
MAE 545: Lecture 23 (4/26)

Turing 
patterns

Self-assembly and 
DNA origami
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Patterns in nature

1952: Alan Turing wrote “The Chemical Basis of Morphogenesis”

Many of these patterns can be constructed with reaction-diffusion models.

What are the minimal requirements that produce such patterns?

zebra leopard royal
angelfish peacock

giant
pufferfish

tiger bush fir waves mussels hallucination 
patterns

clouds
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Reaction-diffusion equations
@Ci(~r, t)

@t
= Fi ({Cj(~r, t)}) +Dir2Ci(~r, t)

i = 1, 2, · · · , N N interacting components

First let’s consider the case without diffusion (Di =0) 
and find fixed points

Fi

�
{C⇤

j }
�
= 0

Linearize the PDE around the fixed point

How can we determine whether fixed points are stable or not?
ci(~r, t) = Ci(~r, t)� C⇤

i

@ci(~r, t)

@t
=

NX

j=1

M0
ijcj(~r, t) +Dir2ci(~r, t)

M0
ij =

@Fi

@Cj

����
C⇤

Linear stability analysis
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Reaction-diffusion equations

@ci(~r, t)

@t
=

NX

j=1

M0
ijcj(~r, t) +Dir2ci(~r, t)

Linear stability analysis

General solution

ci (~r, t) =
NX

↵=1

A↵v
(↵)
i e�↵t

 and     correspond to eigenvalues and eigenvectors of matrix 
NX

j=1

M0
ijvj = �vi

vi� M0
ij

Fixed point is linearly stable when real 
parts of all eigenvalues are negative:

Re(�↵) < 0
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Reaction-diffusion equations

@ci(~r, t)

@t
=

NX

j=1

M0
ijcj(~r, t) +Dir2ci(~r, t)

@ci(~r, t)

@t
=

NX

j=1

M0
ijcj(~r, t) +Dir2ci(~r, t)

Assume linearly stable fixed point in the absence of diffusion

Can diffusion destabilize fixed points?

Re(�↵) < 0

Fourier transform

How are eigenvalues 
of the system affected 

due to diffusion?

@c̃i
⇣
~k, t

⌘

@t
=

NX

j=1

�
M0

ij � �ijk
2Di

�
c̃j

⇣
~k, t

⌘

ci(~r, t) =

Z
d~k c̃i

⇣
~k, t

⌘
ei

~k·~r
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One component system (N=1)

Because fixed point is stable in the absence of 
diffusion, we must have M11 < 0.

@c̃1
⇣
~k, t

⌘

@t
=

�
M0

11 � k2D1

�
c̃1

⇣
~k, t

⌘
⌘ �(k)c̃1

⇣
~k, t

⌘

�(k)

k0

There are no diffusion 
induced instabilities for 
one component system!

�(k)
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Two component system (N=2)

Relation between eigenvalues and trace of the matrix

@

@t

 
c̃1(~k, t)

c̃2(~k, t)

!
=

✓
M0

11 � k2D1, M0
12

M0
21, M0

22 � k2D2

◆ 
c̃1(~k, t)

c̃2(~k, t)

!

�1(k) + �2(k) = M0
11 +M0

22 � k2(D1 +D2) < 0

�1(0) + �2(0) = M0
11 +M0

22 < 0

Therefore we must have one positive and one 
negative eigenvalue for Turing instability!

No temporal oscillations are possible!
�(k)

0 k

�2(k)

�1(k)

k� k+ What are the conditions 
for matrix        that lead 

to Turing instability?
M0

ij

unstable 
modes

Im(�1) = Im(�2) = 0

Stability in the  
absence of diffusion
Re(�1),Re(�2) < 0
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�1(k)�2(k) = M0
11M

0
22 �M0

12M
0
21 � k2(M0

11D2 +M0
22D1) + k4D1D2

�(k)

0 k

�2(k)

�1(k)

k� k+

Two component system (N=2)

Relation between eigenvalues and determinant of the matrix

@

@t

 
c̃1(~k, t)

c̃2(~k, t)

!
=

✓
M0

11 � k2D1, M0
12

M0
21, M0

22 � k2D2

◆ 
c̃1(~k, t)

c̃2(~k, t)

!

�1(k)�2(k) = (M0
11 � k2D1)(M

0
22 � k2D2)�M0

12M
0
21

Determinant becomes negative and reaches minimal value at                     .k⇤ 2 (k�, k+)

d(�1(k)�2(k))

dk
= 0 k⇤2 =

M0
11D2 +M0

22D1

2D1D2
> 0

M0
11M

0
22 < 0

�1(0) + �2(0) < 0

M0
12M

0
21 < 0

�1(0)�2(0) > 0
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�(k)

0 k

�2(k)

�1(k)

k� k+

Two component system (N=2)
@

@t

 
c̃1(~k, t)

c̃2(~k, t)

!
=

✓
M0

11 � k2D1, M0
12

M0
21, M0

22 � k2D2

◆ 
c̃1(~k, t)

c̃2(~k, t)

!

Without loss of generality we can assume              , M0
22 > 0M0

11 < 0

M0
11 +M0

22 < 0 |M0
11| > |M0

22|

M0
11D2 +M0

22D1

2D1D2
> 0 D1 >

|M0
11|

|M0
22|

D2 > D2

Finite wavelength Turing instabilities 
arise by long-ranged inhibition and 

short-range excitation. The resulting 
patterns are fixed in time.

In the system with 3 or more 
components oscillating patterns in 

time are also possible.
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Self-assembly
Lipid molecules in solution self-assemble into lipid bilayers

Cowpea Chlorotic 
Mottle virus

capsid proteins
in solution

Self-assembly of viral capsids
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Complex self-assembly
25

�
30
n
m

Ribosomes are huge multi-protein complexes that 
are important for the synthesis of new proteins.

RNA strands

dozens of 
different 
proteins

mixtures we are interested in the case of small values of nSα. In-
deed, for simplicity, we assume here that all component species
have a single copy in every stored structure, nSα = 1, so that the
number of species NS used in the structure equals the size of the
structure NS =MS. Additionally, we make a simplifying assump-
tion that all of the structure sizes MS have the same value M, and
so NS =MS =M.
Both cellular systems and recent DNA-mediated assembly

experiments show that a single structure S can be robustly as-
sembled if each pair of neighboring components of species α and
β ðα; β∈ f1; . . . ;NgÞ interact through a specific binding inter-
action. Our next simplifying assumption is that all these inter-
action energies are equal,US

αβ =−E, and we also set all nonspecific
interactions to zero. The binding interactions between different
components are mediated through a discrete number of “binding
sites,” with a species α having a valence zα. For simplicity we as-
sume that all components have the same valence z.
How might we choose an interaction energy matrix U tot

αβ so that
the components are capable of assembling different desired
structures S= 1; . . . ;m (Fig. 1A)? The simplest general pre-
scription that can work for arbitrary structures is to assume that
two species α and β bind specifically with energy −E if and only if
at least one of the desired structures S requires this binding. Such
a matrix U tot

αβ then has the potential for “storing” each structure S
as a local free energy minimum (Fig. 1B). This matrix can be
written as

U tot
αβ =

(
−E if   α; β  interact  specifically 

!
US

αβ =−E
"
 in  any  S;

0 otherwise:

This form of energy matrix implies that component species can
be promiscuous in their interactions. Indeed, because a given
species α binds specifically to its partners in each of the stored
structures, the total number of specific binding partners for spe-
cies α can be large.
In addition to the free energy minima corresponding to the

desired structures, other undesired local minima might emerge.

These correspond to chimeric structures, or “chimeras,” made of
chunks of different desired structures that can bind together due
to the promiscuity implied by Eq. 1. The stability of the stored
structures is determined by the size of the free energy barriers
between the different minima. For instance, if the barriers are
low, chimeras will form spontaneously, even if their local free
energy minima lie higher than those of the desired structures
(Fig. 1A). Similarly, the free energy barriers between the solution
of unbound components and other minima determine the so-
lution’s characteristic time tp, beyond which stored structures
nucleate spontaneously and the process of the controlled retrieval
of stored structures is compromised. Thus, tp is the functional
“lifetime” of the multifarious assembly mixture.

Storage Capacity
How many different multifarious structures, each of size M, can
one store by using N different species of components with well-
chosen interspecies interactions defined by Eq. 1? If each species
contributed to only a single structure, the maximum capacity
would be N=M. By sharing species between structures, however,
a much larger number of structures can be stored before chi-
meras start to dominate. To find this increased capacity, consider
components attaching to the boundary of a growing seed. The
promiscuous interactions implied by Eq. 1 might allow the seed
to bind different sets of components, resulting in chimeras.
Therefore, let us compute the number of species that can spe-
cifically bind to a given boundary site of the seed. Because each
component in the bulk of a stored structure has z nearest neigh-
bors, for an incoming component to bind stably, it must form
specific bonds with z=2 components on the seed’s boundary. Due
to the promiscuous nature of Eq. 1, each of these z=2 boundary
components can bind specifically to a set of ∼mðM=NÞ other
species. [To see this, note that if each structure of size M is ran-
domly constituted from the N species, a given species will occur in
∼mðM=NÞ of them stored structures and typically have a different
partner in each of them. Hence, a typical species will have
∼mðM=NÞ specifically binding partners.] For randomly consti-
tuted m structures, each set contains a fraction mM=N2 of all of
the N component species. The intersection of these z=2 sets, of the
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Fig. 1. (A) Schematic depiction of the basic idea of assembly of different desired multifarious structures (S= 1,S= 2, or S= 3=m) by using the same set of
components. In general, the multiplicity of different component species within a structure can be nontrivial; i.e., the number of component species, NS,
composing structure S can be different from the size of that structure, MS, NS ≠MS. For example, in structure S= 1, the multiplicity of species 9 is n1

9 = 2.
Similarly, n2

8 = 2 and n3
3 = 2 in structures S= 2 and S= 3, respectively. (B) Free energy landscape and chimeric states. (I) A solution of N different species of

components, with interactions designed for assembly of desired structures S= 1 (II), S= 2 (III), and S= 3=m (IV). The desired stored structures are not the only
free energy minima; chimeric structures, i.e., hybrids between different stored structures, can also exist (IIa and IVa). Insets show assembly of the stored
structures can be triggered by manipulating a small number of components: (Left) introducing a supercritical seed, a subcluster of the desired stored
structure; (Center) increasing the average concentration of components that can make a supercritical seed by tuning their chemical potentials; and (Right)
increasing the specific binding energy of components that can make a supercritical seed.

Murugan et al. PNAS | January 6, 2015 | vol. 112 | no. 1 | 55
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mixtures we are interested in the case of small values of nSα. In-
deed, for simplicity, we assume here that all component species
have a single copy in every stored structure, nSα = 1, so that the
number of species NS used in the structure equals the size of the
structure NS =MS. Additionally, we make a simplifying assump-
tion that all of the structure sizes MS have the same value M, and
so NS =MS =M.
Both cellular systems and recent DNA-mediated assembly

experiments show that a single structure S can be robustly as-
sembled if each pair of neighboring components of species α and
β ðα; β∈ f1; . . . ;NgÞ interact through a specific binding inter-
action. Our next simplifying assumption is that all these inter-
action energies are equal,US

αβ =−E, and we also set all nonspecific
interactions to zero. The binding interactions between different
components are mediated through a discrete number of “binding
sites,” with a species α having a valence zα. For simplicity we as-
sume that all components have the same valence z.
How might we choose an interaction energy matrix U tot

αβ so that
the components are capable of assembling different desired
structures S= 1; . . . ;m (Fig. 1A)? The simplest general pre-
scription that can work for arbitrary structures is to assume that
two species α and β bind specifically with energy −E if and only if
at least one of the desired structures S requires this binding. Such
a matrix U tot

αβ then has the potential for “storing” each structure S
as a local free energy minimum (Fig. 1B). This matrix can be
written as

U tot
αβ =

(
−E if   α; β  interact  specifically 

!
US

αβ =−E
"
 in  any  S;

0 otherwise:

This form of energy matrix implies that component species can
be promiscuous in their interactions. Indeed, because a given
species α binds specifically to its partners in each of the stored
structures, the total number of specific binding partners for spe-
cies α can be large.
In addition to the free energy minima corresponding to the

desired structures, other undesired local minima might emerge.

These correspond to chimeric structures, or “chimeras,” made of
chunks of different desired structures that can bind together due
to the promiscuity implied by Eq. 1. The stability of the stored
structures is determined by the size of the free energy barriers
between the different minima. For instance, if the barriers are
low, chimeras will form spontaneously, even if their local free
energy minima lie higher than those of the desired structures
(Fig. 1A). Similarly, the free energy barriers between the solution
of unbound components and other minima determine the so-
lution’s characteristic time tp, beyond which stored structures
nucleate spontaneously and the process of the controlled retrieval
of stored structures is compromised. Thus, tp is the functional
“lifetime” of the multifarious assembly mixture.

Storage Capacity
How many different multifarious structures, each of size M, can
one store by using N different species of components with well-
chosen interspecies interactions defined by Eq. 1? If each species
contributed to only a single structure, the maximum capacity
would be N=M. By sharing species between structures, however,
a much larger number of structures can be stored before chi-
meras start to dominate. To find this increased capacity, consider
components attaching to the boundary of a growing seed. The
promiscuous interactions implied by Eq. 1 might allow the seed
to bind different sets of components, resulting in chimeras.
Therefore, let us compute the number of species that can spe-
cifically bind to a given boundary site of the seed. Because each
component in the bulk of a stored structure has z nearest neigh-
bors, for an incoming component to bind stably, it must form
specific bonds with z=2 components on the seed’s boundary. Due
to the promiscuous nature of Eq. 1, each of these z=2 boundary
components can bind specifically to a set of ∼mðM=NÞ other
species. [To see this, note that if each structure of size M is ran-
domly constituted from the N species, a given species will occur in
∼mðM=NÞ of them stored structures and typically have a different
partner in each of them. Hence, a typical species will have
∼mðM=NÞ specifically binding partners.] For randomly consti-
tuted m structures, each set contains a fraction mM=N2 of all of
the N component species. The intersection of these z=2 sets, of the
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Fig. 1. (A) Schematic depiction of the basic idea of assembly of different desired multifarious structures (S= 1,S= 2, or S= 3=m) by using the same set of
components. In general, the multiplicity of different component species within a structure can be nontrivial; i.e., the number of component species, NS,
composing structure S can be different from the size of that structure, MS, NS ≠MS. For example, in structure S= 1, the multiplicity of species 9 is n1

9 = 2.
Similarly, n2

8 = 2 and n3
3 = 2 in structures S= 2 and S= 3, respectively. (B) Free energy landscape and chimeric states. (I) A solution of N different species of

components, with interactions designed for assembly of desired structures S= 1 (II), S= 2 (III), and S= 3=m (IV). The desired stored structures are not the only
free energy minima; chimeric structures, i.e., hybrids between different stored structures, can also exist (IIa and IVa). Insets show assembly of the stored
structures can be triggered by manipulating a small number of components: (Left) introducing a supercritical seed, a subcluster of the desired stored
structure; (Center) increasing the average concentration of components that can make a supercritical seed by tuning their chemical potentials; and (Right)
increasing the specific binding energy of components that can make a supercritical seed.

Murugan et al. PNAS | January 6, 2015 | vol. 112 | no. 1 | 55
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self-assembly

Matching pieces are characterized 
with strong (specific) binding due 

to the shape complementarity.

Non-matching pieces bind
weakly (non-specifically).

Multiple proteins fit together like a 
puzzle to make the desired structure.
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Production of new proteins
Transcription of DNAtranscription

factors

Transcription factors are proteins, which bind to specific locations 
on DNA, and they help recruiting RNA polymerase (RNAP) that 

makes a messenger RNA (mRNA) copy of certain DNA segment.

Translation of mRNA

mRNA

protein

Note: some transcription factors (repressors) also prevent transcription.

Ribosome
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Patchy particles

Particles with patches of different 
chemical/physical properties.

Patches can be designed 
to bind strongly only with 

certain partners.
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in a liquid environment and that these methods have the
potential to be easily scalable. The next two techniques,
glancing-angle vapor deposition (Figure 5d)[8,71] and
nanoparticle lithography (Figure 5e),[18,19] involve vapor
deposition onto close-packed planar particle assemblies.
The last technique involves the use of liquid streams in
capillaries for fabrication of bi-, tri- and multi-phasic
particles from the Lahann,[13,15] Kumacheva[64] andWhite-
sides[67] groups (Figure 5f).

Templating
Currently known templating methods are limited to
producing particles with a single patch. Here we review
themethods that allow reasonable control over a patch size
larger or smaller than 50% of the particle surface. Briefly,
simple templating involves three steps: i) partial covering
of the particle surface, ii) exposure of the non-templated

surface to reagents leading to the modification of the
exposedsurfacearea, and, iii) removalof the template. Step i
can be done by positioning particles at the air–solid,[72–76]

air–liquid,[77] liquid–liquid,[78,79] or liquid–solid inter-
face.[10,11,17] In cases where a solid template is implemen-
ted, the particle positions at the interface are manually
adjusted. On the other hand, particles have a tendency to
move to and stabilize liquid–liquid and air–liquid inter-
faces, as initially discovered by Pickering.[80,81] The
positioning of the particle at the interface can be controlled
by the surface properties of the particles or with the
addition of surface-active agents in the respective phases,
leading to an adjustable particle surface available for
modification.[82] Step ii, the surface modification step,
determines the properties of the patch and usually
involves chemical or electroless modification through
the liquid phase or vapor deposition through the gas
phase.[75] Step iii involves a separation step that has to

A. B. Pawar, I. Kretzschmar

Figure 5. Techniques for fabrication of patchy particles. a) Templating – a1) Schematic of emulsion technique and epifluorescentmicroscope
image of single patch particles obtained from the emulsion technique and a2) Schematic of electroless deposition technique and SEM image
of 2.4mm polystyrene particles with silver coating. b) Colloidal assembly – colloidal clusters with n¼ 2–4 prepared from emulsion of a
mixture of silica particles with 800 and 12 nm diameters. c) Particle lithography – schematic of particle lithography technique and resulting
1mm amine-functionalized silica particle with a single patch obtained after sequential coating with 10nm polystyrene particles and 84nm
sulfate polystyrene spheres. d) Glancing-angle deposition – d1) Schematic of sequential vapor deposition process performed on same
hemisphere and SEM image of resulting polystyrene patchy particle with overlapping patches; and, d2) Schematic of combined PDMS
stamping and sequential GLAD technique and SEM images of two-pole polystyrene patchy particles with 25% and 11% patches.
e) Nanosphere lithography – schematic of nanosphere lithography technique and resulting 520nm silica particles with gold patches in
the second layer of the colloidal crystal (scale bar: 0.5mm). f) Capillary fluid flow – schematic of capillary fluid flow technique and confocal
scanning microscopy image of triphasic particles obtained (scale bar: 8mm). Reprinted with permission from a1) ref.[11], a2) ref.[10],
b) ref.[12], c) ref.[9], d) ref.[8], e) ref.[19], and f) ref.[13] Copyrights 2006, 2006, 2005, 2007, 2009, 2005, and 2006, American Chemical Society.

154
Macromol. Rapid Commun. 2010, 31, 150–168

! 2010 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim DOI: 10.1002/marc.200900614

Experimental approaches for 
making patchy particles

A.B. Pawar and I. Kretzschmar, Macromol. Rapid 
Common. 31, 150 (2010)



 15

simple molecule-like structures
Self-assembly of patchy particles

Y. Wang et al., Nature 491, 51 (2012)

crystal structures

G.-R. Yi et al., J. Phys.: Condens. 
Mat. 25, 193101 (2013)



 16

DNA

nucleotides

base
pair

hydrogen
bonds

Double stranded DNA forms, 
when the opposite strands are 

complementary (A-T, G-C)

C C T A A C T C C G C C
G G A T T G A G G C G G

Binding energy between two DNA strands 
a and b with sequences s of length N.

M(C,G) = M(G,C) ⇡ �4kBT

M(A, T ) = M(T,A) ⇡ �2kBT

M(A,C) = M(C,A) ⇡ 0

M(G, T ) = M(T,G) ⇡ 0

Eint

�
{sai }, {sbi}

�
⇡

NX

i=1

M(sai , s
b
i )

Strong binding between 
complementary sequences

Eint ⇡ �40kBT

Weaker binding between
non-complementary sequences

C C T A A C T C C G C C
G A A T G G A T T C G G Eint ⇡ �26kBT

room
temperature

mismatch
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Scaffold DNA origami

Short strands (synthetic DNA) act 
like staples that fold the scaffold 

(virus DNA) into desired structure.

Different colors of staples 
correspond to different 

complementary sequences.
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Scaffold DNA origami

C.E. Castro et al., Nat. Methods 8, 221 (2011)

Short strands (synthetic DNA) 
act like staples that fold the 

scaffold (virus DNA) into 
desired structure.

Different colors of staples 
correspond to different 

complementary sequences.
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Actuation of DNA origami with a 
toehold exchange of DNA strands

E.S. Andersen et al., Nature 459, 73 (2009)

Toehold exchange

concave bending of the large faces (Fig. 3b; see Supplementary Fig. 6 for
additional views of the 3D map). We suggest that the convex and
concave bending of the faces may reflect the difference in design of
the small and large faces. The dimensions of the 3D reconstruction are
compatible with 82% of the measured class averages, whereas the
theoretical model is compatible with 61% of them (Supplementary
Fig. 5). We conclude that the main fraction of the self-assembled
structures had a hollow box-like shape that is very similar to the
intended 3D design.

To analyse the native DNA origami box in solution and without a
potentially disruptive sample fixation, we used dynamic light scatter-
ing and SAXS, which probe a large ensemble and can therefore deter-
mine whether or not the box is the major product of the self-assembly
reaction. Analysis by dynamic light scattering showed there to be a
contribution with a hydrodynamic radius Rh 5 24 6 4 nm, which
matches the calculated value of 25.2 nm from the atomic model,
and a contribution with Rh 5 2.1 nm, corresponding to non-
annealed DNA oligonucleotides (Supplementary Fig. 7). The SAXS
analysis yielded a characteristic profile of a well-defined particle and
Fourier transformation analysis gave a single-particle self-correlation
function characteristic of a hollow structure (data not shown). The
scattering data was in good agreement with the atomic model of the
DNA box structure (Fig. 3e). We also compared the experimental
data with a theoretical model of a box with dimensions 2a, 2b and 2c
and wall thickness t (Methods and Supplementary Fig. 8). This model
can satisfactorily describe the scattering data and gave overall dimen-
sions of 46 6 2 nm by 38 6 1 nm by 30 6 1 nm and a wall thickness of
2.5 6 1 nm, which is close to the expected size and is consistent with
the dimensions observed using cryo-EM. In conclusion, the SAXS
data showed that the scattering derives mainly from box-shaped
structures, providing further evidence of the successful self-assembly
of 3D hollow boxes of well-defined dimensions in solution.

Previous studies have shown that DNA nanostructures can be
dynamically manipulated by external DNA sequence signals7,17,18.
Here we functionalized lid D of the DNA box with a dual lock–key

system composed of DNA duplexes with sticky-end extensions to
provide a ‘toehold’19 for the displacement by externally added ‘key’
oligonucleotides (Supplementary Fig. 1). To detect the opening pro-
cess of the DNA box lid, we inserted two fluorescent dyes, Cy3 and
Cy5, into faces B and D, respectively (Fig. 4a and Supplementary
Note 4). Efficient fluorescence resonance energy transfer (FRET)
between the two fluorophores corresponds to a closed state in which
the dyes are in close proximity (Fig. 4b, left). The addition of key
oligonucleotides results in the opening of the lid, resulting in a
decrease in the FRET efficiency as the distance between the two dyes
increases (Fig. 4b, right).

The functionalized DNA box was assembled, purified and sub-
jected to ensemble FRET measurements. We first studied the six faces
without edge links and found emission only from primary excited
Cy3, and only a dilution effect was observed upon addition of key
oligonucleotides (Fig. 4c). By contrast, emission from the closed box
sample had a Cy5 fluorescence peak at a wavelength of 665 nm that is
consistent with a FRET signal with an estimated efficiency of ,0.22
(Fig. 4d). The addition of both keys led to a decreased Cy5 signal and
an increased Cy3 signal (Fig. 4d), and the FRET efficiency decreased
by 90%, to ,0.02. The difference in response of the Cy5 and Cy3
signals may be caused by the difference in local environment of the
two fluorophores. Cy5 was positioned on the side of a DNA helix,
whereas Cy3 was positioned at the end of a DNA helix, where base-
stacking interactions20 may partly quench the fluorophore.

We measured the kinetics of the opening process (Fig. 4e) and found
the FRET signal to decrease biexponentially, with an initial (fast) decay
time of ,40 s upon key addition. The effect was specific, as no signifi-
cant reduction was observed upon addition of an unrelated oligonu-
cleotide (Fig. 4e). Order-of-addition experiments showed that both
keys are required for full decrease of the FRET signal (Supplementary
Fig. 9). This indicates that a closed box can be programmed to open in
response to at least two external signals (representing an AND gate).
The box lid could potentially be designed to close again in the presence
of specific signals (representing a NOT gate), and because the DNA box
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Figure 4 | Programmed opening of the box lid. a, b, Illustrations of the
unlinked faces of the box (a) and the controlled opening of the box lid
(b). The emission from the Cy5 and Cy3 fluorophores are marked with red
and green stars, respectively. Loss of emission from Cy5 is denoted by a red
circle and the independent lock–key systems are indicated in blue and
orange. c, Ensemble FRET measurements of the unlinked faces before (black

curve) and 12 min (red curve) after the addition of keys. d, Ensemble FRET
measurements of the closed box before (black curve) and 35 min after (red
curve) the addition of keys. e, Kinetic study of change in emission of Cy5.
Black arrow, time of addition of key oligonucleotides (red curve) or an
unrelated oligonucleotide (black curve). Initial fluorescence was normalized
to one. a.u., arbitrary units.
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DNA brick origami

B. Wei et al., Nature 485, 623 (2012)

Short staple DNA strands are designed to fit like bricks in a wall. 
Sequence of DNA strands determine, which “bricks fit together”.
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Complex shapes self-assembled from
single-stranded DNA tiles
Bryan Wei1,2, Mingjie Dai2,3 & Peng Yin1,2

Programmed self-assembly of strands of nucleic acid has proved
highly effective for creating a wide range of structures with desired
shapes1–25. A particularly successful implementation is DNA
origami, in which a long scaffold strand is folded by hundreds of
short auxiliary strands into a complex shape9,14–16,18–21,25. Modular
strategies are in principle simpler and more versatile and have been
used to assemble DNA2–5,8,10–13,17,23 or RNA7,22 tiles into periodic3,4,7,22

and algorithmic5 two-dimensional lattices, extended ribbons10,12 and
tubes4,12,13, three-dimensional crystals17, polyhedra11 and simple
finite two-dimensional shapes7,8. But creating finite yet complex
shapes from a large number of uniquely addressable tiles remains
challenging. Here we solve this problem with the simplest tile form, a
‘single-stranded tile’ (SST) that consists of a 42-base strand of DNA
composed entirely of concatenated sticky ends and that binds to four
local neighbours during self-assembly12. Although ribbons and tubes
with controlled circumferences12 have been created using the SST
approach, we extend it to assemble complex two-dimensional shapes
and tubes from hundreds (in some cases more than one thousand)
distinct tiles. Our main design feature is a self-assembled rectangle
that serves as a molecular canvas, with each of its constituent SST
strands—folded into a 3 nm-by-7 nm tile and attached to four
neighbouring tiles—acting as a pixel. A desired shape, drawn on
the canvas, is then produced by one-pot annealing of all those
strands that correspond to pixels covered by the target shape; the
remaining strands are excluded. We implement the strategy with a
master strand collection that corresponds to a 310-pixel canvas, and
then use appropriate strand subsets to construct 107 distinct and

complex two-dimensional shapes, thereby establishing SST assembly
as a simple, modular and robust framework for constructing
nanostructures with prescribed shapes from short synthetic DNA
strands.

Our 42-base SST motif12 consists of four domains (Fig. 1a), grouped
into two pairs (domains 1 and 2 and domains 3 and 4) that each
consists of 21 nucleotides in total. We design the intermolecular bind-
ing interactions of these domains such that a collection of distinct SST
tiles will arrange into a DNA lattice composed of parallel helices
connected by single-stranded linkages (Fig. 1b, left and middle), form-
ing a ‘brick-wall’ pattern (Fig. 1b, right). The linkages between two
adjacent helices are expected to be the phosphates that connect
domains 2 and 3 of the SSTs, and are thus shown artificially stretched
in the diagrams. They are spaced two helical turns (that is, 21 base
pairs) apart and are all located in the same tangent plane between the
two helices. The rectangular lattice sketched in Fig. 1b contains six
parallel helices, each measuring about eight helical turns; we refer to
this as a 6 helix 3 8 helical turn (6H 3 8T) rectangle. This basic strategy
can be adapted to design rectangles with different dimensions, and
arbitrary shapes approximated with an SST brick-wall pattern
(Fig. 1c). By concatenating pairs of half-tiles on its top and bottom
boundaries into full tiles, we can transform the rectangle in Fig. 1b into
a tube with a prescribed circumference and length (Fig. 1d).

A pre-designed rectangular SST lattice (Fig. 1e, top right) can also be
viewed as a ‘molecular canvas’, where each SST serves as a 3 nm 3 7 nm
‘molecular pixel’. Designing a shape amounts to selecting its constitu-
ent pixels on the canvas, as illustrated by the two examples in Fig. 1e.
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Figure 1 | Self-assembly of molecular shapes using single-stranded tiles.
a, The canonical SST motif, adapted from ref. 12. b, Design of an SST rectangle
structure. Left and middle: two different views of the same secondary structure
diagram. Each standard (full) tile has 42 bases (labelled U), and each top and
bottom boundary (half) tile has 21 bases (labelled L). Right: a simplified ‘brick-
wall’ diagram. Standard tiles are depicted as thick rectangles, boundary tiles are
depicted as thin rectangles and the unstructured single-stranded portions of the
boundary tiles are depicted as rounded corners. Each strand has a unique
sequence. Colours distinguish domains in the left panel and distinguish strands

in the middle and right panels. c, Selecting an appropriate subset of SST species
from the common pool in b makes it possible to design a desired target shape,
for example a triangle (left) or a rectangular ring (right). d, Design of a tube with
prescribed width and length. e, Arbitrary shapes can be designed by selecting an
appropriate set of monomers from a pre-synthesized pool that corresponds to a
molecular canvas (top right). To make a shape, the SST strands corresponding
to its constituent pixels (dark blue) will be included in the strand mixture and
the remainder (light blue) will be excluded.
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Programmed self-assembly of strands of nucleic acid has proved
highly effective for creating a wide range of structures with desired
shapes1–25. A particularly successful implementation is DNA
origami, in which a long scaffold strand is folded by hundreds of
short auxiliary strands into a complex shape9,14–16,18–21,25. Modular
strategies are in principle simpler and more versatile and have been
used to assemble DNA2–5,8,10–13,17,23 or RNA7,22 tiles into periodic3,4,7,22

and algorithmic5 two-dimensional lattices, extended ribbons10,12 and
tubes4,12,13, three-dimensional crystals17, polyhedra11 and simple
finite two-dimensional shapes7,8. But creating finite yet complex
shapes from a large number of uniquely addressable tiles remains
challenging. Here we solve this problem with the simplest tile form, a
‘single-stranded tile’ (SST) that consists of a 42-base strand of DNA
composed entirely of concatenated sticky ends and that binds to four
local neighbours during self-assembly12. Although ribbons and tubes
with controlled circumferences12 have been created using the SST
approach, we extend it to assemble complex two-dimensional shapes
and tubes from hundreds (in some cases more than one thousand)
distinct tiles. Our main design feature is a self-assembled rectangle
that serves as a molecular canvas, with each of its constituent SST
strands—folded into a 3 nm-by-7 nm tile and attached to four
neighbouring tiles—acting as a pixel. A desired shape, drawn on
the canvas, is then produced by one-pot annealing of all those
strands that correspond to pixels covered by the target shape; the
remaining strands are excluded. We implement the strategy with a
master strand collection that corresponds to a 310-pixel canvas, and
then use appropriate strand subsets to construct 107 distinct and

complex two-dimensional shapes, thereby establishing SST assembly
as a simple, modular and robust framework for constructing
nanostructures with prescribed shapes from short synthetic DNA
strands.

Our 42-base SST motif12 consists of four domains (Fig. 1a), grouped
into two pairs (domains 1 and 2 and domains 3 and 4) that each
consists of 21 nucleotides in total. We design the intermolecular bind-
ing interactions of these domains such that a collection of distinct SST
tiles will arrange into a DNA lattice composed of parallel helices
connected by single-stranded linkages (Fig. 1b, left and middle), form-
ing a ‘brick-wall’ pattern (Fig. 1b, right). The linkages between two
adjacent helices are expected to be the phosphates that connect
domains 2 and 3 of the SSTs, and are thus shown artificially stretched
in the diagrams. They are spaced two helical turns (that is, 21 base
pairs) apart and are all located in the same tangent plane between the
two helices. The rectangular lattice sketched in Fig. 1b contains six
parallel helices, each measuring about eight helical turns; we refer to
this as a 6 helix 3 8 helical turn (6H 3 8T) rectangle. This basic strategy
can be adapted to design rectangles with different dimensions, and
arbitrary shapes approximated with an SST brick-wall pattern
(Fig. 1c). By concatenating pairs of half-tiles on its top and bottom
boundaries into full tiles, we can transform the rectangle in Fig. 1b into
a tube with a prescribed circumference and length (Fig. 1d).

A pre-designed rectangular SST lattice (Fig. 1e, top right) can also be
viewed as a ‘molecular canvas’, where each SST serves as a 3 nm 3 7 nm
‘molecular pixel’. Designing a shape amounts to selecting its constitu-
ent pixels on the canvas, as illustrated by the two examples in Fig. 1e.
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Figure 1 | Self-assembly of molecular shapes using single-stranded tiles.
a, The canonical SST motif, adapted from ref. 12. b, Design of an SST rectangle
structure. Left and middle: two different views of the same secondary structure
diagram. Each standard (full) tile has 42 bases (labelled U), and each top and
bottom boundary (half) tile has 21 bases (labelled L). Right: a simplified ‘brick-
wall’ diagram. Standard tiles are depicted as thick rectangles, boundary tiles are
depicted as thin rectangles and the unstructured single-stranded portions of the
boundary tiles are depicted as rounded corners. Each strand has a unique
sequence. Colours distinguish domains in the left panel and distinguish strands

in the middle and right panels. c, Selecting an appropriate subset of SST species
from the common pool in b makes it possible to design a desired target shape,
for example a triangle (left) or a rectangular ring (right). d, Design of a tube with
prescribed width and length. e, Arbitrary shapes can be designed by selecting an
appropriate set of monomers from a pre-synthesized pool that corresponds to a
molecular canvas (top right). To make a shape, the SST strands corresponding
to its constituent pixels (dark blue) will be included in the strand mixture and
the remainder (light blue) will be excluded.
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We next sought to construct arbitrary shapes using the idea of a
molecular canvas (Fig. 1e), with the 24H 3 28T rectangle as the canvas
and its 310 internal SSTs as the molecular pixels. Attempts to assemble
a triangle by simply annealing the SST species that correspond to the
triangle pixels resulted in severe aggregation and no detectable product
band on an agarose gel (data not shown). The aggregation was
attributed to non-specific interactions between exposed single-
stranded domains of the SST on the hypotenuse boundary of the
triangles. Two designs were tested to eliminate aggregation: one in
which we replaced each exposed domain with a poly(T) segment of
the same length, and one in which we covered each with an ‘edge
protector’ that has a segment complementary to the exposed domain
followed by a 10- or 11-nucleotide poly(T) segment. Both designs
eliminated aggregation and produced the desired triangles with
comparable yields (Supplementary Information, section 4.2), and
can thus be used to construct a pool of SST strands and auxiliary
strands representing the full molecular canvas. We chose the edge
protector design because it involves a smaller (34 instead of 315)
number of auxiliary species (Supplementary Fig. 43) and synthesized
1,344 edge protectors (each 21 nucleotides in length) supplementing
the existing 362 SST strands (Supplementary Information, section 4.2).
With this modification, a prescribed shape can be created by selecting
appropriate SST strands and the auxiliary strands that correspond to
the shape’s boundary. We used this method to construct the triangle
and the three other shapes shown in Fig. 3.

To explore the generality and robustness of the molecular canvas
method, we designed a total of 110 distinct shapes (including the
shapes described above) (Supplementary Information, section 4.3).
Of the targeted designs, 103 produced discernible product bands on
the gel and the expected shapes under AFM in the first assembly trial;
this corresponds to a 94% success rate. The seven failed designs were
challenging shapes resembling 0, 3, ,, @, a hollow H and two Chinese
characters (Supplementary Fig. 57). The first four (0, 3, ,, @) were
slightly redesigned to eliminate potential weak points (for example
narrow connections) and then assembled successfully. We did not
attempt to redesign the remaining three failed shapes, given their
geometrical complexity. Combining these assembly trials gives 107
successful designs out of a total of 114 (a 94% success rate), with gel
yields of targeted shapes ranging from 6% to 40%. Figure 4 shows AFM
images of 100 distinct shapes. See Supplementary Information,
sections 4.3 and 4.6, for schematics of the canvas design and AFM
images, and section 4.5 for detailed gel yields.

We wrote a computer program to automate picking and mixing
strands from a master library (Supplementary Fig. 58). This program
provides the user with a graphical interface to draw (or load a picture
of) a target shape, and then outputs instructions for a robotic liquid
handler to pick and mix the required strands for subsequent annealing.
Each robot batch produces 48 shapes in roughly 48 h, reducing several
man-hours of labour to one machine-hour per shape and also avoiding

potential human mistakes. The robot was used to construct 44 of the
shapes described above.

Different shapes were assembled and purified separately and then
mixed together for efficient AFM imaging (for example, Supplemen-
tary Fig. 72 shows a mixture of the 26 letters of the Latin alphabet). The
shapes were all derived from the same canvas, but coexisted stably after
assembly: there was no sign of shapes merging or deforming each
other. The structures almost always appeared under the AFM with
the desired orientation, facing up towards the viewer (for example,
in Supplementary Fig. 84 this is true of 96% of the structures,
N 5 49). Such biased landing on the mica surface used for AFM
imaging is consistent with free SST structures in solution being rolled
up as a result of their intrinsic curvature12, and unrolling and becoming
flattened when adsorbed onto the mica surface. This feature is useful
for controlling landing orientation, but the expected curvature and
accumulation of twist16,21 in SST structures pose considerable
challenges to straightforward scaling up of SST assemblies to large
sizes. Flat SST structures free of curvature and twist could be con-
structed by shifting relative positions between linkage points12,18, by
deleting bases16,21 or by using a corrugated design4,19. Such modifica-
tions might in principle give access to larger structures and even
facilitate further scaling up using hierarchal assembly strategies19–21,
but may interfere with the standardized modular form of the present
SST motif.

DNA origami9,14–16,18–21,25 typically produces hybrid structures half
composed of biological components (the M13 scaffold) and half com-
posed of synthetic components with sequences derived from the bio-
logical part (the staple strands). By contrast, our SST structures are
made entirely of de novo designed and synthesized short DNA strands,
and we thus have greater sequence as well as material choice. For
example, we constructed a 24H 3 28T rectangle (Supplementary
Information, section 5.1) from SST motifs with completely random
sequences (that is, no sequence symmetry requirement was imposed;
Methods) and a nuclease-resistant 4H 3 4T rectangle (Supplementary
Fig. 87) made of L-DNA, the mirror image of natural D-DNA. In

Figure 3 | Simple shapes designed using a molecular canvas. Top,
schematics; bottom, 500 nm 3 500 nm AFM images. The structures were
constructed using the edge protector strategy, with respective gel yields of 16%,
19%, 22% and 16% (left to right; Supplementary Information, section 4.5), and
AFM yields of 37%, 37%, 51% and 36% (left to right; Supplementary
Information, section 4.7).

Figure 4 | Complex shapes designed using a molecular canvas. AFM images
of 100 distinct shapes, including the 26 capital letters of the Latin alphabet,
10 Arabic numerals, 23 punctuation marks and other standard keyboard
symbols, 10 emoticons, 9 astrological symbols, 6 Chinese characters and
various miscellaneous symbols. Each image is 150 nm 3 150 nm in size.
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Programmed self-assembly of strands of nucleic acid has proved
highly effective for creating a wide range of structures with desired
shapes1–25. A particularly successful implementation is DNA
origami, in which a long scaffold strand is folded by hundreds of
short auxiliary strands into a complex shape9,14–16,18–21,25. Modular
strategies are in principle simpler and more versatile and have been
used to assemble DNA2–5,8,10–13,17,23 or RNA7,22 tiles into periodic3,4,7,22

and algorithmic5 two-dimensional lattices, extended ribbons10,12 and
tubes4,12,13, three-dimensional crystals17, polyhedra11 and simple
finite two-dimensional shapes7,8. But creating finite yet complex
shapes from a large number of uniquely addressable tiles remains
challenging. Here we solve this problem with the simplest tile form, a
‘single-stranded tile’ (SST) that consists of a 42-base strand of DNA
composed entirely of concatenated sticky ends and that binds to four
local neighbours during self-assembly12. Although ribbons and tubes
with controlled circumferences12 have been created using the SST
approach, we extend it to assemble complex two-dimensional shapes
and tubes from hundreds (in some cases more than one thousand)
distinct tiles. Our main design feature is a self-assembled rectangle
that serves as a molecular canvas, with each of its constituent SST
strands—folded into a 3 nm-by-7 nm tile and attached to four
neighbouring tiles—acting as a pixel. A desired shape, drawn on
the canvas, is then produced by one-pot annealing of all those
strands that correspond to pixels covered by the target shape; the
remaining strands are excluded. We implement the strategy with a
master strand collection that corresponds to a 310-pixel canvas, and
then use appropriate strand subsets to construct 107 distinct and

complex two-dimensional shapes, thereby establishing SST assembly
as a simple, modular and robust framework for constructing
nanostructures with prescribed shapes from short synthetic DNA
strands.

Our 42-base SST motif12 consists of four domains (Fig. 1a), grouped
into two pairs (domains 1 and 2 and domains 3 and 4) that each
consists of 21 nucleotides in total. We design the intermolecular bind-
ing interactions of these domains such that a collection of distinct SST
tiles will arrange into a DNA lattice composed of parallel helices
connected by single-stranded linkages (Fig. 1b, left and middle), form-
ing a ‘brick-wall’ pattern (Fig. 1b, right). The linkages between two
adjacent helices are expected to be the phosphates that connect
domains 2 and 3 of the SSTs, and are thus shown artificially stretched
in the diagrams. They are spaced two helical turns (that is, 21 base
pairs) apart and are all located in the same tangent plane between the
two helices. The rectangular lattice sketched in Fig. 1b contains six
parallel helices, each measuring about eight helical turns; we refer to
this as a 6 helix 3 8 helical turn (6H 3 8T) rectangle. This basic strategy
can be adapted to design rectangles with different dimensions, and
arbitrary shapes approximated with an SST brick-wall pattern
(Fig. 1c). By concatenating pairs of half-tiles on its top and bottom
boundaries into full tiles, we can transform the rectangle in Fig. 1b into
a tube with a prescribed circumference and length (Fig. 1d).

A pre-designed rectangular SST lattice (Fig. 1e, top right) can also be
viewed as a ‘molecular canvas’, where each SST serves as a 3 nm 3 7 nm
‘molecular pixel’. Designing a shape amounts to selecting its constitu-
ent pixels on the canvas, as illustrated by the two examples in Fig. 1e.
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Figure 1 | Self-assembly of molecular shapes using single-stranded tiles.
a, The canonical SST motif, adapted from ref. 12. b, Design of an SST rectangle
structure. Left and middle: two different views of the same secondary structure
diagram. Each standard (full) tile has 42 bases (labelled U), and each top and
bottom boundary (half) tile has 21 bases (labelled L). Right: a simplified ‘brick-
wall’ diagram. Standard tiles are depicted as thick rectangles, boundary tiles are
depicted as thin rectangles and the unstructured single-stranded portions of the
boundary tiles are depicted as rounded corners. Each strand has a unique
sequence. Colours distinguish domains in the left panel and distinguish strands

in the middle and right panels. c, Selecting an appropriate subset of SST species
from the common pool in b makes it possible to design a desired target shape,
for example a triangle (left) or a rectangular ring (right). d, Design of a tube with
prescribed width and length. e, Arbitrary shapes can be designed by selecting an
appropriate set of monomers from a pre-synthesized pool that corresponds to a
molecular canvas (top right). To make a shape, the SST strands corresponding
to its constituent pixels (dark blue) will be included in the strand mixture and
the remainder (light blue) will be excluded.
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DNA brick origami

structure and strand polarity but preserves the as-
pect ratios and some of the orientational con-
straints on interactions between DNA bricks: The
two protruding round plugs, pointing in the same
direction as the helical axes, represent the two tail
domains; the two connected cubes with recessed
round holes represent the two head domains.A brick
must adopt one of two classes of orientation, hori-
zontal or vertical (Fig. 1B). The two bricks connect
to form a 90° angle via hybridization, represented
as the insertion of a plug into a hole. An insertion is
only allowed between a plug and a hole that carry
complementary sequences with matching polar-
ity (which is not graphically depicted in the cur-
rent model for expositional simplicity). In fig. S2,
we present a more detailed LEGO-like model that
explicitly tracks the polarity of the DNA bricks
and their stereospecific interaction pattern.

Structural periodicities of the design are il-
lustrated in a 6H (helix) by 6H (helix) by 48B
(bp) cuboid structure (Fig. 1, C and D). Bricks

can be grouped into 8-bp layers that contain their
head domains. Bricks follow a 90° counterclock-
wise rotation along successive 8-bp layers, re-
sulting in a repeating unit with consistent brick
orientation and arrangement every four layers.
For example, the first and fifth 8-bp layers in
Fig. 1D share the same arrangement of bricks.
Within an 8-bp layer, all bricks share the same
orientation and form a staggered arrangement
to tile the layer. On the boundary of each layer,
some DNA bricks are bisected to half-bricks,
representing a single helix with two domains.
The cuboid is self-assembled from DNA bricks
in a one-step reaction. Each brick carries a par-
ticular sequence that directs it to fit only to its
predesigned position. Because of its modular
architecture, a predesigned DNA brick structure
can be used for construction of smaller custom
shapes assembled from subsets of DNA bricks
(Fig. 1E). Detailed strand diagrams for the DNA
brick structures are provided in figs. S3 and S4.

3D molecular canvas. The LEGO-like model
can be further abstracted to a 3D model that con-
tains only positional information of each 8-bp
duplex. A 10H by 10H by 80B cuboid is concep-
tualized as a 3D molecular canvas that contains
10 by 10 by 10 voxels. Each voxel fits an 8-bp
duplex and measures 2.5 by 2.5 by 2.7 nm (Fig.
1F). Based on the 3D canvas, a computer program
first generates a full set of DNA bricks, including
full-bricks and half-bricks that can be used to build
a prescribed custom shape. Using 3D modeling
software, a designer then needs only to define the
target shapes by removing unwanted voxels from
the 3D canvas—a process resembling 3D sculpt-
ing. Subsequently, the computer program analyzes
the shape and automatically selects the correct
subset of bricks for self-assembly of the shape.

Self-Assembly of DNA-Brick Cuboid Structures
Using the above design strategy, we constructed
a wide range of DNA brick structures (39 ). We
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Fig. 1. Design of DNA brick structures analogous to structures built of LEGO®

bricks. (A) A 32-nt four-domain single-stranded DNA brick. Each domain is
8 nt in length. The connected domains 2 and 3 are “head” domains; domains
1 and 4 are “tail” domains. (B) Each two-brick assembly forms a 90° dihedral
angle via hybridization of two complementary 8-nt domains “a” and “a*”. (C)
A molecular model that shows the helical structure of a 6H by 6H by 48B
cuboid 3D DNA structure. Each strand has a particular sequence, as indicated
by a distinct color. The inset shows a pair of bricks. (D) A LEGO-like model of

the 6H by 6H by 48B cuboid. Each brick has a particular sequence. The color
use is consistent with (B). Half bricks are present on the boundary of each
layer. (E) The 6H by 6H by 48B cuboid is self-assembled from DNA bricks. The
bricks are not interchangeable during self-assembly because of the distinct
sequence of each brick. Using the 6H by 6H by 48B as a 3D molecular canvas,
a smaller shape can be designed by using a subset of the bricks. (F) 3D shapes
designed from a 10 by 10 by 10–voxel 3D canvas; each voxel fits 8 bp (2.5 nm
by 2.5 nm by 2.7 nm).
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Short staple DNA strands are designed to fit together like lego blocks. 
Sequence of DNA strands determine, which “lego blocks fit together”.

Y. Ke et al., Science 338, 1177 (2012)
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DNA brick origami

Y. Ke et al., Science 338, 1177 (2012)

fig. S20). Additional TEM images are shown
in figs. S21 to S27. Measured dimensions of
intact particles for each structure agree with the
designs (fig. S28). Gel yields varied from <1 to
~80% (figs. S20C and S28). For structures with
the same number of helices, smaller cuboids
exhibited higher assembly yields. The highest
yield (80%) was observed for the smallest ob-
ject, the 3H by 3H by 64B cuboid; the lowest
yields (<1%) were observed for the 8H by 12H
by 120B, 4H by 24H by 120B, and 12H by 12H
by 48B cuboids. The biggest DNA objects con-
structed in this paper are an 8H by 12H by 120B

cuboid (formed by 728 strands) and a 4H by 24H
by 120B cuboid (formed by 710 strands), which
are identical in molecular weight (24,576 nt,
8 MD, and 60% more massive than an M13-
based DNA origami). Increasing the concentra-
tion for the brick strands helped to increase the
yield for a small cuboid, 4H by 4H by 128B
(fig. S29). In some cases, higher molecular weight
bands can be detected above the product band;
these bands are likely multimers caused by non-
specific interactions between assembled products.
For example, for the 6H by 10H by 64B struc-
ture, TEM revealed that an upper band con-

tained dimers of the cuboids (fig. S30). Cuboids
with 32-bp (32B) helices were also tested but
failed to assemble (fig. S20). This is likely due
to the fact that these cuboids contained only
one crossover between each pair of neighboring
helices and hence were less stable.

Complex Shapes Made from a 10 by 10
by 10–Voxel 3D Canvas
Using the 10 by 10 by 10–voxel 3D canvas (Figs.
1F and 3A and fig. S31), we next constructed
102 distinct shapes (Fig. 3), demonstrating the
modularity of the DNA brick strategy.
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Fig. 3. Shapes made from a 3D molecular canvas. (A) A 10 by 10 by 10–voxel
3D canvas. z axis is the helical axis. Each voxel (8 bp) measures 2.5 by 2.5 by
2.7 nm. (B) Shapes are designed by editing voxels by using 3D modeling
software. (C) A computer program recognizes the voxel composition of each
shape and generates a list of strands to form this shape. The list then is used
to direct an automated liquid-handling robot to mix the strands. (D) After
annealing, the shapes are characterized by means of agarose gel electro-
phoresis and TEM imaging. LaneM contains the 1-kb ladder. The product band is

indicated by the red arrow. (E) Computer-generated models and TEM images of
shapes. The top row for each shape depicts a 3Dmodel, followed by a computer-
generated projection view, an image averaged from six different particles
visualized by using TEM, and a representative raw TEM image. More raw images
are shown in figs. S38 to S54. In a number of cases, multiple projections are
presented. Some shapes with cavities or tunnels are depicted with additional
transparent 3D views that highlight the deleted voxels (colored dark gray). For
example, the top right model of shape 32 shows the enclosed cuboid cavity.
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Shape complementarity with DNA origami

T. Gerling et al., Science 347, 1446 (2015)

programming the structure and dynamics of
higher-order complexes via weak interactions in
shape space. More rarely, nucleic acid molecules
can bind through weaker interactions than base
pairing. Such recognition occurs between ribo-
nuclease P (RNase P), an RNA-based enzyme,
and its substrate, pre–transfer RNA (tRNA),
which undergoes cleavage of its 5′ leader strand
to yield mature tRNA (3). Here, we imitate the
principle by which RNase P recognizes tRNA
using programmable self-assembly with DNA
(4–12) to produce discrete, shape-complementary

three-dimensional (3D) components that interact
via short-ranged, nucleobase stacking bonds. We
present three means for actively influencing
the conformation of objects once assembled: (i)
changing cation concentration; (ii) changing so-
lution temperature; and (iii) a site-directed al-
losteric mechanism based on toehold-mediated
strand displacement reactions (13–20). With our
method, a designer can encode a diversity of readily
reconfigurable DNA devices and assemblies based
on simple geometrical considerations and with-
out having to program detailed strand sequences
for connecting components.
In the system that inspired our assembly strat-

egy, RNase P forms a particular tertiary fold that
contains two structurally separated regions: one
that scaffolds the active site and another that

binds and orients the tRNA substrate (21) (Fig.
1A). Specifically, the acceptor stem and the T loop
of tRNA appear to “click” precisely into a corre-
spondingly shaped binding pocket in RNase P
where they are held in place by a few nucleobase
stacking interactionswith the SdomainofRNaseP
(Fig. 1A) (21). Together with the finding that edge-
complementary single-layer DNA objects can in-
teract specifically via DNA blunt-end stacking
interactions on 2D substrates (22–24), we hypo-
thesized that stacking interactions might suffice to
stabilize 3D higher-order complexes made from
multilayer DNA objects in solution.

Motif design

We thus abstracted and translated the type of
shape recognition RNase P shows for tRNA to the

SCIENCE sciencemag.org 27 MARCH 2015 • VOL 347 ISSUE 6229 1447

Fig. 1. Translating nonhybridization-based shape recognition principles
fromnaturalRNAtosyntheticDNAobjects. (A) Illustration of themechanism
by which RNase P (blue and gray) recognizes tRNA (red and gray). Red: T-loop
and the acceptor stemof tRNA. Blue: the shape-complementary binding pocket
in RNase P. Yellow: interfacial nucleobases that interact through stacking inter-
actions when tRNA binds to RNase P. The images were prepared with UCSF
Chimera (28) based on the atomic coordinates listed in 3Q1R.pdb (29). (B)
Schematic representation of RNAse P–inspired shape recognition between
complementary DNA components. Cylinder elements indicate double-helical
DNA domains that are one helical turn long. (C) Schematic representation of
four shape-complementary, orthogonal multilayer DNA origami bricks. Double-
helical DNA domain protrusions are highlighted in red; recessions are shown in
blue. Asymmetrical features are indicated in dark gray. Arrowheads indicate
asymmetric features along the helical and along the honeycomb pattern, re-

spectively. Models are tilted such that the shape-complementary patterns for
formingdimers ABandCD, and tetramer ABCD, are visible. AB andCDdimers
thus show the faces of bricks B and C, respectively, that are not visible in the
monomer models above. (D) Average negative-stain TEM micrographs of
the self-assembled DNA tetrameric object ABCD in the presence of 25 mM
MgCl2. Black and gray arrowheads highlight the density from the designed
asymmetrical features, as indicated above in (C). Scale bar, 20 nm. (E) Sche-
matics of a switch objectwith one rotational degree of freedom in the open and
closed conformations. Shape-complementary DNA double-helical domain
protrusions and recessions are highlighted in red and blue, respectively. (F)
Average negative-stain TEM micrographs of switch particles. Left: open state
as populated in the presence of 5 mM MgCl2. Right: two orthogonal trans-
mission projections of the closed state, which is adopted in the presence of
25 mM MgCl2. Scale bars, 20 nm.
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programming the structure and dynamics of
higher-order complexes via weak interactions in
shape space. More rarely, nucleic acid molecules
can bind through weaker interactions than base
pairing. Such recognition occurs between ribo-
nuclease P (RNase P), an RNA-based enzyme,
and its substrate, pre–transfer RNA (tRNA),
which undergoes cleavage of its 5′ leader strand
to yield mature tRNA (3). Here, we imitate the
principle by which RNase P recognizes tRNA
using programmable self-assembly with DNA
(4–12) to produce discrete, shape-complementary

three-dimensional (3D) components that interact
via short-ranged, nucleobase stacking bonds. We
present three means for actively influencing
the conformation of objects once assembled: (i)
changing cation concentration; (ii) changing so-
lution temperature; and (iii) a site-directed al-
losteric mechanism based on toehold-mediated
strand displacement reactions (13–20). With our
method, a designer can encode a diversity of readily
reconfigurable DNA devices and assemblies based
on simple geometrical considerations and with-
out having to program detailed strand sequences
for connecting components.
In the system that inspired our assembly strat-

egy, RNase P forms a particular tertiary fold that
contains two structurally separated regions: one
that scaffolds the active site and another that

binds and orients the tRNA substrate (21) (Fig.
1A). Specifically, the acceptor stem and the T loop
of tRNA appear to “click” precisely into a corre-
spondingly shaped binding pocket in RNase P
where they are held in place by a few nucleobase
stacking interactionswith the SdomainofRNaseP
(Fig. 1A) (21). Together with the finding that edge-
complementary single-layer DNA objects can in-
teract specifically via DNA blunt-end stacking
interactions on 2D substrates (22–24), we hypo-
thesized that stacking interactions might suffice to
stabilize 3D higher-order complexes made from
multilayer DNA objects in solution.

Motif design

We thus abstracted and translated the type of
shape recognition RNase P shows for tRNA to the
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by which RNase P (blue and gray) recognizes tRNA (red and gray). Red: T-loop
and the acceptor stemof tRNA. Blue: the shape-complementary binding pocket
in RNase P. Yellow: interfacial nucleobases that interact through stacking inter-
actions when tRNA binds to RNase P. The images were prepared with UCSF
Chimera (28) based on the atomic coordinates listed in 3Q1R.pdb (29). (B)
Schematic representation of RNAse P–inspired shape recognition between
complementary DNA components. Cylinder elements indicate double-helical
DNA domains that are one helical turn long. (C) Schematic representation of
four shape-complementary, orthogonal multilayer DNA origami bricks. Double-
helical DNA domain protrusions are highlighted in red; recessions are shown in
blue. Asymmetrical features are indicated in dark gray. Arrowheads indicate
asymmetric features along the helical and along the honeycomb pattern, re-

spectively. Models are tilted such that the shape-complementary patterns for
formingdimers ABandCD, and tetramer ABCD, are visible. AB andCDdimers
thus show the faces of bricks B and C, respectively, that are not visible in the
monomer models above. (D) Average negative-stain TEM micrographs of
the self-assembled DNA tetrameric object ABCD in the presence of 25 mM
MgCl2. Black and gray arrowheads highlight the density from the designed
asymmetrical features, as indicated above in (C). Scale bar, 20 nm. (E) Sche-
matics of a switch objectwith one rotational degree of freedom in the open and
closed conformations. Shape-complementary DNA double-helical domain
protrusions and recessions are highlighted in red and blue, respectively. (F)
Average negative-stain TEM micrographs of switch particles. Left: open state
as populated in the presence of 5 mM MgCl2. Right: two orthogonal trans-
mission projections of the closed state, which is adopted in the presence of
25 mM MgCl2. Scale bars, 20 nm.
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Actuation of DNA origami

T. Gerling et al., Science 347, 1446 (2015)

Assembly of structures is controlled by temperature and external salt, which 
screens the electrostatic interaction between charged DNA strands.

position and orientation of individual DNA ob-
jects within larger complexes, we designed four
multilayer DNA origami bricks (Fig. 1C and figs.
S1 to S7) that form the subunits of a tetrameric
complex. The embossed surface of brick A fits
precisely into the recessed surface of brick B and
likewise for combinations of B with C and C
with D. Bricks B, C, and D exhibit characteristic
asymmetric features that helped identify their
orientation when the bricks were imaged with
transmission electronmicroscopy (TEM). Negative-
stain TEM image data and an electrophoretic
mobility analysis confirmed the successful as-
sembly of the designed overall bricklike objects
(fig. S7, A and B), as well as the self-assembly
into all possible multimeric complexes as they
are prescribed by the designed shape comple-
mentarity, including dimers, trimers, and a te-
tramer (Fig. 1D; fig. S7, B to F; and figs. S8 to S21).
To illustrate the ability of the click-in shape

recognition scheme for precisely defining con-
formational states within a multidomain DNA
object, we designed a switchlike DNA object con-
sisting of two rigid beams connected by a pivot
(Fig. 1E and fig. S22). The switch can dwell either
in an ensemble of open states or in a closed state.
The structure of the closed state is prescribed by
shape-complementary patterns of double-helical
DNAdomains that can click into each other when
the two beams draw together (Fig. 1E, right).
Direct imaging by negative-stain TEM confirms
that the switch adopts open and closed confor-

mations, where the closed conformation is struc-
turally well defined (Fig. 1F).

Structural switching

Our RNAse P–inspired shape recognition scheme
creates a tiered hierarchy between intradomain
stability and interdomain interaction because it is
based on few nucleobase stacking interactions,
rather than the many nucleobase pairing inter-
actions that stabilize entire DNA objects. As in
RNAse P (25, 26), the conformational equilibrium
of objects that utilize such shape-complementary
interactions is sensitive to the concentration of
counterions in solution because of repulsions
between the negatively charged surfaces of the
DNA binding partners. These two properties, the
tiered interaction hierarchy and the repulsive
interfaces, create rich opportunities for adjusting
the conformational equilibrium, and changing it
reversibly and rapidly, by global parameters such
as cation concentration and solution temperature.
We test these options in detail using ensemble and
single-molecule fluorescence resonance energy
transfer (FRET) experiments, as well as TEM im-
aging and electrophoretic mobility analysis per-
formed as a function of cation concentration and
temperature with the switch object and for a di-
meric brick complex. For both the switch and the
dimeric bricks, increasing the cation concentra-
tion shifted the conformational equilibrium from
the open or monomeric states to the closed or
dimeric states, respectively (Fig. 2, A and B, and

figs. S12 to S14; S23, A to D; S24 to S29; and S30,
A and B). This process occurred in the presence
of bothmonovalent and divalent cations, but only
when attractive stacking bonds or even stronger
hybridization-based interactions were included
(Fig. 2B, supplementary text S1, and figs. S23, B
to C, and S31 to S40), thus pointing against
unspecific counterion-induced condensation ef-
fects. The transitions were reversible upon cyclic
changes in the concentration of cations (fig. S23E).
The isothermsgeneratedby cation titration agreed
wellwith the predictions of a two-statemodelwith
a free-energy term that depends linearly on the
concentration of cations (Fig. 2B and fig. S30B).
Single switch particles sample the designed open
and closed states on the time scale of fractions of
seconds (supplementary text S2 and figs. S23, F
to I, and S41 to S49). Increasing the concentra-
tion of cations shifts the equilibrium toward the
closed state by predominantly reducing the av-
erage time that the switch dwells in the open state
(fig. S23I).
The greater the strength of the designed in-

teraction between the shape-complementary
interfaces of the switch, the lower the cation con-
centration necessary for stabilizing the closed
state (Fig. 2B and fig. S23, B and C). In the switch
version with 16 stacking bonds, the transition
occurred over a narrow concentration interval
ranging from 6 to 12 mM MgCl2. For stronger
hybridization-based interactions at all comple-
mentary sites instead of the minimal stacking
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Fig. 4. Reversibly reconfigurable non–base pairing multistate DNA devices
with arbitrary shapes. (A) Top row: schematic representations of a reconfig-
urable gear in a fully open state (left), in a partially compacted intermediate
state (center), and in a fully closed state (right). The states can be cyclically
prepared by adjusting, e.g., the cation concentration. Bottom row: average
negative-stain TEM micrographs of the gear, acquired at 100 mMMgCl2 (left)
and at 20 mM MgCl2 (center and right). The cation-dependent operation
principle opening or closing is reversed with respect to, e.g., the switch (Figs.
1 and 2) due to additional cation-dependent attractive surface interactions
with the TEM support grid that “pull” the gear open. (B) Top row: schematic
representation of a nanobook in three states. Bottom row: averaged negative-
stain TEM micrographs acquired at 5 mM (left) and at 50 mM (center and
right) MgCl2. (C) Schematic representation of a heterotrimeric reconfigurable

nanorobot (15 MD) that can be reversibly reconfigured in three different con-
formational states: disassembled, and assembled with open or closed arms,
respectively, by calibrating the concentration of cations in solutions. Average
negative-stain TEM micrographs of the nanorobot were acquired in the pres-
ence of the indicated MgCl2 concentrations. MgCl2 concentration increase
was achieved by adding MgCl2 stock solution; concentration reduction was
achieved by diluting with Mg-free buffer. (See figs. S99 and S100 for TEM
images from a complete assembly, opening, closing, disassembly cycle.)
(D) Top row: schematic representation of two shape-complementary multi-
layer DNA origami objects in square-lattice packing (all other objects in this
work were honeycomb-lattice packing). Bottom row: average negative-
stain TEM micrographs in two distinct views of the heterodimeric complex
at 50 mM MgCl2. Scale bars, 25 nm.
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position and orientation of individual DNA ob-
jects within larger complexes, we designed four
multilayer DNA origami bricks (Fig. 1C and figs.
S1 to S7) that form the subunits of a tetrameric
complex. The embossed surface of brick A fits
precisely into the recessed surface of brick B and
likewise for combinations of B with C and C
with D. Bricks B, C, and D exhibit characteristic
asymmetric features that helped identify their
orientation when the bricks were imaged with
transmission electronmicroscopy (TEM). Negative-
stain TEM image data and an electrophoretic
mobility analysis confirmed the successful as-
sembly of the designed overall bricklike objects
(fig. S7, A and B), as well as the self-assembly
into all possible multimeric complexes as they
are prescribed by the designed shape comple-
mentarity, including dimers, trimers, and a te-
tramer (Fig. 1D; fig. S7, B to F; and figs. S8 to S21).
To illustrate the ability of the click-in shape

recognition scheme for precisely defining con-
formational states within a multidomain DNA
object, we designed a switchlike DNA object con-
sisting of two rigid beams connected by a pivot
(Fig. 1E and fig. S22). The switch can dwell either
in an ensemble of open states or in a closed state.
The structure of the closed state is prescribed by
shape-complementary patterns of double-helical
DNAdomains that can click into each other when
the two beams draw together (Fig. 1E, right).
Direct imaging by negative-stain TEM confirms
that the switch adopts open and closed confor-

mations, where the closed conformation is struc-
turally well defined (Fig. 1F).

Structural switching

Our RNAse P–inspired shape recognition scheme
creates a tiered hierarchy between intradomain
stability and interdomain interaction because it is
based on few nucleobase stacking interactions,
rather than the many nucleobase pairing inter-
actions that stabilize entire DNA objects. As in
RNAse P (25, 26), the conformational equilibrium
of objects that utilize such shape-complementary
interactions is sensitive to the concentration of
counterions in solution because of repulsions
between the negatively charged surfaces of the
DNA binding partners. These two properties, the
tiered interaction hierarchy and the repulsive
interfaces, create rich opportunities for adjusting
the conformational equilibrium, and changing it
reversibly and rapidly, by global parameters such
as cation concentration and solution temperature.
We test these options in detail using ensemble and
single-molecule fluorescence resonance energy
transfer (FRET) experiments, as well as TEM im-
aging and electrophoretic mobility analysis per-
formed as a function of cation concentration and
temperature with the switch object and for a di-
meric brick complex. For both the switch and the
dimeric bricks, increasing the cation concentra-
tion shifted the conformational equilibrium from
the open or monomeric states to the closed or
dimeric states, respectively (Fig. 2, A and B, and

figs. S12 to S14; S23, A to D; S24 to S29; and S30,
A and B). This process occurred in the presence
of bothmonovalent and divalent cations, but only
when attractive stacking bonds or even stronger
hybridization-based interactions were included
(Fig. 2B, supplementary text S1, and figs. S23, B
to C, and S31 to S40), thus pointing against
unspecific counterion-induced condensation ef-
fects. The transitions were reversible upon cyclic
changes in the concentration of cations (fig. S23E).
The isothermsgeneratedby cation titration agreed
wellwith the predictions of a two-statemodelwith
a free-energy term that depends linearly on the
concentration of cations (Fig. 2B and fig. S30B).
Single switch particles sample the designed open
and closed states on the time scale of fractions of
seconds (supplementary text S2 and figs. S23, F
to I, and S41 to S49). Increasing the concentra-
tion of cations shifts the equilibrium toward the
closed state by predominantly reducing the av-
erage time that the switch dwells in the open state
(fig. S23I).
The greater the strength of the designed in-

teraction between the shape-complementary
interfaces of the switch, the lower the cation con-
centration necessary for stabilizing the closed
state (Fig. 2B and fig. S23, B and C). In the switch
version with 16 stacking bonds, the transition
occurred over a narrow concentration interval
ranging from 6 to 12 mM MgCl2. For stronger
hybridization-based interactions at all comple-
mentary sites instead of the minimal stacking
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urable gear in a fully open state (left), in a partially compacted intermediate
state (center), and in a fully closed state (right). The states can be cyclically
prepared by adjusting, e.g., the cation concentration. Bottom row: average
negative-stain TEM micrographs of the gear, acquired at 100 mMMgCl2 (left)
and at 20 mM MgCl2 (center and right). The cation-dependent operation
principle opening or closing is reversed with respect to, e.g., the switch (Figs.
1 and 2) due to additional cation-dependent attractive surface interactions
with the TEM support grid that “pull” the gear open. (B) Top row: schematic
representation of a nanobook in three states. Bottom row: averaged negative-
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nanorobot (15 MD) that can be reversibly reconfigured in three different con-
formational states: disassembled, and assembled with open or closed arms,
respectively, by calibrating the concentration of cations in solutions. Average
negative-stain TEM micrographs of the nanorobot were acquired in the pres-
ence of the indicated MgCl2 concentrations. MgCl2 concentration increase
was achieved by adding MgCl2 stock solution; concentration reduction was
achieved by diluting with Mg-free buffer. (See figs. S99 and S100 for TEM
images from a complete assembly, opening, closing, disassembly cycle.)
(D) Top row: schematic representation of two shape-complementary multi-
layer DNA origami objects in square-lattice packing (all other objects in this
work were honeycomb-lattice packing). Bottom row: average negative-
stain TEM micrographs in two distinct views of the heterodimeric complex
at 50 mM MgCl2. Scale bars, 25 nm.
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position and orientation of individual DNA ob-
jects within larger complexes, we designed four
multilayer DNA origami bricks (Fig. 1C and figs.
S1 to S7) that form the subunits of a tetrameric
complex. The embossed surface of brick A fits
precisely into the recessed surface of brick B and
likewise for combinations of B with C and C
with D. Bricks B, C, and D exhibit characteristic
asymmetric features that helped identify their
orientation when the bricks were imaged with
transmission electronmicroscopy (TEM). Negative-
stain TEM image data and an electrophoretic
mobility analysis confirmed the successful as-
sembly of the designed overall bricklike objects
(fig. S7, A and B), as well as the self-assembly
into all possible multimeric complexes as they
are prescribed by the designed shape comple-
mentarity, including dimers, trimers, and a te-
tramer (Fig. 1D; fig. S7, B to F; and figs. S8 to S21).
To illustrate the ability of the click-in shape

recognition scheme for precisely defining con-
formational states within a multidomain DNA
object, we designed a switchlike DNA object con-
sisting of two rigid beams connected by a pivot
(Fig. 1E and fig. S22). The switch can dwell either
in an ensemble of open states or in a closed state.
The structure of the closed state is prescribed by
shape-complementary patterns of double-helical
DNAdomains that can click into each other when
the two beams draw together (Fig. 1E, right).
Direct imaging by negative-stain TEM confirms
that the switch adopts open and closed confor-

mations, where the closed conformation is struc-
turally well defined (Fig. 1F).

Structural switching

Our RNAse P–inspired shape recognition scheme
creates a tiered hierarchy between intradomain
stability and interdomain interaction because it is
based on few nucleobase stacking interactions,
rather than the many nucleobase pairing inter-
actions that stabilize entire DNA objects. As in
RNAse P (25, 26), the conformational equilibrium
of objects that utilize such shape-complementary
interactions is sensitive to the concentration of
counterions in solution because of repulsions
between the negatively charged surfaces of the
DNA binding partners. These two properties, the
tiered interaction hierarchy and the repulsive
interfaces, create rich opportunities for adjusting
the conformational equilibrium, and changing it
reversibly and rapidly, by global parameters such
as cation concentration and solution temperature.
We test these options in detail using ensemble and
single-molecule fluorescence resonance energy
transfer (FRET) experiments, as well as TEM im-
aging and electrophoretic mobility analysis per-
formed as a function of cation concentration and
temperature with the switch object and for a di-
meric brick complex. For both the switch and the
dimeric bricks, increasing the cation concentra-
tion shifted the conformational equilibrium from
the open or monomeric states to the closed or
dimeric states, respectively (Fig. 2, A and B, and

figs. S12 to S14; S23, A to D; S24 to S29; and S30,
A and B). This process occurred in the presence
of bothmonovalent and divalent cations, but only
when attractive stacking bonds or even stronger
hybridization-based interactions were included
(Fig. 2B, supplementary text S1, and figs. S23, B
to C, and S31 to S40), thus pointing against
unspecific counterion-induced condensation ef-
fects. The transitions were reversible upon cyclic
changes in the concentration of cations (fig. S23E).
The isothermsgeneratedby cation titration agreed
wellwith the predictions of a two-statemodelwith
a free-energy term that depends linearly on the
concentration of cations (Fig. 2B and fig. S30B).
Single switch particles sample the designed open
and closed states on the time scale of fractions of
seconds (supplementary text S2 and figs. S23, F
to I, and S41 to S49). Increasing the concentra-
tion of cations shifts the equilibrium toward the
closed state by predominantly reducing the av-
erage time that the switch dwells in the open state
(fig. S23I).
The greater the strength of the designed in-

teraction between the shape-complementary
interfaces of the switch, the lower the cation con-
centration necessary for stabilizing the closed
state (Fig. 2B and fig. S23, B and C). In the switch
version with 16 stacking bonds, the transition
occurred over a narrow concentration interval
ranging from 6 to 12 mM MgCl2. For stronger
hybridization-based interactions at all comple-
mentary sites instead of the minimal stacking
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Fig. 4. Reversibly reconfigurable non–base pairing multistate DNA devices
with arbitrary shapes. (A) Top row: schematic representations of a reconfig-
urable gear in a fully open state (left), in a partially compacted intermediate
state (center), and in a fully closed state (right). The states can be cyclically
prepared by adjusting, e.g., the cation concentration. Bottom row: average
negative-stain TEM micrographs of the gear, acquired at 100 mMMgCl2 (left)
and at 20 mM MgCl2 (center and right). The cation-dependent operation
principle opening or closing is reversed with respect to, e.g., the switch (Figs.
1 and 2) due to additional cation-dependent attractive surface interactions
with the TEM support grid that “pull” the gear open. (B) Top row: schematic
representation of a nanobook in three states. Bottom row: averaged negative-
stain TEM micrographs acquired at 5 mM (left) and at 50 mM (center and
right) MgCl2. (C) Schematic representation of a heterotrimeric reconfigurable

nanorobot (15 MD) that can be reversibly reconfigured in three different con-
formational states: disassembled, and assembled with open or closed arms,
respectively, by calibrating the concentration of cations in solutions. Average
negative-stain TEM micrographs of the nanorobot were acquired in the pres-
ence of the indicated MgCl2 concentrations. MgCl2 concentration increase
was achieved by adding MgCl2 stock solution; concentration reduction was
achieved by diluting with Mg-free buffer. (See figs. S99 and S100 for TEM
images from a complete assembly, opening, closing, disassembly cycle.)
(D) Top row: schematic representation of two shape-complementary multi-
layer DNA origami objects in square-lattice packing (all other objects in this
work were honeycomb-lattice packing). Bottom row: average negative-
stain TEM micrographs in two distinct views of the heterodimeric complex
at 50 mM MgCl2. Scale bars, 25 nm.
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Potential issues with self-assembly

combinatorial explosion of competing structures. We then
demonstrate that the principle of undesired usage can also
alleviate kinetic yield catastrophes in non-equilibrium models,
focusing on two models of recent interest in colloidal and DNA
brick assembly. In the systems we study, the yield improvement
from non-stoichiometric concentrations is typically larger when
the stoichiometric concentrations yield is smaller.

Results
Undesired usage must balance desired usage. We consider self-
assembly of heterogeneous structures made of n components; each
component is one of m species types and has multiple distinct
binding sites. Besides the desired structure, the m species of
components can assemble numerous incomplete or incorrect
undesired structures. (See Fig. 2 where m ¼ n ¼ 4.) Incomplete
structures are pieces of the desired structure that do not have all
the necessary components, whereas incorrectly bound structures
contain weak ‘crosstalking’ interactions. Such undesired structures
vary in size, shape and composition and can markedly reduce yield.

We define yield Y as the number of desired structures
produced relative to all undesired structures. That is,

Y ¼ Xd

XdþXu
ð1Þ

where Xd(ci), Xu(ci) are the numbers of desired and undesired
structures produced by assembly and which depend on
species concentrations ci. Xu can be written as a sum over all
undesired structures a, Xu ¼

P
a Xa.

We define the ‘usage’ ui
a of species i by structure a:

ui
a % @log ci log Xa: ð2Þ

ui
a reflects how the production rate of structure a depends on the

concentration of component i. For example, consider an
experiment carried out using concentrations ci and then
perturb around these concentrations, ci - fici. If the perturba-
tions are small, we can Taylor expand log Xa to write
Xa ficið Þ & f u

1
a

1 f u
2
a

2 ' ' ' f
um

a
m Xa cið Þþ . . . . Thus, large usage ui

a40
implies that increasing the concentration of species i will greatly
increase the production of structure a. The gradient of yield with
respect to log ci can be written in terms of usage,

~rY / ~ud ( ~uah iu ð3Þ

where the average ~uah iu¼
P

a
Xa
Xu
~ua is over all undesired structures

a, each weighted by the amount Xa of it produced. The
proportionality constant in equation (3) is always positive.

This equation defines the principle of undesired usage—yield is
improved by lowering the concentration of component i whose
average undesired usage ui

a

! "
u is higher than its correct usage ui

d
(and vice-versa). Changing concentrations in such a manner
produces different distributions of undesired structures Xa/Xu,
whose average undesired usage ui

a

! "
u is closer to the correct usage

ui
d. The resulting optimal concentrations can be very different

from the stoichiometry in the desired structure.
Our analysis of specific models will show that the resulting

yield improvements are marked. In what follows, we apply this
principle to equilibrium assembly as well as to two paradigmatic
kinetic examples. In our model of equilibrium assembly, ci and Xa
in equation (2) will refer to steady-state concentrations, and we
analytically show that the usage ui

a is the number of occurrences
of species i in structure a. In our kinetic models, ui

a quantifies the
dependence of the final amount Xa of structure a on initial
concentrations ci that deplete with time. Thus, equation (3) can
be applied to both steady-state or initial concentrations and to
equilibrium or kinetic assembly.

Equilibrium assembly and yield catastrophes. We begin by
studying equilibrium assembly. We assume that the interactions
between binding sites in the desired structure are strong and of
energy s kBT o0. For example, in Fig. 3, components 6 and 7 and
components 4 and J1 have strong binding with each other. In
many systems, such as DNA bricks designed with random
sequences or protein assemblies, the strong interaction energy
will typically vary across the structure. Optimal concentrations
will depend on such variation in binding energies and can be
computed using the framework we introduce below; for simpli-
city, we focus on the case of a single strong binding energy scale s
kBT and discuss generalizations in Supplementary Note 1.

In any natural or synthetic system, there is always some level of
nonspecific interactions that we call ‘crosstalk’12,18,20,31–33. To
model crosstalk, we assume that all non-desired binding sites
interact weakly with an energy w kBT o0 that is distributed
randomly as r(w). Thus, components 6 and 2 interact through
such a weak crosstalk interaction. The ‘male’ site of component 3
interacts weakly with all components since it is unbound in the
desired structure.

We assume for now that each component i is supplied at a
fixed chemical potential mi, so the concentration of free
components has the constant value ci ¼ ebmi , with b ¼ 1

kBT. This
steady-state model mimics the assembly of the ribosome
and other macromolecular complexes whose protein components
are being continually produced, or assembly in a large sea of
components whose concentrations change very little
during assembly. Recent works10,34,35 suggest that, in some
temperature regimes, the experiments of9,10 can be described in
such a manner. See kinetic models below for complementary
possibilities.

Yield at equilibrium can be obtained by summing the partition
function over all undesired structures; we developed a method
adapted from Feynman diagrams to perform such numerical
computations efficiently (see Methods section). We find that yield
is determined by an energy–entropy balance, with the number of
the most stable competing structures growing as Bn2 and each
such crosstalk-containing structure suppressed by an energetic
factor of e( b(w( s). Building structures of size n with any yield at
all requires the energetic suppression to dominate which in turn
implies a bound on the crosstalk energy w. Extending such
analytic arguments (detailed in Supplementary Note 2 and
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Figure 2 | Kinetic pathways leading to desired and undesired structures.
Effective rate constants k (and hence fluxes) along different pathways
depend on concentrations ci of species in differing ways. Yield is improved
by decreasing concentrations of species with high ‘undesired usage’, that is,
species that increase flux along undesired pathways. Hence, optimal
concentrations ci may differ greatly from the stoichiometry of the desired
structure. For the schematic selection of pathways shown here, yield might
be improved if concentration cb is higher than cp,cg as low cp and cg suppress
incorrect and incomplete structures, respectively.
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combinatorial explosion of competing structures. We then
demonstrate that the principle of undesired usage can also
alleviate kinetic yield catastrophes in non-equilibrium models,
focusing on two models of recent interest in colloidal and DNA
brick assembly. In the systems we study, the yield improvement
from non-stoichiometric concentrations is typically larger when
the stoichiometric concentrations yield is smaller.

Results
Undesired usage must balance desired usage. We consider self-
assembly of heterogeneous structures made of n components; each
component is one of m species types and has multiple distinct
binding sites. Besides the desired structure, the m species of
components can assemble numerous incomplete or incorrect
undesired structures. (See Fig. 2 where m ¼ n ¼ 4.) Incomplete
structures are pieces of the desired structure that do not have all
the necessary components, whereas incorrectly bound structures
contain weak ‘crosstalking’ interactions. Such undesired structures
vary in size, shape and composition and can markedly reduce yield.

We define yield Y as the number of desired structures
produced relative to all undesired structures. That is,

Y ¼ Xd

XdþXu
ð1Þ

where Xd(ci), Xu(ci) are the numbers of desired and undesired
structures produced by assembly and which depend on
species concentrations ci. Xu can be written as a sum over all
undesired structures a, Xu ¼

P
a Xa.

We define the ‘usage’ ui
a of species i by structure a:

ui
a % @log ci log Xa: ð2Þ

ui
a reflects how the production rate of structure a depends on the

concentration of component i. For example, consider an
experiment carried out using concentrations ci and then
perturb around these concentrations, ci - fici. If the perturba-
tions are small, we can Taylor expand log Xa to write
Xa ficið Þ & f u
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m Xa cið Þþ . . . . Thus, large usage ui
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implies that increasing the concentration of species i will greatly
increase the production of structure a. The gradient of yield with
respect to log ci can be written in terms of usage,

~rY / ~ud ( ~uah iu ð3Þ

where the average ~uah iu¼
P

a
Xa
Xu
~ua is over all undesired structures

a, each weighted by the amount Xa of it produced. The
proportionality constant in equation (3) is always positive.

This equation defines the principle of undesired usage—yield is
improved by lowering the concentration of component i whose
average undesired usage ui

a

! "
u is higher than its correct usage ui

d
(and vice-versa). Changing concentrations in such a manner
produces different distributions of undesired structures Xa/Xu,
whose average undesired usage ui

a

! "
u is closer to the correct usage

ui
d. The resulting optimal concentrations can be very different

from the stoichiometry in the desired structure.
Our analysis of specific models will show that the resulting

yield improvements are marked. In what follows, we apply this
principle to equilibrium assembly as well as to two paradigmatic
kinetic examples. In our model of equilibrium assembly, ci and Xa
in equation (2) will refer to steady-state concentrations, and we
analytically show that the usage ui

a is the number of occurrences
of species i in structure a. In our kinetic models, ui

a quantifies the
dependence of the final amount Xa of structure a on initial
concentrations ci that deplete with time. Thus, equation (3) can
be applied to both steady-state or initial concentrations and to
equilibrium or kinetic assembly.

Equilibrium assembly and yield catastrophes. We begin by
studying equilibrium assembly. We assume that the interactions
between binding sites in the desired structure are strong and of
energy s kBT o0. For example, in Fig. 3, components 6 and 7 and
components 4 and J1 have strong binding with each other. In
many systems, such as DNA bricks designed with random
sequences or protein assemblies, the strong interaction energy
will typically vary across the structure. Optimal concentrations
will depend on such variation in binding energies and can be
computed using the framework we introduce below; for simpli-
city, we focus on the case of a single strong binding energy scale s
kBT and discuss generalizations in Supplementary Note 1.

In any natural or synthetic system, there is always some level of
nonspecific interactions that we call ‘crosstalk’12,18,20,31–33. To
model crosstalk, we assume that all non-desired binding sites
interact weakly with an energy w kBT o0 that is distributed
randomly as r(w). Thus, components 6 and 2 interact through
such a weak crosstalk interaction. The ‘male’ site of component 3
interacts weakly with all components since it is unbound in the
desired structure.

We assume for now that each component i is supplied at a
fixed chemical potential mi, so the concentration of free
components has the constant value ci ¼ ebmi , with b ¼ 1

kBT. This
steady-state model mimics the assembly of the ribosome
and other macromolecular complexes whose protein components
are being continually produced, or assembly in a large sea of
components whose concentrations change very little
during assembly. Recent works10,34,35 suggest that, in some
temperature regimes, the experiments of9,10 can be described in
such a manner. See kinetic models below for complementary
possibilities.

Yield at equilibrium can be obtained by summing the partition
function over all undesired structures; we developed a method
adapted from Feynman diagrams to perform such numerical
computations efficiently (see Methods section). We find that yield
is determined by an energy–entropy balance, with the number of
the most stable competing structures growing as Bn2 and each
such crosstalk-containing structure suppressed by an energetic
factor of e( b(w( s). Building structures of size n with any yield at
all requires the energetic suppression to dominate which in turn
implies a bound on the crosstalk energy w. Extending such
analytic arguments (detailed in Supplementary Note 2 and
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Figure 2 | Kinetic pathways leading to desired and undesired structures.
Effective rate constants k (and hence fluxes) along different pathways
depend on concentrations ci of species in differing ways. Yield is improved
by decreasing concentrations of species with high ‘undesired usage’, that is,
species that increase flux along undesired pathways. Hence, optimal
concentrations ci may differ greatly from the stoichiometry of the desired
structure. For the schematic selection of pathways shown here, yield might
be improved if concentration cb is higher than cp,cg as low cp and cg suppress
incorrect and incomplete structures, respectively.
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target structure

combinatorial explosion of competing structures. We then
demonstrate that the principle of undesired usage can also
alleviate kinetic yield catastrophes in non-equilibrium models,
focusing on two models of recent interest in colloidal and DNA
brick assembly. In the systems we study, the yield improvement
from non-stoichiometric concentrations is typically larger when
the stoichiometric concentrations yield is smaller.

Results
Undesired usage must balance desired usage. We consider self-
assembly of heterogeneous structures made of n components; each
component is one of m species types and has multiple distinct
binding sites. Besides the desired structure, the m species of
components can assemble numerous incomplete or incorrect
undesired structures. (See Fig. 2 where m ¼ n ¼ 4.) Incomplete
structures are pieces of the desired structure that do not have all
the necessary components, whereas incorrectly bound structures
contain weak ‘crosstalking’ interactions. Such undesired structures
vary in size, shape and composition and can markedly reduce yield.

We define yield Y as the number of desired structures
produced relative to all undesired structures. That is,

Y ¼ Xd

XdþXu
ð1Þ

where Xd(ci), Xu(ci) are the numbers of desired and undesired
structures produced by assembly and which depend on
species concentrations ci. Xu can be written as a sum over all
undesired structures a, Xu ¼

P
a Xa.

We define the ‘usage’ ui
a of species i by structure a:

ui
a % @log ci log Xa: ð2Þ

ui
a reflects how the production rate of structure a depends on the

concentration of component i. For example, consider an
experiment carried out using concentrations ci and then
perturb around these concentrations, ci - fici. If the perturba-
tions are small, we can Taylor expand log Xa to write
Xa ficið Þ & f u
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m Xa cið Þþ . . . . Thus, large usage ui
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implies that increasing the concentration of species i will greatly
increase the production of structure a. The gradient of yield with
respect to log ci can be written in terms of usage,

~rY / ~ud ( ~uah iu ð3Þ

where the average ~uah iu¼
P

a
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Xu
~ua is over all undesired structures

a, each weighted by the amount Xa of it produced. The
proportionality constant in equation (3) is always positive.

This equation defines the principle of undesired usage—yield is
improved by lowering the concentration of component i whose
average undesired usage ui

a

! "
u is higher than its correct usage ui

d
(and vice-versa). Changing concentrations in such a manner
produces different distributions of undesired structures Xa/Xu,
whose average undesired usage ui

a

! "
u is closer to the correct usage

ui
d. The resulting optimal concentrations can be very different

from the stoichiometry in the desired structure.
Our analysis of specific models will show that the resulting

yield improvements are marked. In what follows, we apply this
principle to equilibrium assembly as well as to two paradigmatic
kinetic examples. In our model of equilibrium assembly, ci and Xa
in equation (2) will refer to steady-state concentrations, and we
analytically show that the usage ui

a is the number of occurrences
of species i in structure a. In our kinetic models, ui

a quantifies the
dependence of the final amount Xa of structure a on initial
concentrations ci that deplete with time. Thus, equation (3) can
be applied to both steady-state or initial concentrations and to
equilibrium or kinetic assembly.

Equilibrium assembly and yield catastrophes. We begin by
studying equilibrium assembly. We assume that the interactions
between binding sites in the desired structure are strong and of
energy s kBT o0. For example, in Fig. 3, components 6 and 7 and
components 4 and J1 have strong binding with each other. In
many systems, such as DNA bricks designed with random
sequences or protein assemblies, the strong interaction energy
will typically vary across the structure. Optimal concentrations
will depend on such variation in binding energies and can be
computed using the framework we introduce below; for simpli-
city, we focus on the case of a single strong binding energy scale s
kBT and discuss generalizations in Supplementary Note 1.

In any natural or synthetic system, there is always some level of
nonspecific interactions that we call ‘crosstalk’12,18,20,31–33. To
model crosstalk, we assume that all non-desired binding sites
interact weakly with an energy w kBT o0 that is distributed
randomly as r(w). Thus, components 6 and 2 interact through
such a weak crosstalk interaction. The ‘male’ site of component 3
interacts weakly with all components since it is unbound in the
desired structure.

We assume for now that each component i is supplied at a
fixed chemical potential mi, so the concentration of free
components has the constant value ci ¼ ebmi , with b ¼ 1

kBT. This
steady-state model mimics the assembly of the ribosome
and other macromolecular complexes whose protein components
are being continually produced, or assembly in a large sea of
components whose concentrations change very little
during assembly. Recent works10,34,35 suggest that, in some
temperature regimes, the experiments of9,10 can be described in
such a manner. See kinetic models below for complementary
possibilities.

Yield at equilibrium can be obtained by summing the partition
function over all undesired structures; we developed a method
adapted from Feynman diagrams to perform such numerical
computations efficiently (see Methods section). We find that yield
is determined by an energy–entropy balance, with the number of
the most stable competing structures growing as Bn2 and each
such crosstalk-containing structure suppressed by an energetic
factor of e( b(w( s). Building structures of size n with any yield at
all requires the energetic suppression to dominate which in turn
implies a bound on the crosstalk energy w. Extending such
analytic arguments (detailed in Supplementary Note 2 and
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Figure 2 | Kinetic pathways leading to desired and undesired structures.
Effective rate constants k (and hence fluxes) along different pathways
depend on concentrations ci of species in differing ways. Yield is improved
by decreasing concentrations of species with high ‘undesired usage’, that is,
species that increase flux along undesired pathways. Hence, optimal
concentrations ci may differ greatly from the stoichiometry of the desired
structure. For the schematic selection of pathways shown here, yield might
be improved if concentration cb is higher than cp,cg as low cp and cg suppress
incorrect and incomplete structures, respectively.
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combinatorial explosion of competing structures. We then
demonstrate that the principle of undesired usage can also
alleviate kinetic yield catastrophes in non-equilibrium models,
focusing on two models of recent interest in colloidal and DNA
brick assembly. In the systems we study, the yield improvement
from non-stoichiometric concentrations is typically larger when
the stoichiometric concentrations yield is smaller.

Results
Undesired usage must balance desired usage. We consider self-
assembly of heterogeneous structures made of n components; each
component is one of m species types and has multiple distinct
binding sites. Besides the desired structure, the m species of
components can assemble numerous incomplete or incorrect
undesired structures. (See Fig. 2 where m ¼ n ¼ 4.) Incomplete
structures are pieces of the desired structure that do not have all
the necessary components, whereas incorrectly bound structures
contain weak ‘crosstalking’ interactions. Such undesired structures
vary in size, shape and composition and can markedly reduce yield.

We define yield Y as the number of desired structures
produced relative to all undesired structures. That is,

Y ¼ Xd

XdþXu
ð1Þ

where Xd(ci), Xu(ci) are the numbers of desired and undesired
structures produced by assembly and which depend on
species concentrations ci. Xu can be written as a sum over all
undesired structures a, Xu ¼

P
a Xa.

We define the ‘usage’ ui
a of species i by structure a:

ui
a % @log ci log Xa: ð2Þ

ui
a reflects how the production rate of structure a depends on the

concentration of component i. For example, consider an
experiment carried out using concentrations ci and then
perturb around these concentrations, ci - fici. If the perturba-
tions are small, we can Taylor expand log Xa to write
Xa ficið Þ & f u
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implies that increasing the concentration of species i will greatly
increase the production of structure a. The gradient of yield with
respect to log ci can be written in terms of usage,

~rY / ~ud ( ~uah iu ð3Þ

where the average ~uah iu¼
P

a
Xa
Xu
~ua is over all undesired structures

a, each weighted by the amount Xa of it produced. The
proportionality constant in equation (3) is always positive.

This equation defines the principle of undesired usage—yield is
improved by lowering the concentration of component i whose
average undesired usage ui

a

! "
u is higher than its correct usage ui

d
(and vice-versa). Changing concentrations in such a manner
produces different distributions of undesired structures Xa/Xu,
whose average undesired usage ui

a

! "
u is closer to the correct usage

ui
d. The resulting optimal concentrations can be very different

from the stoichiometry in the desired structure.
Our analysis of specific models will show that the resulting

yield improvements are marked. In what follows, we apply this
principle to equilibrium assembly as well as to two paradigmatic
kinetic examples. In our model of equilibrium assembly, ci and Xa
in equation (2) will refer to steady-state concentrations, and we
analytically show that the usage ui

a is the number of occurrences
of species i in structure a. In our kinetic models, ui

a quantifies the
dependence of the final amount Xa of structure a on initial
concentrations ci that deplete with time. Thus, equation (3) can
be applied to both steady-state or initial concentrations and to
equilibrium or kinetic assembly.

Equilibrium assembly and yield catastrophes. We begin by
studying equilibrium assembly. We assume that the interactions
between binding sites in the desired structure are strong and of
energy s kBT o0. For example, in Fig. 3, components 6 and 7 and
components 4 and J1 have strong binding with each other. In
many systems, such as DNA bricks designed with random
sequences or protein assemblies, the strong interaction energy
will typically vary across the structure. Optimal concentrations
will depend on such variation in binding energies and can be
computed using the framework we introduce below; for simpli-
city, we focus on the case of a single strong binding energy scale s
kBT and discuss generalizations in Supplementary Note 1.

In any natural or synthetic system, there is always some level of
nonspecific interactions that we call ‘crosstalk’12,18,20,31–33. To
model crosstalk, we assume that all non-desired binding sites
interact weakly with an energy w kBT o0 that is distributed
randomly as r(w). Thus, components 6 and 2 interact through
such a weak crosstalk interaction. The ‘male’ site of component 3
interacts weakly with all components since it is unbound in the
desired structure.

We assume for now that each component i is supplied at a
fixed chemical potential mi, so the concentration of free
components has the constant value ci ¼ ebmi , with b ¼ 1

kBT. This
steady-state model mimics the assembly of the ribosome
and other macromolecular complexes whose protein components
are being continually produced, or assembly in a large sea of
components whose concentrations change very little
during assembly. Recent works10,34,35 suggest that, in some
temperature regimes, the experiments of9,10 can be described in
such a manner. See kinetic models below for complementary
possibilities.

Yield at equilibrium can be obtained by summing the partition
function over all undesired structures; we developed a method
adapted from Feynman diagrams to perform such numerical
computations efficiently (see Methods section). We find that yield
is determined by an energy–entropy balance, with the number of
the most stable competing structures growing as Bn2 and each
such crosstalk-containing structure suppressed by an energetic
factor of e( b(w( s). Building structures of size n with any yield at
all requires the energetic suppression to dominate which in turn
implies a bound on the crosstalk energy w. Extending such
analytic arguments (detailed in Supplementary Note 2 and
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Effective rate constants k (and hence fluxes) along different pathways
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structure. For the schematic selection of pathways shown here, yield might
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combinatorial explosion of competing structures. We then
demonstrate that the principle of undesired usage can also
alleviate kinetic yield catastrophes in non-equilibrium models,
focusing on two models of recent interest in colloidal and DNA
brick assembly. In the systems we study, the yield improvement
from non-stoichiometric concentrations is typically larger when
the stoichiometric concentrations yield is smaller.

Results
Undesired usage must balance desired usage. We consider self-
assembly of heterogeneous structures made of n components; each
component is one of m species types and has multiple distinct
binding sites. Besides the desired structure, the m species of
components can assemble numerous incomplete or incorrect
undesired structures. (See Fig. 2 where m ¼ n ¼ 4.) Incomplete
structures are pieces of the desired structure that do not have all
the necessary components, whereas incorrectly bound structures
contain weak ‘crosstalking’ interactions. Such undesired structures
vary in size, shape and composition and can markedly reduce yield.

We define yield Y as the number of desired structures
produced relative to all undesired structures. That is,

Y ¼ Xd

XdþXu
ð1Þ

where Xd(ci), Xu(ci) are the numbers of desired and undesired
structures produced by assembly and which depend on
species concentrations ci. Xu can be written as a sum over all
undesired structures a, Xu ¼

P
a Xa.

We define the ‘usage’ ui
a of species i by structure a:

ui
a % @log ci log Xa: ð2Þ

ui
a reflects how the production rate of structure a depends on the

concentration of component i. For example, consider an
experiment carried out using concentrations ci and then
perturb around these concentrations, ci - fici. If the perturba-
tions are small, we can Taylor expand log Xa to write
Xa ficið Þ & f u
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respect to log ci can be written in terms of usage,
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where the average ~uah iu¼
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a, each weighted by the amount Xa of it produced. The
proportionality constant in equation (3) is always positive.

This equation defines the principle of undesired usage—yield is
improved by lowering the concentration of component i whose
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(and vice-versa). Changing concentrations in such a manner
produces different distributions of undesired structures Xa/Xu,
whose average undesired usage ui
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d. The resulting optimal concentrations can be very different

from the stoichiometry in the desired structure.
Our analysis of specific models will show that the resulting

yield improvements are marked. In what follows, we apply this
principle to equilibrium assembly as well as to two paradigmatic
kinetic examples. In our model of equilibrium assembly, ci and Xa
in equation (2) will refer to steady-state concentrations, and we
analytically show that the usage ui

a is the number of occurrences
of species i in structure a. In our kinetic models, ui

a quantifies the
dependence of the final amount Xa of structure a on initial
concentrations ci that deplete with time. Thus, equation (3) can
be applied to both steady-state or initial concentrations and to
equilibrium or kinetic assembly.

Equilibrium assembly and yield catastrophes. We begin by
studying equilibrium assembly. We assume that the interactions
between binding sites in the desired structure are strong and of
energy s kBT o0. For example, in Fig. 3, components 6 and 7 and
components 4 and J1 have strong binding with each other. In
many systems, such as DNA bricks designed with random
sequences or protein assemblies, the strong interaction energy
will typically vary across the structure. Optimal concentrations
will depend on such variation in binding energies and can be
computed using the framework we introduce below; for simpli-
city, we focus on the case of a single strong binding energy scale s
kBT and discuss generalizations in Supplementary Note 1.

In any natural or synthetic system, there is always some level of
nonspecific interactions that we call ‘crosstalk’12,18,20,31–33. To
model crosstalk, we assume that all non-desired binding sites
interact weakly with an energy w kBT o0 that is distributed
randomly as r(w). Thus, components 6 and 2 interact through
such a weak crosstalk interaction. The ‘male’ site of component 3
interacts weakly with all components since it is unbound in the
desired structure.

We assume for now that each component i is supplied at a
fixed chemical potential mi, so the concentration of free
components has the constant value ci ¼ ebmi , with b ¼ 1

kBT. This
steady-state model mimics the assembly of the ribosome
and other macromolecular complexes whose protein components
are being continually produced, or assembly in a large sea of
components whose concentrations change very little
during assembly. Recent works10,34,35 suggest that, in some
temperature regimes, the experiments of9,10 can be described in
such a manner. See kinetic models below for complementary
possibilities.

Yield at equilibrium can be obtained by summing the partition
function over all undesired structures; we developed a method
adapted from Feynman diagrams to perform such numerical
computations efficiently (see Methods section). We find that yield
is determined by an energy–entropy balance, with the number of
the most stable competing structures growing as Bn2 and each
such crosstalk-containing structure suppressed by an energetic
factor of e( b(w( s). Building structures of size n with any yield at
all requires the energetic suppression to dominate which in turn
implies a bound on the crosstalk energy w. Extending such
analytic arguments (detailed in Supplementary Note 2 and
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be improved if concentration cb is higher than cp,cg as low cp and cg suppress
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combinatorial explosion of competing structures. We then
demonstrate that the principle of undesired usage can also
alleviate kinetic yield catastrophes in non-equilibrium models,
focusing on two models of recent interest in colloidal and DNA
brick assembly. In the systems we study, the yield improvement
from non-stoichiometric concentrations is typically larger when
the stoichiometric concentrations yield is smaller.

Results
Undesired usage must balance desired usage. We consider self-
assembly of heterogeneous structures made of n components; each
component is one of m species types and has multiple distinct
binding sites. Besides the desired structure, the m species of
components can assemble numerous incomplete or incorrect
undesired structures. (See Fig. 2 where m ¼ n ¼ 4.) Incomplete
structures are pieces of the desired structure that do not have all
the necessary components, whereas incorrectly bound structures
contain weak ‘crosstalking’ interactions. Such undesired structures
vary in size, shape and composition and can markedly reduce yield.

We define yield Y as the number of desired structures
produced relative to all undesired structures. That is,

Y ¼ Xd

XdþXu
ð1Þ

where Xd(ci), Xu(ci) are the numbers of desired and undesired
structures produced by assembly and which depend on
species concentrations ci. Xu can be written as a sum over all
undesired structures a, Xu ¼

P
a Xa.

We define the ‘usage’ ui
a of species i by structure a:

ui
a % @log ci log Xa: ð2Þ

ui
a reflects how the production rate of structure a depends on the

concentration of component i. For example, consider an
experiment carried out using concentrations ci and then
perturb around these concentrations, ci - fici. If the perturba-
tions are small, we can Taylor expand log Xa to write
Xa ficið Þ & f u
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implies that increasing the concentration of species i will greatly
increase the production of structure a. The gradient of yield with
respect to log ci can be written in terms of usage,

~rY / ~ud ( ~uah iu ð3Þ

where the average ~uah iu¼
P

a
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Xu
~ua is over all undesired structures

a, each weighted by the amount Xa of it produced. The
proportionality constant in equation (3) is always positive.

This equation defines the principle of undesired usage—yield is
improved by lowering the concentration of component i whose
average undesired usage ui
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u is higher than its correct usage ui
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(and vice-versa). Changing concentrations in such a manner
produces different distributions of undesired structures Xa/Xu,
whose average undesired usage ui
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! "
u is closer to the correct usage
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d. The resulting optimal concentrations can be very different

from the stoichiometry in the desired structure.
Our analysis of specific models will show that the resulting

yield improvements are marked. In what follows, we apply this
principle to equilibrium assembly as well as to two paradigmatic
kinetic examples. In our model of equilibrium assembly, ci and Xa
in equation (2) will refer to steady-state concentrations, and we
analytically show that the usage ui

a is the number of occurrences
of species i in structure a. In our kinetic models, ui

a quantifies the
dependence of the final amount Xa of structure a on initial
concentrations ci that deplete with time. Thus, equation (3) can
be applied to both steady-state or initial concentrations and to
equilibrium or kinetic assembly.

Equilibrium assembly and yield catastrophes. We begin by
studying equilibrium assembly. We assume that the interactions
between binding sites in the desired structure are strong and of
energy s kBT o0. For example, in Fig. 3, components 6 and 7 and
components 4 and J1 have strong binding with each other. In
many systems, such as DNA bricks designed with random
sequences or protein assemblies, the strong interaction energy
will typically vary across the structure. Optimal concentrations
will depend on such variation in binding energies and can be
computed using the framework we introduce below; for simpli-
city, we focus on the case of a single strong binding energy scale s
kBT and discuss generalizations in Supplementary Note 1.

In any natural or synthetic system, there is always some level of
nonspecific interactions that we call ‘crosstalk’12,18,20,31–33. To
model crosstalk, we assume that all non-desired binding sites
interact weakly with an energy w kBT o0 that is distributed
randomly as r(w). Thus, components 6 and 2 interact through
such a weak crosstalk interaction. The ‘male’ site of component 3
interacts weakly with all components since it is unbound in the
desired structure.

We assume for now that each component i is supplied at a
fixed chemical potential mi, so the concentration of free
components has the constant value ci ¼ ebmi , with b ¼ 1

kBT. This
steady-state model mimics the assembly of the ribosome
and other macromolecular complexes whose protein components
are being continually produced, or assembly in a large sea of
components whose concentrations change very little
during assembly. Recent works10,34,35 suggest that, in some
temperature regimes, the experiments of9,10 can be described in
such a manner. See kinetic models below for complementary
possibilities.

Yield at equilibrium can be obtained by summing the partition
function over all undesired structures; we developed a method
adapted from Feynman diagrams to perform such numerical
computations efficiently (see Methods section). We find that yield
is determined by an energy–entropy balance, with the number of
the most stable competing structures growing as Bn2 and each
such crosstalk-containing structure suppressed by an energetic
factor of e( b(w( s). Building structures of size n with any yield at
all requires the energetic suppression to dominate which in turn
implies a bound on the crosstalk energy w. Extending such
analytic arguments (detailed in Supplementary Note 2 and
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Effective rate constants k (and hence fluxes) along different pathways
depend on concentrations ci of species in differing ways. Yield is improved
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species that increase flux along undesired pathways. Hence, optimal
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be improved if concentration cb is higher than cp,cg as low cp and cg suppress
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combinatorial explosion of competing structures. We then
demonstrate that the principle of undesired usage can also
alleviate kinetic yield catastrophes in non-equilibrium models,
focusing on two models of recent interest in colloidal and DNA
brick assembly. In the systems we study, the yield improvement
from non-stoichiometric concentrations is typically larger when
the stoichiometric concentrations yield is smaller.

Results
Undesired usage must balance desired usage. We consider self-
assembly of heterogeneous structures made of n components; each
component is one of m species types and has multiple distinct
binding sites. Besides the desired structure, the m species of
components can assemble numerous incomplete or incorrect
undesired structures. (See Fig. 2 where m ¼ n ¼ 4.) Incomplete
structures are pieces of the desired structure that do not have all
the necessary components, whereas incorrectly bound structures
contain weak ‘crosstalking’ interactions. Such undesired structures
vary in size, shape and composition and can markedly reduce yield.

We define yield Y as the number of desired structures
produced relative to all undesired structures. That is,

Y ¼ Xd

XdþXu
ð1Þ

where Xd(ci), Xu(ci) are the numbers of desired and undesired
structures produced by assembly and which depend on
species concentrations ci. Xu can be written as a sum over all
undesired structures a, Xu ¼

P
a Xa.

We define the ‘usage’ ui
a of species i by structure a:

ui
a % @log ci log Xa: ð2Þ

ui
a reflects how the production rate of structure a depends on the

concentration of component i. For example, consider an
experiment carried out using concentrations ci and then
perturb around these concentrations, ci - fici. If the perturba-
tions are small, we can Taylor expand log Xa to write
Xa ficið Þ & f u
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implies that increasing the concentration of species i will greatly
increase the production of structure a. The gradient of yield with
respect to log ci can be written in terms of usage,

~rY / ~ud ( ~uah iu ð3Þ

where the average ~uah iu¼
P

a
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Xu
~ua is over all undesired structures

a, each weighted by the amount Xa of it produced. The
proportionality constant in equation (3) is always positive.

This equation defines the principle of undesired usage—yield is
improved by lowering the concentration of component i whose
average undesired usage ui

a

! "
u is higher than its correct usage ui

d
(and vice-versa). Changing concentrations in such a manner
produces different distributions of undesired structures Xa/Xu,
whose average undesired usage ui

a

! "
u is closer to the correct usage

ui
d. The resulting optimal concentrations can be very different

from the stoichiometry in the desired structure.
Our analysis of specific models will show that the resulting

yield improvements are marked. In what follows, we apply this
principle to equilibrium assembly as well as to two paradigmatic
kinetic examples. In our model of equilibrium assembly, ci and Xa
in equation (2) will refer to steady-state concentrations, and we
analytically show that the usage ui

a is the number of occurrences
of species i in structure a. In our kinetic models, ui

a quantifies the
dependence of the final amount Xa of structure a on initial
concentrations ci that deplete with time. Thus, equation (3) can
be applied to both steady-state or initial concentrations and to
equilibrium or kinetic assembly.

Equilibrium assembly and yield catastrophes. We begin by
studying equilibrium assembly. We assume that the interactions
between binding sites in the desired structure are strong and of
energy s kBT o0. For example, in Fig. 3, components 6 and 7 and
components 4 and J1 have strong binding with each other. In
many systems, such as DNA bricks designed with random
sequences or protein assemblies, the strong interaction energy
will typically vary across the structure. Optimal concentrations
will depend on such variation in binding energies and can be
computed using the framework we introduce below; for simpli-
city, we focus on the case of a single strong binding energy scale s
kBT and discuss generalizations in Supplementary Note 1.

In any natural or synthetic system, there is always some level of
nonspecific interactions that we call ‘crosstalk’12,18,20,31–33. To
model crosstalk, we assume that all non-desired binding sites
interact weakly with an energy w kBT o0 that is distributed
randomly as r(w). Thus, components 6 and 2 interact through
such a weak crosstalk interaction. The ‘male’ site of component 3
interacts weakly with all components since it is unbound in the
desired structure.

We assume for now that each component i is supplied at a
fixed chemical potential mi, so the concentration of free
components has the constant value ci ¼ ebmi , with b ¼ 1

kBT. This
steady-state model mimics the assembly of the ribosome
and other macromolecular complexes whose protein components
are being continually produced, or assembly in a large sea of
components whose concentrations change very little
during assembly. Recent works10,34,35 suggest that, in some
temperature regimes, the experiments of9,10 can be described in
such a manner. See kinetic models below for complementary
possibilities.

Yield at equilibrium can be obtained by summing the partition
function over all undesired structures; we developed a method
adapted from Feynman diagrams to perform such numerical
computations efficiently (see Methods section). We find that yield
is determined by an energy–entropy balance, with the number of
the most stable competing structures growing as Bn2 and each
such crosstalk-containing structure suppressed by an energetic
factor of e( b(w( s). Building structures of size n with any yield at
all requires the energetic suppression to dominate which in turn
implies a bound on the crosstalk energy w. Extending such
analytic arguments (detailed in Supplementary Note 2 and
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Effective rate constants k (and hence fluxes) along different pathways
depend on concentrations ci of species in differing ways. Yield is improved
by decreasing concentrations of species with high ‘undesired usage’, that is,
species that increase flux along undesired pathways. Hence, optimal
concentrations ci may differ greatly from the stoichiometry of the desired
structure. For the schematic selection of pathways shown here, yield might
be improved if concentration cb is higher than cp,cg as low cp and cg suppress
incorrect and incomplete structures, respectively.
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combinatorial explosion of competing structures. We then
demonstrate that the principle of undesired usage can also
alleviate kinetic yield catastrophes in non-equilibrium models,
focusing on two models of recent interest in colloidal and DNA
brick assembly. In the systems we study, the yield improvement
from non-stoichiometric concentrations is typically larger when
the stoichiometric concentrations yield is smaller.

Results
Undesired usage must balance desired usage. We consider self-
assembly of heterogeneous structures made of n components; each
component is one of m species types and has multiple distinct
binding sites. Besides the desired structure, the m species of
components can assemble numerous incomplete or incorrect
undesired structures. (See Fig. 2 where m ¼ n ¼ 4.) Incomplete
structures are pieces of the desired structure that do not have all
the necessary components, whereas incorrectly bound structures
contain weak ‘crosstalking’ interactions. Such undesired structures
vary in size, shape and composition and can markedly reduce yield.

We define yield Y as the number of desired structures
produced relative to all undesired structures. That is,

Y ¼ Xd

XdþXu
ð1Þ

where Xd(ci), Xu(ci) are the numbers of desired and undesired
structures produced by assembly and which depend on
species concentrations ci. Xu can be written as a sum over all
undesired structures a, Xu ¼

P
a Xa.

We define the ‘usage’ ui
a of species i by structure a:

ui
a % @log ci log Xa: ð2Þ

ui
a reflects how the production rate of structure a depends on the

concentration of component i. For example, consider an
experiment carried out using concentrations ci and then
perturb around these concentrations, ci - fici. If the perturba-
tions are small, we can Taylor expand log Xa to write
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implies that increasing the concentration of species i will greatly
increase the production of structure a. The gradient of yield with
respect to log ci can be written in terms of usage,

~rY / ~ud ( ~uah iu ð3Þ

where the average ~uah iu¼
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Xu
~ua is over all undesired structures

a, each weighted by the amount Xa of it produced. The
proportionality constant in equation (3) is always positive.

This equation defines the principle of undesired usage—yield is
improved by lowering the concentration of component i whose
average undesired usage ui
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u is higher than its correct usage ui

d
(and vice-versa). Changing concentrations in such a manner
produces different distributions of undesired structures Xa/Xu,
whose average undesired usage ui
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u is closer to the correct usage
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d. The resulting optimal concentrations can be very different

from the stoichiometry in the desired structure.
Our analysis of specific models will show that the resulting

yield improvements are marked. In what follows, we apply this
principle to equilibrium assembly as well as to two paradigmatic
kinetic examples. In our model of equilibrium assembly, ci and Xa
in equation (2) will refer to steady-state concentrations, and we
analytically show that the usage ui

a is the number of occurrences
of species i in structure a. In our kinetic models, ui

a quantifies the
dependence of the final amount Xa of structure a on initial
concentrations ci that deplete with time. Thus, equation (3) can
be applied to both steady-state or initial concentrations and to
equilibrium or kinetic assembly.

Equilibrium assembly and yield catastrophes. We begin by
studying equilibrium assembly. We assume that the interactions
between binding sites in the desired structure are strong and of
energy s kBT o0. For example, in Fig. 3, components 6 and 7 and
components 4 and J1 have strong binding with each other. In
many systems, such as DNA bricks designed with random
sequences or protein assemblies, the strong interaction energy
will typically vary across the structure. Optimal concentrations
will depend on such variation in binding energies and can be
computed using the framework we introduce below; for simpli-
city, we focus on the case of a single strong binding energy scale s
kBT and discuss generalizations in Supplementary Note 1.

In any natural or synthetic system, there is always some level of
nonspecific interactions that we call ‘crosstalk’12,18,20,31–33. To
model crosstalk, we assume that all non-desired binding sites
interact weakly with an energy w kBT o0 that is distributed
randomly as r(w). Thus, components 6 and 2 interact through
such a weak crosstalk interaction. The ‘male’ site of component 3
interacts weakly with all components since it is unbound in the
desired structure.

We assume for now that each component i is supplied at a
fixed chemical potential mi, so the concentration of free
components has the constant value ci ¼ ebmi , with b ¼ 1

kBT. This
steady-state model mimics the assembly of the ribosome
and other macromolecular complexes whose protein components
are being continually produced, or assembly in a large sea of
components whose concentrations change very little
during assembly. Recent works10,34,35 suggest that, in some
temperature regimes, the experiments of9,10 can be described in
such a manner. See kinetic models below for complementary
possibilities.

Yield at equilibrium can be obtained by summing the partition
function over all undesired structures; we developed a method
adapted from Feynman diagrams to perform such numerical
computations efficiently (see Methods section). We find that yield
is determined by an energy–entropy balance, with the number of
the most stable competing structures growing as Bn2 and each
such crosstalk-containing structure suppressed by an energetic
factor of e( b(w( s). Building structures of size n with any yield at
all requires the energetic suppression to dominate which in turn
implies a bound on the crosstalk energy w. Extending such
analytic arguments (detailed in Supplementary Note 2 and
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There are exponentially many 
competing structures. Entropic effects 

may dominate for large structures!

If non-specific interactions are too strong,
we may get incorrectly bound structures.

combinatorial explosion of competing structures. We then
demonstrate that the principle of undesired usage can also
alleviate kinetic yield catastrophes in non-equilibrium models,
focusing on two models of recent interest in colloidal and DNA
brick assembly. In the systems we study, the yield improvement
from non-stoichiometric concentrations is typically larger when
the stoichiometric concentrations yield is smaller.

Results
Undesired usage must balance desired usage. We consider self-
assembly of heterogeneous structures made of n components; each
component is one of m species types and has multiple distinct
binding sites. Besides the desired structure, the m species of
components can assemble numerous incomplete or incorrect
undesired structures. (See Fig. 2 where m ¼ n ¼ 4.) Incomplete
structures are pieces of the desired structure that do not have all
the necessary components, whereas incorrectly bound structures
contain weak ‘crosstalking’ interactions. Such undesired structures
vary in size, shape and composition and can markedly reduce yield.

We define yield Y as the number of desired structures
produced relative to all undesired structures. That is,

Y ¼ Xd

XdþXu
ð1Þ

where Xd(ci), Xu(ci) are the numbers of desired and undesired
structures produced by assembly and which depend on
species concentrations ci. Xu can be written as a sum over all
undesired structures a, Xu ¼

P
a Xa.

We define the ‘usage’ ui
a of species i by structure a:

ui
a % @log ci log Xa: ð2Þ

ui
a reflects how the production rate of structure a depends on the

concentration of component i. For example, consider an
experiment carried out using concentrations ci and then
perturb around these concentrations, ci - fici. If the perturba-
tions are small, we can Taylor expand log Xa to write
Xa ficið Þ & f u

1
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a
m Xa cið Þþ . . . . Thus, large usage ui

a40
implies that increasing the concentration of species i will greatly
increase the production of structure a. The gradient of yield with
respect to log ci can be written in terms of usage,

~rY / ~ud ( ~uah iu ð3Þ

where the average ~uah iu¼
P

a
Xa
Xu
~ua is over all undesired structures

a, each weighted by the amount Xa of it produced. The
proportionality constant in equation (3) is always positive.

This equation defines the principle of undesired usage—yield is
improved by lowering the concentration of component i whose
average undesired usage ui

a

! "
u is higher than its correct usage ui

d
(and vice-versa). Changing concentrations in such a manner
produces different distributions of undesired structures Xa/Xu,
whose average undesired usage ui

a

! "
u is closer to the correct usage

ui
d. The resulting optimal concentrations can be very different

from the stoichiometry in the desired structure.
Our analysis of specific models will show that the resulting

yield improvements are marked. In what follows, we apply this
principle to equilibrium assembly as well as to two paradigmatic
kinetic examples. In our model of equilibrium assembly, ci and Xa
in equation (2) will refer to steady-state concentrations, and we
analytically show that the usage ui

a is the number of occurrences
of species i in structure a. In our kinetic models, ui

a quantifies the
dependence of the final amount Xa of structure a on initial
concentrations ci that deplete with time. Thus, equation (3) can
be applied to both steady-state or initial concentrations and to
equilibrium or kinetic assembly.

Equilibrium assembly and yield catastrophes. We begin by
studying equilibrium assembly. We assume that the interactions
between binding sites in the desired structure are strong and of
energy s kBT o0. For example, in Fig. 3, components 6 and 7 and
components 4 and J1 have strong binding with each other. In
many systems, such as DNA bricks designed with random
sequences or protein assemblies, the strong interaction energy
will typically vary across the structure. Optimal concentrations
will depend on such variation in binding energies and can be
computed using the framework we introduce below; for simpli-
city, we focus on the case of a single strong binding energy scale s
kBT and discuss generalizations in Supplementary Note 1.

In any natural or synthetic system, there is always some level of
nonspecific interactions that we call ‘crosstalk’12,18,20,31–33. To
model crosstalk, we assume that all non-desired binding sites
interact weakly with an energy w kBT o0 that is distributed
randomly as r(w). Thus, components 6 and 2 interact through
such a weak crosstalk interaction. The ‘male’ site of component 3
interacts weakly with all components since it is unbound in the
desired structure.

We assume for now that each component i is supplied at a
fixed chemical potential mi, so the concentration of free
components has the constant value ci ¼ ebmi , with b ¼ 1

kBT. This
steady-state model mimics the assembly of the ribosome
and other macromolecular complexes whose protein components
are being continually produced, or assembly in a large sea of
components whose concentrations change very little
during assembly. Recent works10,34,35 suggest that, in some
temperature regimes, the experiments of9,10 can be described in
such a manner. See kinetic models below for complementary
possibilities.

Yield at equilibrium can be obtained by summing the partition
function over all undesired structures; we developed a method
adapted from Feynman diagrams to perform such numerical
computations efficiently (see Methods section). We find that yield
is determined by an energy–entropy balance, with the number of
the most stable competing structures growing as Bn2 and each
such crosstalk-containing structure suppressed by an energetic
factor of e( b(w( s). Building structures of size n with any yield at
all requires the energetic suppression to dominate which in turn
implies a bound on the crosstalk energy w. Extending such
analytic arguments (detailed in Supplementary Note 2 and
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Figure 2 | Kinetic pathways leading to desired and undesired structures.
Effective rate constants k (and hence fluxes) along different pathways
depend on concentrations ci of species in differing ways. Yield is improved
by decreasing concentrations of species with high ‘undesired usage’, that is,
species that increase flux along undesired pathways. Hence, optimal
concentrations ci may differ greatly from the stoichiometry of the desired
structure. For the schematic selection of pathways shown here, yield might
be improved if concentration cb is higher than cp,cg as low cp and cg suppress
incorrect and incomplete structures, respectively.
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combinatorial explosion of competing structures. We then
demonstrate that the principle of undesired usage can also
alleviate kinetic yield catastrophes in non-equilibrium models,
focusing on two models of recent interest in colloidal and DNA
brick assembly. In the systems we study, the yield improvement
from non-stoichiometric concentrations is typically larger when
the stoichiometric concentrations yield is smaller.

Results
Undesired usage must balance desired usage. We consider self-
assembly of heterogeneous structures made of n components; each
component is one of m species types and has multiple distinct
binding sites. Besides the desired structure, the m species of
components can assemble numerous incomplete or incorrect
undesired structures. (See Fig. 2 where m ¼ n ¼ 4.) Incomplete
structures are pieces of the desired structure that do not have all
the necessary components, whereas incorrectly bound structures
contain weak ‘crosstalking’ interactions. Such undesired structures
vary in size, shape and composition and can markedly reduce yield.

We define yield Y as the number of desired structures
produced relative to all undesired structures. That is,

Y ¼ Xd

XdþXu
ð1Þ

where Xd(ci), Xu(ci) are the numbers of desired and undesired
structures produced by assembly and which depend on
species concentrations ci. Xu can be written as a sum over all
undesired structures a, Xu ¼

P
a Xa.

We define the ‘usage’ ui
a of species i by structure a:

ui
a % @log ci log Xa: ð2Þ

ui
a reflects how the production rate of structure a depends on the

concentration of component i. For example, consider an
experiment carried out using concentrations ci and then
perturb around these concentrations, ci - fici. If the perturba-
tions are small, we can Taylor expand log Xa to write
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implies that increasing the concentration of species i will greatly
increase the production of structure a. The gradient of yield with
respect to log ci can be written in terms of usage,

~rY / ~ud ( ~uah iu ð3Þ

where the average ~uah iu¼
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a, each weighted by the amount Xa of it produced. The
proportionality constant in equation (3) is always positive.

This equation defines the principle of undesired usage—yield is
improved by lowering the concentration of component i whose
average undesired usage ui
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(and vice-versa). Changing concentrations in such a manner
produces different distributions of undesired structures Xa/Xu,
whose average undesired usage ui
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from the stoichiometry in the desired structure.
Our analysis of specific models will show that the resulting

yield improvements are marked. In what follows, we apply this
principle to equilibrium assembly as well as to two paradigmatic
kinetic examples. In our model of equilibrium assembly, ci and Xa
in equation (2) will refer to steady-state concentrations, and we
analytically show that the usage ui

a is the number of occurrences
of species i in structure a. In our kinetic models, ui

a quantifies the
dependence of the final amount Xa of structure a on initial
concentrations ci that deplete with time. Thus, equation (3) can
be applied to both steady-state or initial concentrations and to
equilibrium or kinetic assembly.

Equilibrium assembly and yield catastrophes. We begin by
studying equilibrium assembly. We assume that the interactions
between binding sites in the desired structure are strong and of
energy s kBT o0. For example, in Fig. 3, components 6 and 7 and
components 4 and J1 have strong binding with each other. In
many systems, such as DNA bricks designed with random
sequences or protein assemblies, the strong interaction energy
will typically vary across the structure. Optimal concentrations
will depend on such variation in binding energies and can be
computed using the framework we introduce below; for simpli-
city, we focus on the case of a single strong binding energy scale s
kBT and discuss generalizations in Supplementary Note 1.

In any natural or synthetic system, there is always some level of
nonspecific interactions that we call ‘crosstalk’12,18,20,31–33. To
model crosstalk, we assume that all non-desired binding sites
interact weakly with an energy w kBT o0 that is distributed
randomly as r(w). Thus, components 6 and 2 interact through
such a weak crosstalk interaction. The ‘male’ site of component 3
interacts weakly with all components since it is unbound in the
desired structure.

We assume for now that each component i is supplied at a
fixed chemical potential mi, so the concentration of free
components has the constant value ci ¼ ebmi , with b ¼ 1

kBT. This
steady-state model mimics the assembly of the ribosome
and other macromolecular complexes whose protein components
are being continually produced, or assembly in a large sea of
components whose concentrations change very little
during assembly. Recent works10,34,35 suggest that, in some
temperature regimes, the experiments of9,10 can be described in
such a manner. See kinetic models below for complementary
possibilities.

Yield at equilibrium can be obtained by summing the partition
function over all undesired structures; we developed a method
adapted from Feynman diagrams to perform such numerical
computations efficiently (see Methods section). We find that yield
is determined by an energy–entropy balance, with the number of
the most stable competing structures growing as Bn2 and each
such crosstalk-containing structure suppressed by an energetic
factor of e( b(w( s). Building structures of size n with any yield at
all requires the energetic suppression to dominate which in turn
implies a bound on the crosstalk energy w. Extending such
analytic arguments (detailed in Supplementary Note 2 and
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Effective rate constants k (and hence fluxes) along different pathways
depend on concentrations ci of species in differing ways. Yield is improved
by decreasing concentrations of species with high ‘undesired usage’, that is,
species that increase flux along undesired pathways. Hence, optimal
concentrations ci may differ greatly from the stoichiometry of the desired
structure. For the schematic selection of pathways shown here, yield might
be improved if concentration cb is higher than cp,cg as low cp and cg suppress
incorrect and incomplete structures, respectively.
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combinatorial explosion of competing structures. We then
demonstrate that the principle of undesired usage can also
alleviate kinetic yield catastrophes in non-equilibrium models,
focusing on two models of recent interest in colloidal and DNA
brick assembly. In the systems we study, the yield improvement
from non-stoichiometric concentrations is typically larger when
the stoichiometric concentrations yield is smaller.

Results
Undesired usage must balance desired usage. We consider self-
assembly of heterogeneous structures made of n components; each
component is one of m species types and has multiple distinct
binding sites. Besides the desired structure, the m species of
components can assemble numerous incomplete or incorrect
undesired structures. (See Fig. 2 where m ¼ n ¼ 4.) Incomplete
structures are pieces of the desired structure that do not have all
the necessary components, whereas incorrectly bound structures
contain weak ‘crosstalking’ interactions. Such undesired structures
vary in size, shape and composition and can markedly reduce yield.

We define yield Y as the number of desired structures
produced relative to all undesired structures. That is,

Y ¼ Xd

XdþXu
ð1Þ

where Xd(ci), Xu(ci) are the numbers of desired and undesired
structures produced by assembly and which depend on
species concentrations ci. Xu can be written as a sum over all
undesired structures a, Xu ¼

P
a Xa.

We define the ‘usage’ ui
a of species i by structure a:

ui
a % @log ci log Xa: ð2Þ

ui
a reflects how the production rate of structure a depends on the

concentration of component i. For example, consider an
experiment carried out using concentrations ci and then
perturb around these concentrations, ci - fici. If the perturba-
tions are small, we can Taylor expand log Xa to write
Xa ficið Þ & f u
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implies that increasing the concentration of species i will greatly
increase the production of structure a. The gradient of yield with
respect to log ci can be written in terms of usage,

~rY / ~ud ( ~uah iu ð3Þ

where the average ~uah iu¼
P

a
Xa
Xu
~ua is over all undesired structures

a, each weighted by the amount Xa of it produced. The
proportionality constant in equation (3) is always positive.

This equation defines the principle of undesired usage—yield is
improved by lowering the concentration of component i whose
average undesired usage ui

a

! "
u is higher than its correct usage ui

d
(and vice-versa). Changing concentrations in such a manner
produces different distributions of undesired structures Xa/Xu,
whose average undesired usage ui

a

! "
u is closer to the correct usage
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d. The resulting optimal concentrations can be very different

from the stoichiometry in the desired structure.
Our analysis of specific models will show that the resulting

yield improvements are marked. In what follows, we apply this
principle to equilibrium assembly as well as to two paradigmatic
kinetic examples. In our model of equilibrium assembly, ci and Xa
in equation (2) will refer to steady-state concentrations, and we
analytically show that the usage ui

a is the number of occurrences
of species i in structure a. In our kinetic models, ui

a quantifies the
dependence of the final amount Xa of structure a on initial
concentrations ci that deplete with time. Thus, equation (3) can
be applied to both steady-state or initial concentrations and to
equilibrium or kinetic assembly.

Equilibrium assembly and yield catastrophes. We begin by
studying equilibrium assembly. We assume that the interactions
between binding sites in the desired structure are strong and of
energy s kBT o0. For example, in Fig. 3, components 6 and 7 and
components 4 and J1 have strong binding with each other. In
many systems, such as DNA bricks designed with random
sequences or protein assemblies, the strong interaction energy
will typically vary across the structure. Optimal concentrations
will depend on such variation in binding energies and can be
computed using the framework we introduce below; for simpli-
city, we focus on the case of a single strong binding energy scale s
kBT and discuss generalizations in Supplementary Note 1.

In any natural or synthetic system, there is always some level of
nonspecific interactions that we call ‘crosstalk’12,18,20,31–33. To
model crosstalk, we assume that all non-desired binding sites
interact weakly with an energy w kBT o0 that is distributed
randomly as r(w). Thus, components 6 and 2 interact through
such a weak crosstalk interaction. The ‘male’ site of component 3
interacts weakly with all components since it is unbound in the
desired structure.

We assume for now that each component i is supplied at a
fixed chemical potential mi, so the concentration of free
components has the constant value ci ¼ ebmi , with b ¼ 1

kBT. This
steady-state model mimics the assembly of the ribosome
and other macromolecular complexes whose protein components
are being continually produced, or assembly in a large sea of
components whose concentrations change very little
during assembly. Recent works10,34,35 suggest that, in some
temperature regimes, the experiments of9,10 can be described in
such a manner. See kinetic models below for complementary
possibilities.

Yield at equilibrium can be obtained by summing the partition
function over all undesired structures; we developed a method
adapted from Feynman diagrams to perform such numerical
computations efficiently (see Methods section). We find that yield
is determined by an energy–entropy balance, with the number of
the most stable competing structures growing as Bn2 and each
such crosstalk-containing structure suppressed by an energetic
factor of e( b(w( s). Building structures of size n with any yield at
all requires the energetic suppression to dominate which in turn
implies a bound on the crosstalk energy w. Extending such
analytic arguments (detailed in Supplementary Note 2 and
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Figure 2 | Kinetic pathways leading to desired and undesired structures.
Effective rate constants k (and hence fluxes) along different pathways
depend on concentrations ci of species in differing ways. Yield is improved
by decreasing concentrations of species with high ‘undesired usage’, that is,
species that increase flux along undesired pathways. Hence, optimal
concentrations ci may differ greatly from the stoichiometry of the desired
structure. For the schematic selection of pathways shown here, yield might
be improved if concentration cb is higher than cp,cg as low cp and cg suppress
incorrect and incomplete structures, respectively.
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combinatorial explosion of competing structures. We then
demonstrate that the principle of undesired usage can also
alleviate kinetic yield catastrophes in non-equilibrium models,
focusing on two models of recent interest in colloidal and DNA
brick assembly. In the systems we study, the yield improvement
from non-stoichiometric concentrations is typically larger when
the stoichiometric concentrations yield is smaller.

Results
Undesired usage must balance desired usage. We consider self-
assembly of heterogeneous structures made of n components; each
component is one of m species types and has multiple distinct
binding sites. Besides the desired structure, the m species of
components can assemble numerous incomplete or incorrect
undesired structures. (See Fig. 2 where m ¼ n ¼ 4.) Incomplete
structures are pieces of the desired structure that do not have all
the necessary components, whereas incorrectly bound structures
contain weak ‘crosstalking’ interactions. Such undesired structures
vary in size, shape and composition and can markedly reduce yield.

We define yield Y as the number of desired structures
produced relative to all undesired structures. That is,

Y ¼ Xd

XdþXu
ð1Þ

where Xd(ci), Xu(ci) are the numbers of desired and undesired
structures produced by assembly and which depend on
species concentrations ci. Xu can be written as a sum over all
undesired structures a, Xu ¼

P
a Xa.

We define the ‘usage’ ui
a of species i by structure a:

ui
a % @log ci log Xa: ð2Þ

ui
a reflects how the production rate of structure a depends on the

concentration of component i. For example, consider an
experiment carried out using concentrations ci and then
perturb around these concentrations, ci - fici. If the perturba-
tions are small, we can Taylor expand log Xa to write
Xa ficið Þ & f u
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implies that increasing the concentration of species i will greatly
increase the production of structure a. The gradient of yield with
respect to log ci can be written in terms of usage,
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where the average ~uah iu¼
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Xu
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a, each weighted by the amount Xa of it produced. The
proportionality constant in equation (3) is always positive.

This equation defines the principle of undesired usage—yield is
improved by lowering the concentration of component i whose
average undesired usage ui
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u is higher than its correct usage ui

d
(and vice-versa). Changing concentrations in such a manner
produces different distributions of undesired structures Xa/Xu,
whose average undesired usage ui
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! "
u is closer to the correct usage
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d. The resulting optimal concentrations can be very different

from the stoichiometry in the desired structure.
Our analysis of specific models will show that the resulting

yield improvements are marked. In what follows, we apply this
principle to equilibrium assembly as well as to two paradigmatic
kinetic examples. In our model of equilibrium assembly, ci and Xa
in equation (2) will refer to steady-state concentrations, and we
analytically show that the usage ui

a is the number of occurrences
of species i in structure a. In our kinetic models, ui

a quantifies the
dependence of the final amount Xa of structure a on initial
concentrations ci that deplete with time. Thus, equation (3) can
be applied to both steady-state or initial concentrations and to
equilibrium or kinetic assembly.

Equilibrium assembly and yield catastrophes. We begin by
studying equilibrium assembly. We assume that the interactions
between binding sites in the desired structure are strong and of
energy s kBT o0. For example, in Fig. 3, components 6 and 7 and
components 4 and J1 have strong binding with each other. In
many systems, such as DNA bricks designed with random
sequences or protein assemblies, the strong interaction energy
will typically vary across the structure. Optimal concentrations
will depend on such variation in binding energies and can be
computed using the framework we introduce below; for simpli-
city, we focus on the case of a single strong binding energy scale s
kBT and discuss generalizations in Supplementary Note 1.

In any natural or synthetic system, there is always some level of
nonspecific interactions that we call ‘crosstalk’12,18,20,31–33. To
model crosstalk, we assume that all non-desired binding sites
interact weakly with an energy w kBT o0 that is distributed
randomly as r(w). Thus, components 6 and 2 interact through
such a weak crosstalk interaction. The ‘male’ site of component 3
interacts weakly with all components since it is unbound in the
desired structure.

We assume for now that each component i is supplied at a
fixed chemical potential mi, so the concentration of free
components has the constant value ci ¼ ebmi , with b ¼ 1

kBT. This
steady-state model mimics the assembly of the ribosome
and other macromolecular complexes whose protein components
are being continually produced, or assembly in a large sea of
components whose concentrations change very little
during assembly. Recent works10,34,35 suggest that, in some
temperature regimes, the experiments of9,10 can be described in
such a manner. See kinetic models below for complementary
possibilities.

Yield at equilibrium can be obtained by summing the partition
function over all undesired structures; we developed a method
adapted from Feynman diagrams to perform such numerical
computations efficiently (see Methods section). We find that yield
is determined by an energy–entropy balance, with the number of
the most stable competing structures growing as Bn2 and each
such crosstalk-containing structure suppressed by an energetic
factor of e( b(w( s). Building structures of size n with any yield at
all requires the energetic suppression to dominate which in turn
implies a bound on the crosstalk energy w. Extending such
analytic arguments (detailed in Supplementary Note 2 and
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Effective rate constants k (and hence fluxes) along different pathways
depend on concentrations ci of species in differing ways. Yield is improved
by decreasing concentrations of species with high ‘undesired usage’, that is,
species that increase flux along undesired pathways. Hence, optimal
concentrations ci may differ greatly from the stoichiometry of the desired
structure. For the schematic selection of pathways shown here, yield might
be improved if concentration cb is higher than cp,cg as low cp and cg suppress
incorrect and incomplete structures, respectively.
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combinatorial explosion of competing structures. We then
demonstrate that the principle of undesired usage can also
alleviate kinetic yield catastrophes in non-equilibrium models,
focusing on two models of recent interest in colloidal and DNA
brick assembly. In the systems we study, the yield improvement
from non-stoichiometric concentrations is typically larger when
the stoichiometric concentrations yield is smaller.

Results
Undesired usage must balance desired usage. We consider self-
assembly of heterogeneous structures made of n components; each
component is one of m species types and has multiple distinct
binding sites. Besides the desired structure, the m species of
components can assemble numerous incomplete or incorrect
undesired structures. (See Fig. 2 where m ¼ n ¼ 4.) Incomplete
structures are pieces of the desired structure that do not have all
the necessary components, whereas incorrectly bound structures
contain weak ‘crosstalking’ interactions. Such undesired structures
vary in size, shape and composition and can markedly reduce yield.

We define yield Y as the number of desired structures
produced relative to all undesired structures. That is,

Y ¼ Xd

XdþXu
ð1Þ

where Xd(ci), Xu(ci) are the numbers of desired and undesired
structures produced by assembly and which depend on
species concentrations ci. Xu can be written as a sum over all
undesired structures a, Xu ¼

P
a Xa.

We define the ‘usage’ ui
a of species i by structure a:

ui
a % @log ci log Xa: ð2Þ

ui
a reflects how the production rate of structure a depends on the

concentration of component i. For example, consider an
experiment carried out using concentrations ci and then
perturb around these concentrations, ci - fici. If the perturba-
tions are small, we can Taylor expand log Xa to write
Xa ficið Þ & f u

1
a

1 f u
2
a

2 ' ' ' f
um

a
m Xa cið Þþ . . . . Thus, large usage ui

a40
implies that increasing the concentration of species i will greatly
increase the production of structure a. The gradient of yield with
respect to log ci can be written in terms of usage,

~rY / ~ud ( ~uah iu ð3Þ

where the average ~uah iu¼
P

a
Xa
Xu
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a, each weighted by the amount Xa of it produced. The
proportionality constant in equation (3) is always positive.

This equation defines the principle of undesired usage—yield is
improved by lowering the concentration of component i whose
average undesired usage ui
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u is higher than its correct usage ui
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(and vice-versa). Changing concentrations in such a manner
produces different distributions of undesired structures Xa/Xu,
whose average undesired usage ui
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u is closer to the correct usage
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d. The resulting optimal concentrations can be very different

from the stoichiometry in the desired structure.
Our analysis of specific models will show that the resulting

yield improvements are marked. In what follows, we apply this
principle to equilibrium assembly as well as to two paradigmatic
kinetic examples. In our model of equilibrium assembly, ci and Xa
in equation (2) will refer to steady-state concentrations, and we
analytically show that the usage ui

a is the number of occurrences
of species i in structure a. In our kinetic models, ui

a quantifies the
dependence of the final amount Xa of structure a on initial
concentrations ci that deplete with time. Thus, equation (3) can
be applied to both steady-state or initial concentrations and to
equilibrium or kinetic assembly.

Equilibrium assembly and yield catastrophes. We begin by
studying equilibrium assembly. We assume that the interactions
between binding sites in the desired structure are strong and of
energy s kBT o0. For example, in Fig. 3, components 6 and 7 and
components 4 and J1 have strong binding with each other. In
many systems, such as DNA bricks designed with random
sequences or protein assemblies, the strong interaction energy
will typically vary across the structure. Optimal concentrations
will depend on such variation in binding energies and can be
computed using the framework we introduce below; for simpli-
city, we focus on the case of a single strong binding energy scale s
kBT and discuss generalizations in Supplementary Note 1.

In any natural or synthetic system, there is always some level of
nonspecific interactions that we call ‘crosstalk’12,18,20,31–33. To
model crosstalk, we assume that all non-desired binding sites
interact weakly with an energy w kBT o0 that is distributed
randomly as r(w). Thus, components 6 and 2 interact through
such a weak crosstalk interaction. The ‘male’ site of component 3
interacts weakly with all components since it is unbound in the
desired structure.

We assume for now that each component i is supplied at a
fixed chemical potential mi, so the concentration of free
components has the constant value ci ¼ ebmi , with b ¼ 1

kBT. This
steady-state model mimics the assembly of the ribosome
and other macromolecular complexes whose protein components
are being continually produced, or assembly in a large sea of
components whose concentrations change very little
during assembly. Recent works10,34,35 suggest that, in some
temperature regimes, the experiments of9,10 can be described in
such a manner. See kinetic models below for complementary
possibilities.

Yield at equilibrium can be obtained by summing the partition
function over all undesired structures; we developed a method
adapted from Feynman diagrams to perform such numerical
computations efficiently (see Methods section). We find that yield
is determined by an energy–entropy balance, with the number of
the most stable competing structures growing as Bn2 and each
such crosstalk-containing structure suppressed by an energetic
factor of e( b(w( s). Building structures of size n with any yield at
all requires the energetic suppression to dominate which in turn
implies a bound on the crosstalk energy w. Extending such
analytic arguments (detailed in Supplementary Note 2 and
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Effective rate constants k (and hence fluxes) along different pathways
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combinatorial explosion of competing structures. We then
demonstrate that the principle of undesired usage can also
alleviate kinetic yield catastrophes in non-equilibrium models,
focusing on two models of recent interest in colloidal and DNA
brick assembly. In the systems we study, the yield improvement
from non-stoichiometric concentrations is typically larger when
the stoichiometric concentrations yield is smaller.

Results
Undesired usage must balance desired usage. We consider self-
assembly of heterogeneous structures made of n components; each
component is one of m species types and has multiple distinct
binding sites. Besides the desired structure, the m species of
components can assemble numerous incomplete or incorrect
undesired structures. (See Fig. 2 where m ¼ n ¼ 4.) Incomplete
structures are pieces of the desired structure that do not have all
the necessary components, whereas incorrectly bound structures
contain weak ‘crosstalking’ interactions. Such undesired structures
vary in size, shape and composition and can markedly reduce yield.

We define yield Y as the number of desired structures
produced relative to all undesired structures. That is,

Y ¼ Xd

XdþXu
ð1Þ

where Xd(ci), Xu(ci) are the numbers of desired and undesired
structures produced by assembly and which depend on
species concentrations ci. Xu can be written as a sum over all
undesired structures a, Xu ¼

P
a Xa.

We define the ‘usage’ ui
a of species i by structure a:

ui
a % @log ci log Xa: ð2Þ

ui
a reflects how the production rate of structure a depends on the

concentration of component i. For example, consider an
experiment carried out using concentrations ci and then
perturb around these concentrations, ci - fici. If the perturba-
tions are small, we can Taylor expand log Xa to write
Xa ficið Þ & f u
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increase the production of structure a. The gradient of yield with
respect to log ci can be written in terms of usage,
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where the average ~uah iu¼
P

a
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~ua is over all undesired structures

a, each weighted by the amount Xa of it produced. The
proportionality constant in equation (3) is always positive.

This equation defines the principle of undesired usage—yield is
improved by lowering the concentration of component i whose
average undesired usage ui

a

! "
u is higher than its correct usage ui

d
(and vice-versa). Changing concentrations in such a manner
produces different distributions of undesired structures Xa/Xu,
whose average undesired usage ui
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! "
u is closer to the correct usage
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d. The resulting optimal concentrations can be very different

from the stoichiometry in the desired structure.
Our analysis of specific models will show that the resulting

yield improvements are marked. In what follows, we apply this
principle to equilibrium assembly as well as to two paradigmatic
kinetic examples. In our model of equilibrium assembly, ci and Xa
in equation (2) will refer to steady-state concentrations, and we
analytically show that the usage ui

a is the number of occurrences
of species i in structure a. In our kinetic models, ui

a quantifies the
dependence of the final amount Xa of structure a on initial
concentrations ci that deplete with time. Thus, equation (3) can
be applied to both steady-state or initial concentrations and to
equilibrium or kinetic assembly.

Equilibrium assembly and yield catastrophes. We begin by
studying equilibrium assembly. We assume that the interactions
between binding sites in the desired structure are strong and of
energy s kBT o0. For example, in Fig. 3, components 6 and 7 and
components 4 and J1 have strong binding with each other. In
many systems, such as DNA bricks designed with random
sequences or protein assemblies, the strong interaction energy
will typically vary across the structure. Optimal concentrations
will depend on such variation in binding energies and can be
computed using the framework we introduce below; for simpli-
city, we focus on the case of a single strong binding energy scale s
kBT and discuss generalizations in Supplementary Note 1.

In any natural or synthetic system, there is always some level of
nonspecific interactions that we call ‘crosstalk’12,18,20,31–33. To
model crosstalk, we assume that all non-desired binding sites
interact weakly with an energy w kBT o0 that is distributed
randomly as r(w). Thus, components 6 and 2 interact through
such a weak crosstalk interaction. The ‘male’ site of component 3
interacts weakly with all components since it is unbound in the
desired structure.

We assume for now that each component i is supplied at a
fixed chemical potential mi, so the concentration of free
components has the constant value ci ¼ ebmi , with b ¼ 1

kBT. This
steady-state model mimics the assembly of the ribosome
and other macromolecular complexes whose protein components
are being continually produced, or assembly in a large sea of
components whose concentrations change very little
during assembly. Recent works10,34,35 suggest that, in some
temperature regimes, the experiments of9,10 can be described in
such a manner. See kinetic models below for complementary
possibilities.

Yield at equilibrium can be obtained by summing the partition
function over all undesired structures; we developed a method
adapted from Feynman diagrams to perform such numerical
computations efficiently (see Methods section). We find that yield
is determined by an energy–entropy balance, with the number of
the most stable competing structures growing as Bn2 and each
such crosstalk-containing structure suppressed by an energetic
factor of e( b(w( s). Building structures of size n with any yield at
all requires the energetic suppression to dominate which in turn
implies a bound on the crosstalk energy w. Extending such
analytic arguments (detailed in Supplementary Note 2 and
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be improved if concentration cb is higher than cp,cg as low cp and cg suppress
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Kinetic arrest: target structure can be self-assembled 
in many different ways.  All components may be used 

up before  generating target structures! This may 
result in many incomplete structures.

Solution: nonuniform concentrations of components 
may guide certain assembly pathways.

combinatorial explosion of competing structures. We then
demonstrate that the principle of undesired usage can also
alleviate kinetic yield catastrophes in non-equilibrium models,
focusing on two models of recent interest in colloidal and DNA
brick assembly. In the systems we study, the yield improvement
from non-stoichiometric concentrations is typically larger when
the stoichiometric concentrations yield is smaller.

Results
Undesired usage must balance desired usage. We consider self-
assembly of heterogeneous structures made of n components; each
component is one of m species types and has multiple distinct
binding sites. Besides the desired structure, the m species of
components can assemble numerous incomplete or incorrect
undesired structures. (See Fig. 2 where m ¼ n ¼ 4.) Incomplete
structures are pieces of the desired structure that do not have all
the necessary components, whereas incorrectly bound structures
contain weak ‘crosstalking’ interactions. Such undesired structures
vary in size, shape and composition and can markedly reduce yield.

We define yield Y as the number of desired structures
produced relative to all undesired structures. That is,

Y ¼ Xd

XdþXu
ð1Þ

where Xd(ci), Xu(ci) are the numbers of desired and undesired
structures produced by assembly and which depend on
species concentrations ci. Xu can be written as a sum over all
undesired structures a, Xu ¼

P
a Xa.

We define the ‘usage’ ui
a of species i by structure a:

ui
a % @log ci log Xa: ð2Þ

ui
a reflects how the production rate of structure a depends on the

concentration of component i. For example, consider an
experiment carried out using concentrations ci and then
perturb around these concentrations, ci - fici. If the perturba-
tions are small, we can Taylor expand log Xa to write
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implies that increasing the concentration of species i will greatly
increase the production of structure a. The gradient of yield with
respect to log ci can be written in terms of usage,

~rY / ~ud ( ~uah iu ð3Þ

where the average ~uah iu¼
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Xu
~ua is over all undesired structures

a, each weighted by the amount Xa of it produced. The
proportionality constant in equation (3) is always positive.

This equation defines the principle of undesired usage—yield is
improved by lowering the concentration of component i whose
average undesired usage ui
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u is higher than its correct usage ui
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(and vice-versa). Changing concentrations in such a manner
produces different distributions of undesired structures Xa/Xu,
whose average undesired usage ui
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u is closer to the correct usage
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d. The resulting optimal concentrations can be very different

from the stoichiometry in the desired structure.
Our analysis of specific models will show that the resulting

yield improvements are marked. In what follows, we apply this
principle to equilibrium assembly as well as to two paradigmatic
kinetic examples. In our model of equilibrium assembly, ci and Xa
in equation (2) will refer to steady-state concentrations, and we
analytically show that the usage ui

a is the number of occurrences
of species i in structure a. In our kinetic models, ui

a quantifies the
dependence of the final amount Xa of structure a on initial
concentrations ci that deplete with time. Thus, equation (3) can
be applied to both steady-state or initial concentrations and to
equilibrium or kinetic assembly.

Equilibrium assembly and yield catastrophes. We begin by
studying equilibrium assembly. We assume that the interactions
between binding sites in the desired structure are strong and of
energy s kBT o0. For example, in Fig. 3, components 6 and 7 and
components 4 and J1 have strong binding with each other. In
many systems, such as DNA bricks designed with random
sequences or protein assemblies, the strong interaction energy
will typically vary across the structure. Optimal concentrations
will depend on such variation in binding energies and can be
computed using the framework we introduce below; for simpli-
city, we focus on the case of a single strong binding energy scale s
kBT and discuss generalizations in Supplementary Note 1.

In any natural or synthetic system, there is always some level of
nonspecific interactions that we call ‘crosstalk’12,18,20,31–33. To
model crosstalk, we assume that all non-desired binding sites
interact weakly with an energy w kBT o0 that is distributed
randomly as r(w). Thus, components 6 and 2 interact through
such a weak crosstalk interaction. The ‘male’ site of component 3
interacts weakly with all components since it is unbound in the
desired structure.

We assume for now that each component i is supplied at a
fixed chemical potential mi, so the concentration of free
components has the constant value ci ¼ ebmi , with b ¼ 1

kBT. This
steady-state model mimics the assembly of the ribosome
and other macromolecular complexes whose protein components
are being continually produced, or assembly in a large sea of
components whose concentrations change very little
during assembly. Recent works10,34,35 suggest that, in some
temperature regimes, the experiments of9,10 can be described in
such a manner. See kinetic models below for complementary
possibilities.

Yield at equilibrium can be obtained by summing the partition
function over all undesired structures; we developed a method
adapted from Feynman diagrams to perform such numerical
computations efficiently (see Methods section). We find that yield
is determined by an energy–entropy balance, with the number of
the most stable competing structures growing as Bn2 and each
such crosstalk-containing structure suppressed by an energetic
factor of e( b(w( s). Building structures of size n with any yield at
all requires the energetic suppression to dominate which in turn
implies a bound on the crosstalk energy w. Extending such
analytic arguments (detailed in Supplementary Note 2 and
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Effective rate constants k (and hence fluxes) along different pathways
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by decreasing concentrations of species with high ‘undesired usage’, that is,
species that increase flux along undesired pathways. Hence, optimal
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be improved if concentration cb is higher than cp,cg as low cp and cg suppress
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combinatorial explosion of competing structures. We then
demonstrate that the principle of undesired usage can also
alleviate kinetic yield catastrophes in non-equilibrium models,
focusing on two models of recent interest in colloidal and DNA
brick assembly. In the systems we study, the yield improvement
from non-stoichiometric concentrations is typically larger when
the stoichiometric concentrations yield is smaller.

Results
Undesired usage must balance desired usage. We consider self-
assembly of heterogeneous structures made of n components; each
component is one of m species types and has multiple distinct
binding sites. Besides the desired structure, the m species of
components can assemble numerous incomplete or incorrect
undesired structures. (See Fig. 2 where m ¼ n ¼ 4.) Incomplete
structures are pieces of the desired structure that do not have all
the necessary components, whereas incorrectly bound structures
contain weak ‘crosstalking’ interactions. Such undesired structures
vary in size, shape and composition and can markedly reduce yield.

We define yield Y as the number of desired structures
produced relative to all undesired structures. That is,

Y ¼ Xd

XdþXu
ð1Þ

where Xd(ci), Xu(ci) are the numbers of desired and undesired
structures produced by assembly and which depend on
species concentrations ci. Xu can be written as a sum over all
undesired structures a, Xu ¼

P
a Xa.

We define the ‘usage’ ui
a of species i by structure a:

ui
a % @log ci log Xa: ð2Þ

ui
a reflects how the production rate of structure a depends on the

concentration of component i. For example, consider an
experiment carried out using concentrations ci and then
perturb around these concentrations, ci - fici. If the perturba-
tions are small, we can Taylor expand log Xa to write
Xa ficið Þ & f u
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implies that increasing the concentration of species i will greatly
increase the production of structure a. The gradient of yield with
respect to log ci can be written in terms of usage,

~rY / ~ud ( ~uah iu ð3Þ

where the average ~uah iu¼
P
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Xu
~ua is over all undesired structures

a, each weighted by the amount Xa of it produced. The
proportionality constant in equation (3) is always positive.

This equation defines the principle of undesired usage—yield is
improved by lowering the concentration of component i whose
average undesired usage ui

a

! "
u is higher than its correct usage ui

d
(and vice-versa). Changing concentrations in such a manner
produces different distributions of undesired structures Xa/Xu,
whose average undesired usage ui

a

! "
u is closer to the correct usage

ui
d. The resulting optimal concentrations can be very different

from the stoichiometry in the desired structure.
Our analysis of specific models will show that the resulting

yield improvements are marked. In what follows, we apply this
principle to equilibrium assembly as well as to two paradigmatic
kinetic examples. In our model of equilibrium assembly, ci and Xa
in equation (2) will refer to steady-state concentrations, and we
analytically show that the usage ui

a is the number of occurrences
of species i in structure a. In our kinetic models, ui

a quantifies the
dependence of the final amount Xa of structure a on initial
concentrations ci that deplete with time. Thus, equation (3) can
be applied to both steady-state or initial concentrations and to
equilibrium or kinetic assembly.

Equilibrium assembly and yield catastrophes. We begin by
studying equilibrium assembly. We assume that the interactions
between binding sites in the desired structure are strong and of
energy s kBT o0. For example, in Fig. 3, components 6 and 7 and
components 4 and J1 have strong binding with each other. In
many systems, such as DNA bricks designed with random
sequences or protein assemblies, the strong interaction energy
will typically vary across the structure. Optimal concentrations
will depend on such variation in binding energies and can be
computed using the framework we introduce below; for simpli-
city, we focus on the case of a single strong binding energy scale s
kBT and discuss generalizations in Supplementary Note 1.

In any natural or synthetic system, there is always some level of
nonspecific interactions that we call ‘crosstalk’12,18,20,31–33. To
model crosstalk, we assume that all non-desired binding sites
interact weakly with an energy w kBT o0 that is distributed
randomly as r(w). Thus, components 6 and 2 interact through
such a weak crosstalk interaction. The ‘male’ site of component 3
interacts weakly with all components since it is unbound in the
desired structure.

We assume for now that each component i is supplied at a
fixed chemical potential mi, so the concentration of free
components has the constant value ci ¼ ebmi , with b ¼ 1

kBT. This
steady-state model mimics the assembly of the ribosome
and other macromolecular complexes whose protein components
are being continually produced, or assembly in a large sea of
components whose concentrations change very little
during assembly. Recent works10,34,35 suggest that, in some
temperature regimes, the experiments of9,10 can be described in
such a manner. See kinetic models below for complementary
possibilities.

Yield at equilibrium can be obtained by summing the partition
function over all undesired structures; we developed a method
adapted from Feynman diagrams to perform such numerical
computations efficiently (see Methods section). We find that yield
is determined by an energy–entropy balance, with the number of
the most stable competing structures growing as Bn2 and each
such crosstalk-containing structure suppressed by an energetic
factor of e( b(w( s). Building structures of size n with any yield at
all requires the energetic suppression to dominate which in turn
implies a bound on the crosstalk energy w. Extending such
analytic arguments (detailed in Supplementary Note 2 and
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Effective rate constants k (and hence fluxes) along different pathways
depend on concentrations ci of species in differing ways. Yield is improved
by decreasing concentrations of species with high ‘undesired usage’, that is,
species that increase flux along undesired pathways. Hence, optimal
concentrations ci may differ greatly from the stoichiometry of the desired
structure. For the schematic selection of pathways shown here, yield might
be improved if concentration cb is higher than cp,cg as low cp and cg suppress
incorrect and incomplete structures, respectively.
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combinatorial explosion of competing structures. We then
demonstrate that the principle of undesired usage can also
alleviate kinetic yield catastrophes in non-equilibrium models,
focusing on two models of recent interest in colloidal and DNA
brick assembly. In the systems we study, the yield improvement
from non-stoichiometric concentrations is typically larger when
the stoichiometric concentrations yield is smaller.

Results
Undesired usage must balance desired usage. We consider self-
assembly of heterogeneous structures made of n components; each
component is one of m species types and has multiple distinct
binding sites. Besides the desired structure, the m species of
components can assemble numerous incomplete or incorrect
undesired structures. (See Fig. 2 where m ¼ n ¼ 4.) Incomplete
structures are pieces of the desired structure that do not have all
the necessary components, whereas incorrectly bound structures
contain weak ‘crosstalking’ interactions. Such undesired structures
vary in size, shape and composition and can markedly reduce yield.

We define yield Y as the number of desired structures
produced relative to all undesired structures. That is,

Y ¼ Xd

XdþXu
ð1Þ

where Xd(ci), Xu(ci) are the numbers of desired and undesired
structures produced by assembly and which depend on
species concentrations ci. Xu can be written as a sum over all
undesired structures a, Xu ¼

P
a Xa.

We define the ‘usage’ ui
a of species i by structure a:

ui
a % @log ci log Xa: ð2Þ

ui
a reflects how the production rate of structure a depends on the

concentration of component i. For example, consider an
experiment carried out using concentrations ci and then
perturb around these concentrations, ci - fici. If the perturba-
tions are small, we can Taylor expand log Xa to write
Xa ficið Þ & f u
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implies that increasing the concentration of species i will greatly
increase the production of structure a. The gradient of yield with
respect to log ci can be written in terms of usage,

~rY / ~ud ( ~uah iu ð3Þ

where the average ~uah iu¼
P

a
Xa
Xu
~ua is over all undesired structures

a, each weighted by the amount Xa of it produced. The
proportionality constant in equation (3) is always positive.

This equation defines the principle of undesired usage—yield is
improved by lowering the concentration of component i whose
average undesired usage ui
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u is higher than its correct usage ui
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(and vice-versa). Changing concentrations in such a manner
produces different distributions of undesired structures Xa/Xu,
whose average undesired usage ui
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u is closer to the correct usage
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d. The resulting optimal concentrations can be very different

from the stoichiometry in the desired structure.
Our analysis of specific models will show that the resulting

yield improvements are marked. In what follows, we apply this
principle to equilibrium assembly as well as to two paradigmatic
kinetic examples. In our model of equilibrium assembly, ci and Xa
in equation (2) will refer to steady-state concentrations, and we
analytically show that the usage ui

a is the number of occurrences
of species i in structure a. In our kinetic models, ui

a quantifies the
dependence of the final amount Xa of structure a on initial
concentrations ci that deplete with time. Thus, equation (3) can
be applied to both steady-state or initial concentrations and to
equilibrium or kinetic assembly.

Equilibrium assembly and yield catastrophes. We begin by
studying equilibrium assembly. We assume that the interactions
between binding sites in the desired structure are strong and of
energy s kBT o0. For example, in Fig. 3, components 6 and 7 and
components 4 and J1 have strong binding with each other. In
many systems, such as DNA bricks designed with random
sequences or protein assemblies, the strong interaction energy
will typically vary across the structure. Optimal concentrations
will depend on such variation in binding energies and can be
computed using the framework we introduce below; for simpli-
city, we focus on the case of a single strong binding energy scale s
kBT and discuss generalizations in Supplementary Note 1.

In any natural or synthetic system, there is always some level of
nonspecific interactions that we call ‘crosstalk’12,18,20,31–33. To
model crosstalk, we assume that all non-desired binding sites
interact weakly with an energy w kBT o0 that is distributed
randomly as r(w). Thus, components 6 and 2 interact through
such a weak crosstalk interaction. The ‘male’ site of component 3
interacts weakly with all components since it is unbound in the
desired structure.

We assume for now that each component i is supplied at a
fixed chemical potential mi, so the concentration of free
components has the constant value ci ¼ ebmi , with b ¼ 1

kBT. This
steady-state model mimics the assembly of the ribosome
and other macromolecular complexes whose protein components
are being continually produced, or assembly in a large sea of
components whose concentrations change very little
during assembly. Recent works10,34,35 suggest that, in some
temperature regimes, the experiments of9,10 can be described in
such a manner. See kinetic models below for complementary
possibilities.

Yield at equilibrium can be obtained by summing the partition
function over all undesired structures; we developed a method
adapted from Feynman diagrams to perform such numerical
computations efficiently (see Methods section). We find that yield
is determined by an energy–entropy balance, with the number of
the most stable competing structures growing as Bn2 and each
such crosstalk-containing structure suppressed by an energetic
factor of e( b(w( s). Building structures of size n with any yield at
all requires the energetic suppression to dominate which in turn
implies a bound on the crosstalk energy w. Extending such
analytic arguments (detailed in Supplementary Note 2 and
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Effective rate constants k (and hence fluxes) along different pathways
depend on concentrations ci of species in differing ways. Yield is improved
by decreasing concentrations of species with high ‘undesired usage’, that is,
species that increase flux along undesired pathways. Hence, optimal
concentrations ci may differ greatly from the stoichiometry of the desired
structure. For the schematic selection of pathways shown here, yield might
be improved if concentration cb is higher than cp,cg as low cp and cg suppress
incorrect and incomplete structures, respectively.
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combinatorial explosion of competing structures. We then
demonstrate that the principle of undesired usage can also
alleviate kinetic yield catastrophes in non-equilibrium models,
focusing on two models of recent interest in colloidal and DNA
brick assembly. In the systems we study, the yield improvement
from non-stoichiometric concentrations is typically larger when
the stoichiometric concentrations yield is smaller.

Results
Undesired usage must balance desired usage. We consider self-
assembly of heterogeneous structures made of n components; each
component is one of m species types and has multiple distinct
binding sites. Besides the desired structure, the m species of
components can assemble numerous incomplete or incorrect
undesired structures. (See Fig. 2 where m ¼ n ¼ 4.) Incomplete
structures are pieces of the desired structure that do not have all
the necessary components, whereas incorrectly bound structures
contain weak ‘crosstalking’ interactions. Such undesired structures
vary in size, shape and composition and can markedly reduce yield.

We define yield Y as the number of desired structures
produced relative to all undesired structures. That is,

Y ¼ Xd

XdþXu
ð1Þ

where Xd(ci), Xu(ci) are the numbers of desired and undesired
structures produced by assembly and which depend on
species concentrations ci. Xu can be written as a sum over all
undesired structures a, Xu ¼

P
a Xa.

We define the ‘usage’ ui
a of species i by structure a:

ui
a % @log ci log Xa: ð2Þ

ui
a reflects how the production rate of structure a depends on the

concentration of component i. For example, consider an
experiment carried out using concentrations ci and then
perturb around these concentrations, ci - fici. If the perturba-
tions are small, we can Taylor expand log Xa to write
Xa ficið Þ & f u

1
a

1 f u
2
a

2 ' ' ' f
um

a
m Xa cið Þþ . . . . Thus, large usage ui

a40
implies that increasing the concentration of species i will greatly
increase the production of structure a. The gradient of yield with
respect to log ci can be written in terms of usage,

~rY / ~ud ( ~uah iu ð3Þ

where the average ~uah iu¼
P

a
Xa
Xu
~ua is over all undesired structures

a, each weighted by the amount Xa of it produced. The
proportionality constant in equation (3) is always positive.

This equation defines the principle of undesired usage—yield is
improved by lowering the concentration of component i whose
average undesired usage ui

a

! "
u is higher than its correct usage ui

d
(and vice-versa). Changing concentrations in such a manner
produces different distributions of undesired structures Xa/Xu,
whose average undesired usage ui

a

! "
u is closer to the correct usage

ui
d. The resulting optimal concentrations can be very different

from the stoichiometry in the desired structure.
Our analysis of specific models will show that the resulting

yield improvements are marked. In what follows, we apply this
principle to equilibrium assembly as well as to two paradigmatic
kinetic examples. In our model of equilibrium assembly, ci and Xa
in equation (2) will refer to steady-state concentrations, and we
analytically show that the usage ui

a is the number of occurrences
of species i in structure a. In our kinetic models, ui

a quantifies the
dependence of the final amount Xa of structure a on initial
concentrations ci that deplete with time. Thus, equation (3) can
be applied to both steady-state or initial concentrations and to
equilibrium or kinetic assembly.

Equilibrium assembly and yield catastrophes. We begin by
studying equilibrium assembly. We assume that the interactions
between binding sites in the desired structure are strong and of
energy s kBT o0. For example, in Fig. 3, components 6 and 7 and
components 4 and J1 have strong binding with each other. In
many systems, such as DNA bricks designed with random
sequences or protein assemblies, the strong interaction energy
will typically vary across the structure. Optimal concentrations
will depend on such variation in binding energies and can be
computed using the framework we introduce below; for simpli-
city, we focus on the case of a single strong binding energy scale s
kBT and discuss generalizations in Supplementary Note 1.

In any natural or synthetic system, there is always some level of
nonspecific interactions that we call ‘crosstalk’12,18,20,31–33. To
model crosstalk, we assume that all non-desired binding sites
interact weakly with an energy w kBT o0 that is distributed
randomly as r(w). Thus, components 6 and 2 interact through
such a weak crosstalk interaction. The ‘male’ site of component 3
interacts weakly with all components since it is unbound in the
desired structure.

We assume for now that each component i is supplied at a
fixed chemical potential mi, so the concentration of free
components has the constant value ci ¼ ebmi , with b ¼ 1

kBT. This
steady-state model mimics the assembly of the ribosome
and other macromolecular complexes whose protein components
are being continually produced, or assembly in a large sea of
components whose concentrations change very little
during assembly. Recent works10,34,35 suggest that, in some
temperature regimes, the experiments of9,10 can be described in
such a manner. See kinetic models below for complementary
possibilities.

Yield at equilibrium can be obtained by summing the partition
function over all undesired structures; we developed a method
adapted from Feynman diagrams to perform such numerical
computations efficiently (see Methods section). We find that yield
is determined by an energy–entropy balance, with the number of
the most stable competing structures growing as Bn2 and each
such crosstalk-containing structure suppressed by an energetic
factor of e( b(w( s). Building structures of size n with any yield at
all requires the energetic suppression to dominate which in turn
implies a bound on the crosstalk energy w. Extending such
analytic arguments (detailed in Supplementary Note 2 and
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combinatorial explosion of competing structures. We then
demonstrate that the principle of undesired usage can also
alleviate kinetic yield catastrophes in non-equilibrium models,
focusing on two models of recent interest in colloidal and DNA
brick assembly. In the systems we study, the yield improvement
from non-stoichiometric concentrations is typically larger when
the stoichiometric concentrations yield is smaller.

Results
Undesired usage must balance desired usage. We consider self-
assembly of heterogeneous structures made of n components; each
component is one of m species types and has multiple distinct
binding sites. Besides the desired structure, the m species of
components can assemble numerous incomplete or incorrect
undesired structures. (See Fig. 2 where m ¼ n ¼ 4.) Incomplete
structures are pieces of the desired structure that do not have all
the necessary components, whereas incorrectly bound structures
contain weak ‘crosstalking’ interactions. Such undesired structures
vary in size, shape and composition and can markedly reduce yield.

We define yield Y as the number of desired structures
produced relative to all undesired structures. That is,

Y ¼ Xd

XdþXu
ð1Þ

where Xd(ci), Xu(ci) are the numbers of desired and undesired
structures produced by assembly and which depend on
species concentrations ci. Xu can be written as a sum over all
undesired structures a, Xu ¼

P
a Xa.

We define the ‘usage’ ui
a of species i by structure a:

ui
a % @log ci log Xa: ð2Þ

ui
a reflects how the production rate of structure a depends on the

concentration of component i. For example, consider an
experiment carried out using concentrations ci and then
perturb around these concentrations, ci - fici. If the perturba-
tions are small, we can Taylor expand log Xa to write
Xa ficið Þ & f u

1
a

1 f u
2
a

2 ' ' ' f
um

a
m Xa cið Þþ . . . . Thus, large usage ui

a40
implies that increasing the concentration of species i will greatly
increase the production of structure a. The gradient of yield with
respect to log ci can be written in terms of usage,

~rY / ~ud ( ~uah iu ð3Þ

where the average ~uah iu¼
P

a
Xa
Xu
~ua is over all undesired structures

a, each weighted by the amount Xa of it produced. The
proportionality constant in equation (3) is always positive.

This equation defines the principle of undesired usage—yield is
improved by lowering the concentration of component i whose
average undesired usage ui

a

! "
u is higher than its correct usage ui

d
(and vice-versa). Changing concentrations in such a manner
produces different distributions of undesired structures Xa/Xu,
whose average undesired usage ui

a

! "
u is closer to the correct usage

ui
d. The resulting optimal concentrations can be very different

from the stoichiometry in the desired structure.
Our analysis of specific models will show that the resulting

yield improvements are marked. In what follows, we apply this
principle to equilibrium assembly as well as to two paradigmatic
kinetic examples. In our model of equilibrium assembly, ci and Xa
in equation (2) will refer to steady-state concentrations, and we
analytically show that the usage ui

a is the number of occurrences
of species i in structure a. In our kinetic models, ui

a quantifies the
dependence of the final amount Xa of structure a on initial
concentrations ci that deplete with time. Thus, equation (3) can
be applied to both steady-state or initial concentrations and to
equilibrium or kinetic assembly.

Equilibrium assembly and yield catastrophes. We begin by
studying equilibrium assembly. We assume that the interactions
between binding sites in the desired structure are strong and of
energy s kBT o0. For example, in Fig. 3, components 6 and 7 and
components 4 and J1 have strong binding with each other. In
many systems, such as DNA bricks designed with random
sequences or protein assemblies, the strong interaction energy
will typically vary across the structure. Optimal concentrations
will depend on such variation in binding energies and can be
computed using the framework we introduce below; for simpli-
city, we focus on the case of a single strong binding energy scale s
kBT and discuss generalizations in Supplementary Note 1.

In any natural or synthetic system, there is always some level of
nonspecific interactions that we call ‘crosstalk’12,18,20,31–33. To
model crosstalk, we assume that all non-desired binding sites
interact weakly with an energy w kBT o0 that is distributed
randomly as r(w). Thus, components 6 and 2 interact through
such a weak crosstalk interaction. The ‘male’ site of component 3
interacts weakly with all components since it is unbound in the
desired structure.

We assume for now that each component i is supplied at a
fixed chemical potential mi, so the concentration of free
components has the constant value ci ¼ ebmi , with b ¼ 1

kBT. This
steady-state model mimics the assembly of the ribosome
and other macromolecular complexes whose protein components
are being continually produced, or assembly in a large sea of
components whose concentrations change very little
during assembly. Recent works10,34,35 suggest that, in some
temperature regimes, the experiments of9,10 can be described in
such a manner. See kinetic models below for complementary
possibilities.

Yield at equilibrium can be obtained by summing the partition
function over all undesired structures; we developed a method
adapted from Feynman diagrams to perform such numerical
computations efficiently (see Methods section). We find that yield
is determined by an energy–entropy balance, with the number of
the most stable competing structures growing as Bn2 and each
such crosstalk-containing structure suppressed by an energetic
factor of e( b(w( s). Building structures of size n with any yield at
all requires the energetic suppression to dominate which in turn
implies a bound on the crosstalk energy w. Extending such
analytic arguments (detailed in Supplementary Note 2 and
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Effective rate constants k (and hence fluxes) along different pathways
depend on concentrations ci of species in differing ways. Yield is improved
by decreasing concentrations of species with high ‘undesired usage’, that is,
species that increase flux along undesired pathways. Hence, optimal
concentrations ci may differ greatly from the stoichiometry of the desired
structure. For the schematic selection of pathways shown here, yield might
be improved if concentration cb is higher than cp,cg as low cp and cg suppress
incorrect and incomplete structures, respectively.
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