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X € R", lTr (EXX']) <1,

Y., = vsar X + 7,

1
In (X7 SIll“) — _I(X; str);
n

1
mmse(X|Ygy,) = mmse(X, snr) := —Tr (E [cov(X|Ygenr)])
n

l-MMSE relationship

1
d I,(X,snr) = —mmse(X snr)

dsnr

I,(X, snr) / mmse(X, t)dt

D. Guo, S. Shamai, and S. Verdu’, “Mutual information and minimum mean-square error
in Gaussian channels,” IEEE Trans. Inf. Theory, vol. 51, no. 4, pp. 1261-1282, April 2005.
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L. Ozarow and A. Wyner, “On the capacity of the Gaussian channel with a finite number of
input levels,” IEEE Trans. Inf. Theory, vol. 36, no. 6, pp. 1426—1428, Nov 1990.

Take Xp to be PAM with N = /1 + snr then

1
5 log(1 +snr) — I(Xp;Y) = gap ~ 0.75 bit

. 1, C\MRR:NG[:
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L. Ozarow and A. Wyner, “On the capacity of the Gaussian channel with a finite number of C .I.h . b
input levels,” IEEE Trans. Inf. Theory, vol. 36, no. 6, pp. 1426—1428, Nov 1990. q n Is e

improved

Take Xp to be PAM with N = /1 + snr then

1
5 log(1 +snr) — I(Xp;Y) = gap ~ 0.75 bit

. 1, C\MRR:NG[:
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L. Ozarow and A. Wyner, “On the capacity of the Gaussian channel with a finite number of
input levels,” IEEE Trans. Inf. Theory, vol. 36, no. 6, pp. 1426—1428, Nov 1990.

Improvement

A. Dytso, D. Tuninetti, and N. Devroye, “Interference as noise: Friend or foe?” IEEE Trans. Inf.
Theory, vol. 62, no. 6, pp. 3561-3596, 2016.
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L. Ozarow and A. Wyner, “On the capacity of the Gaussian channel with a finite number of

input levels,” IEEE Trans. Inf. Theory, vol. 36, no. 6, pp. 1426—1428, Nov 1990.
mmse(Xp|Y) < lmmse(Xpl|Y),

Improvement mse(Xp[¥) = 0 (1)),

SNr

snrd?2 .
mmse(Xp|Y) =0 (e_ 4mm> :

A. Dytso, D. Tuninetti, and N. Devroye, “Interference as noise: Friend or foe?” IEEE Trans. Inf.
Theory, vol. 62, no. 6, pp. 3561-3596, 2016.
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L. Ozarow and A. Wyner, “On the capacity of the Gaussian channel with a finite number of 1
input levels,” IEEE Trans. Inf. Theory, vol. 36, no. 6, pPp. 1426-1428, Nov 1990. — log(l _|_ Snr) — I(XD; Y) ~ 0.75 blt.
2

Improvement %log(l—l—snr)—I(XD;Y) ~ 0.65 bit.

A. Dytso, D. Tuninetti, and N. Devroye, “Interference as noise: Friend or foe?” IEEE Trans. Inf.
Theory, vol. 62, no. 6, pp. 3561-3596, 2016.
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L. Ozarow and A. Wyner, “On the capacity of the Gaussian channel with a finite number of 1
input levels,” IEEE Trans. Inf. Theory, vol. 36, no. 6, pPp. 1426-1428, Nov 1990. — log(l _|_ Snr) — I(XD; Y) ~ 0.75 blt.
2

Improvement %log(l—l—snr)—I(XD;Y) ~ 0.65 bit.

Can we do

A. Dytso, D. Tuninetti, and N. Devroye, “Interference as noise: Friend or foe?” IEEE Trans. Inf. 2
Theory, vol. 62, no. 6, pp. 3561-3596, 2016. eﬂ'e ¢
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The p-norm of a random vector U € R" is given by

1

|U|l, = —E [Tr% (UuT)} .

n
Forn =1, |Ull, = E[|UJ?].

Example: U ~ N(0,1I)

n+p
U =28 U2

r(g)
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We define the Minimum Mean p-th Error (MMPE) of estimating X from Y as

mmpe(X|Y;p) = inf |X — f(Y)[} = inf E |Err® (X, f(Y))

Err = /(X — f(Y)T(X ~ f(Y)).
We denote the optimal estimator as|f,(X|Y).

For n = 1:

munpe(X|Yp) = inf E[LX — (Y]]

Example: for p = 2

mmpe(X|Y;p =2) = mmse(X|Y),
fr=2(X[Y) = E[X[Y].

We shall denote S'l'U dy Properﬁes
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Optimal Estimator

Orthogonality-like Property
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E[X|Y]

1. if 0 < X € R! then 0 < E[X|Y],

Linearity) E[aX + b|Y] = aE[X|Y] + b,

(

(Stability) E[g(Y)|Y] = g(Y) for any function g(-),
(Idempotent) E[E[X]|Y]|Y] = E[X]|Y],

(

Degradedness)0 E [ X|Ysur, Ysurg] = E [X|Ysnre |,

for X = Ysnr, = Ysnr,

6. (Shift Invariance) mmse(X + a,snr) = mmse(X, snr),

7. (Scaling) mmse(aX,snr) = a

iTw 20%s CA\MBRi™ 6L

mmse(X, a?snr).

EE[X]Y]] = E[X]

fo(X1Y)

L if 0 < X € R! then 0 < £,(X|Y),

(Linearity) f,(aX 4+ bY) = af,(X|Y) + b,
(Stability) f,(g(Y)|Y) = ¢(Y) for any function g(-),
(Idempotent) f,(fp(X|Y)[Y) = fp(X[Y),
(Degradedness) fp (X|Ysnrgs Ysnr) = fp (X|Ysnry ),
for X = Ysnry, = Ysnr,

. (Shift) mmpe(X + a, snr, p) = mmpe(X, snr, p),

(Scaling) mmpe(aX,snr, p) = a’Pmmpe(X, a?snr, p).

Elfp (XIY)D& EX]
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o if X ~ N(0,I) then for p > 1 f,(X|]Y =y) = vsnr y |(i.e., linear );

1-+snr

o if X = {1} equally likely (BPSK) then for p > 1 f,(X|Y) = tanh (VT )

p—1

- f

Function of p

1

0.8 -

0.6 |-

04

0.2}

(V=

f (XIY=y)

-0.2 |-

0.4 F

S. Sherman, “Non-mean-square error criteria,” IRE Transactions
on Information Theory, vol. 3, no. 4, pp. 125-126, 1958.

-0.6 |-
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1
mmse(X, snr) < min (—, HXH%)
snr
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Interpolation Bounds
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We define the conditional MMPE as

mmpe(X, sur, p|U) = X — f,(X[Yaur, U2,

Additional Information
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Consequences:

* MMPE is decreasing function of SNR

* New Proof of the Single-Crossing-Point
Property
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(SCPP.) For any fixed X, suppose that mmse(X,snry) = L, for some

14+ B8snrg
fixed 5 > 0. Then

mmse(X, snr) < snr € [snrg, 00)

1+ Bsnr’
b
1+ Bsnr’

SCPP+I-MMSE important tool for derive converses:

mmse(X, snr) > snr € |0, snry).

[ J
® Ve rS| 0 n OF E PI D. Guo, Y. Wu, S. Shamai, and S. Verdu, “Estimation in Gaussian noise: Properties of the

minimum mean-square error,” IEEE Trans. Inf. Theory, vol. 57, no. 4, pp. 2371-2385, April 2011.

*BC

R. Bustin, R. Schaefer, H. Poor, and S. Shamai, “On MMSE properties of optimal codes for the
Gaussian wiretap channel,” in Proc. IEEE Inf. Theory Workshop, April 2015, pp. 1-5.

* Wiretap

R. Bustin, M. Payaro, D. Palomar, and S. Shamai, “On MMSE crossing properties and
® M I M O C h q n n e I s implications in parallel vector Gaussian channels,” IEEE Trans. Inf. Theory, vol. 59, no. 2, pp.

iTw 2076 C\MBR;™S[ 818-844, Feb 2013.
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2 Bz

m .= H’lrﬂpeE (X, SnrOap) — 14 Bsnrg

—snrom’

for some 8 >0, &, 8 = ”ZH%m

Proof: mmpe% (X, snr,p) = mmpe% (X, snrg + A, p)
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2 Bz

m := mmpe? (X, snrg, p) = for some 8 > 0, <, § = ||Z||gm

—snrom’

14 Bsnrg

Sk

Proof: mmpe% (X, snr, p) = mmper (X, snrg + A, p)
mmpe%(X, snro, p|Ya), where Yo = VAX + Za

iTw 206 C\MBR;™G[ " PRINCETON

UNIVERSITY




2
m = mmpe%(X,snrO,p) _ Pz,

L m
T for some 8 >0, &, 5 = A

—snrom’

Proof: mmpe% (X, snr,p) = mmper (X, snrg + A, p)

Rl 3=

= mmpe

(X, snrg,p|Ya), where YA = VAX + Za
— ||X — fp(X|YAastro)||p
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2 Bz

m := mmpe? (X, snrg,p) = for some § > 0, <, f = 1Z]2 =
'Y

—snrom’

14 Bsnrg

Proof: mmpe% (X, snr,p) = mmpe% (X, snrg + A, p)
= mmpe% (X, snrg, p|Ya), where Yo = VAX + Za
= ||X - fp(X|YAastro)”p

; . (1—7)
< ||X — XHP? where X = \/Z YA+ "Yfp(X|str0)7'7 = [07 1]
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2 Bz

m := mmpe? (X, snrg,p) = for some § > 0, <, f = 1Z]2 =
'Y

—snrom’

14 Bsnrg

Proof: mmpe% (X, snr,p) = mmpe% (X, snrg + A, p)
= mmpe% (X, snrg, p|Ya), where Yo = VAX + Za
= || X — fp(X|YAastro)”p

; «_ 1=9)
S X o XHP7 Where X — \/Z YA —|_ f)/fp(X|stro)7'7 S [07 ]‘]

(X (X[ Yan)) — 27,

iTw 206 C\MBR;™G[ 3 PRINCETON

UNIVERSITY




2 Bz

m = mmper (X, sur, p) = rggi for some 520, &, 6 = zptog.

Proof: mmpe%(X, snr,p) = mmpe?r (X, snrg + A, p)
= mmpe? (X, snrg, p|Ya), where Ya = VAX 4+ Za
= || X — fp(X|YAastro)”p

B = B~

A A 1 —
< |IX — X]|,, where X = (=) YA+ 7f(X|Yanr ),y €10, 1]

VA
~hx - XY - T2 2,
7a 2,
1Z130X = £, (XIYanr)) = VB Za | |2
— h =
ZI2+ A -m T Izl A m
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2 Bz

m := mmpe?r (X, snrg,p) =

for some 8 > 0, <, 5 = ||Z||gm

—snrom’

14 Bsnrg

Proof: mmpe% (X, snr,p) = mmpe% (X, snrg + A, p)
= mmpe% (X, snrg, p|Ya), where Yo = VAX + Za
= || X — fp(X|YA>stro)”p

A A 1 —
< |IX — X]|,, where X = (=) YA+ 7f(X|Yanr ),y €10, 1]

VA
= ||[7(X = [p(X[Yenry)) — 1-7) Z
VA .
122X = £y(XYone)) = VE - Za | 21
— , choose v =
2] + A -m 1Z[2+ A -m
< e vm|Z[, o = 2 p>1, triangle inequality
o \/HZ”%-FA-m’ g 1 p=2, expand
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BIZ]|?

P for some

2
(SCPP Bound for MMPE.) Suppose mmpe?r (X, snrg, p) = T Fonrs

£ > 0. Then
mmpe%(X snr, p) < ¢, - Bl for snr > snrg
=P 1+ Bsor’ - ’
2 p>1
where ¢, = :
1 p=2
Observations:

* Previous proof relied on the knowing the derivative of
the MMSE

* New proof relies on simple estimation observations
* Extends to the MMPE for all p>1
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Bounds on Conditional Entropy
h(U|V) < glog(Qwe mmse(U|V)),

* Sharper version of Ozarow-Wyner bound
* Bounds on the derivative of the MMSE
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Let Xp be a discrete random vector, then for any p > 1

[H(Xp) —gap,|” < I(Xp;Y) < H(Xp),
where

gap, = inf gap(U),

n~' - gap(U) = log (

[U+Xp - Jﬁo(XDIY)Hp) ¢ Lo (1« n? ||U||p> |
p

where K = {U : diam(supp(U)) < 2 - dwnin(Xp)}-
Moreover,

_ for p>1 >
o (105 X0 060100 52 (e (o))
10| U]l
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Take Xp to be PAM with N = /1 + snr then

1
5 log(1 +snr) — I(Xp;Y) = gap

0.8
- - p=2
0.7 | P
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Properties of the MMPE functional

* Conditional MMPE

* New Proof of the SCPP and its extension
* Bounds on differential entropy

* Generalized Ozarow-Wyner bound
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W X" \/snr N y" .

—»| Encoder

>\T/ » Decoder [—» T}/

SIT o

Y’n

snro
—| Estimator —»X

'

Y" = vsurX" + 27 Zy mmse(X"|Y,,) <c
Yinr, = Vsnro X" + Zy
where Z" ~ N (0,1), Z} ~ N(0,1)

max-l problem
1

Cy(snr,snrg, 8) :=sup —1 (X", Y. ),
xXn n

5.t Tr (E [X” (X”)TD <n,

p
1+ Bsnrg
M PRINCETON
UNIVERSITY

and mmse(X", snrg) <
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max-MMSE problem

M, (snr, snrg, 8) := sup mmse(X, snr),

X
1
s.t. —Tr (E[XX']) <1,
n
and mmse(X, snrg) < b .
— 14 [Bsnrg

Relationship to max-l problem

1 S1Nr
%Mn(sm,smo,ﬁ) < C,(snr,snrg, §) < 5/ M,, (¢, snr, 8)dt.
0
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