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Channel Model

For scalar channels

= +/snrX 4+ Z
where X € R is independent of Z € R and Z ~ N (0, 1).

For vector channels

= snrX + Z
where X € R” is independent of Z € R™ and Z ~ N(0,1).

Main Functionals

I(X,snr) :=I(X;Y)=E [10 (fY'X (Y]X) )]

mmse(X, snr) := mmse(X|Y) = [(X X|Y (X -—E [X|Y])}
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Part 1(a)

Estimation Theory
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Definition

Properties
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. if 0 < X € R! then 0 < E[X]|Y],

Linearity) E[(LXl + bX2|Y] — CLE[X1|Y] + bE[X2|Y],
Total Expectation) E|E[X|Y]] = E[X],

Idempotent) E[E[X|Y]|Y] = E[X]|Y],

(
(
(Stability) E[g(Y)[Y] = g(Y) for any function g(-),
(
(Product Rule) E[g(Y)X|Y]] = g(Y)E[X|Y]],

(

Degradedness) E [X|Ysnr, Ysnro] = E [X|Ysnr, |,
fOI‘ X _> stro _> YSHI‘7

There are more
properties.



Proof:

E[(X - EX|Y])g(Y)] = E[
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g(Y)E[X|Y]], linearity
Elg(Y)X]|Y]], product rule

g(Y)X], law of total expectation



Minimum Mean Square Error (MMSE)

Proof:

+E[X]Y] = f(Y))"]

E[(X — f(Y))?] = E[(X — E[X|V]
— E[(X — E[X]Y))
|

°]
(X - EXYNEX]Y] = f(Y))]
)
]
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More Generally:

Naturally, to say more we have to make

assumptions on either Err, F, (X,Y).
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More Generally:

We will look at the class of cost function
given by:
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Linear estimator:

Linear Minimum Mean Square Error (LMMSE)
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ry general
class
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Proof:

Let

J. Brown, “Asymmetric non-mean-square error criteria,” IRE Transactions on Automatic
Control, vol. 7, no. 1, pp. 64-66, Jan 1962.

0? = E[e?] = E[(X —

Now using properties of g(-) we have that

ElErr(X, f(Y))] =

1
= — ot
\V/ 2T /;oo g(
2 o

“ v

So, if 01 < o9 then

2 /OO (ort)e= % dt <
\/27‘(‘ 0 191 \/271'

1 i (
oVvV2T J_~ J

F(Y))).

_ a?
x)e 202 dx

2

e T dt

2
e T dt.

/ O'Qt 2 dt
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S. Sherman, “Non-mean-square error criteria,” IRE Transactions on Information Theory, vol.
3, no. 4, pp. 125-126, 1958.
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P rO 0 F ° J. Brown, “Asymmetric non-mean-square error criteria,” IRE Transactions on Automatic

Control, vol. 7, no. 1, pp. 64—66, Jan 1962.
Let PP

o? = E[e’] = E[(X — f(Y))"].

Now using properties of g(-) we have that

1 o 22 ° ) °
(X)) = 2 [ g Minimized by
* ot LMMSE optimal

\/%/_ g(ot
2 7 ot ar. estimator

“v

So, if 01 < o9 then

g(O'lt) N 2 dt < —/ O'Qt 2 dt

ILLINOIS INSTITUT EV S. Sherman, “Non-mean-square error criteria,” IRE Transactions on Information Theory, vol.
OF TECHNOLOGY 3, no. 4, pp. 125-126, 1958.




Information Theory
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EPI is equivalent to Lieb Inequality.
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C.Shannon,“A mathematical theory of communication,”BellSyst. Tech.J.,vol.27,no.
379-423,623-656,Jul.,0ct.1948.

A. J. Stam, “Some inequalities satisfied by the quantities of information of Fisher and
Shannon,” Inf. Conor., vol.2, pp. 101-112, 1959.




Proof uses EPI.
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A. El Gamal and Y.-H. Kim, Network Information Theory. Camrbidge, U.K.: Camrbidge
Univ. Press, 2012.




Classical proof is by using EPI.
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Part 2

Applications
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(Differential Entropy.)

dt

1 ©.
h(X) = 5/0 mmse(X,t) — me 1

Proof:

hMX+aZ)=1(X;X 4+aZ)+ h(aZ)

1 [ 1
= 5/ mmse( X, t)dt + 5 log(2mea?)
0

1 a
= —/ mmse(X,t) —
2 Jo

dt
2me +t
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EPI is equivalent to Lieb Inequality.

We prove Lieb Inequality
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Proof: Integrate the MMSE version to get the
entropy version.
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Proof: Definc

D. Guo, S. Shamai, and S. Verdu’, " The Interplay Between Information and Estimation
Measures”. now Publishers Incorporated, 2013.

X:\/l—ozXl—l—\/an,

Y1 = v/ SHI’Xl + Zl,
Y2 =V SIlI‘XQ -+ ZQ,

Y =Y Vl-—a+Yyva=vsarX + (V1 — aZ; + vaZ,)

where Z1 and Z, are independent.

mmse(X[Y) = E[||X — E[X[Y]||2]
> E[[[X = E[X[Y1, Ya[2]
ce = (L= )E[[ X1 = E[Xq[Yi][]2] 4 oE[[| X2 — E[Xo| Yoo
ILLINOIS INSTITUTEV. = (1 — a)mmse(X, snr) + ammse(Xy, snr)
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Let

Y = \/Snl‘lX + Zl,
Y. = y/snro X + 25,

the the secrecy capacity is given by

— I(X:Y)—I(X:Y.)).
C E&l?fél(( YY) - I(X;Ye))

The capacity achieving distribution is Gaussian. The
classical proof uses EPI.

Simpler PI‘OOF: I(X;Y)-I(X;Y,) = %/n mmse(X, t)dt

< %/ Immse (X, t)dt

i — (X Y) - I[(Xa: Y,
LLINOIS INSTITUTE ¥ (XaiY) = I(Xa; Ye)
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D. Guo, Y. Wu, S. Shamai (Shitz), and S. Verdu, “Estimation in Gaussian noise: Properties
of the minimum mean-square error,” IEEE Trans. Inf. Theory, vol. 57, no. 4, pp. 2371—
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Classical proof is by using EPI.
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Bound on R2

Since I(X;Y2|U) < I(X : Ys) < 1log(l + snry) then there exists some
a € [0,1] and

1
I(X;Y5|U) = 5 log(1 + asnrs).

So,

RQ ZI(U,YQ)

|
~

(X,U;Ys) — I(X : Ya|U)
(X;Y2) — I(X;Y2|U)

I
~

IA

1
log(1 + snrg) — 5 log(1 + asnry)

< 1 4+ snry )
log
1 4+ asnry

DO — DN —
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Bound on R1

We know that there exists « € [0, 1] such that

1 1 [ o
I1(X;Y: = — log(1 =
(X;Y5|U) 5 og(1 + asnry) 2/0 T+
No the other hand,
1 S1ro
I(X:ValU) = 5 / mmse( Xy, ¢|U)dt,
0

So, there must exists snrg < snry such that

8%

mmse( Xy, snrg|U) = T —

So, by SCPP for all t > snry > snrg we have that

o
1+ at’

mmse( Xy, t|U) <
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BOU nd on R ] We know that there exists « € [0, 1] such that
1
I(X;Y5|U) = 5 log(1 + asnry).
For t > snro > snrg we have that

8%

mmse( Xy, t|U) < T+ ot
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We know that there exists a € |0, 1| such that
Bound on R1 01
1
I(X;Ys|U) = 5 log(1 + asnrs).

For t > snro > snrg we have that

o)
mmse(Xy, t|U) < :
1
1 Snrq —|_ at
I(X;1|U) = 5/0 mmse( Xy, t|U)dt
1 S1Nri

S1Y o 1
! / mmse( Xy, 110t + ¢ / mmse( Xy, ¢[U)dt
0 S

2 nro

1 1 Snrq
=5 log(1 4 asnrs) + 5 / mmse( Xy, t|U)dt
SNro
1 SIIq Q
< —log(1 — dt
<3 og(1 + asnry) + 2/snr2 T ot
1
=5 log(1 4+ asnry)
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Part 3

Some New Results
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On the Applications of the
Minimum Mean p-th Error

(MMPE) to Information Theoretic
Quantities

Alex Dytso, Ronit Bustin, Daniela Tuninetti,
Natasha Devroye, H. Vincent Poor,

and Shlomo Shamai (Shitz)
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The p-norm of a random vector U € R" is give by

1
UP:-E[T? UUT}.
Ul = & [nf (UU7)
For n = 1, |[U], = B[U]?]
Example: U ~ N(0,1I)
» T n+p
ulp - 2622
(5)

F(x):/ t* e tdt.
0
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We define the minimum mean p-th error (MMPE) of estimating X from Y as

mmpe(X|Y;p) := i{flf X — f(Y)],

b
2

= infn~'E |Err? (X, f(Y))} .

We donate the optimal estimator by|f,(X]Y).
Example: for p = 2

mmpe(X, snr, p = 2) = mmse(X, snr),
fr=2(X]Y) = E[X|Y].

Study Properties
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Optimal Estimator

Orthogonality " Like’ Property
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E[X|Y]

1. if 0 < X € R! then 0 < E[X|Y],

(Linearity) E[aX 4 b|Y| = aE[X]|Y] + b,
3. (Stability) E[g(Y)|Y] = g(Y) for any function g(-),
4. (Idempotent) E[E[X|Y]|Y] = E[X|Y],
5. (

. (Degradedness)0 E [ X|Ysnr, Ysurg] = E [X]|Ysnre |,
for X = Ysnr, = Ysor,
6. (Shift Invariance) mmse(X + a,snr) = mmse(X, snr),

2

7. (Scaling) mmse(aX,snr) = a*mmse(X, a®snr).

BEXY] =EX]
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1.

= W

f_p(X]Y)

if 0 < X € R! then 0 < f,(X|Y),

(Linearity) f,(aX + bY) = af,(X[Y) + b,
(Stability) f,(g(Y)[Y) = ¢(Y) for any function g(-),
(1dempotent) f,(f,(XY)[Y) = f,(X|Y),
(

Degradedness) fp (X|str07 str) — fp (X|stro)7
fOI‘ X _> stro _> YSIlI')

. (Shift) mmpe(X + a, snr, p) = mmpe(X, snr, p),

(Scaling) mmpe(aX,snr, p) = a’Pmmpe(X, a?snr, p).

Elfp (XIY)] XE[X]



o if X ~ N(0,I) then for p > 1 f,(X|]Y =y) = vsnr y |(i.e., linear );

1-+snr

p

p—1

o if X = {1} equally likely (BPSK) then for p > 1 f,(X|Y) = tanh ( “y)

1 _— —

0.8 -

0.6 |-

04

f (XIY=y)

| 1 1
3 -2 -1 0 1 2 3

ILLINOIS |l y
S NhFA RN SRy S. Sherman, “Non-mean-square error criteria,” IRE Transactions on Information Theory, vol.

OF TECHNOLOGY 3, no. 4, pp. 125-126, 1958.




1
mmse(X, snr) < min (—, HXH%)
snr
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Interpolation Bounds
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We define the conditional MMPE as

mmpe(X, sur, p|U) = X — f,(X[Yaur, U2,

Additional Information
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Consequences:

* MMPE is decreasing function of SNR

* New Proof of the Single-Crossing-Point
Property
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BIZ]|?

P for some

2
(SCPP Bound for MMPE.) Suppose mmpe?r (X, snrg, p) = T Fonrs

£ > 0. Then
mmpe%(X snr, p) < ¢, - Bl for snr > snrg
=P 1+ Bsor’ - ’
2 p>1
where ¢, = :
1 p=2
Observations:

* Previous proof relied on the notion of the derivative of
the MMSE

* New proof relies on simple estimation observations
* Extends to the MMPE
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Bz

m = mmpe%(X,SHroyp) = for some § > 0, <, f = 1Z]]2 =
'Y

—snrom’

14 Bsnrg

Proof:

mmpe% (X, snr,p) = mmpe% (X, snrg + A, p)
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Bz

2
m = Imiper (X7 Snr())p) — 14 Bsnrg

—snrom’

for some 8 > 0, <, 5 = ||Z||gm

Proof:

mmpe% (X, snr, p) = mmpe% (X, snrg + A, p)
— mmpe% (X, snrg, p|Ya), where Yo = VAX + Za
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Bz

2
m = Imiper (X7 Snr())p) — 14 Bsnrg

—snrom’

for some 8 > 0, <, 5 = ||Z||gm

Proof:

mmpe% (X, snr,p) = mmpe% (X, snrg + A, p)

— mmpe%(X, snrp, p|Ya), where Ya = VAX + Za
= [IX = fp(X[¥a, Yenro)l
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Bz

m = mmpe%(X,SHroyp) = for some § > 0, <, f = 1Z]]2 =
'Y

—snrom’

14 Bsnrg

Proof:

mmpe% (X, snr,p) = mmpe% (X, snrg + A, p)
= mmpe%(X, snrp, p|Ya), where Ya = VAX + Za
= X = fp(X[Y &, Yonry)

(1-7)

<X -X ,WhereX:
< X - X, 5

YA + fop(Xlenro)afy € [07 1]
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Bz

2
m := mmpe?r (X, snrg,p) = s

_ m
T Bsns for some 8 > 0, <, 5 = HE

Proof:

1

mmpe? (X, snr, p) = mmpe% (X, snrg + A, p)

— mmpe%(X, snrg, p|Ya), where Yo = VAX + Za
= || X — fp(X|YAastro)||p

: - (1—19)
S X — X||p7 Where X = \/Z YA + ’pr(X|stro)7’7 S [07 1]
(1—7)
— X - X str T Z
70Xy (X[ Ya) ~ P
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2 Bz

m := mmpe? (X, snrg, p) = for some 8 > 0, <, § = ||Z||gm

—snrom’

14 Bsnrg

Proof:
mmpe% (X, snr,p) = mmpe% (X, snrg + A, p)

= mmpe%(X, snrg, p|Ya), where YA = VAX + Za
= [ X = fp (XY a5 Yenro) 5

~ ~ 1 —
< |IX = X[, where X = & ﬂ”)nﬂfaxwmxve 0,1]
(1—7)

= X — X\ Yanr)) — Z

7( fp( | 0)) \/Z A .

[IZ12X = £ (X[ Yue,)) = VA Za| 22
= h =

||Z||12?—|—Am , CNOOseE 7y ||Z||12)—|—Am
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2 Bz

m := mmpe? (X, snrg, p) = for some 8 > 0, <, § = ”ZH%m

14 Bsnrg —snrogm’
Proof:
mmpe% (X, snr, p) = mmpe% (X, snrg + A, p)
— mmpe%(X, snro, p|Ya), where Yo = VAX +Za

—IX — fp(X|YA,stro)||p
(I—7)
VA

(X~ £ (X[ Yiaumy)) — “Jzﬂ 7.

HI|Z||§(X—fp(XIYsmo)) ~VA-m-Za| |2
= , choose v =
|Z||2 +A-m |Z||2 +A-m
vVml||Z||, {2 p > 1, triangle inequality

S Cp- »Cp =
\/IIZII% +A-m 1 p=2, expand

B||Z]|2

ot e
ILLINOIS INSTITUTEV P14 B snr
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< ||X — X||,, where X = YA+ 7 (X[ Yaur, ), v € [0,1]




SCPP+I-MMSE important tool for derive converses:

* Version of EPI
*BC

* Wiretap

* MIMO channels

...
...
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D. Guo, Y. Wu, S. Shamai, and S. Verdu, “Estimation in Gaussian noise: Properties of the
minimum mean-square error,” IEEE Trans. Inf. Theory, vol. 57, no. 4, pp. 2371-2385, April 2011.

R. Bustin, R. Schaefer, H. Poor, and S. Shamai, “On MMSE properties of optimal codes for the
Gaussian wiretap channel,” in Proc. IEEE Inf. Theory Workshop, April 2015, pp. 1-5.

R. Bustin, M. Payaro, D. Palomar, and S. Shamai, “On MMSE crossing properties and
implications in parallel vector Gaussian channels,” IEEE Trans. Inf. Theory, vol. 59, no. 2, pp.
818844, Feb 2013.




Bounds on Conditional Entropy
h(U|V) < glog(Qwe mmse(U|V)),

* Constant is sharp
* Sharper version of Ozarow-Wyner Bound
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Let Xp be a discrete random vector, then for any p > 1

[H(Xp) —gap,]” <I(Xp;Y) < H(Xp),
where

gap, = inf gap(U),

n~" - gap(U) = log (

||U‘|'XD—fp(XD|Y)Hp> + log knp-nr - [[U]lp |
1T

where K = {U : diam(supp(U)) < 2 - dnin(Xp)}-
Moreover,

g (104 X0 Kol ) 22!, mmpet (Ko
[Tl . [T

ILLINOIS INSTITUTEW.
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Proof:

Vv

I(XDa )

H(Xp) + h(U)

Next, observe

I(Xp +U,Y), data processing
h(Xp +U) - h(Xp+ UJY)
— h(Xp 4+ UJ]Y), compact support of U ,

n" h(Xp + UJY) < log (kn,p ni || Xp + U — g(Y)||p)

By combining all the bounds

IU+Xp — g(Y)IIp)

I(XD,Y) >H(XD)—TL10g( HUH
p

ILLINOIS INSTITUTEW.
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Take Xp to be PAM with N ~ /1 4+ snr then

and we are interested in

1

1
‘:.

ILLINOIS INSTITUTE ¥
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1
H(Xp) ~ 5 log(1 + snr)

5 log(1 +snr) — I(Xp;Y) = gap

0.8

0.6 -

0.5

gap

0.4

0.3

JR— p=2
_-—-p=4
........ p=6

= Original OW

0.2

Shaping Loss
/|'\‘ /\’/~\’N4-.——-—- —
/
YA W BN \/
(Y
Y. 4._\"-~~/ ------------------------------- —
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Properties of the MMPE functional
e Conditional MMPE
* New Proof of the SCPP and it’s extension

* Bounds on differential entropy

e Generalized OW bound
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Generalizations to vector inputs

* Generalization to general channel
matrices

* Non-Gaussian Channels

e Statistical Physics Applications
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Thank you

arXiv:1607.0146]1
odytso2@uic.edu
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Abstract:
In this talk, we overview advances on the subject of the interplay between estimation and information measures. Recently, this area has received considerable
attention due to the seminal work of Guo-Verdu-Shamai that established the so-called I-MMSE relationship. The I-MMSE relationship shows that the derivative
of mutual information with respect to signal-to-noise ratio (SNR) is given by one-half times Minimum Means Square Error (MMSE).

In the first part of the talk, we focus on the necessary estimation and information theoretic background. Specifically, we will review estimation theoretical
notions such as orthogonality principle, optimal estimation for a given cost function, properties of conditional expectation and optimality of linear estimators.
For the information theoretic concepts, we will review basic properties of the mutual information, entropy power inequality (EPI) and converses of scalar
broadcast and wiretap channels.

In the second part of the talk, we will focus on the lMMSE relationship and its applications. We will demonstrate simple, few line, proof of the EPl. Next, we
will review an estimation concept of Single-Crossing Point Property (SCPP), which is a powerful tool in showing information theoretic converses for additive
white Gaussian noise channels. Next, by using SCPP and I-IMMSE, we will demonstrate alternative proofs of the converses for scalar broadcast and wiretap
channels.

In the third part of the talk, we discuss some more recent research results. One such area is estimation under the higher orders errors. Specifically, we study
the notion of the Minimum Mean p-th Error (MMPE) of which the MMSE is the special case. We derive and discuss several bounds and properties of the
MMPE. We also focus on properties of the MMPE optimal estimators in terms of input distribution, such as linearity, stability, degradedness, average bias, etc.

Next, we discuss applications of the MMPE functional. As the first application, the notion of the MMPE is applied to derive bounds on the conditional
differential entropy as well as to generalize the Ozarow-Wyner mutual information lower bound for a discrete input on AWGN channel. As the second
application, we show that the MMPE can be used to bound the MMSE of finite length codes improving on previous characterizations of the phase transition

phenomenon for capacity-achieving codes of infinite length. Interestingly, this leads to some non-trivial results in statistical physics.

The final part of the presentation will focus on some future application and major open problems.

This work is in collaboration with H. Vincent Poor, Ronit Bustin, Daniela Tuninetti, Natasha Devroye and Shlomo Shamai.
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