algorithms.
The theory proposed here provides a taxonomy for numerical linear algebra algorithms that provide
a top level mathematical view of previously unrelated algorithms. It is our hope that developers of
new algorithms and perturbation theories will benefit from the theory, methods, and examples in
this paper.
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1. Introduction. Problems on the Stiefel and Grassmann manifolds arise with
sufficient frequency that a unifying investigation of algorithms designed to solve these
problems is warranted. Understanding these manifolds, which represent orthogonality
constraints (as in the symmetric eigenvalue problem), yields penetrating insight into
many numerical algorithms and unifies seemingly unrelated ideas from different areas.

The optimization community has long recognized that linear and quadratic con-
straints have special structure that can be exploited. The Stiefel and Grassmann
manifolds also represent special constraints. The main contribution of this paper is
a framework for algorithms involving these constraints, which draws upon ideas from
numerical linear algebra, optimization, differential geometry, and has been inspired by
certain problems posed in engineering, physics, and chemistry. Though we do review
the necessary background for our intended audience, this is not a survey paper. This
paper uses mathematics as a tool so that we can understand the deeper geometrical
structure underlying algorithms.

In our first concrete problem we minimize a function F'(Y'), where Y is constrained
to the set of n-by-p matrices such that Y7Y = I (we call such matrices orthonormal),
and we make the further homogeneity assumption that F(Y) = F(YQ), where @ is
any p-by-p orthogonal matrix. In other words, the objective function depends only on
the subspace spanned by the columns of Y; it is invariant to any choice of basis. The
set of p-dimensional subspaces in R" is called the Grassmann manifold. (Grassmann
originally developed the idea in 1848, but his writing style was considered so obscure
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[1] that it was appreciated only many years later. One can find something of the
original definition in his later work [48, Chap. 3, Sec. 1,Article 65].) To the best of
our knowledge, the geometry of the Grassmann manifold has never been explored
in the context of optimization algorithms, invariant subspace computations, physics
computations, or subspace tracking. Useful ideas from these areas, however, may be
put into the geometrical framework developed in this paper.

In our second problem we minimize F(Y) without the homogeneity condition
F(Y) = F(YQ) mentioned above, i.e., the optimization problem is defined on the
set of n-by-p orthonormal matrices. This constraint surface is known as the Stiefel
manifold, which is named for Eduard Stiefel, who considered its topology in the 1930s
[82]. This is the same Stiefel who in collaboration with Magnus Hestenes in 1952
originated the conjugate gradient algorithm [49]. Both Stiefel’s manifold and his
conjugate gradient algorithm play an important role in this paper. The geometry of
the Stiefel manifold in the context of optimization problems and subspace tracking
was explored by Smith [75]. In this paper we use numerical linear algebra techniques
to simplify the ideas and algorithms presented there so that the differential geometric
ideas seem natural and illuminating to the numerical linear algebra and optimization
communities.

The first author’s original motivation for studying this problem came from a re-
sponse to a linear algebra survey [30], which claimed to be using conjugate gradient to
solve large dense eigenvalue problems. The second and third authors were motivated
by two distinct engineering and physics applications. The salient question became:
“What does it mean to use conjugate gradient to solve eigenvalue problems?” Is this
the Lanczos method? As we shall describe, there are dozens of proposed variations on
the conjugate gradient and Newton methods for eigenvalue and related problems, none
of which are Lanczos. These algorithms are not all obviously related. The connections
among these algorithms have apparently not been appreciated in the literature while
in some cases numerical experiments have been the only basis for comparison when
no theoretical understanding was available. The existence of so many variations in so
many applications compelled us to ask for the big picture: What is the mathemat-
ics that unifies all of these apparently distinct algorithms. This paper contains our
proposed unification.

We summarize by itemizing what is new in this paper.

1. Algorithms for Newton and conjugate gradient methods on the Grassmann
and Stiefel manifolds that naturally use the geometry of these manifolds. In the
special cases that we are aware of, our general algorithms are competitive up to small
constant factors with the best known special algorithms. Conjugate gradient and
Newton on the Grassmann manifold have never been studied before explicitly. Stiefel
algorithms have been studied before [75], but the ideas here represent considerable
simplifications.

2. A geometrical framework with the right mix of abstraction and concreteness
to serve as a foundation for any numerical computation or algorithmic formulation
involving orthogonality constraints, including the symmetric eigenvalue problem. We
believe that this is a useful framework because it connects apparently unrelated ideas;
it is simple and mathematically natural. The framework provides new insights into
existing algorithms in numerical linear algebra, optimization, signal processing, and
electronic structures computations, and it suggests new algorithms. For example, we
connect the ideas of geodesics and the cubic convergence of the Rayleigh quotient
iteration, the CS decomposition, and sequential quadratic programming. We also
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interpret the ill-conditioning of eigenvectors of a symmetric matrix with multiple
eigenvalues as the singularity of Stiefel and Grassmann coordinates.

3. Though geometrical descriptions of the Grassmann and Stiefel manifolds are
available in many references, ours is the first to use methods from numerical linear al-
gebra emphasizing computational efficiency of algorithms rather than abstract general
settings.

The remainder of this paper is organized into three sections. The geometrical ideas
are developed in §2. This §4 provides a self-contained introduction to geometry, which
may not be familiar to some readers, while deriving the new geometrical formulas
necessary for the algorithms of §3 and the insights of §3 provides descriptions of
new algorithms for optimization on the Grassmann and Stiefel manifolds. Concrete
examples of the new insights gained from this point of view are presented in §4.
Because we wish to discuss related literature in the context developed in §2 and §3,
we defer discussion of the literature to §4 where specific applications of our theory are
organized.

2. Differential Geometric Foundation for Numerical Linear Algebra. A
geometrical treatment of the Stiefel and Grassmann manifolds appropriate for numer-
ical linear algebra cannot be found in standard differential geometry references. For
example, what is typically required for practical conjugate gradient computations in-
volving n-by-p orthonormal matrices are algorithms with complexity of order np?. In
this section we derive new formulas that may be used in algorithms of this complexity
in terms of standard operations from numerical linear algebra. These formulas will be
used in the algorithms presented in the following section. Because we focus on com-
putations, our approach differs from the more general (and powerful) coordinate-free
methods used by modern geometers [18, 47, 54, 62, 79, 87]. Boothby [8] provides an
undergraduate level introduction to the coordinate-free approach.

For readers with a background in differential geometry, we wish to point out how
we use extrinsic coordinates in a somewhat unusual way. Typically, one uses a pa-
rameterization of the manifold (e.g., x = cosusinwv, y = sinusinv, z = cosv for the
sphere) to derive metric coefficients and Christoffel symbols in terms of the parame-
ters (u and v). Instead, we only use extrinsic coordinates subject to constraints (e.g.,
(z,vy,2) such that 22 + y? + 22 = 1). This represents points with more parameters
than are intrinsically necessary, but we have found that the simplest (hence compu-
tationally most useful) formulas for the metric and Christoffel symbol are obtained in
this manner. The choice of coordinates does not matter abstractly, but on a computer
the correct choice is essential.

We now outline this section. After defining the manifolds of interest to us in §2.1,
we take a close look at the Stiefel manifold as a submanifold of Euclidean space in
§2.2. This introduces elementary ideas from differential geometry and provides the
geometric structure of the orthogonal group (a special case of the Stiefel manifold),
which will be used throughout the rest of the paper. However, the Euclidean metric
is not natural for the Stiefel manifold, which inherits a canonical metric from its
definition as a quotient space. Therefore, we introduce the quotient space point of
view in §2.3. With this viewpoint, we then derive our formulas for geodesics and
parallel translation for the Stiefel and Grassmann manifold in §2.4 and §2.5. Finally,
we describe how to incorporate these formulae into conjugate gradient and Newton
methods in §2.6.

2.1. Manifolds Arising in Numerical Linear Algebra. For simplicity of
exposition, but for no fundamental reason, we will concentrate on real matrices. All
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TABLE 2.1
Representations of subspace manifolds

SPACE SYMBOL  MATRIX REP. QUOTIENT REP.
Orthogonal Group On 0 -
Stiefel Manifold Vap v On/On_p
. Vnyp/op
Grassmann Manifold a.,, None or
On/(Op X On—p)

ideas carry over naturally to complex matrices. Spaces of interest are

1. The orthogonal group O,, consisting of n-by-n orthogonal matrices

2. The Stiefel manifold V,, ;, consisting of n-by-p “tall-skinny” orthonormal ma-
trices

3. The Grassmann manifold G, , obtained by identifying those matrices in V,
whose columns span the same subspace (a quotient manifold).

Table 2.1 summarizes the definitions of these spaces. Our description of G, p
is necessarily more abstract than O, or V;, ,. G, may be defined as the set of all
p-dimensional subspaces of an n-dimensional space.

We shall benefit from two different yet equivalent modes of describing our spaces:
concrete representations and quotient space representations. Table 2.2 illustrates how
we store elements of V,, , and G, p in a computer. A point in the Stiefel manifold
Vn,p is represented by an n-by-p matrix. A point on the Grassmann manifold G, , is
a linear subspace, which may be specified by an arbitrary orthogonal basis stored as
an n-by-p matrix. An important difference here is that, unlike points on the Stiefel
manifold, the choice of matrix is not unique for points on the Grassmann manifold.

The second mode of representation, the more mathematical, is useful for ob-
taining closed-form expressions for the geometrical objects of interest. It is also the
“proper” theoretical setting for these manifolds. Here, we represent the manifolds as
quotient spaces. Points in the Grassmann manifold are equivalence classes of n-by-p
orthogonal matrices, where two matrices are equivalent if their columns span the same
p-dimensional subspace. Equivalently, two matrices are equivalent if they are related
by right multiplication of an orthogonal p-by-p matrix. Therefore, Gy, , = Vi, ,/Op.
On the computer, by necessity, we must pick a representative of the equivalence class
to specify a point.

The Stiefel manifold may also be defined as a quotient space but arising from the
orthogonal group. Here we identify two orthogonal matrices if their first p columns
are identical or, equivalently, if they are related by right multiplication of a matrix
of the form (] g), where @ is an orthogonal (n — p)-by-(n — p) block. Therefore,
Va,p = On/On_p. With the Stiefel manifold so represented, one has yet another
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TABLE 2.2
Computational representation of subspace manifolds

SPACE DATA STRUCTURE REPRESENTS TANGENTS A
Stiefel Manifold v one point YTA = skew-symmetric
Grassmann Manifold Y entire equivalence class YTA=0

representation of the Grassmann manifold, G, = On/(Op X Op_p).

2.2. The Stiefel Manifold in Euclidean Space. The Stiefel manifold V,,,
may be embedded in the np dimensional Fuclidean space of n-by-p matrices. When
p =1, we simply have the sphere, while when p = n, we have the group of orthogonal
matrices known as O,,. These two special cases are the easiest, and arise in numerical
linear algebra the most often.

Much of this section, which consists of three subsections, is designed to be a
painless and intuitive introduction to differential geometry in Euclidean space. §2.2.1
is elementary. It derives formulas for projections onto the tangent and normal spaces.
In §2.2.2, we derive formulas for geodesics on the Stiefel manifold in Euclidean space.
We then discuss parallel translation in §2.2.3.

In the two special cases when p = 1 and p = n, the Euclidean metric and the
canonical metric to be discussed in §2.4 are the same. Otherwise they differ.

2.2.1. Tangent and Normal Space. Intuitively, the tangent space at a point
is the plane tangent to the submanifold at that point, as shown in Figure 2.1. For
d-dimensional manifolds, this plane is a d-dimensional vector space with origin at the
point of tangency. The normal space is the orthogonal complement. On the sphere,
tangents are perpendicular to radii, and the normal space is radial. In this subsection,
we will derive the equations for the tangent and normal spaces on the Stiefel manifold.
We also compute the projection operators onto these spaces.

An equation defining tangents to the Stiefel manifold at a point Y is easily ob-
tained by differentiating Y7Y = I, yielding Y7A + ATY = 0, i.e., YTA is skew-
symmetric. This condition imposes p(p + 1)/2 constraints on A, or equivalently, the
vector space of all tangent vectors A has dimension

2.1) W_p@;D:p@;D

Both sides of Eq. (2.1) are useful for the dimension counting arguments that will be
employed.

The normal space is defined to be the orthogonal complement of the tangent
space. Orthogonality depends upon the definition of an inner product, and because
in this sub-section we view the Stiefel manifold as an embedded manifold in Euclidean
space, we choose the standard inner product

(22) ge(Al,Ag) =tr A,{AQ,

+ p(n — p).
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Normal

Manifold

FiG. 2.1. The tangent and normal spaces of an embedded or constraint manifold.

in np-dimensional Euclidean space (hence the subscript €), which is also the Frobenius
inner product for n-by-p matrices. We shall also write (A1, As) for the inner product,
which may or may not be the Euclidean one. The normal space at a point Y consists
of all matrices N which satisfy

trATN =0

for all A in the tangent space. It follows that the normal space is p(p + 1)/2 dimen-
sional. It is easily verified that if N = Y'S, where S is p-by-p symmetric, then N is in
the normal space. Since the dimension of the space of such matrices is p(p +1)/2, we
see that the normal space is exactly the set of matrices { Y'S }, where S is any p-by-p
symmetric matrix.

Let Z be any n-by-p matrix. Letting sym(A4) denote (4 + AT)/2 and skew(A4) =
(A — AT)/2, it is easily verified that at YV’

(2.3) an(Z2) =Y sym(Y72Z)
defines a projection of Z onto the normal space. Similarly, at Y,
(2.4) 7r(Z) =Y skew(YIZ) + (I -YY1)Z

is a projection of Z onto the tangent space at Y (this is also true of the canonical
metric to be discussed in §2.4). Eq. (2.4) suggests a form for the tangent space of V,, ,
at Y that will prove to be particularly useful. Tangent directions A at Y then have
the general form,

(2.5) A=YA+Y, B
(2.6) =YA+(IT-YY"C

where A is p-by-p skew-symmetric, B is (n — p)-by-p, C is n-by-p, B and C are both
arbitrary, and Y] is any n-by-(n — p) matrix such that YY7 + Y1 Y1 T = I; note that
B = Y. TC. The entries in the matrices A and B parameterize the tangent space
at Y with p(p — 1)/2 degrees of freedom in A and p(n — p) degrees of freedom in B,
resulting in p(p — 1)/2 + p(n — p) degrees of freedom as seen in Eq. (2.1).
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In the special case Y = I, , = (15’) (the first p columns of the n-by-n identity
matrix), called the origin, the tangent space at Y consists of those matrices

0]

for which A is p-by-p skew-symmetric and B is (n — p)-by-p arbitrary.

2.2.2. Embedded Geodesics. A geodesic is the curve of shortest length be-
tween two points on a manifold. A straightforward exercise from the calculus of
variations reveals that for the case of manifolds embedded in Fuclidean space the ac-
celeration vector at each point along a geodesic is normal to the submanifold so long
as the curve is traced with uniform speed. This condition is necessary and sufficient.
In the case of the sphere, acceleration for uniform motion on a great circle is directed
radially and therefore normal to the surface; therefore, great circles are geodesics on
the sphere. One may consider embedding manifolds in spaces with arbitrary metrics.
See Spivak [79, vol. 3, p. 4] for the appropriate generalization.

Through Eq. (2.3) for the normal space to the Stiefel manifold, it is easily shown
that the geodesic equation for a curve Y (¢) on the Stiefel manifold is defined by the
differential equation

(2.7) V+y¥Ty)=0.

To see this, we begin with the condition that Y () remains on the Stiefel manifold,
(2.8) Yy =1,

Taking two derivatives,

(2.9) YTV +2vTy + VTy = 0.

To be a geodesic, Y (t) must be in the normal space at Y (¢) so that

(2.10) V() +Y(#)S =0

for some symmetric matrix S. Substitute Eq. (2.10) into (2.9) to obtain the geodesic
equation Eq. (2.7). Alternatively Eq. (2.7) could be obtained from the Euler-Lagrange
equation for the calculus of variations problem
2 . .
(211) d(11,Y2) = I}{I(lr)l/ (trYTY)Y2dt such that Y (t;) = Y1, Y (t2) = Ya.
t) Jy,

We identify three integrals of motion of the geodesic equation Eq. (2.7). Define
(2.12) c=vTy, A=Y"vy, S=vTy.

Directly from the geodesic equation Eq. (2.7),

C=A+A",
A= -CS+ S,
S=[4,9],

where

(2.13) [4,5] = AS — SA
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is the Lie bracket of two matrices. Under the initial conditions that Y is on the Stiefel
manifold (C = 1) and Y is a tangent (A is skew-symmetric) then the integrals of the
motion have the values

o) =1,
A(t) = A(0),
S(t) = eALS(0)e AL

These integrals therefore identify a constant speed curve on the Stiefel manifold. In
most differential geometry books, the equation of motion for geodesics is written in
intrinsic coordinates in terms of so-called Christoffel symbols which specify a quadratic
form of the tangent vectors. In our formulation, the form T, (Y,Y) = YYTY is written
compactly in extrinsic coordinates.

With these constants of the motion, we can write an integrable equation for the
final geodesic,!

%(Ye*”, YeAt) _ (YeAt, YeAt) (f;l —5:4(0))’

with integral

v(1) = (Y(0), ¥(0) expt(/j1 _5;1(0)> Ly pe ™.

This is an exact closed form expression for the geodesic on the Stiefel manifold,
but we will not use this expression in our computation. Instead we will consider the
non-Euclidean canonical metric on the Stiefel manifold in §2.4.

We mention in the case of the orthogonal group (p = n), the geodesic equation is
obtained simply from A = Q7() = constant, yielding the simple solution

(2.14) Q(t) = Q(O)e™.
From Eq. (2.14) it is straightforward to show that on connected components of O,,,
n 1/2
(2.15) d(Q1,Q2) = (Z 913)
k=1

where {e?’*} are the eigenvalues of the matrix Q7T Qs (cf. Eq. (2.67) and §4.3).

2.2.3. Parallel Translation. In Euclidean space, we move vectors parallel to
themselves simply by moving the base of the arrow. On an embedded manifold, if
we move a tangent vector to another point on the manifold by this technique, it is
generally not a tangent vector. One can, however, transport tangents along paths on
the manifold by infinitesimally removing the component of the transported vector in
the normal space.

Figure 2.2 illustrates the idea: Imagine moving a tangent vector A along the curve
Y (t) in such a manner that every infinitesimal step consists of a parallel displacement
of A in the Euclidean np dimensional space which is then followed by the removal of
the normal component. If we move from Y (0) =Y to Y (¢) then to first order, our new
location is Y +€Y. The equation for infinitesimally removing the component generated

1We thank Ross Lippert [56] for this observation.
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Y(0) + &Y

Y(0)

F1G. 2.2. Parallel transport in o submanifold of Euclidean space (infinitesimal construction).

in the normal space as we move in the direction Y is obtained by differentiating
Eq. (2.3):

(2.16) A=-YYTA+ATY)/2,

We are unaware of any closed form solution to this system of differential equations
along geodesics.

By differentiation, we see that parallel transported vectors preserve the inner
product. In particular, the square length of A (tr ATA) is preserved. Additionally,
inserting Y into the parallel transport equation, one quickly sees that a geodesic
always parallel transports its own tangent vector. This condition may be taken as the
definition of a geodesic.

Observing that tr ATA is the sum of the squares of the singular values of A,
we conjectured that the individual singular values of A might also be preserved by
parallel transport. Numerical experiments show that this is not the case.

In the case of the orthogonal group (p = n), however, parallel translation of A
along the geodesic Q(t) = Q(0)e?? is straightforward. Let A(t) = Q(t)B(t) be the
solution of the parallel translation equation

A=-Q@Q"A+ATQ)/2,

where B(t) is a skew-symmetric matrix. Substituting A = QB + QB and Q = QA,
we obtain

(2.17) B= —%[A,B]

whose solution is B(t) = e~4/2B(0)e*!/?; therefore,
(2.18) A(t) = Q(0)e/2B(0)et/?.

These formulas may be generalized to arbitrary connected Lie groups [47, Chap. 2,
Ex. A.6].

So as to arrive at the general notion of parallel transport, let us formalize what
we did here. We saw that the geodesic equation may be written

YV +T.(Y,Y) =0,
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where in the Euclidean case
FE(Al, A2) = Y(A’{A2 + AgAl)/2

Anticipating the generalization, we interpret I' as containing the information of the
normal component that needs to be removed. Knowing the quadratic function I'(A, A)
is sufficient for obtaining the bilinear function I'(A1, A»); the process is called polar-
ization. We assume that I' is a symmetric function of its arguments (this is the
so-called torsion-free condition), and we obtain

AT(A1,As) =T(A1 + Ao, Ay + Ag) —T(A1 — Ax, Ay — Ay).

For the cases we study in this paper, it is easy in practice to guess a symmetric form
for T'(Ay, Ay) given T(A, A).

We will give a specific example of why this formalism is needed in §2.4. Let us
mention here that the parallel transport defined in this manner is known to differ-
ential geometers as the Levi-Civita connection. We also remark that the function
I' when written in terms of components defines the Christoffel symbols. Switching
to vector notation, in differential geometry texts the ith component of the function
[(v,w) would normally be written as 3 ;, T'%,vjwg, where the constants T} are called
Christoffel symbols. We prefer the matrix notation over the scalar notation.

2.3. Geometry of Quotient Spaces. Given a manifold whose geometry is well
understood (where there are closed form expressions for the geodesics and, perhaps
also, parallel transport), there is a very natural, efficient, and convenient way to
generate closed form formulas on quotient spaces of that manifold. This is precisely
the situation with the Stiefel and Grassmann manifolds, which are quotient spaces
within the orthogonal group. As just seen in the previous section, geodesics and
parallel translation on the orthogonal group are simple. We now show how the Stiefel
and Grassmann manifolds inherit this simple geometry.

2.3.1. The Quotient Geometry of the Stiefel Manifold. The important
ideas here are the notions of the horizontal and vertical spaces, the metric, and their
relationship to geodesics and parallel translation. We use brackets to denote equiva-
lence classes. We will define these concepts using the Stiefel manifold V,, , = O, /Op—p
as an example. The equivalence class [@)] is the set of all n-by-n orthogonal matrices
with the same first p columns as ). A point in the Stiefel manifold is the equivalence
class

(2.19) @={e(§ o0 ):eureon}.

that is, a point in the Stiefel manifold is a particular subset of the orthogonal matrices.
Notice that in this section we are working with equivalence classes rather than n-by-p
matrices Y = QI p.

The vertical and horizontal spaces at a point ) are complementary linear sub-
spaces of the tangent space at (). The vertical space is defined to be vectors tangent
to the set [@]. The horizontal space is defined as the tangent vectors at @ orthogonal
to the vertical space. At a point (), the vertical space is the set of vectors of the form

(2.20) <I>=Q(8 g)
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where C' is (n— p)-by-(n —p) skew-symmetric, and we have hidden post-multiplication
by the isotropy subgroup (I” On_p)‘ Such vectors are clearly tangent to the set [Q]
defined in Eq. (2.19). It follows that the horizontal space at @ is the set of tangents
of the form

(2.21) A:Q(g _{‘fT)

(also hiding the isotropy subgroup), where A is p-by-p skew-symmetric. Vectors of
this form are clearly orthogonal to vertical vectors with respect to the Euclidean inner
product. The matrices A and B of Eq. (2.21) are equivalent to those of Eq. (2.5).

The significance of the horizontal space is that it provides a representation of
tangents to the quotient space. Intuitively, movements in the vertical direction make
no change in the quotient space. Therefore, the metric, geodesics, and parallel trans-
lation must all be restricted to the horizontal space. A rigorous treatment of these
intuitive concepts is given by Kobayashi and Nomizu [54] and Chavel [18].

The canonical metric on the Stiefel manifold is then simply the restriction of the
orthogonal group metric to the horizontal space (multiplied by 1/2 to avoid factors
of 2 later on). That is, for Ay and Ay of the form in Eq. (2.21),

1 A4, —BT™\\" . (A, -BT
§”(Q (31 0 @B, o
= %tI'A’{AQ + tr B’ITBQ,

(2.22) 9e(A1, Az)

which we shall also write as (A1, Ay). It is important to realize that this is not equal
to the Euclidean metric g, defined in §2.2 (except for p = 1 or n), even though we
use the Euclidean metric for the orthogonal group in its definition. The difference
arises because the Euclidean metric counts the independent coordinates of the skew-
symmetric A matrix twice and those of B only once, whereas the canonical metric
counts all independent coordinates in A and B equally. This point is discussed in
detail in §2.4.
Notice that the orthogonal group geodesic

T
(229 e =e0ewt(5 o )
has horizontal tangent

. _nT
(221 an=e0 (5 ¢ )

at every point along the curve Q(t). Therefore they are curves of shortest length in
the quotient space as well, i.e., geodesics in the Grassmann manifold are given by the
simple formula

(2.25) Stiefel geodesics = [Q(?)],

where [Q(t)] is given by Egs. (2.19) and (2.23). This formula will be essential for
deriving an expression for geodesics on the Stiefel manifold using n-by-p matrices in
§2.4.

In a quotient space, parallel translation works in a way similar to the embedded
parallel translation discussed in §2.2.3. Parallel translation along a curve (with ev-
erywhere horizontal tangent) is accomplished by infinitesimally removing the vertical



12 Edelman, Arias, and Smith

component of the tangent vector. The equation for parallel translation along the
geodesics in the Stiefel manifold is obtained by applying this idea to Eq. (2.17), which
provides translation along geodesics for the orthogonal group. Let

(A, -Bf _ (Ay -BT
(2.26) A—(B1 0 ) and B—(B2 0

be two horizontal vectors at () = I. The parallel translation of B along the geodesic
et is given by the differential equation

(2.27) B = —%[A,B]H,

where the subscript H denotes the horizontal component (lower right block set to
zero). Note that the Lie bracket of two horizontal vectors is not horizontal, and that
the solution to Eq. (2.27) is not given by the formula (e=A*/2B(0)eA*/?)y. This
is a special case of the general formula for reductive homogeneous spaces [18, 75].
This first order linear differential equation with constant coefficients is integrable in
closed form, but it is an open question whether this can be accomplished with O(np?)
operations.

2.3.2. The Quotient Geometry of the Grassmann Manifold. We quickly
repeat this approach for the Grassmann manifold G, p, = O0,/(0Op x Onp_p). The
equivalence class [@)] is the set of all orthogonal matrices whose first p columns span
the same subspace as those of (). A point in the Grassmann manifold is the equivalence
class

(29) @={e(D o) ):0e0n @upeon,},

i.e., a point in the Grassmann manifold is a particular subset of the orthogonal ma-
trices, and the Grassmann manifold itself is the collection of all these subsets.
The vertical space at a point @ is the set of vectors of the form

(2.29) <I>=Q<61 g)

where A is p-by-p skew-symmetric and C is (n — p)-by-(n — p) skew-symmetric. The
horizontal space at () is the set of matrices of the form

(2.30) A:Q(% _gT)

Note that we have hidden post-multiplication by the isotropy subgroup (OP ) in
Egs. (2.29) and (2.30).

The canonical metric on the Grassmann manifold is the restriction of the orthog-
onal group metric to the horizontal space (multiplied by 1/2). Let Ay and Ay be of

the form in Eq. (2.30). Then

On_p

(231) gc(Ala Az) =tr BITBZ

As opposed to the canonical metric for the Stiefel manifold, this metric is in fact
equivalent to the Euclidean metric (up to multiplication by 1/2) defined in Eq. (2.2).



Orthogonality Constraints 13

The orthogonal group geodesic

(232 o =eoewt(y o )

has horizontal tangent

(233) an=-an () g )

at every point along the curve Q(t); therefore,
(2.34) Grassmann geodesics = [Q(?)],

where [Q(t)] is given by Eqgs. (2.28) and (2.32). This formula gives us an easy method
for computing geodesics on the Grassmann manifold using n-by-p matrices, as will be
seen in §2.5.

The method for parallel translation along geodesics in the Grassmann manifold
is the same as for the Stiefel manifold, although it turns out the Grassmann manifold
has additional structure that makes this task easier. Let

0 -—-AT 0 —-BT
2359 A= (S A wam= (9 )

be two horizontal vectors at Q = I. It is easily verified that [A,B] is in fact a
vertical vector of the form of Eq. (2.29). If the vertical component of Eq. (2.17) is
infinitesimally removed, we are left with the trivial differential equation

(2.36) B=0.

Therefore, the parallel translation of the tangent vector Q(0)B along the geodesic
Q(t) = Q(0)eAt is simply given by the expression

(2.37) B(t) = Q(0)eA!B,

which is of course horizontal at Q(¢). Here we introduce the notation 7 to indicate
the transport of a vector; it is not a scalar multiple of the vector. It will be seen in
§2.5 how this formula may be computed using O(np?) operations.

As an aside, if H and V represent the horizontal and vertical spaces, respectively,
it may be verified that

(2.38) [V,VlcV, [V,H]CH, [HH|CV.

The first relationship follows from the fact that V' is a Lie algebra, the second follows
from the reductive homogeneous space structure [54] of the Grassmann manifold, also
possessed by the Stiefel manifold, and the third follows the symmetric space structure
[47, 54] of the Grassmann manifold, which the Stiefel manifold does not possess.
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2.4. The Stiefel Manifold with its Canonical Metric.
2.4.1. The Canonical Metric (Stiefel). The Euclidean metric
ge(A,A) = tr ATA

used in §2.2 may seem natural, but one reasonable objection to its use is that it
weighs the independent degrees of freedom of the tangent vector unequally. Using the
representation of tangent vectors A =Y A + Y| B given in Eq. (2.5), it is seen that

ge(A,A) =tr ATA 4+ tr B'B.

=2) aj+) b

i<j iJ

The Euclidean metric counts the p(p 4+ 1)/2 independent coordinates of A twice. At
the origin I, ,, a more equitable metric would be g¢(A, A) = tr AT(I — 31,, ,IT )A =
% tr ATA+tr BTB. To be equitable at all points in the manifold, the metric must vary
with Y according to

(2.39) 9:(A,A) = tr AT(I - LYYT)A.

This is called the canonical metric on the Stiefel manifold. This is precisely the
metric derived from the quotient space structure of V,, , in Eq. (2.23); therefore, the
formulas for geodesics and parallel translation for the Stiefel manifold given in §2.3.1
are correct if we view the Stiefel manifold as the set of orthonormal n-by-p matrices

with the metric of Eq. (2.39). Note that if A =Y A+ Y, B is a tangent vector, then
ge(A,A) = L tr ATA + tr BTB, as seen previously.

2.4.2. Geodesics (Stiefel). The path length
(2.40) L= / 0V, V)2 dt

may be minimized with the calculus of variations. Doing so is tedious but yields the
new geodesic equation

(2.41) V+7yYTYy +Y((YTY)2 +Y7Y) =0,
Direct substitution into Eq. (2.41) using the fact that
(I - I”aI’ITJJ,-:p)X(I - Iﬂaplgl,-:p) =0,

if X is a skew-symmetric matrix of the form
A -BT
(7).
verifies that the paths of the form

(2.42) Y(t) = QeX'L,

are closed form solutions to the geodesic equation for the canonical metric.
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We now turn to the problem of computing geodesics with algorithms of complexity

O(np?). Our current formula Y (t) = Qexpt (g 7}3 ! )In,p for a geodesic is not useful.

Rather we want to express the geodesic Y () in terms of the current position Y'(0) =Y
and a direction Y(0) = H. For example, A = YTH and we have C := B'B =
HY(I-YYT)H. In fact the geodesic only depends on BTB rather than B itself. The

trick is to find a differential equation for M (t) = I expt (g _gT)IW,.

The following theorem makes clear that the computational difficulty inherent in
computing the geodesic is the solution of a constant coefficient second order differential
equation for M (t). The answer is obtained not by a differential equation solver but
rather by solving the corresponding quadratic eigenvalue problem:

TueoreM 2.1. FY(t) = Qet(5 ¢ DI, ,, with Y(0) =Y and Y (0) = H, then

(2.43) Yt)=YM®#)+ (I -YY")H / t M (t) dt,

where M (t) is the solution to the second order differential equation with constant
coefficients,

(2.44) M—-AM+CM =0;  M(©O)=1, M) =A,

A=YTH is skew-symmetric, and C = HY(I — YYT)H is non-negative definite.
Proof. A direct computation verifies that M (t) satisfies Eq. (2.44). By separately
considering YTY () and (I — YYT)Y (t), we may derive Eq. (2.43). QO
The solution of the differential equation Eq. (2.44) may be obtained [25, 88] by
solving the quadratic eigenvalue problem

(2] — AN+ C)z = 0.

Such problems are typically solved in one of three ways: (1) by solving the generalized

eigenvalue problem
c 0 T\ A I z
0 I Ax ) I 0 Az )’

(2) by solving the eigenvalue problem

(e ) ()= (%)

or (3) any equivalent problem obtained by factoring C = K7K and then solving the

eigenvalue problem
A —-KT\ (z\ _ NE:
K 0 y) y)"

Problems of this form arise frequently in mechanics, usually with A symmetric.
Some discussion of physical interpretations for skew-symmetric matrices may be found
in the context of rotating machinery [21]. If X is the p-by-2p matrix of eigenvectors
and A denotes the eigenvalues, then M (t) = Xe’Z, and its integral is [ M (t)dt =
XeMA—1Z, where Z is chosen so that XZ = I and XAZ = A.

Alternatively, the third method along with the matrix exponential may be em-
ployed:
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COROLLARY 2.2. LetY and H be n-by-p matrices such that Y'Y = I, and
A = YTH is skew-symmetric. Then the geodesic on the Stiefel manifold emanating
from 'Y in direction H is given by the curve

(2.45) Y(t)=YM(@) +QN(t),
where
(2.46) QR=K=(I-YY"H

is the compact QR-decomposition of K (Q n-by-p, R p-by-p), and M(t) and N (t) are
p-by-p matrices given by the matriz exponential

M@)\ A —-RT I,
(2.47) (N(t)) —expt(R 0 ) (0 .
Note that Eq. (2.47) is easily computed by solving a 2p-by-2p skew-symmetric

eigenvalue problem, which can be accomplished efficiently using the SVD or algorithms
specially tailored for this problem [86].

2.4.3. Parallel Translation (Stiefel). We now develop a notion of parallel
transport that is consistent with the canonical metric. The geodesic equation takes
the form ¥ + I'(Y,Y) = 0, where, from Eq. (2.41), it is seen that the Christoffel
function for the canonical metric is

(2.48) T.(A,A) = AATY + YAT(I -YYT)A.

By polarizing we obtain the result

(2.49) To(A1,Ag) = 2(A1A] + A AT)Y + 2V (AT(I - YY ')A
+AT(I -YYT)A,).

Parallel transport is given by the differential equation

(2.50) A+T.(AY)=0,

which is equivalent to Eq. (2.27). As stated after this equation, we do not have an
O(np?*) method to compute A(t).

2.4.4. The Gradient of a Function (Stiefel). Both conjugate gradient and
Newton’s method require a computation of the gradient of a function, which depends
upon the choice of metric. For a function F(Y') defined on the Stiefel manifold, the
gradient of F' at Y is defined to be the tangent vector VF such that

(2.51) tr FyA = g.(VF,A) = tr(VF)T(I - 1YY T)A

for all tangent vectors A at Y, where Fy is the n-by-p matrix of partial derivatives
of F' with respect to the elements of Y, i.e.,

OF
Solving Eq. (2.51) for VF such that Y7 (VF) = skew-symmetric yields
(2.53) VF =Fy - YFLY.

Eq. (2.53) may also be derived by differentiating F (Y (t)), where Y () is the Stiefel
geodesic given by Eq. (2.45).
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2.4.5. The Hessian of a Function (Stiefel). Newton’s method requires the
Hessian of a function, which depends upon the choice of metric. The Hessian of a
function F(Y") defined on the Stiefel manifold is defined as the quadratic form

(2.54) Hess F(A,A) = 5—; F(Y (1),

where Y (t) is a geodesic with tangent A, i.e., Y(0) = A. Applying this definition to
F(Y) and Eq. (2.45) yields the formula

(255) Hess F(A1, Ag) = Fyy(Al, Ag) + %tr((FgAlYT + YTAIF;];)AQ)
—Ltr((YTFy + FYY)ATTIA,),

where IT = I — YYT, Fy is defined in Eq. (2.52), and the notation Fyy (A, As)
denotes the scalar } ;. 1/ (Fyy)ijki (A1) (A2)r, where

0’F

2. Foy)iin = — bt .
(2.56) (Fyy)ij kil 0%k

This formula may also readily be obtained by using Eq. (2.50) and the formula
(2.57) Hess F(A1, Az) = Fyy (A1, As) — tr FETe(Ar, As).

For Newton’s method, we must determine the tangent vector A such that
(2.58) Hess F(A,X) = (-G, X) for all tangent vectors X,

where G = VF. Recall that (,) = g.(,) in this context. We shall express the solution
to this linear equation as A = — Hess™* G, which may be expressed as the solution to
the linear problem

1
(2.59) Fyy(A) — Y skew(FyfA) — skew(AFL)Y — §HAYTFY = -G,

YTA = skew-symmetric, where skew(X) = (X — X7)/2 and the notation Fyy (A)
means the unique tangent vector satisfying the equation

(2.60) Fyy(A,X) ={(Fyy(A),X) for all tangent vectors X.

Example problems are considered in §3.

2.5. The Grassmann Manifold with its Canonical Metric. A quotient
space representation of the Grassmann manifold was given in §2.3.2; however, for
computations we prefer to work with n-by-p orthonormal matrices Y. When per-
forming computations on the Grassmann manifold, we will use the n-by-p matrix Y
to represent an entire equivalence class

(2.61) [Y]= {YQP :Qp €0p b

i.e., the subspace spanned by the columns of Y. Any representative of the equivalence
class will do.
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We remark that an alternative strategy is to represent points on the Grassmann
manifold with projection matrices YY 7. There is one unique such matrix correspond-
ing to each point on the Grassmann manifold. On first thought it may seem foolish
to use n? parameters to represent a point on the Grassmann manifold (which has
dimension p(n — p)), but in certain ab initio physics computations [43], the projection
matrices YY7 that arise in practice tend to require only O(n) parameters for their
representation.

Returning to the n-by-p representation of points on the Grassmann manifold, the
tangent space is easily computed by viewing the Grassmann manifold as the quotient
space G, p = V3, 5/Op. At a point Y on the Stiefel manifold then, as seen in Eq. (2.5),
tangent vectors take the form A =Y A + Y, B, where A is p-by-p skew-symmetric, B
is (n — p)-by-p, and Y| is any n-by-(n — p) matrix such that (Y, Y)) is orthogonal.
From Eq. (2.61) it is clear that the vertical space at Y is the set of vectors of the form

(2.62) d=YA;
therefore, the horizontal space at Y is the set of vectors of the form
(2.63) A=Y B.

Because the horizontal space is equivalent to the tangent space of the quotient, the
tangent space of the Grassmann manifold at [Y] is given by all n-by-p matrices A of
the form in Eq. (2.63) or, equivalently, all n-by-p matrices A such that

(2.64) YA =o.

Physically, this corresponds to directions free of rotations mixing the basis given by
the columns of Y.

We already saw in §2.3.2 that the Euclidean metric is in fact equivalent to the
canonical metric for the Grassmann manifold. That is, for n-by-p matrices A; and
A, such that YTA; =0 (i =1, 2),

9e(A1, As) = tr AT(I — LYY T)A,,
= tI‘ ATAQ,
= ge(A1, Az).

2.5.1. Geodesics (Grassmann). A formula for geodesics on the Grassmann
manifold was
given via Eq. (2.32); the following theorem provides a useful method for comput-
ing this formula using n-by-p matrices.

THEOREM 2.3. If Y(t) = Qe!(3 ~0 DI, with Y(0) =Y and Y (0) = H, then

(2.65) Y@ = (YV U) (ZTE) VT,

where USVT is the compact singular value decomposition of H.
Proof 1. Tt is easy to check that either formulation for the geodesic satisfies the
geodesic equation Y + Y (Y1Y) = 0, with the same initial conditions. O
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Proof 2. Let B = (Uy, Us)(3)V7 be the singular value decomposition of B (U
n-by-p, Us p-by-(n — p), ¥ and V p-by-p). A straightforward computation involving
the partitioned matrix

0 - 0\ /VT o0

_RT
(2.66) (g ]03)2(‘619 g) ¥ 0 0 0o Uf
v 0 0 0 0 Ul

verifies the theorem. O

A subtle point in Eq. (2.65) is that if the rightmost V7 is omitted, then we still
have a representative of the same equivalence class as Y (t); however, due to consis-
tency conditions along the equivalent class [Y(t)], the tangent (horizontal) vectors
that we use for computations must be altered in the same way. This amounts to
post-multiplying everything by V, or for that matter, any p-by-p orthogonal matrix.

The path length between Yy and Y (¢) (distance between subspaces) is given by
[89]

p 1/2
(2.67) a(v(o.%) =il = ¢(307)

i=1

where o; are the diagonal elements of ¥. (Actually, this is only true for ¢ small enough
to avoid the issue of conjugate points, e.g., long great circle routes on the sphere.) An
interpretation of this formula in terms of the CS decomposition and principal angles
between subspaces is given in §4.3.

2.5.2. Parallel Translation (Grassmann). A formula for parallel translation
along geodesics of complexity O(np?) can also be derived:

THEOREM 2.4. Let H and A be tangent vectors to the Grassmann manifold
at' Y. Then the parallel translation of A along the geodesic in the direction Y (0) = H
[Eq. (2.65)] is

(2.68) FA(t) = ((YV ) (-(;i:;;t) U7 4+ (I - UUT)) A.

Proof 1. A simple computation verifies that Eqgs. (2.68) and (2.65) satisfy
Eq. (2.16). O

Proof 2. Parallel translation of A is given by the expression

TA(t) = Qexpt (fi _éT) (g)

(which follows fromTEq. (2.37)), where Q@ = (Y, Y1), H =Y A and A = Y, B.
Decomposing (g 7‘3 ) as in Eq. (2.66) (note well that A has replaced B), a straight-
forward computation verifies the theorem. d
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2.5.3. The Gradient of a Function (Grassmann). We must compute the
gradient of a function F'(Y') defined on the Grassmann manifold. Similarly to §2.4.4,
the gradient of F' at [Y] is defined to be the tangent vector VF such that

(2.69) tr FYA = g.(VF,A) = tr(VF)TA

for all tangent vectors A at Y, where Fy is defined by Eq. (2.52). Solving Eq. (2.69)
for VF such that YT (VF) = 0 yields

(2.70) VF=Fy -YY'Fy.

Eq. (2.70) may also be derived by differentiating F/(Y (t)), where Y () is the Grass-
mann geodesic given by Eq. (2.65).

2.5.4. The Hessian of a Function (Grassmann). Applying the definition
for the Hessian of F'(Y') given by Eq. (2.54) in the context of the Grassmann manifold
yields the formula

(2.71) Hess F(A1,Az) = Fyy (A1, Ay) — tr(AT ALY TRy,

where Fy and Fyy are defined in §2.4.5. For Newton’s method, we must determine
A = —Hess ! G satisfying Eq. (2.58), which for the Grassmann manifold is expressed
as the linear problem

(2.72) Fyy(A) - AYTRy) = -G,

YTA =0, where Fyy (A) denotes the unique tangent vector satisfying Eq. (2.60) for
the Grassmann manifold’s canonical metric.
Example problems are considered in §3.

2.6. Conjugate Gradient on Riemannian Manifolds. As demonstrated by
Smith [75, 76], the benefits of using the conjugate gradient algorithm for uncon-
strained minimization can be carried over to minimization problems constrained to
Riemannian manifolds by a covariant translation of the familiar operations of com-
puting gradients, performing line searches, the computation of Hessians, and carrying
vector information from step to step in the minimization process. In this section we
will review the ideas in [75, 76] and then in the next section we formulate concrete
algorithms for conjugate gradient on the Stiefel and Grassmann manifolds. Here one
can see how the geometry provides insight into the true difference among the various
formulas that are used in linear and nonlinear conjugate gradient algorithms.

Figure 3.1 sketches the conjugate gradient algorithm in flat space and Figure 3.2
illustrates the algorithm on a curved space. An outline for the iterative part of the
algorithm (in either flat or curved space) goes as follows: at the (k—1)st iterate zx_1,
step to xj, the minimum of f along the geodesic in the direction Hj 1, compute
the gradient Gy = Vf(zy) at this point, choose the new search direction to be a
combination of the old search direction and the new gradient:

(2.73) Hy = Gr + v7Hg-1,

and iterate until convergence. Note that 7Hy,_1 in Eq. (2.73) is the parallel translation
of the vector Hy_; defined in §2.2.3, which in this case is simply the direction of the
geodesic (line) at the point zj (see Figure 3.2). Also note the important condition
that x, is a minimum point along the geodesic:

(2.74) (Gk,THk_l) =0.
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Let us begin our examination of the choice of 74 in flat space before proceeding
to arbitrary manifolds. Here parallel transport is trivial so that

H;, =G, —|—’)’ka,1.

In both linear and an idealized version of nonlinear conjugate gradient, -, may be
determined by the exact conjugacy condition for the new search direction:

fea(Hy, Hy 1) = 0,

i.e., the old and new search direction must be conjugate with respect to the Hessian
of f. (With f,, = A, the common notation [45, page 523] for the conjugacy condition
is pI'_|Apr, = 0.) The formula for -y is then

(2.75) Exact Conjugacy: vk = — foe(Grs Hy—1)/ foo(Hi1, Hy1)-

The standard trick to improve the computational efficiency of linear conjugate
gradient is to use a formula relating a finite difference of gradients to the Hessian
times the direction (ry — rp_1 = —agApy as in [45]). In our notation,

(2.76) (G — Gr—1,") = afps (-, Hp—1),

where o = ||z — z—1[|/|| He—1]]-

The formula is exact for linear conjugate gradient on flat space, otherwise it has
the usual error in finite difference approximations. By applying the finite difference
formula Eq. (2.76) in both the numerator and denominator of Eq. (2.75), and also
applying Eq. (2.74) twice (once with k and once with & — 1), one obtains the formula

(2.77) Polak-Ribiere: Y = (Gk — kal,Gk>/<Gk71,Gk,1).

Therefore the Polak-Ribiére formula is the exact formula for conjugacy through the
Hessian, where one uses a difference of gradients as a finite difference approximation
to the second derivative. If f(x) is well approximated by a quadratic function, then
(Gk—-1,Gr) = 0, and we obtain

(2.78) Fletcher-Reeves: v, = (Gk, Gk)/{Gr-1,Gr—-1)-

For arbitrary manifolds, the Hessian is the second derivative along geodesics. In
differential geometry it is the second covariant differential of f. Here are the formulas:

(2.79) Exact Conjugacy: v = —Hessf(Gy,7Hy—1)/ Hessf(THy—1,7Hp_1)
(2.80) Polak-Ribiere: Ye = (Gk — Tkal,Gk)/<Gk71,Gk71)
(2.81) Fletcher-Reeves: vy, = (Gk,Gr)/{Gr-1,Gr—1)

which may be derived from the finite difference approximation to the Hessian,
(Gy, — TGl—1,") ® aHessf(-,7Hp—1), o =d(zk,zr—1)/||He-1l-

Asymptotic analyses appear in §3.6.
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3. Geometric Optimization Algorithms. The algorithms presented here are
our answer to the question: “What does it mean to perform the Newton and conjugate
gradient methods on the Stiefel and Grassmann manifolds?” Though these algorithms
are idealized, they are of identical complexity up to small constant factors with the
best known algorithms. In particular, no differential equation routines are used.
It is our hope that in the geometrical algorithms presented here, the reader will
recognize elements of any algorithm that accounts for orthogonality constraints. These
algorithms are special cases of the Newton and conjugate gradient methods on general
Riemannian manifolds. If the objective function is nondegenerate, then the algorithms
are guaranteed to converge quadratically [75, 76].

Conjugate

Fic. 3.1. Conjugate gradient in flat space.

Fi1a. 3.2. Conjugate gradient in curved space.
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3.1. Newton’s Method on the Grassmann Manifold. In flat space, New-
ton’s method simply updates a vector by subtracting the gradient vector pre-multi-
plied by the inverse of the Hessian. The same is true on the Grassmann manifold (or
any Riemannian manifold for that matter) of p-planes in n-dimensions, with interest-
ing modifications. Subtraction is replaced by following a geodesic path. The gradient
is the usual one (which must be tangent to the constraint surface), and the Hessian is
obtained by twice differentiating the function along a geodesic. We show in §4.9 that
this Hessian is related to the Hessian of the Lagrangian; the two Hessians arise from
the difference between the intrinsic and extrinsic viewpoints. It may be suspected
that following geodesics may not be computationally feasible, but because we exploit
the structure of the constraint surface, this operation costs O(np?), which is required
even for traditional algorithms for the eigenvalue problem—our simplest example.

Let F(Y) be a smooth function on the Grassmann manifold, i.e., F(Y) = F(Y Q)
for any p-by-p orthogonal matrix @, where Y is an n-by-p matrix such that Y7Y =
I,. We compute formulas for Fy and Fyy(A) using the definitions given in §2.5.4.
Newton’s method for minimizing F(Y") on the Grassmann manifold is:

NEWTON’Ss METHOD FOR MINIMIZING F(Y) ON THE GRASSMANN MANIFOLD

e Given Y such that YTY = I,,,
o Compute G = Fy —YYTFy.
o Compute A = —Hess™! G such that YTA = 0 and

Fyy(A) - AYTFy) = -G.

e Move from Y in direction A to Y (1) using the geodesic formula
Y(t) = YV cos(S)VT + Usin(Zt)V7T

where UXVT is the compact singular value decomposition of A (meaning U
is n-by-p and both ¥ and V are p-by-p).

e Repeat.

The special case of minimizing F(Y) = 1 tr YTAY (A n-by-n symmetric) gives the
geometrically correct Newton method for the symmetric eigenvalue problem. In this
case Fy = AY and Fyy(A) = (I — YYT)AA. The resulting algorithm requires the
solution of a Sylvester equation. It is the idealized algorithm whose approximations
include various forms of Rayleigh quotient iteration, inverse iteration, a number of
Newton style methods for invariant subspace computation, and the many variations

of Davidson’s eigenvalue method. These ideas are discussed in §4.1 and 4.8.
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3.2. Newton’s Method on the Stiefel Manifold. Newton’s method on the
Stiefel manifold is conceptually equivalent to the Grassmann manifold case. Let Y be
an n-by-p matrix such that Y7Y = I,,, and let F(Y) be a smooth function of ¥, with-
out the homogeneity condition imposed for the Grassmann manifold case. Compute
formulas for Fy and Fyy(A) using the definitions given in §2.4.5. Newton’s method
for minimizing F'(Y') on the Stiefel manifold is:

NEWTON’S METHOD FOR MINIMIZING F(Y) ON THE STIEFEL MANIFOLD

e Given Y such that YTY = I,
o Compute G =Fy —YFJY.
o Compute A = —Hess ! G such that YTA = skew-symmetric and

Fyy(A) =Y skew(FyA) — skew(AFY)Y — 1IAY T Fy = -G,

where skew(X) = (X — XT)/2and I=7-YY7T.
e Move from Y in direction A to Y'(1) using the geodesic formula
Y(t)=YM(@#) + QN(t)
where QR is the compact QR decomposition of (I — YYT)A (meaning @ is

n-by-p and R is p-by-p), A = YTA, and M(t) and N(t) are p-by-p matrices
given by the 2p-by-2p matrix exponential

(5@)==we(z 0) (%)

e Repeat.

For the special case of minimizing F(Y) = 1 tr YTAY N (A n-by-n symmetric, N
p-by-p symmetric) [75], Fy = AYN and Fyy(A) = AAN — Y NATAY. Note that if
N is not a multiple of the identity, then F'(Y") does not have the homogeneity condition
required for a problem on the Grassmann manifold. If N = diag(p,p—1,...,1), then
the optimum solution to maximizing F' over the Stiefel manifold yields the eigenvectors
corresponding to the p largest eigenvalues.

For the orthogonal Procrustes problem [32], F(Y) = 1||AY — B||% (A m-by-n, B
m-by-p, both arbitrary), Fy = ATAY — ATB and Fyy(A) = ATAA — YATATAY .
Note that Y7 Fyy (A) = skew-symmetric.
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3.3. Conjugate Gradient Method on the Grassmann Manifold. Conju-
gate gradient techniques are considered because they are easy to implement, have low
storage requirements, and provide superlinear convergence in the limit. The New-
ton equations may be solved with finitely many steps of linear conjugate gradient;
each nonlinear conjugate gradient step, then, approximates a Newton step. In flat
space, the nonlinear conjugate gradient method performs a line search by following
a direction determined by conjugacy with respect to the Hessian. On Riemannian
manifolds, conjugate gradient performs minimization along geodesics with search di-
rections defined using the Hessian described above [75, 76]. Both algorithms approxi-
mate Hessian conjugacy with a subtle formula involving only the gradient directions,
resulting in an algorithm that captures second derivative information by computing
only first derivatives. To “communicate” information from one iteration to the next,
tangent vectors must parallel transport along geodesics. Conceptually, this is neces-
sary because, unlike flat space, the definition of tangent vectors changes from point
to point.

Using these ideas and formulas developed in §3.1, the conjugate gradient method
on the Grassmann manifold is:

CONJUGATE GRADIENT FOR MINIMIZING F(Y) ON THE GRASSMANN MANI-
FOLD

e Given Y, such that Y'Yy = I, compute Gy = Fy, — YoY{ Fy, and set
Hy = —Gp.

e Fork=0,1,...,
o Minimize F(Y(t)) over t where
Y(t) =YV cos(Zt)VT + Usin(Zt)V7T

and UXVT is the compact singular value decomposition of Hy.
o Set ty = tmin and Yip41 =Yy (tk)
o Compute Gry1 = Fy,,, — Y1V Fyiy,-
o Parallel transport tangent vectors Hy and G}, to the point Yj41:

(3.1) THy, = (=Y3Vsin Sty + U cos Tty )XV T,
(3.2) TG = G, — (YkVSinEtk + U(I — cos Etk))UTGk.
o Compute the new search direction

(Grt1 — 7Gr, Grs1)
(G, Gr)

Hyy1 = —Grq1 +v7Hy, where Vi =

and (Al,Ag) =1tr A’{AQ
o Reset Hyy1 = —Gpq1 if kK +1=0mod p(n — p).
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3.4. Conjugate Gradient Method on the Stiefel Manifold. As with New-
ton’s method, conjugate gradient on the two manifolds is very similar. One need only
replace the definitions of tangent vectors, inner products, geodesics, gradients, and
parallel translation. Geodesics, gradients, and inner products on the Stiefel manifold
are given in §2.4. For parallel translation along geodesics on the Stiefel manifold, we
have no simple, general formula comparable to Eq. (3.2). Fortunately, a geodesic’s
tangent direction is parallel, so a simple formula for 7H}, comparable to Eq. (3.1) is
available, but a formula for 7Gj, is not. In practice, we recommend setting 7Gy, := Gy,
and ignoring the fact that 7Gj, will not be tangent at the point Y;y;. Alternatively,
setting TGy := 0 (also not parallel) results in a Fletcher-Reeves conjugate gradient
formulation. As discussed in the next section, either approximation does not affect
the superlinear convergence property of the conjugate gradient method.

The conjugate gradient method on the Stiefel manifold is:

CONJUGATE GRADIENT FOR MINIMIZING F(Y) ON THE STIEFEL MANIFOLD
e Given Y; such that Y'Yy = I, compute Gy = Fy, — YOF;;Y[) and set Hy =
—Go.
e Fork=0,1,...,
o Minimize F(Yx(t)) over t where

Yi(t) = Y M(t) + QN(2),

QR is the compact QR decomposition of (I — Y,Y,')Hy, A = VI Hy,
and M (t) and N(t) are p-by-p matrices given by the 2p-by-2p matrix
exponential appearing in Newton’s method on the Stiefel manifold in
83.2.

o Set t, = tmin and Y41 = Yy (t)-
o Compute Gry1 = Fy,,, — Yk+1F17,;+lYk+1.
o Parallel transport tangent vector Hy to the point Yy 1:

(3.3) THy = Hy M(t,) — Yy RT N (ty,).

As discussed above, set TGy := G, or 0, which is not parallel.
o Compute the new search direction

(Gry1 — TGr, Gry1)
(Gk,Gk)

Hypy1 = —Gryr +vmHy, where 7y =

and (Al,AQ) =1tr AT(I - %YYT)AQ
o Reset Hyy1 = —Gpy1 if k+1=0mod p(n —p) +p(p—1)/2.
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3.5. Numerical Results and Asymptotic Behavior.

3.5.1. Trace Maximization on the Grassmann Manifold. The convergence
properties of the conjugate gradient and Newton’s methods applied to the trace maxi-
mization problem F(Y) = tr YTAY are shown in Figure 3.3, as well as the convergence
of an approximate conjugate gradient method and the Rayleigh quotient iteration for
comparison. This example shows trace maximization on G5 3, i.e., 3-dimensional sub-
spaces in 5 dimensions. The distance between the subspace and the known optimum
subspace is plotted versus the iteration number, where the distance in radians is sim-
ply the square root of the sum of squares of the principal angles between the subspaces.
The dimension of this space equals 3(5 — 3) = 6; therefore, a conjugate gradient al-
gorithm with resets should at least double in accuracy every six iterations. Newton’s
method, which is cubically convergent for this example (this point is discussed in
§4.1), should triple in accuracy every iteration. Variable precision n