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Implications of Magnitude Distribution Comparisons

between Trans-Neptunian Objects and Comets

Abstract

The population of observed trans-neptunian objects has a fairly
well-defined magnitude distribution, however, the population of observed
short-period comets does not. This analysis of the population distributions of
observed trans-neptunian objects (TNOs) and short-period comets (SPCs)
indicates that the observed number of TNOs and SPCs is insufficient to judge
conclusively whether the trans-neptunian objects are related to the short-period
comets or whether the TNOs are part of the Kuiper belt from which the SPCs
are believed to be derived. Differences in the population distributions of TNOs
and SPCs indicate that the TNOs are not representative of the Kuiper belt as a
whole, even if they are part of the Kuiper belt. Further analysis of the
population distributions of comets and the TNOs has provided additional
information and some predictions about the populations’ characteristics. This
derived information includes the facts that: the six brightest SPCs for which
H;o magnitudes have been calculated likely belong to the Oort cloud population
(long-period) of comets instead of the Kuiper belt population of comets; Pluto
and Charon are likely to belong to the TNO population instead of the major
planet population; there are likely to be ~10° TNOs in the Kuiper belt,

including many Pluto-sized objects, massing a total of ~10% kg in all.



Introduction

Several unusual objects have been discovered orbiting the Sun beyond the orbit of
Neptune. Prior to these discoveries, a disk of cometary bodies, called the Kuiper belt, had
been hypothesized to exist beyond the orbit of Neptune. This disk of cometary bodies is
believed to be the immediate source of all short-period comets.

The recently discovered trans-neptunian objects are now believed to be the first few
members of the hypothesized Kuiper belt of comets to be discovered. I have attempted to
judge whether the magnitude distributions of the observed trans-neptunian objects and the
short-period comets are similar or different enough to state whether the observed trans-
neptunian objects are indeed members of the Kuiper belt and whether the observed Kuiper
belt is the source of short-period comets.

Descriptions and judgments of the type made herein are important for several reasons:
1) descriptions of observed phenomena are important in and of themselves as information
about the universe (and particularly the solar system) in which we live; 2) identification of the
observed trans-neptunian objects as members of the Kuiper belt would confirm the Kuiper
belt hypothesis; or negative identification could help reject the Kuiper belt hypothesis; 3)
descriptions of the TNOs, comets, and the Kuiper belt would help establish their relationship
to one another; and 4) information about portions of our solar system, particularly the
outermost, least-changed portions, helps to refine and develop ideas about how our solar

system formed and how it has evolved.

Background

Analysis of the orbital characteristics of comets reveals some interesting features. In
particular, the distributions of cometary osculating orbital elements:' the semimajor axis
distribution, orbital eccentricity distribution, and orbital inclination distribution of comets, all
contain a common feature that is of particular interest; they display an asymmetry that seems
to indicate two distinct populations of comets.

Figure 1a shows the semimajor axis distribution of comets as it is often shown; the
number of comets within each incremental semimajor axis range is plotted on a semi-log

graph versus the inverse of the semimajor axis, 1/a, rather that the semimajor axis, a, itself.



Comets with 1/a values close to zero have long orbital periods, whereas comets with larger
1/a values have shorter orbital periods. Those comets with negative 1/a values appear to have
unbounded, hyperbolic orbits, and those with 1/a = 0 exactly appear to have marginally
unbounded, parabolic orbits.” Comets with 1/a < 0 have been observed rather poorly and have
equally poorly determined orbits; these comets most likely have highly elliptical, nearly
parabolic orbits with 1/a >~ 0.> The semimajor axis distribution of comets appears to be
divided into two populations: those that have very small 1/a values, and those that have 1/a

values more evenly distributed up to 1/a = 1.

Figure 1a: Comet Semimajor Axis Distribution
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Figure 1b shows the orbital eccentricity distribution of comets plotted throughout its
allowable range. Comets that have orbital eccentricities, e, close to zero have nearly circular

orbits, whereas comets with higher eccentricities have elliptical (or even nearly-parabolic or



hyperbolic) orbits. Here again, the orbital inclination distribution of comets appears to be
divided into two populations: those that have very low i, and those with i more evenly

distributed from O to 1.

Figure 1b: Comet Eccentricity Distribution
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Figure 1c shows the orbital inclination distribution of comets plotted throughout its
allowable range. Comets that have orbital inclinations, i, close to zero orbit close to the
orbital plane of, and in the same direction as, the major bodies in the solar system, whereas
comets with higher inclinations orbit in all directions about the Sun. Yet again, the orbital
inclination distribution of comets appears to be divided into two populations: those that have

very low i, and those with i more evenly distributed from 0° to 180°.



Figure 1c: Comet Orbital Inclination Distribution
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The nature of the bimodality of the semimajor axis, orbital eccentricity, and orbital
inclination distributions of comets becomes apparent when the orbital elements of comets
belonging to the short or long, a, i, or e groups are compared with one another. It has been
found that those comets with short a are also those which have small ¢ and small i, and those
comets with long a are also those which have larger e and larger i. Some examples of
individual comets and their orbital elements are given in Table 1. No such bimodality appears
in the distributions of the remaining spatial orbital elements; this lack of bimodality would be
expected from the azimuthal symmetry of the solar system. The orbital element distributions
of comets for the remaining orbital elements: the longitude of the ascending node, Q, and the

argument of perihelion, m, are plotted in Figures 1d and le, respectively.
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Figure 1e: Comet Argument of Perihelion Distribution
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Table 1: Comet Orbital Elements




Longitude Argument Orbital
Comet Comet Perihelion of the of Period
Designation Name Distance (AU) Eccentricity Inclination (°) Ascending Node (°) Perihelion (°) (years)
2P Encke 0.330915 0.850213 11.9405 334.7295 186.2703 3.2837
D/1766 G1 Helfenzrieder 0.40603 0.84763 7.865 76.263 178.699 4.349987
D/1819 W1 Blanpain 0.892318 0.698752 9.1081 79.8122 350.2612 5.097922
96P Machholz 1 0.125546 0.958369 60.1461 94.5175 14.5363 5.236958
41P Tuttle-Giacobini-Kresak 1.068006 0.655752 9.2245 141.5522 61.605 5.464537
D/1770 L1 Lexell 0.674449 0.786119 1.5517 134.4673 225.0161 5.599708
116P/1994 V1 Wild 4 1.989056 0.407782 3.7196 22.0654 170.7526 6.155284
94P/1989 X2 Russell 4 2.222171 0.366322 6.1913 71.037 93.0411 6.566943
21P Giacobini-Zinner 1.034003 0.706489 31.8218 195.3843 172.5168 6.612202
75P Kohoutek 1.775403 0.497894 5.9168 269.7408 175.6773 6.648938
33p Daniel 1.649451 0.551964 20.1358 69.0515 11.0098 7.063822
64P Swift-Gehrels 1.355134 0.691601 9.2549 314.4426 84.8159 9.210939
53p Van Biesbroeck 2.400908 0.552661 6.6137 149.1134 134.1726 12.43392
P/1983 V1 Hartley-IRAS 1.282459 0.833912 95.7312 1.4991 47.1147 21.45645
95P/1977 UB Chiron 8.453942 0.383112 6.9299 209.3854 339.5529 50.7317
13P/1956 A1l Olbers 1.178461 0.930327 44.6107 86.1041 64.6445 69.56264
1P/1982 Ul Halley 0.587104 0.967277 162.2422 58.8601 111.8657 75.99638
C/1985 T1 Thiele 1.31714 0.983297 139.0692 53.0127 53.0001 700.2549
C/1854 R1 Klinkerfues 0.798762 0.993246 40.9201 326.5162 129.8988 1286.129
C/1807 R1 Great comet 0.646124 0.995488 63.1762 269.4837 4.097 1713.642
C/1925 F2 Reid 1.633299 0.995116 26.9797 7.0401 259.2776 6115.544
C/1874 H1 Coggia 0.675782 0.99882 66.3439 120.495 152.3804 13705.25
C/1975 T1 Mori-Sato-Fujikawa 1.603933 0.99745 91.6076 278.6784 246.2411 15774.99
C/1864 O1 Donati-Toussaint 0.931212 0.999358 109.7124 33.6662 232.4593 55242.12
C/1994 T1 Machholz 1.845386 0.999466 101.7372 249.9437 142.7839 203151
C/1910 A1 Great January comet 0.128975 0.999995 138.7812 90.0354 320.9122 4142889
C/1887 Bl Great southern comet 0.00483 1 144.383 4.585 83.513
C/1901 G1 Great comet 0.244812 1 131.077 111.0333 203.0522
C/1833 S1 Dunlop 0.458122 1 7.3488 325.5873 259.5795
C/1822J1 Gambart 0.504429 1 126.3969 179.9345 344.6905
C/1914 11 Zlatinsky 0.543135 1 112.9822 33.8561 116.4004
C/1896 C1 Perrine-Lamp 0.587289 1 155.7381 210.2789 358.3153
C/1760 B1 Messier 0.80139 1 79.084 143.007 273.928
C/1844 Y2 d'Arrest 0.905204 1 46.8605 338.9135 114.5819
C/1760 Al Great comet 0.96576 1 175.126 83.553 301.727
C/1945 L1 du Toit 0.998063 1 156.508 255.0453 280.1236
C/1967 C2 Wild 1.327158 1 99.1058 306.8449 173.261
C/1983 02 IRAS 2.254776 1.000196 120.7372 201.2574 333.9786
C/1954 02 Baade 3.869934 1.000509 100.3891 265.3399 144.6706
C/1935 Q1 Van Biesbroeck 4.043409 1.002045 66.1122 300.5614 44.8957

The bimodal distribution in the semimajor axes, orbital eccentricities, and orbital

inclinations of comets is evidence for two separate populations of comets.” One population

consists of those with short a, small e, and small i. These short-a comets necessarily have

short orbital periods as well. Members of the short-a, small-e, small-i comet population are

therefore referred to as short-period comets. The other, long a, larger e, and larger i

population of comets necessarily have long orbital periods. Members of the long-a, larger-e,

larger-i comet population are referred to as long-period comets. A somewhat arbitrary

division point of P = 200 years has been chosen with which to classify comets; those comets

with P < 200 years are referred to as short-period comets, whereas those comets with P = 200

years are referred to as long-period comets.”



The division of comets into two distinct populations can be understood as a
consequence of the origin hypothesis of comets and the solar system as a whole. The solar
system is believed® to have originated from a large cloud of gas and dust in interstellar space.
Triggered by some as-yet-unknown event, this cloud of mostly hydrogen and some helium gas
began to collapse under the influence of its own gravity. This collapsing cloud had a small,
random amount of angular momentum which prevented it from collapsing uniformly but
instead allowed it to collapse more along its axis of rotation than perpendicular to its axis of
rotation. This form of collapse produced a thin rotating disk of gas and dust with a much
larger concentration of matter at the center of the disk. The central, high-density portion of
the disk collapsed and ignited to form the Sun. Immediately surrounding the infant Sun,
smaller concentrations of gas and dust collapsed and swept up matter surrounding them to
form the planets, moons, and asteroids. Matter in the outermost, colder portions of the disk
condensed into a multitude of cometary bodies.

The hypothesized disk of cometary bodies left over from the original condensation of
the solar system is named the Kuiper belt, after Gerard Kuiper who first postulated its
existence in 1951.* The Kuiper belt is believed to extend from outside the orbit of Neptune to
100 AU or more outwards from the Sun (see Figure 2).

Occasional interactions of the Kuiper belt objects with the outer planets Neptune,
Uranus, Saturn, and Jupiter, are believed” to have ejected a relatively small proportion of the
Kuiper belt objects into highly eccentric orbits. These ejections would occur randomly in all
directions, and would boost the semimajor axes of the ejected objects to very large values.
The ejected bodies are believed® to have formed a spherical cloud of cometary bodies
extending to tens of thousands of AU outwards from the Sun (see Figure 2). The hypothesized
spherical cloud of cometary bodies is named the Oort cloud, after Jan Oort who first

postulated its existence.’



Figure 2: Kuiper Belt and Oort Cloud
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(Figure not to scale; schematic only)




The existence of the Oort cloud was first hypothesized by Oort in 1950° based upon an
analysis of 1/a values, as updated here in Figure 1a. Oort postulated that the spherical cloud
of comets (which would bear his name) was the immediate source of all long-period comets.
The large semimajor axes, random inclinations, and random arguments of perihelion of the
long-period comets strongly indicate an origin in a large spheroidal cloud, many thousands of
AU across.

Similar arguments based upon the orbital element distribution of comets were made by
Kuiper to postulate the existence of the Kuiper belt. The Kuiper belt is believed to be the
immediate source of all short-period comets. The relatively small semimajor axes and orbital
inclinations of short-period comets strongly indicate an origin in a thin disk just beyond the

orbit of Neptune.

The existence of the Kuiper belt was simply a hypothesis constructed to explain the
origins of comets until a series of discoveries began in 1977 when an object was discovered
by Kowal® orbiting the Sun beyond the orbit of Saturn. The object orbited well beyond where
any asteroid should be, in an orbit somewhat similar to that of a comet, but it didn't appear to
be a comet. The object, temporarily named 1977 UB, was considered to be an unusual minor
planet;’ it was eventually given the official designation (2060) and the name Chiron. This
large, dark-red object would remain a lone anomaly until a second object, 1992 AD, was
discovered 15 years later. 1992 AD, soon designated (5145) and named Pholus, also orbited
in a way similar to a comet where no asteroids were to be found, and it didn't appear to be
cometary. Pholus' orbit carried it from just within Saturn's orbit to just beyond Neptune's
orbit. A new category of objects in the solar system had been found: the Centaurs. Since the
discovery of Pholus, four more Centaurs have been discovered (see Table 2).8 The Centaurs
are believed’ to be large comet progenitors which have been perturbed by other objects and
injected into the inner solar system from the Kuiper belt. The hypothesis that the Centaurs are
cometary bodies has been partially confirmed by the recent discovery of gaseous CO
emissions (a uniquely cometary trait) from Chiron as it approaches perihelion.'® Since this

discovery, (2060) Chiron has been given the additional designation of Comet 95P/Chiron. "’
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Table 2: Kuiper Belt Candidate Objects

Heliocentric Geocentric
Object Object Distance* Distance* Apparent Phase
Type Name |H| Epoch | M )| 0| Q@ ]|i®)]| ¢ | a v (AU) (AU) Magnitude’ | Angle* (%)
Trans- 1994 JV 7.0] 8-May-94 0.00| 180.0 28.1 18.1] 0.000 35.251 35.25 35.87 22.7 1.3
Neptunians [ 1995 DA2 | 8.0 4-Mar-95| 309.29] 62.4| 127.5 6.6 0.116 36.345 33.95 34.50 23.5 14
1994 TB 7.0] 10-Oct-95| 326.35| 97.7| 317.3| 12.1] 0.308 39.317 30.95 30.36 22.1 1.5
1993 RP 9.0] 10-Sep-93| 359.98| 180.6] 192.1 2.6 0.114 39.329 34.87 33.89 24.4 0.3
1995 QY9 | 7.0 20-Sep-95| 359.88| 358.4 342.1 4.8] 0.242 39.392 29.88 29.48 21.9 1.8
1993 RO 8.0] 10-Oct-95| 357.39] 188.2| 170.3 3.71 0.201 39.424 31.50 30.52 23.0 0.4
1993 SB 8.0] 10-Oct-95| 320.73] 78.9] 354.8 1.9 0.322 39.453 32.04 31.04 23.0 0.1
1995 GA7 | 7.5 24-Mar-95 63.86] 100.2 21.0 3.5] 0.119 39.455 37.92 38.68 23.5 1.0
1995 KK1 8.5| 23-May-95 21.74] 328.4| 228.1 9.3] 0.190 39.475 32.81 33.55 239 1.2
1995 HM5 | 8.5 3-May-95 3.41] 354.8| 186.7 4.6] 0.178 39.534 32.52 31.81 23.8 1.3
1993 SC 7.0] 10-Oct-95 35.86] 316.7| 354.6 5.2] 0.190 39.667 34.18 33.18 223 0.1
1994 JR1 7.5| 10-Oct-95 7.31 92.0| 144.7 3.8] 0.128 39.826 34.80 35.31 23.1 14
1994 TH 7.0] 25-Sep-94 0.00] 356.6 12.1 16.1] 0.000 40.940 40.94 39.94 23.1 0.1
1995 GY7 | 7.5 24-Mar-95 0.00] 203.5 34.5 0.9] 0.000 41.347 41.35 41.97 23.9 1.1
1994 TG 7.0] 25-Sep-94 0.00] 353.0 15.5 6.8| 0.000 42.254 42.25 41.25 232 0.1
1995 FB21 | 7.5| 24-Mar-95 0.00] 209.6] 28.4 0.7] 0.000 42.426 4243 43.05 24.0 1.1
1994 TG2 7.0] 15-Oct-94| 359.89| 358.9| 353.3 2.2] 0.000 42.448 42.45 41.47 233 0.3
1994 JS 7.5] 10-Oct-95| 324.15| 238.9 56.3] 14.0] 0.238 42.882 35.76 36.38 232 1.2
1995 GJ 7.0] 24-Mar-95| 359.96] 180.3| 338.9( 22.9] 0.091 42.907 39.01 38.18 23.0 0.8
1994 EV3 7.0] 10-Oct-95| 167.04 12.8 19.5 1.7{ 0.039 43.014 44.66 45.41 23.7 0.9
1994 VK8 | 6.0 14-Dec-94 0.00{ 349.01 72.8 1.4] 0.000 43.450 4345 42.90 22,5 1.1
1995 KJ1 6.5] 12-Jun-95 0.00] 180.6| 47.8 2.7 0.000 43.468 4347 4421 23.1 0.9
1995 DB2 7.0 4-Mar-95 0.03 0.2 128.6 4.3] 0.067 43.494 40.57 41.13 233 1.2
1994 GV9 | 7.0 10-Oct-95 22.26| 334.5| 176.9 0.6 0.041 43.660 41.98 41.07 233 0.5
1993 FW 7.0] 10-Oct-95| 322.14| 44.6] 1879 7.7 0.051 43.799 42.08 42.93 23.4 0.7
1992 QB1 7.0] 10-Oct-95 6.45| 357.4] 359.4 2.21 0.071 44.011 40.90 39.94 23.1 0.1
1994 JQ1 7.0] 10-Oct-95| 333.32 213.6] 25.7 3.7] 0.026 44.139 43.13 43.73 23.5 1.1
1995DC2 | 7.0] 4-Mar-95 0.00f 358.8] 154.3 2.1} 0.000 45.208 45.21 46.05 23.7 0.7
1994 ES2 7.5] 10-Oct-95| 280.53 100.0| 154.7 1.1 0.133 45.960 45.73 44.75 24.1 0.1
1995 WY2 | 7.0f 19-Nov-95 0.00] 360.0f 78.6] 10.2| 0.000 48.221 48.22 47.31 23.9 0.5
Centaurs | 2060 Chiron [ 6.0f 10-Oct-95| 357.53| 339.5| 209.4 6.9] 0.383 13.713 8.47 9.44 15.7 14
1994 TA |11.5] 10-Oct-95 50.97| 149.4 138.1 5.4] 0.398 17.763 15.65 14.70 23.5 1.2
1995 GO 9.0] 10-Oct-95| 332.50| 288.5 6.1 17.5] 0.651 19.451 13.19 14.04 20.6 2.3
5145 Pholus | 7.3] 10-Oct-95 15.88| 354.8] 119.4 24.7| 0.573 20.324 10.72 11.60 18.0 2.5
1993 HA2 | 9.5 10-Oct-95 10.69] 170.7 31.3] 15.6] 0.523 24.763 12.74 13.36 21.0 34
1995 DW2 | 9.0] 10-Oct-95 7.75| 355.1] 178.3 4.2] 0.242 24.852 18.96 18.08 219 1.5

F - at the specified epoch I - at the latest observation

The first object actually residing in the Kuiper belt was discovered in 1992. Object
1992 QB1 was found to orbit more than 40 AU from the Sun, more than 1.3 times as far from
the Sun as Neptune. Five more trans-neptunian objects were discovered in 1993; twelve more
were discovered in 1994; and twelve trans-neptunians have been discovered so far in 1995. A
total of 30 trans-neptunian, Kuiper belt candidate objects with at least approximate orbits have
been discovered so far (see Table 2).* The Hubble Space Telescope was recently used in an
attempt to detect some of the fainter members of the Kuiper belt.!" In a series of images
covering a small region of the sky, the Hubble detected 29 trans-neptunian objects. Although
these objects were found to be orbiting well beyond Neptune, the images were not sufficient
to calculate orbits for the objects or to warrant assigning them designations. An illustration of

the orbits of the outer planets, the Centaurs, and the TNOs is shown in Figure 3.
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Figure 3: Outer Solar System




Observational evidence, including the TNOs and Centaurs which have been
discovered, tends to support the existence of the Kuiper belt. The hypothesis that the
observed trans-neptunian objects are indeed the first few members of the Kuiper belt to be
observed is examined in this study. Evidence to test this hypothesis has been obtained by
comparing the observed magnitude distribution of the TNOs with the observed magnitude

distribution of short-period comets.

Procedure & Results

I expect that the magnitude distributions of populations of objects will be similar if the
populations are related to one another. For this reason, I have calculated magnitude, size, and
mass distributions for the trans-neptunian objects and magnitude distributions for the short-
period and long-period comets. Comparisons between the magnitude distributions of these
populations have provided some insight into the relationships among these objects. I have
derived extrapolations of these distributions based upon the magnitude and size distributions.
The theoretical magnitude and mass distributions were derived from the theoretical size
distribution as described below.

The size distribution of any particular population of solar system bodies of one

particular type should be of the form:

c.(r)=c.r [Eqn. 1]
where: c¢.(r) is the cumulative number of objects with radius > r, c5¢ is a positive real
constant, and s is a positive real constant.

This distribution should form a straight line of negative slope when plotted on a log-
log graph. The theoretical size distribution ¢(r) can be fitted to the observed size distribution
data to provide an extrapolation into size regimes that are underrepresented or totally absent in
the observational data. Care must be taken to fit the ideal distribution curve to those portions
of the data sets which are not significantly underrepresented. In choosing a fit to the
distributions throughout this study, I have used the least-squares fit to those data points, in the

well-represented portion, which result in the highest correlation coefficient.
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Size measurements must be obtained for the population of objects under consideration
before their size distribution can be calculated. Size measurements are not available for the
trans-neptunian objects (TNOs) or for most comets, however. Size estimates must therefore be
made based upon the objects' brightness’ and distances from the Sun and the Earth. Albedo
values must be assumed for the TNOs in order to estimate their sizes.

I have established the relationship between the magnitude and radius of an object by
making several assumptions. The objects under consideration have been assumed to be
spherical with a constant (average) albedo over their surfaces. The intensity of light reflected
to the observer has been assumed to fall off as the square of both the Sun-to-object and object-

to-Earth distances. I have derived the resulting magnitude-radius relationship to be:

RD |
r=y =107 [Egn. 2]
%)
where: r is the object radius, R is the Sun-to-object distance, D is the object-to-Earth

distance, ol is the albedo, fis the fractional projected illuminated area that is visible
from Earth, m; is the apparent magnitude, and 7y is a positive constant for the entire
solar system.

I have determined 7y for the solar system by averaging the values obtained for vy for each
of several solar system bodies. The solar system bodies used and each of their y values are
given in Table 3. The average value of ¥ (which was used hereinafter in this analysis) was
found to be Y= 656 km/AU?. The standard deviation for this value of vis 6 =40.5 km/AU?.
Three standard deviations were added to or subtracted from the nominal value of y as well as
using the minimum or maximum albedos to obtain estimates for the minimum and maximum
sizes of objects. The TNO size distributions for each of the minimum, nominal, and
maximum albedo values: 0.01, 0.03, and 0.10, respectively, are shown in Figure 4a. These
albedo values were chosen to reflect the observed albedos of Chiron, Pholus, Pluto, Charon,

and Triton.
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Table 3: 7y Values of Solar System Bodies

Heliocentric | Geocentric

Distance Distance | Radius Apparent | Fractional
Object Name (AU) (AU) (km) |Albedo| Magnitude| Illumination| y (kn/AU?)
Mercury 1 1 2439 | 0.106 -0.42 1 654.43231
Venus 1 1 6052 | 0.65 -4.4 1 643.214162
Earth 1 1 6378.1 | 0.367 -3.86 1 653.171279
Moon 1 1 1738 | 0.12 0.21 1 663.193705
Mars 1 1 33934 | 0.15 -1.52 1 652.650515
Phobos 1 1 11 0.06 11.8 1 623.309985
Deimos 1 1 6 0.07 12.89 1 632.121093
Jupiter 1 1 71398 | 0.52 9.4 1 678.715423
Io 1 1 1815 | 0.61 -1.68 1 653.945487
Europa 1 1 1569 | 0.64 -1.41 1 655.711696
Ganymede 1 1 2631 0.42 -2.09 1 651.246636
Callisto 1 1 2400 0.2 -1.05 1 661.799203
Amalthea 1 1 94 0.05 7.4 1 637.249314
Himalia 1 1 93 0.03 8.14 1 683.980273
Thebe 1 1 50 0.05 8.9 1 670.305224
Adrastea 1 1 10 0.05 12.4 1 660.909652
Saturn 1 1 60000 | 0.47 -8.88 1 688.96979
Mimas 1 1 196 0.5 33 1 633.491911
Enceladus 1 1 250 1 2.1 1 657.566998
Tethys 1 1 530 0.9 0.6 1 662.82232
Dione 1 1 560 0.7 0.8 1 677.231339
Rhea 1 1 765 0.7 0.1 1 670.209308
Titan 1 1 2575 | 0.21 -1.28 1 654.465685
Hyperion 1 1 143 0.3 4.63 1 661.084935
Tapetus 1 1 730 0.2 1.5 1 651.385157
Phoebe 1 1 110 0.06 6.89 1 643.381117
Janus 1 1 96 0.8 4.4 1 650.188401
Epimetheus 1 1 59 0.8 5.4 1 639.172515
1980S6 1 1 16 0.7 8.4 1 652.194205
Telesto 1 1 15 0.5 8.9 1 620.857271
Calypso 1 1 13 0.6 9.1 1 650.859212
Atlas 1 1 14 0.9 8.4 1 642.149654
1980826 1 1 44 0.9 6.4 1 799.83856
1980827 1 1 52 0.6 6.4 1 766.39319
Uranus 1 1 25400 | 0.51 -7.19 1 661.635508
Ariel 1 1 665 0.2 1.7 1 650.633833
Umbriel 1 1 555 0.1 2.6 1 581.156344
Titania 1 1 800 0.21 1.27 1 657.960216
Oberon 1 1 815 0.16 1.52 1 656.474105
Neptune 1 1 24300 | 0.41 -6.87 1 657.655115
Pluto 1 1 1500 0.3 -1 1 518.384356
Average: 655.66139
Std. Dev.: | 40.4915768

15




Figure 4a: Trans-Neptunian Object Size Distribution
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Figure 4b: Trans-Neptunian Object Size Distribution
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Extrapolations of the TNO size distribution to sizes not represented in the observed
population may be made by extending the fitted curve described by Equation 1.
Extrapolations to smaller sizes in particular can be used to estimate the total number of TNOs
that may be present. The extrapolated size distributions for the albedo values previously used
are shown in Figure 4b.

Extrapolations based upon the TNOs which have been observed would only indicate
the number of TNOs within the distance range that has been observed; TNOs which may be
more distant from the Sun and the Earth may not be detected. Extrapolations based upon the
observed TNOs alone may therefore misrepresent the population of TNOs in the hypothesized
Kuiper belt. This misrepresentation may be corrected by calculating and similarly

extrapolating the magnitude distribution of the TNO population.

I have derived the expected magnitude distribution of a population of objects, which
conform to the size distribution described by Equation 1 and whose magnitude-radius
relationship is described by Equation 2, as outlined in Appendix A. The population of objects
is assumed to be uniformly distributed (the number of objects of a given size per unit volume
is constant) throughout a (negligibly) thin disk which extends from an inner radius of R, to an
outer radius of R,. The point of view of the observer is also assumed to be sufficiently close

to the Sun so that D = R. The derived magnitude distribution of such a population of objects

is given as:
s+1
(04 > Lis+
C< (mh) = ﬂ(i} C 0 105( 1)mh [Eqn. 3]
y (s+1
where: c<(my) 1s the cumulative number of objects with “heliocentric” magnitude < my, (the

“heliocentric” magnitude, my, is the apparent magnitude which would be observed
from the viewpoint at the Sun), 3 is a positive constant parameter which is based
upon the size of the disk, and the other parameters are as defined previously.
The magnitude distribution described by Equation 3, including appropriate values for
a, R;, and R,, has been fitted to the observed magnitude distribution of the TNOs to obtain
corrected values of ¢ and s. The observed and extrapolated TNO absolute magnitude and

heliocentric magnitude distributions are shown in Figures 5a, b, c, and d.
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Figure 5c: Trans-Neptunian Object

Absolute Magnitude Distribution Extrapolation
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The corrected values of c5 and s have been used in Equation 1 to recalculate the
extrapolated size distribution of TNOs so as to reflect the contribution from unseen TNOs
throughout the hypothetical Kuiper belt and to correctly reflect the magnitude distribution.
The corrected value of s obtained from the observed heliocentric magnitude distribution is s =
2.97; for R; =30 AU and R, = 200 AU, the corrected values of ¢-o obtained from the observed
heliocentric magnitude distribution are ¢so = 2.87><109, 3. 13><1010, 2.77x10" 1, for ao.=0.10,
0.03, 0.01, respectively. Extrapolations of the corrected size distribution of TNOs have been
used to reestimate the cumulative number of trans-neptunian objects larger than a given size.

The corrected extrapolations of the TNO size distribution is shown in Figure 6.

Figure 6: Trans-Neptunian Object Size Distribution Extrapolation
(Corrected to Reflect Magnitude Distribution and Include Full Extent of Kuiper Belt)
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Estimates of the mass distribution of TNOs have also been made based upon the
corrected size distribution of TNOs. The expected mass distribution of objects with the
properties previously assumed and the size distribution described by Equation 1 has been
derived as described in Appendix B. The mass density distribution of individual objects of
any size throughout the disk, p(r,R), is assumed to be a constant, p, and the value of the
parameter s is assumed to be less than 3 (a slightly different equation would be obtained for
other values of s5). The derived mass distribution of such a population of objects is given as:

dr s

M D=5

N

Cuo or [Eqn. 4]

where: M(r) is the cumulative mass of all objects with radius < r, p is a the (constant)
mass density of each object, and the other parameters are as defined previously.

The derived mass distribution of the TNOs is shown in Figure 7.

Figure 7: Trans-Neptunian Object Mass Distribution Extrapolation
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The magnitude distributions of short-period comets should follow the same
distribution as described by Equation 3, but with different values for the parameters ¢, s, and
B, as should all other distinct populations of solar system objects, with the H;o magnitudes of
comets being used instead of (and equivalent to) their absolute magnitudes. The Hj
magnitudes of many comets have been obtained from the Houston Comet Catalogue."” The

H,, magnitude distributions of short-period and long-period comets and fitted extrapolations

to the distributions is shown in Figure 8a.

Figure 8a: Comet Hio Magnitude Distribution & Extrapolation
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Figure 8b: Short-Period Comet Hio Magnitude Distribution &
Extrapolation (Excluding Six Brightest Comets)
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Discussion

The (uncorrected) trans-neptunian object (TNO) size distribution shown in Figure 4a
displays some interesting features. In the well-represented, larger-radius portion, the
distribution contains two distinct (log-log) linear portions, perhaps indicating two distinct
populations of objects. The three largest objects seem to fall along one population line, and
the third- through the eighteenth-largest objects fall very well along another population line. I
believe that the true population line for the TNOs (if there is indeed only one) probably lies
somewhere in-between the two population lines apparent in the TNO size data because the
larger-radius population line is due to only three data points; not very much upon which to

make a case for multiple TNO populations.
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The underrepresented portion of the TNO size distribution, where the distribution
deviates from an ideal population distribution, contains a step-like effect in which small
groups of data points seem to follow their own (log-log) linear population lines, with
discontinuities between each of these data point groups. This step-effect could be due to the
low precision of the TNO apparent magnitudes from which their sizes are estimated;
quantization of the apparent magnitude data would lead to quantization in the estimated sizes.
I believe that when more accurate measurements of the TNOs are available, and when more
individual TNOs have been observed, this quantization effect should vanish.

The fitted extrapolations of the TNO size data, as shown in Figure 4b, provide an
estimate for the total number of TNOs which may exist. Assuming the TNOs are relatively
highly reflective (ot = .10) and using three standard deviations of error in my Y estimate gives
at least a billion (10°) TNOs that have radii of at least 1 km. Assuming the TNOs are poorly
reflective (o0 = .01) and again using three standard deviations of error in my Y estimate gives
up to a trillion (10]2) or more TNOs that have radii of at least 1 km. These estimates, while
generally indicative of the great number of Kuiper belt members (far outnumbering any other
population of objects in the Solar System), are not very precise and only give an order of

magnitude estimate of the number of bodies populating the Kuiper belt and the Solar System.

The TNO magnitude distribution, as shown in Figure 5, is somewhat better behaved
than the TNO size distribution. The TNO heliocentric magnitude distribution (see Figures 5b
and 5d) fits an extrapolated population line fairly well. The only anomaly that is apparent is a
series of four or five TNOs which all have roughly the same heliocentric magnitudes (23.0 to
23.1) instead of gradually getting brighter. It seems as if a portion of the population line were
'broken' off from the rest and 'bent' downwards towards dimmer magnitudes. The adjustment
in heliocentric magnitude which would be necessary to 'straighten-out' the TNO heliocentric
magnitude distribution is well within the typical observational errors associated with the
TNOs. Such a correction adjustment may occur when more precise measurements of the
TNOs have been made.

The TNO absolute magnitude distribution is shown in Figure 5a. Although the TNO

absolute magnitude distribution is not expected to follow the magnitude distribution described
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by Equation 3, it is expected to follow a similar, (semilog) linear distribution. An
extrapolation of the TNO absolute magnitude distribution is therefore shown in Figure Sc as
well. The TNO absolute magnitude distribution shows the same features as the TNO size

distribution in Figure 4a, as would be expected.

The TNO size distribution extrapolation, corrected to reflect the observed TNO
heliocentric magnitude distribution and to include the full extent of the Kuiper belt, is shown
in Figure 6. This size distribution is based upon an assumed Kuiper disk extending uniformly
from an inner radius, R;, of 30 AU to an outer radius, R,, of 200 AU. Adjusting the inner or
outer boundaries of this hypothesized Kuiper disk would not affect the slope of the population
distribution lines, but would only shift the population lines to greater or lesser cumulative
numbers of objects. For these values of R; and R, (this value of R, is rather speculative), the
estimated number of objects at least 1 km in radius is very close to that obtained from the
uncorrected size distribution in Figure 4b; there are many billions (10”) of TNOs at least 1 km
in radius.

One notable difference between the corrected and uncorrected size distribution
extrapolations is apparent; the corrected size distribution extrapolation predicts substantially
more TNOs of greater sizes. The corrected size distribution extrapolation indicates that
several Pluto-sized objects (perhaps hundreds) exist throughout the Kuiper belt. This
extrapolation bolsters the idea that Pluto and Charon are really trans-neptunian, Kuiper belt
objects that were captured into their present, Neptune-resonant orbit by indicating that there
should be many other similar-sized objects as well; if so, one would expect a few of them to

be occasionally captured into Neptune-resonant orbits, or by Neptune itself.

The TNO mass distribution extrapolation is shown in Figure 7. This TNO mass
distribution is based upon the same Kuiper disk used to generate the corrected size
distribution extrapolation in Figure 6, with the constant mass density of individual TNOs
equal to 0.5 g/cm’. I chose this particular density to be the same as the most likely density of
comet Shoemaker-Levy 9 as determined by Asphaug13 because short-period comets are

believed to originate in the Kuiper belt, as described earlier. The TNO mass distribution
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extrapolation is remarkably flat; the slope of the TNO mass distribution is sufficiently close to
1 that, within the error of measurement, it could be greater than 1 or identically equal to 1.
This corresponds to the value of s used in Equations 1, 3, and 4 being greater than or equal to
3, contrary to the assumption s = 3 used to derive Equation 4 in Appendix B. The alternate
versions of Equation 4 which would result for s = 3 are similar enough to that resulting from s
< 3 s0 as to not significantly change the cumulative mass distribution within the Kuiper belt.
As for the total mass present in the Kuiper belt, the calculated TNO mass distribution
extrapolation indicates that there is approximately "a large terrestrial planet's worth" of mass

(~10® kg) in the Kuiper belt.

The H;o magnitude distributions of short-period and long-period comets for which Hj
magnitudes have been calculated is shown in Figure 8a along with the extrapolated fits to their
data. The long-period comets fit very well to an ideal population distribution line, with a
sharp drop-off corresponding to the underrepresented and relatively underobserved data
portion. The short-period comets however, do not fit to any particular population distribution
line very well. There is a nearly (semilog) linear data portion within the main body of the
data, shown along the solid population line in Figure 8b. This population line is far different
from the population line obtained by fitting to the entire (supposedly) well-represented portion
of the short-period comet data. The population line fitted to the entire well-represented data
portion is shown as the dotted line in Figure 8b. The six brightest short-period comets:
P/Schwassmann-Wachmann 1, P/Olbers, P/Pons-Brooks, P/Halley, P/Swift-Tuttle, and
P/Holmes, at H;p magnitudes: 5.6, 5.5, 5.1, 4.6, 4.0, and 0.5, respectively, are much brighter
than, and don’t follow the magnitude distribution trend of, the other short-period comets.
Aside from the actual values of their periods, these six comets fit very well into the long-
period comet population; I suspect that they actually belong in the long-period comet
distribution. Perhaps these six comets are not part of the same population of comets which
are thought to originate in the Kuiper belt, the short-period comets, but instead have been
misclassified because of their orbital periods and they actually belong to the population of
comets which are thought to originate in the Oort cloud, the long-period comets. Further

analysis of the orbital elements and possible evolutionary history of certain short-period
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comets may indicate that some short-period comets evolved into their present orbits from
long-period, Oort cloud-originating, orbits; I suspect that such short-period comets may have

once been long-period comets.

The best-fit population lines for the trans-neptunian objects, long-period comets
(LPCs), short-period comets (SPCs), the best-fit population line and maximum slope
population line for the short-period comets (without the six brightest comets), and the

(base-10 semilog) slopes of these lines are shown in Figure 9.

Figure 9: Comet and Trans-Neptunian Object Magnitude Distributions
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The slope of the population line for the long-period comets is nearly identical to that of
the short-period comets with the six brightest SPCs removed from the SPC population and

added to the LPC population. This not only supports the generally accepted idea that the
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SPCs and LPCs are related, but also supports the idea that those six brightest SPCs discussed
previously are indeed misclassified as part of the Kuiper belt (short-period) population of
comets instead of the Oort cloud (long-period) population of comets.

I expected that the slope of the cumulative population distribution line of the TNOs
would be similar to that of the short-period comets, thereby supporting the hypothesized
relationship between TNOs, the Kuiper belt, and short-period comets. The population lines
for these groups of objects are significantly different however. The SPCs do not seem to have
any clearly-defined population line (hence the three different population lines given), which
makes it difficult to compare with the TNO population line. The TNO population line does
not fall along a slope near to any of the three possible SPC population lines. Although many
more H;o magnitude measurements of many more short-period comets could refine the SPC
population line to be closer to that observed for the TNOs, I interpret the population difference
as follows: while the observed trans-neptunian objects are likely to be the first of many in the
Kuiper belt, the trans-neptunian objects that have been observed may not be representative of
the Kuiper belt as a whole. I expect that the trans-neptunian object population distribution
will more closely approach that of the short-period comets once many more TNOs farther out
in the Kuiper belt have been observed. I expect that the TNO population distribution is
shallower than what we have observed as yet; the small portion of the Kuiper belt that we
have observed is more heavily populated than the main, outer portion of the Kuiper belt.

I have determined the TNO incremental semimajor axis distribution, as shown in
Figure 10a, to help support this hypothesis. The TNOs are strongly clustered around those
semimajor axes which have resonant orbits with Neptune’s orbit. In fact, a third of the TNOs
are clustered around the 2:3-resonance at 39.45 AU, as is the Pluto-Charon pair. This
clustering at the 2:3-resonance in turn supports the notion that Pluto and Charon are Kuiper
belt/trans-neptunian objects that were captured into resonance with Neptune. I expect that
more TNOs will be found clustered around, or totally absent from, the strongest Neptune-
resonant orbits. Outside of these resonant orbits, I expect the TNO population distribution the

better reflect the short-period comet distribution.
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Figure 10a: Trans-Neptunian Object
Semimajor Axis Distribution
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I have also plotted the TNO absolute magnitudes vs. their ssmimajor axes in Figure
10b to support the proposed segregation and/or clustering of TNOs. Not only is the resonant
clustering apparent in Figure 10b, but the observed TNOs appear to be mostly in the 7.0 to 7.7
magnitude range, with the exception of eight TNOs of brighter or dimmer magnitudes
clustered around the Neptune-resonant orbits. Five dimmer TNOs are clustered around the
2:3-resonance, two brighter TNOs are just beyond the 3:5-resonance, and one dimmer TNO

seems out-of-place at the 3:4-resonance.
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Figure 10b: Trans-Neptunian Object
Absolute Magnitude vs. Semimajor Axis
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Conclusions

As a result of this study, I conclude the following:

¢ The population of observed trans-neptunian objects is not numerous enough or distributed
far enough in distance from the Sun and Neptune, and the short-period comet population
doesn’t have a well-enough-defined population distribution line, to judge whether the

observed trans-neptunian objects are related to the short-period comets.

¢ Additional observations of trans-neptunian/Kuiper belt candidate objects and of short-
period comets are needed in order to more conclusively establish their relationship, and

the existence of the Kuiper belt.
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¢ The observed trans-neptunian objects may not be representative of the Kuiper belt as a
whole, (assuming the Kuiper belt exists and they are part of it), probably because of

resonance-effects with Neptune.

¢ The six brightest short-period comets for which H;¢ magnitudes have been calculated,
P/Schwassmann-Wachmann 1, P/Olbers, P/Pons-Brooks, P/Halley, P/Swift-Tuttle, and
P/Holmes, likely belong to the Oort cloud (long-period) population of comets instead of
the Kuiper belt (short-period) population of comets because of their greater-than-expected
magnitudes, their poor fit with the rest of the short-period comet cumulative magnitude
distribution, and the similarity of the short-period and long-period comet cumulative
magnitude distributions when these six comets are included in the long-period comet

population instead of the short-period comet population.

¢ Assuming the population distributions calculated for the observed trans-neptunian objects

are approximately valid when applied to the Kuiper belt as a whole:

e There are many billions (10”) of trans-neptunian objects throughout the Kuiper belt.

e There are several, perhaps hundreds, of Pluto-sized trans-neptunian objects throughout
the Kuiper belt.

¢ The total mass of trans-neptunian, Kuiper belt objects is ~10% kg, about the same as a

large terrestrial planet.

¢ The relatively large concentration of trans-neptunian objects around the 2:3 Neptune
resonance, the prediction of several Pluto-sized objects throughout the Kuiper belt, and the
similarity of Pluto’s orbit and the trans-neptunian object’s orbits, all support the idea that

Pluto and Charon are simply the largest yet known trans-neptunian, Kuiper belt objects.
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Appendix A

Derivation of Cumulative Magnitude Distribution c(m;)

Given a number density (number of objects of a particular radius, r, at a particular distance

from the Sun, R, per unit volume): n(r,R) =n(r); (i.e. - independent of R)

the total number of objects, n(r),of a given radius, r, throughout a thin disk of inner radius R;

and outer radius R, is:

n(r)= If“zan( r, R)dR = jlf "27Rn(r)dR = [E R>n(r )]i =2(R,~ R))n(r)

and given a cumulative size distribution (cumulative number of objects greater than radius r):

Cc.(r)= J‘:;’l(l”)dr' — [C(l")]j =C. s Where c(r)= Jn(r’)dr' = E(Ri — R,Z)J‘ n(r’)dr’,

and c5o and s are positive constants;

then: ¢, r'= [ﬂ(R%—R%)J l’l(l",)dl’,] = ”(Ri - Ri)[j n(r,)dr,],
Integrating this expression gives the following:

C-oS
{R:-R)r"

—(s+1)

n(r)= and nr)=c.,sr

. . . . RD 1
Assuming the radius-magnitude relation:  r= 7(—) 10,

Vof
the expression for n(r) can be rewritten as the number density of objects of a particular

apparent magnitude, m;, at a particular distance from the Sun, R, per unit volume:

s+1

M RD, f) =~ Vo 10
”(RO_RL‘) 7RD
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Appendix A (continued)

Assuming that D =R, f=1 (;—i =0), and % =0 the total number of objects, n(m,),of a given
heliocentric magnitude, m,,, throughout a (negligibly) thin disk of inner radius R; and outer

radius R, is:

R R
n(m,) = jR 27Rn(p,; R, D, f)dR = jR 27Rn(p,; R)AR

s+1
_ 22C>05 : \/a log(m)th-Rl R—(zm) dR=c.,
(R-R)\ y K

The cumulative heliocentric magnitude distribution (cumulative number of objects with

heliocentric magnitude less than m;,) is:

s+1

[™ 10" d py?,

(R*-R*)[Ja
(R-R) \y

 se. RTR)(Ja
(s+1)in(10) (R~ R}) 14

\/a s+1

_ Cso V= WstUm, . p— S(R;zx - R;ZX)
_'B(s+1) y 10 ’ ﬂ_ln(lo)(Rj—Rf)

ni,
c.m)=["n(m’ Jdm’,=c.,

s+1

loé(s-kl)mh
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Appendix B

Derivation of Cumulative Mass Distribution M(r)

Given a number density (as derived in Appendix A), n(r), of spherical objects of uniform
individual mass density, p, distributed uniformly throughout a thin disk, the disk mass

density, m(r), of objects of a given radius, r, is: m(r)=4%7p r3n( r) and the disk cumulative

mass distribution, M(r), is: M _(r)= j;m(r’)dr’ = J.Or%ﬂ'p 1",3 n(r’)dr’

Recalling (from Appendix A) that ¢(r) = j n(r’)dr’and ¢_(r)= [C( r )]oo =cC.,1 »then
similarly, ¢_(r)= [C( r )]r =c(€)— .y 7 where € is an arbitrarily small constant.

Integrating by parts to get M(r) gives:

r B 7 ’ 4” r ’ 7 r r ’” ’” 7
M<(r)=.|'0%7[pr’zn(r )dr =?pr3j’0n(r )dr —J.O [47[pr’2J.0n(r )dr }dr

iy r L iy 1
=?PI"3C<(”)—IO 475pr’2C<(r )dr =—?pc>0+475pc>oln(r)=47£pc>0(ln(r)—§)

for s =3, and

r ’ ’ 47[ 3 r ’ ’ r r, ’” ’” ’
M<(r)=."0§7rpr'3n(r )dr =?pr2J‘0n(r )dr —J'O |:47Z'pr’2j‘0n(r )dr }dr

dr r 2 Lo, 47 1 4 s 4w s 1g
=— r)—| 4 r’)dr’ =—— +— =—

3 Prc(r) IO or-c(r) 3 PCol T 3T PCol = T PGl
fors # 3.
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Appendix B (continued)

For s = 3 then, the cumulative mass, M(r,, r,), of objects with radii greater than r; and radii

less than r» is:
M(r.r)=M.(r) - M.(r)=47c., pin(r,) - In(p,)

for 0 < s < 3, the cumulative mass, M(r), of objects with radii less than r is:

47 N 3—s

M<(r)=?mc>opr‘

and similarly, for s > 3, the cumulative mass, M- (r), of objects with radii greater than r is:

47 N 3—s

M>(r)=?(s_—3)c>opr‘
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