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How to prove positivity?

• (Tight) lower bounds for polynomial minimization problems

Is 𝑝 𝑥 > 0 on {𝑔1 𝑥 ≥ 0,… , 𝑔𝑚 𝑥 ≥ 0}?

Why prove positivity?

• Infeasibility certificates for systems of polynomial inequalities

• Dynamics and control (Lyapunov functions)

• Stats/ML (Georgina’s talk)

{𝑔1 𝑥 ≥ 0, 𝑔2 𝑥 ≥ 0,… , 𝑔𝑚 𝑥 ≥ 0}

−𝑔1 𝑥 > 0 on {𝑔2 𝑥 ≥ 0,… , 𝑔𝑚 𝑥 ≥ 0}

empty

⇔
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20th century

𝑝 𝑥 > 0, ∀𝑥 ∈ ℝ𝑛

𝑝 𝑥 > 0,
∀𝑥 ∈ 𝑆 = 𝑥 𝑔𝑖 𝑥 ≥ 0}

1927 1993

Putinar

If 𝑝 𝑥 > 0, ∀𝑥 ∈ 𝑆,
then 𝑝 𝑥 = 𝜎0 𝑥 +  𝑖 𝜎𝑖 𝑥 𝑔𝑖(𝑥) ,

where 𝜎0, 𝜎𝑖 are sos

1974 1991

Schmudgen

If 𝑝 𝑥 > 0, ∀𝑥 ∈ 𝑆,
then 𝑝 𝑥 = 𝜎0 𝑥 +  𝑖 𝜎𝑖 𝑥 𝑔𝑖 𝑥 +

 𝑖𝑗 𝜎𝑖𝑗 𝑥 𝑔𝑖 𝑥 𝑔𝑗 𝑥 + ⋯, where 𝜎0, 𝜎𝑖 , … sos 

(Requires some 
compactness 
assumptions)

Artin

If 𝑝 𝑥 ≥ 0, ∀𝑥 ∈ ℝ𝑛,
then ∃ sos 𝑞 s.t. 𝑝 ⋅ 𝑞 sos.

Stengle

Positivstellensätze

Search for these sos polynomials (when degree is fixed) --->SDP.



Motivation/Outline
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“Can we get away with less?”
(in order to produce converging hierarchies of lower 
bounds for polynomial optimization problems)

Q1: Do we really need Stengle, Schmudgen, Putinar, …?
Can we only use certificates of global positivity? (e.g., Artin’s)

Q2: Do we really need SDPs (or convex optimization)?

Part I: A meta-theorem

Part II: An optimization-free Positivstellensatz

Caveat: Have your 
theoretical hat on!



Theorem: Let {𝐾𝑛,2𝑑
𝑟 } be a sequence of sets of homogeneous 

polynomials in 𝑛 variables and of degree 2𝑑. If

(1) 𝐾𝑛,2𝑑
𝑟 ⊆ 𝑃𝑛,2𝑑 ∀𝑟 and ∃ 𝑠𝑛,2𝑑 pd in 𝐾𝑛,2𝑑

0

(2) 𝑝 > 0 ⇒ ∃𝑟 ∈ ℕ s. t. 𝑝 ∈ 𝐾𝑛,2𝑑
𝑟

(3) 𝐾𝑛,2𝑑
𝑟 ⊆ 𝐾𝑛,2𝑑

𝑟+1 ∀𝑟

(4) 𝑝 ∈ 𝐾𝑛,2𝑑
𝑟 ⇒ 𝑝 + 𝜖𝑠𝑛,2𝑑 ∈ 𝐾𝑛,2𝑑

𝑟 , ∀𝜖 ∈ [0,1],

A meta-theorem for producing hierarchies
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𝑃𝑛,2𝑑

𝐾𝑛,2𝑑
𝑟

=
opt. val. 

min
𝑥∈ℝ𝑛

𝑝(𝑥)

𝑠. 𝑡. 𝑔𝑖 𝑥 ≥ 0, 𝑖 = 1,… ,𝑚

POP
max
𝛾
𝛾

𝑠. 𝑡. 𝑓𝛾 𝑧 −
1

𝑟
𝑠𝑛+𝑚+3,4𝑑 𝑧 ∈ 𝐾𝑛+𝑚+3,4𝑑

𝑟

𝑟 ↑ ∞

2𝑑 =maximum degree of 𝑝, 𝑔𝑖
𝑅: radius of the feasible set

then,

where 𝑓𝛾 is a form in 𝑛 +𝑚 + 3 variables of degree 4𝑑 which can be 

written down explicitly from 𝑝, 𝑔𝑖 , 𝑅.



What is 𝒇𝜸? + Proof idea (1/2)
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min
𝑥∈ℝ𝑛

𝑝(𝑥)

𝑠. 𝑡. 𝑔𝑖 𝑥 ≥ 0, 𝑖 = 1,… ,𝑚

2𝑑 =maximum degree of 𝑝, 𝑔𝑖
𝑅: radius of the feasible set

𝒑 𝒙 > 𝜸 on 𝒙 𝒈𝒊 𝒙 ≥ 𝟎} ⇔ 𝒇 is positive definite (pd)



Proof idea (2/2)
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𝒑 𝒙 > 𝜸 on 𝒙 𝒈𝒊 𝒙 ≥ 𝟎} ⇔ 𝒇 is positive definite (pd)

(1) 𝐾𝑛,2𝑑
𝑟 ⊆ 𝑃𝑛,2𝑑 ∀𝑟 and ∃ 𝑠𝑛,2𝑑 pd in 𝐾𝑛,2𝑑

0

(2) 𝑝 > 0 ⇒ ∃𝑟 ∈ ℕ s. t. 𝑝 ∈ 𝐾𝑛,2𝑑
𝑟

(3) 𝐾𝑛,2𝑑
𝑟 ⊆ 𝐾𝑛,2𝑑

𝑟+1 ∀𝑟

(4) 𝑝 ∈ 𝐾𝑛,2𝑑
𝑟 ⇒ 𝑝 + 𝜖𝑠𝑛,2𝑑 ∈ 𝐾𝑛,2𝑑

𝑟 , ∀𝜖 ∈ [0,1]

𝑃𝑛,2𝑑

𝐾𝑛,2𝑑
𝑟

=
opt. val. 

min
𝑥∈ℝ𝑛

𝑝(𝑥)

𝑠. 𝑡. 𝑔𝑖 𝑥 ≥ 0, 𝑖 = 1,… ,𝑚

POP
max
𝛾
𝛾

𝑠. 𝑡. 𝑓𝛾 𝑧 −
1

𝑟
𝑠𝑛+𝑚+3,4𝑑 𝑧 ∈ 𝐾𝑛+𝑚+3,4𝑑

𝑟

𝑟 ↑ ∞



Families of cones that satisfy (1)-(4)
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(1) 𝐾𝑛,2𝑑
𝑟 ⊆ 𝑃𝑛,2𝑑 ∀𝑟 and ∃ 𝑠𝑛,2𝑑 pd in 𝐾𝑛,2𝑑

0

(2) 𝑝 > 0 ⇒ ∃𝑟 ∈ ℕ s. t. 𝑝 ∈ 𝐾𝑛,2𝑑
𝑟

(3) 𝐾𝑛,2𝑑
𝑟 ⊆ 𝐾𝑛,2𝑑

𝑟+1 ∀𝑟

(4) 𝑝 ∈ 𝐾𝑛,2𝑑
𝑟 ⇒ 𝑝 + 𝜖𝑠𝑛,2𝑑 ∈ 𝐾𝑛,2𝑑

𝑟 , ∀𝜖 ∈ [0,1]

𝑃𝑛,2𝑑

𝐾𝑛,2𝑑
𝑟

“Artin cones”:
𝐴𝑛,2𝑑
𝑟 = 𝑝 𝑝 ⋅ 𝑞 is sos for some sos 𝑞 of degree 2𝑟}

“Reznick cones”:

𝑅𝑛,2𝑑
𝑟 = 𝑝 𝑝 ⋅ 𝑥1

2 +⋯+ 𝑥𝑛
2 𝑟 is sos}

Examples:

(both lead to SDP-based hierarchies for polynomial optimization)
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20th century

𝑝 𝑥 > 0, ∀𝑥 ∈ ℝ𝑛

𝑝 𝑥 > 0,
∀𝑥 ∈ 𝑆 = 𝑥 𝑔𝑖 𝑥 ≥ 0}

1927 1993

Putinar

If 𝑝 𝑥 > 0, ∀𝑥 ∈ 𝑆,
then 𝑝 𝑥 = 𝜎0 𝑥 +  𝑖 𝜎𝑖 𝑥 𝑔𝑖(𝑥) ,

where 𝜎0, 𝜎𝑖 are sos

1974 1991

Schmudgen

If 𝑝 𝑥 > 0, ∀𝑥 ∈ 𝑆,
then 𝑝 𝑥 = 𝜎0 𝑥 +  𝑖 𝜎𝑖 𝑥 𝑔𝑖 𝑥 +

 𝑖𝑗 𝜎𝑖𝑗 𝑥 𝑔𝑖 𝑥 𝑔𝑗 𝑥 + ⋯, where 𝜎0, 𝜎𝑖 , … sos 

(Requires some 
compactness 
assumptions)

Artin

If 𝑝 𝑥 ≥ 0, ∀𝑥 ∈ ℝ𝑛,
then ∃ sos 𝑞 s.t. 𝑝 ⋅ 𝑞 sos.

Stengle

Enough to produce a converging hierarchy for POPs



Part II
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An optimization-free Positivstellensatz (1/2)

𝑝 𝑥 > 0, ∀𝑥 ∈ 𝑥 ∈ ℝ𝑛 𝑔𝑖 𝑥 ≥ 0, 𝑖 = 1, … ,𝑚}

2𝑑 =maximum degree of 𝑝, 𝑔𝑖

⇔

∃ 𝑟 ∈ ℕ such that 

𝑓 𝑣2 − 𝑤2 −
1

𝑟
 𝑖 𝑣𝑖

2 − 𝑤𝑖
2 2 𝑑

+
1

2𝑟
 𝑖 𝑣𝑖

4 + 𝑤𝑖
4 𝑑

⋅  𝑖 𝑣𝑖
2 +  𝑖𝑤𝑖

2 𝑟2

has nonnegative coefficients, 

where 𝑓 is a form in 𝑛 +𝑚 + 3 variables and of degree 4𝑑, which can be 
explicitly written from 𝑝, 𝑔𝑖 and 𝑅.



𝑝 𝑥 > 0 on 𝑥 𝑔𝑖 𝑥 ≥ 0} ⇔

∃𝑟 ∈ ℕ s. t. 𝑓 𝑣2 − 𝑤2 −
1

𝑟
 𝑖 𝑣𝑖

2 − 𝑤𝑖
2 2 𝑑

+
1

2𝑟
 𝑖 𝑣𝑖

4 + 𝑤𝑖
4 𝑑

⋅  𝑖 𝑣𝑖
2 +  𝑖𝑤𝑖

2 𝑟2

has ≥ 0 coefficients 

Proof sketch:
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An optimization-free Positivstellensatz (2/2)

𝑝 𝑥 > 0 on 𝑥 𝑔𝑖 𝑥 ≥ 0} ⇔

∃𝑟 ∈ ℕ s. t. 𝒇 𝒗𝟐 − 𝒘𝟐 −
1

𝑟
 𝑖 𝑣𝑖

2 − 𝑤𝑖
2 2 𝑑

+
1

2𝑟
 𝑖 𝑣𝑖

4 + 𝑤𝑖
4 𝑑

⋅  𝑖 𝑣𝑖
2 +  𝑖𝑤𝑖

2 𝑟2

has ≥ 0 coefficients 

𝑝 𝑥 > 0 on 𝑥 𝑔𝑖 𝑥 ≥ 0} ⇔

∃𝑟 ∈ ℕ s. t. 𝒇 𝒗𝟐 − 𝒘𝟐 −
1

𝑟
 𝑖 𝑣𝑖

2 − 𝑤𝑖
2 2 𝑑

+
𝟏

𝟐𝒓
 𝒊 𝒗𝒊

𝟒 + 𝒘𝒊
𝟒 𝒅

⋅  𝒊𝒗𝒊
𝟐 +  𝒊𝒘𝒊

𝟐 𝒓𝟐

has ≥ 𝟎 coefficients 

𝑝 𝑥 > 0 on 𝑥 𝑔𝑖 𝑥 ≥ 0} ⇔

∃𝑟 ∈ ℕ s. t. 𝒇 𝒗𝟐 −𝒘𝟐 −
𝟏

𝒓
 𝒊 𝒗𝒊

𝟐 − 𝒘𝒊
𝟐 𝟐 𝒅

+
𝟏

𝟐𝒓
 𝒊 𝒗𝒊

𝟒 + 𝒘𝒊
𝟒 𝒅

⋅  𝒊𝒗𝒊
𝟐 +  𝒊𝒘𝒊

𝟐 𝒓𝟐

has ≥ 𝟎 coefficients 

• 𝑝 𝑥 > 0 on 𝑥 𝑔𝑖 𝑥 ≥ 0} ⇔ 𝑓 is pd

• Result by Polya (1928):

𝑓 even and pd⇒ ∃𝑟 ∈ ℕ such that 𝑓 𝑧 ⋅  𝑖 𝑧𝑖
2 𝑟

has nonnegative coefficients.

• Make 𝑓(𝑧) even by considering 𝒇 𝒗𝟐 −𝒘𝟐 .We lose positive definiteness of 

𝑓 with this transformation.

• Add the positive definite term 
𝟏

𝟐𝒓
 𝒊 𝒗𝒊

𝟒 +𝒘𝒊
𝟒 𝒅

to 𝑓(𝑣2 − 𝑤2) to make it 

positive definite. Apply Polya’s result.  

• The term −
𝟏

𝒓
 𝒊 𝒗𝒊

𝟐 −𝒘𝒊
𝟐 𝟐 𝒅

ensures that the converse holds as well.

As a corollary, gives LP/SOCP-based converging hierarchies… 
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LP/SOCP-based alternatives to SOS

[AAA, Majumdar]



LP and SOCP-based converging hierarchies for POPs
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min
𝑥∈ℝ𝑛

𝑝(𝑥)

𝑠. 𝑡. 𝑔𝑖 𝑥 ≥ 0, 𝑖 = 1, … ,𝑚

sup
𝛾
𝛾

s.t. 𝑓𝛾 𝑣
2 − 𝑤2 −

1

𝑟
 𝑖(𝑣𝑖

2−𝑤𝑖
2)
2 𝑑

+
1

2𝑟
 𝑖 𝑣𝑖

4 + 𝑤𝑖
4 𝑑

⋅ 𝑞(𝑣, 𝑤) is s/dsos

𝑞(𝑣, 𝑤) is s/dsos of degree 2𝑟,
where  𝑓𝛾 is a form in 𝑛 + 𝑚 + 3 variables and of degree 4𝑑

=
o

p
t. val. 

Under compactness assumptions, 
i.e., 𝑥 𝑔𝑖 𝑥 ≥ 0} ⊆ 𝐵(0, 𝑅)
For large enough 

𝑟

2𝑑 =maximum degree of 𝑝, 𝑔𝑖



The main takeaway
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Want to know more? http://aaa.princeton.edu 

• Positivstellensatze by Artin (1927) and Polya (1928) are 
enough to produce a converging hierarchy of lower 
bounds for polynomial optimization problems with a 
bounded feasible set.

• The latter only involves polynomial multiplication.



You are cordially invited…

Princeton Day of Optimization
September 28, 2018

http://orfe.princeton.edu/pdo/

Thank you.


