Introduction
Classification:
Let X’ denote a linear space and Y denote a finite set of labels.
Given a set of training examples {(zy,y;) € X X Y,k =1,...,N}
design a classifier h: X — ) that "best' predicts labels

Dimensionality reduction: Q: X = R® — R%
High dimensional X’  E.g. grey scale ™ X T face images

PCA approach:

Use the training data to determine a linear projection into a lower
dimensional space, then the label information is used to design a
classifier.

D= [z1,22,...,an] DDT =%} 2] € RS s=mxn

PCA: Eigen decomposition of pDT
SVD: Singular value decomposition of D

Let w; denote the jth eigenvector ordered by eigenvalue, largest to
smallest. Then @ = [wiws ... wy]

Limitation:
Time and space complexity of PCA/SVD:

With N << mn, the time cost of SVD is O(mnN2) and the space
required is O(mnN)

Recent Matrix-based PCA Methods

2D PCA: J. Yang, D. Zhang et al. 2004
A, e RN =1...,N
— 5N AT A, — N ko kT
R=3— A Ak = Xp=1 21 T

1
R is the scatter matrix of all rows over all training images.
Form Vg € R™*? by the first q eigenvectors.
Dimension reduction: A, = A Vy € R™*4
The same procedure can be applied to columns.
C =i, ApAf = S s cbek”
A, =UT Ay € R

BDPCA: W. Zuo et al. 2005 T
Bidirectional PCA: A = Up A Vy

GLRAM: J. Ye, 2005
Generalized low rank approximations of matrices:
; N T 2
ming, uv >p—1 1A —U* ByVI%

2DPCA, BD-PCA and GLRAM:

Reported computational efficiency and empirical evidence of robust
performance in image classification

Yongxin Taylor Xi and Peter J. Ramadge

Separable PCA
BDPCA is a separable Orthonormal image transformation.
Let V = [V V1,U = [Up U], then {W;; = uiv;fr}
is a separable ON basis for RMX"
What is the optimal (in the PCA sense) projection onto a separable basis?
We pose the Separable PCA (SPCA) Problem:

P g9 N
ymax TU.V) = 3 3 % < Ag,upl >2
VER”XQ i=1j=1k=1

subj. to: UTU Iy and VIV =1,

Simple algebraic rearrangement yields:

N N
T(U, V) =trace (VT [ 3 A[UUTAk) v) = trace (UT ( > AkvaA{) U)
k=1 k=1
Continuity of T and compactness of the product manifold ensures a solution.
Solution not unique: If U* V") isa solution, then so are

U*Q1,V*Q2) , Q1 € OP*P, Qo € 011

SPCA unifies 2DPCA, BDPCA and GLRAM

Theorem 1 gives an upper bound on T(U,V), and provides the conditions
for the bound to be tight.

Theorem 1 also provides a rule of thumb of choosing p and g.

Theorem 1. Let U € R™*? and V. € R"*? have ON
columns and U = R(U) and V = R(V'). Then

P a
T(U,V) < min ZO'J'(C), ZUJ(R) )
j=1 j=1

with equality if either: the columns of U are the first p prin-
cipal eigenvectors of C and for each k, ATU C V; or the
columns of V' are the first q principal eigenvectors of R and
foreach k, ApY C U.

Corollary 1.1 optimality of BD-PCA (Easily checkable)

Let Vg = R(Vg) and Up = R(Up)

If Vk, ApVq C Upor Vi, A{up C V), then BD-PCA solves SPCA.
Corollary 1.2 if p=m or g=n, BD-PCA solves SPCA.

Corollary 1.3 2DPCA solves a special case of BD-PCA.

2DPCA is obtained from BD-PCA by the restriction p=m and Un=1In
Theorem 1.4 GLRAM is equivalent to SPCA. [Ye, 2005]

Let U € RM*PV € R"*4 By, € RP*4

GLRAM solves miny, v, g, Sk || A — UB;CVT||127

Solving SPCA (nontrivial):
- GLRAM algorithm: iteratively update U and V until local optimum.
- NGLRAM algorithm: update only once from BD-PCA solutions.
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Databases

Separable Principle Component Analysis For Image Classification

Experiments

- Handwritten Digits database (UCI repository)

- YALE face database (resized to 60x50)
- ORL face database
Algorithms: PCA, SPCA (GLRAM), 2DPCA, BD-PCA and NGLRAM
Each experiment is repeated 20 times with random selection of the training set.
Training: 100 per digit for Digits, 6 per person for YALE, 5 per person for ORL

Testing:

root mean square reconstruction error (RMSRE)

test image misclassification rate

SPCA is computed using the GLRAM algorithm
(stopping criterion: A RMSRE < 1076 )

Observations:

1. GLRAM algorithm was
robust to variations in
initial conditions.

2. Both BD-PCA and
NGLRAM provided very
good approximate
SPCA solutions.

3. BD-PCA is faster to
compute and requires
less memory than PCA.

4. For large values of
mn/N SPCA was more
resistant to overfitting.

5. However, the reduced
over fitting of SPCA

did not improve
classification
performance.

Conclusion

IX

Data Set | m x n N mn/N phiA
Digits 32x32 1000 1.028 31
Yale 60 x 50 90 33.3 9
ORL 112 x 92 200 206 14
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(a) YALE: Reconstr. error

(b) YALE: Test error rate
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(c) ORL: Reconstr. error

(d) ORL: Test error rate
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(e) DIGITS: Reconstr. error

(f) DIGITS: Test error rate

1. SPCA unifies recently proposed matrix-based dimension reduction methods.

2. Robustness to overfitting of SPCA is an advantage in image approximation applications,

but not necessarily classification accuracy.
3. Fast algorithms e.g.BD-PCA, NGLRAM give very good approximate SPCA solutions.
4. For resource constrained applications, SPCA methods save much memory.
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