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ABSTRACT

A formula for low-frequency interaural level difference (LF-ILD) as a function of source distance and direction
is derived from rigid-sphere head-related transfer function (RS-HRTF) theory. Since ILD at low frequencies
(typically f < 700 Hz) is a dominant cue for near-field distance perception in the free-field, a simple formula
akin to the Woodworth formula for high-frequency interaural time difference, may be beneficial to easily and
efficiently implement distance- and direction-dependent LF-ILDs for real-time spatial audio applications on devices
with limited computational resources. By evaluating the limit as f → 0 of the infinite series representation of the
RS-HRTF for finite source distances, an exact, closed-form expression for the “DC gain” as a function of source
distance and direction is derived. For a given source location, using this expression to compute the DC gain at the
left and right “ears,” and then taking the ratio of the two quantities gives the desired LF-ILD. As an example, it is
shown that the derived formula may be used to extrapolate far-field ILD spectra of a rigid sphere to the near-field
exactly for low frequencies and with sufficiently high accuracy for higher frequencies. Furthermore, the derived
formula, like the Woodworth formula, is well-suited to individualization.

1

Introduction

Many virtual reality (VR) applications use head-related
transfer functions (HRTFs) to synthesize binaural signals for spatial audio reproduction over headphones or
crosstalk-cancelled loudspeakers. While the HRTF is a
listener-specific function of frequency, source direction
and distance, the distance-dependence is significant
only in the near-field (generally within 1 m from the listener). This enables an HRTF to be classified as either
far-field or near-field, with distance-dependence being
ignored in the former.
At low frequencies (typically less than 700 Hz), interaural level differences (ILDs) computed from a far-field
HRTF are small (close to, if not exactly, 0 dB) irrespective of source direction and distance, but those computed from a near-field HRTF increase significantly

with decreasing distance, especially for lateral source
directions [1–4]. In contrast, interaural time differences
(ITDs) and high-frequency spectral features are, even
from a perceptual standpoint, largely independent of
source distance, especially when compensating for the
so-called acoustic parallax [2, 5–7]. Therefore, although low-frequency ILD (LF-ILD) is only one of
many cues that contribute to near-field distance perception in reverberant environments, it is the dominant one
in the free-field [3–6]. For applications where moving
near-field sources are to be rendered smoothly in realtime, an accurate and efficient method for computing
and reproducing these ILDs may be beneficial.
1.1

Background and Previous Work

One way to ensure that correct LF-ILDs are reproduced
is to use an accurate near-field HRTF. There are many
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methods for obtaining such an HRTF (for summaries,
see the works by Enzner et al. [8] and Xie [9], for
example), of which a few are well-suited for real-time
applications.
Spagnol et al. [10] propose a parametric filter composed of a first-order, high-frequency shelving filter and
a second-order rational function that together approximate the so-called distance variation function (DVF)
proposed by Kan et al. [11].1 The DVF is essentially
the ratio between a near-field and far-field rigid-sphere
HRTF (RS-HRTF) and is used to extrapolate a far-field
HRTF to the near-field. The rational function is used
to compute the “DC gain” (i.e., the gain at frequency,
f = 0) of the near-field RS-HRTF as a function of
source distance and direction (since the gain of the
far-field RS-HRTF is 0 dB irrespective of source direction), while the shelving filter is used to transform
the far-field frequency response to the near-field one,
normalized by the DC gain. Since the shelving filter
parameters and the rational function coefficients are
computed from data corresponding only to a discrete
set of source directions, linear interpolation is used
to compute the parameter values of the shelving filter
and the DC gains for other directions. We note that
implementing the parametric filter in practice essentially amounts to applying an ILD correction that is a
function of frequency, source distance and direction.
In an audio plugin developed by Poirier-Quinot and
Katz [13], extrapolation of a far-field HRTF to the nearfield is accomplished in real-time through the use of
acoustic parallax correction and a pair of cascaded biquad filters for implementing distance- and frequencydependent ILD corrections. Although details are lacking, Poirier-Quinot and Katz indicate that the filters
reproduce ILD variations “via a spherical head model,”
which suggest that they are at least conceptually similar
to the parametric filter proposed by Spagnol et al. [10].
The biquad filter coefficients appear to be computed for
a finite set of source distances and/or directions, since
Poirier-Quinot and Katz state that linear interpolation
between neighboring biquad values is performed when
necessary.
Both methods are based on the RS-HRTF, making
them conceptually-simple, computationally-efficient,
1 The DVF is identical to the difference filter proposed earlier by
Romblom and Cook [12].

and well-suited to individualization. However, recalling that low-frequency ILD is the perceptuallydominant distance cue [3–6], we suggest that computing a frequency-dependent ILD correction may not be
necessary in practice to extrapolate a far-field HRTF to
the near-field. Furthermore, as we shall later demonstrate, far-field and near-field ILD spectra corresponding to the RS-HRTF are largely similar except for an
overall gain that is equal to the LF-ILD. Consequently,
correcting for this ILD alone may be sufficient to compute perceptually accurate near-field ILD spectra from
corresponding far-field ones. In addition to being easier
to implement, further computational savings may be
had by ignoring the frequency-dependence and instead
using a simple formula, akin to the extended Woodworth formula for high-frequency ITD [14], for example, to compute a distance-dependent LF-ILD. Even
should a frequency-dependent ILD correction be required, the parametric filter proposed by Spagnol et al.
[10], for example, may benefit from a simple formula
instead of the rational function to compute the DC gain
exactly for any source distance and direction, without
the need for any interpolation.
1.2

Objectives and Approach

Our objective is to derive a formula for LF-ILD as a
function of source distance and direction. Drawing
inspiration from the well-known Woodworth formula
for high-frequency ITD [15, 16] and its extended version [14], both of which are based on modeling the head
as a rigid sphere, we derive our formula by solving the
RS-HRTF in the low-frequency limit. Specifically, we
show that the limit, as f → 0, of the infinite series representation of the RS-HRTF for finite source distances
may be represented exactly as a closed-form expression. By using this expression to compute the DC gains
for left and right “ears” and taking the ratio of these
two quantities (or, equivalently, their difference in dB),
the LF-ILD is readily obtained. Unlike the rational
function by Spagnol et al. [10] and the biquad filters by
Poirier-Quinot and Katz [13], our formula is exact and
does not require additional interpolation.
1.3

Outline

We begin by reviewing RS-HRTF theory in Section 2,
which we then use in Section 3 to derive our formula
for LF-ILD. Finally, in Section 4, we give an example application where we use our formula to compute
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LF-ILDs for a selection of source positions in the nearfield, and use these ILDs to extrapolate ILD spectra of
a far-field RS-HRTF to these positions. We then evaluate the accuracy of the extrapolated spectra relative to
benchmarks.

2

Although customary, we don’t need to take the absolute
value of the ratio shown in Eq. (6) since the limit is
always real-valued.
For µ  1, the limiting form of hm (µ) is given by [18]
hm (µ) ∼

Review of RS-HRTF Theory

Let µ denote a non-dimensional frequency such that
rRS
µ = 2π f
,
c

(1)

hm (µ) = −hm+1 (µ) +

hm (µρ)
,
0
hm (µ)

(8)

0

i [(2m + 1)!! − m(2m − 1)!!]
µ m+2
i(m + 1)(2m − 1)!!
=
.
µ m+2

hm (µ) =

(9)

Similar to Eq. (7), the limiting form of hm (µρ) for
finite-valued ρ is given by [18]
(2m − 1)!!
.
i(µρ)m+1

hm (µρ) ∼

(3)

with B∗m denoting its complex conjugate, hm the mth order spherical-Hankel function (of the first kind), and
0
hm its first derivate with respect to the argument. Note
that Θ ∈ [0, 180◦ ] represents the angle between two
rays from the center of the sphere, one to the source
and another to one of the “ears.” In the limit ρ → ∞,
we have [1, 17]

m
hm (µ),
µ

we have, for µ  1,

∞
ρ
H(µ, ρ, Θ) = − eiµρ ∑ B∗m (µ, ρ) Pm (cos Θ) , (2)
µ
m=0

where Pm is the mth -degree Legendre polynomial, Θ is
the so-called angle of incidence, ρ = rS /rRS > 1 is the
non-dimensional distance to the source, and where

(7)

where !! denotes a double factorial, such that m!! =
m(m−2)(m−4) . . . . Using the recurrence relation [18]
0

where f is frequency in Hz, c is the speed of sound,
and rRS is the radius of the sphere. The RS-HRTF, H,
for a sphere centered at the origin and for a source at a
finite distance, rS , from the origin, is given by [1]

Bm (µ, ρ) = (2m + 1)

(2m − 1)!!
,
iµ m+1

(10)

0

Substituting for hm (µ) and hm (µρ) from Eqs. (9)
and (10), respectively, into Bm (µ, ρ) in Eq. (3) gives,
for µ  1 and ρ > 1,
Bm (µ, ρ) =

−µ(2m + 1)
,
ρ m+1 (m + 1)

(11)

which, when substituted into Eq. (2), gives
1 ∞
lim H(µ, ρ, Θ) = 2 ∑ A∗m (µ) Pm (cos Θ) ,
ρ →∞
µ m=0
where
Am (µ) =

(−i)m−1 (2m + 1)
.
0
hm (µ)

(4)

(5)

H(µ, ρ, Θ) = eiµρ

Derivation of LF-ILD Formula

lim H(µ, ρ, Θ) =

µ →0

∑

m=0

(2m + 1) Pm (cos Θ)
.
ρ m (m + 1)

(13)

For reasons that will soon become clear, we may rewrite Eq. (13) as

We begin by defining LF-ILD, L, as
H (µ, ρ, ΘL )
,
H (µ, ρ, ΘR )

(12)

from which we get

µ→0

L (ρ, ΘL , ΘR ) = lim

(2m + 1)Pm (cos Θ)
,
ρ m (m + 1)
m=0

∑

∞

We note that Eqs. (2) and (4) are only valid for µ > 0.

3

∞

∞

(6)

lim H(µ, ρ, Θ) = 2
µ→0

∑ ρ −m Pm (cos Θ) −

m=0

∞

where ΘL and ΘR denote the angles of incidence corresponding to the left and right “ears,” respectively.
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ρ −m Pm (cos Θ)
.
m+1

(14)
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The generating function, G, for Legendre polynomials
is given by [18]
∞

G (x, z) =

1
Pm (x) zm = √
1 − 2xz + z2
m=0

∑

(15)

provided |z| < 1. From Eqs. (14) and (15), and recalling
that ρ > 1, we get
lim H(ρ, µ, Θ) = 2G (cos Θ, 1/ρ) −
µ→0
∞

ρ

∑

m=0

ρ −(m+1) Pm (cos Θ)
,
m+1

(16)

where we extract a factor of ρ out of the infinite sum for
a reason that will soon become apparent. By integrating
the generating function, G, in Eq. (15), we get
Z z

∞

G (x, ζ ) dζ =
0

∑

m=0

Pm (x) zm+1
,
m+1

(17)

where ζ is the variable of integration. Then, from
Eqs. (16) and (17), we get

Fig. 1: Mean absolute ILD error versus µ. The errors
are averaged over all Θ and the error bars show
1 standard deviation. The top axis shows frequencies for a rigid sphere of radius 0.09 m.

Equation (21) is valid for all ρ > 1 and it may be easily
verified that

lim H(µ, ρ, Θ) = 2G (cos Θ, 1/ρ) −
µ→0

Z 1/ρ

G (cos Θ, ζ ) dζ .

ρ

(18)

lim H(µ, ρ, Θ) = 1,

0

Substituting the closed-form expression shown in
Eq. (15) for G and evaluating the integral then gives
2ρ
lim H(µ, ρ,Θ) =
− ρ×
µ→0
d (ρ, Θ)


d (ρ, Θ) + 1 − ρ cos Θ
log
,
ρ (1 − cos Θ)

which is a well-known result. The desired formula for L
is then given by Eqs. (6), (20), and (21) taken together,
noting that the limit of a ratio is equivalent to the ratio
of the limits.

(19)

where log (·) denotes taking the natural logarithm of
the argument and d given by
q
d (ρ, Θ) = ρ 2 − 2ρ cos Θ + 1
(20)
is the non-dimensional Euclidean distance between the
source and the chosen ear. It may be easily verified
that Eq. (19) is not valid for Θ = 0. Consequently, we
take the limit of the expression on the right-hand-side
of Eq. (19) as Θ → 0 to obtain the overall result
2ρ
lim H(µ, ρ, Θ) =
− ρ×
d (ρ, Θ)
 

d (ρ, Θ) + 1 − ρ cos Θ


log
, Θ 6= 0, (21)


ρ (1 − cos Θ)



ρ


,
Θ = 0.
log
ρ −1

µ→0

(22)

µ→0
ρ→∞

4

Example Application

We suggest, in Section 1.1, that using LF-ILDs to extrapolate far-field ILD spectra to the near-field may
be sufficient to enable distance perception because 1)
LF-ILD is the dominant cue for this purpose [3–6], and
2) the frequency-dependence of ILD does not change
significantly with source distance except for an overall
gain given by the LF-ILD. To validate the latter claim,
we quantify the errors in near-field ILD spectra computed from far-field spectra using only LF-ILD computed using our formula as a correction factor. Specifically, we use this approach to compute near-field spectra for a few values of ρ, and 181 equally-spaced values
of Θ between 0 and 180◦ , and compute the absolute
error between these spectra and benchmarks computed
directly from the near-field RS-HRTF given by Eq. (2).
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Figure 1 shows a plot of mean absolute ILD error versus µ for a few values of ρ and where the errors are
averaged over all Θ. The errors indicate the penalties
incurred when using only an LF-ILD to extrapolate ILD
spectra computed from the far-field RS-HRTF given by
Eq. (4) to the near-field. Alternatively, they show the
extent to which near-field ILD spectra differ from farfield ones, ignoring any overall gain (i.e., the LF-ILD).

of this solution, including our formula, are readily individualized by determining a listener-specific sphere
radius, rRS , from anthropometric data as described by
Algazi et al. [23] or Sridhar and Choueiri [24], for example.

We see that the mean error is less than 1 dB for ρ ≥ 2
and for most values of µ up to 12 ( f ≈ 8 kHz for rRS =
0.09 m). The mean error doesn’t exceed 3 dB across all
µ up to µ ≈ 30 (shown up to µ ≈ 25 for clarity) and
increases with decreasing ρ. For µ < 0.4, the mean
error is 0 indicating that ILDs for these values of µ do
not vary with ρ except for an overall gain given by the
LF-ILD computed using our formula. Since ρ = 10
(i.e., a source distance of approximately 1 m for typical
head sizes) is often considered in practice to be the
beginning of the far-field, using the ILD spectra for
ρ = 10 as the far-field benchmark (instead of ρ → ∞
used here) will result in mean absolute ILD errors that
are smaller than those shown in Fig. 1.

This work was jointly sponsored by Focal-JMlab and
Tesla, Inc. The authors thank the anonymous reviewers
for their feedback on an early draft of this manuscript.

Subjective listening tests, which are beyond the scope
of the present work, are required to definitively evaluate
the influence of the ILD spectral errors shown in Fig. 1
on near-field distance perception in the free-field. However, knowing that humans are not capable of resolving
changes in ILD smaller than 1 dB for a wide range of
baseline ILDs [19], and for frequencies up to approximately 5 kHz [20], our results indicate that, in general,
the variation of ILD spectra with source distance is not
perceptually significant except for an overall gain given
by the LF-ILD. From these results and the previously
demonstrated dominance of low-frequency ILD as a
distance cue [3–6], we suggest that using our formula
for LF-ILD may be sufficient to render distance cues
for many practical applications.
Finally, it is worth noting that our formula, along with
the Woodworth formula for high-frequency ITD and
the far-field spherical head-shadowing filter proposed
by Brown and Duda [21] (and recently revised by
Romblom and Bahu [22]), provides a complete solution for rendering virtual sound sources that is based
primarily on modeling the listener’s head by a rigid
sphere. Such a solution is easy to implement and computationally very efficient, making it ideal for real-time
applications on devices where computational resources
may be limited. An added benefit is that all components
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