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Abstract

The contaminant transport equation is solved in three dimensions using the Eulerian–Lagrangian Localized Adjoint Method

(ELLAM). Trilinear and finite volume test functions defined by the characteristics of the governing equation are employed and

compared. Integrations are simplified by forward tracking of integration points along the characteristics. The resulting equations are

solved using a preconditioned conjugate gradient method. The algorithm is coupled to a block-centered finite difference approxi-

mation of the groundwater flow equation similar to that used in the popular MODFLOW code. The ELLAM is tested by com-

parison with 1D and 3D analytic solutions. The method is then applied with random, spatially correlated hydraulic conductivities in

a simulation of a tracer experiment performed on Cape Cod, Massachusetts. The linear test function ELLAM was found to perform

better than the finite volume ELLAM. Both ELLAM formulations were found to be robust, computationally efficient and relatively

straightforward to implement. When compared to traditional particle tracking and characteristics codes commonly used with

MODFLOW, the ELLAM retains the computational advantages of traditional characteristic methods with the added advantage of

good mass conservation. � 2002 Elsevier Science Ltd. All rights reserved.

1. Introduction

Contaminant transport problems are often difficult to
solve numerically because of the mixed character of the
governing equation, with particular difficulties associ-
ated with the hyperbolic part of the equation. Tra-
ditional finite difference and finite element methods are
poorly suited for these problems, and often leave the
user with a choice between nonphysical oscillations and
excessive numerical diffusion. A number of modifica-
tions to the standard finite difference or finite element
approach have been developed to reduce the problems,
for example the flux corrected transport scheme [7], total
variation diminishing scheme [20], streamline-upwind
Petrov–Galerkin methods [28] and optimal test function
methods [8]. However, these methods continue to be
Eulerian in nature and are therefore limited by Courant
number restrictions.

A second class of approximations is based on treat-
ment of the hyperbolic part of the equation by a La-
grangian method, while the remainder of the equation is
treated by an Eulerian-type of approximation. These
methods include finite difference-based Eulerian–La-
grangian Methods [3], the Modified Method of Char-
acteristics [14,15], and a variety of other related methods
(for example [2,31,33,36]). While these methods over-
come the Courant number restriction, most of them do
not conserve mass, in part due to their inability to deal
with general boundary conditions.

To overcome some of the limitations associated with
these Eulerian–Lagrangian approximations, Celia et al.
[9] introduced the Eulerian–Lagrangian Localized Ad-
joint Method (ELLAM). This method is similar to other
Eulerian–Lagrangian methods, but has the advantages
of global mass conservation (up to numerical integration
errors) and a systematic and rigorous methodology for
implementation of boundary conditions. The original
ELLAM was presented for a 1D advection–diffusion
equation with constant coefficients. Later, Herrera et al.
[26] presented a theoretical framework for the develop-
ment of the method. The method has since been
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extended to include two spatial dimensions and variable
coefficients [4,22,39], reaction terms [10,38] and nonlin-
ear equations [1,11,13]. Wang et al. [39] presented a
general ELLAM for arbitrary spatial dimensions,
although no implementation was included. Other recent
developments include a methodology for inclusion of
point sources or sinks [23,40], and three initial reports
on 3D implementations of the methodology [6,24,25].

In the present paper, we present a practical im-
plementation of the ELLAM in three spatial dimensions
and time. In the following section, we describe the gov-
erning equations being solved. This is followed by an
outline of the ELLAM formulation, including details
regarding both the trial and test functions being used, as
well as details regarding evaluation of various integrals
that arise in the formulation. This is followed by
presentation of 1D and 3D test cases, in which the
numerical approximation is compared to analytical so-
lution. Finally, we apply the ELLAM to simulate a large-
scale field experiment for which extensive data exist. This
field-scale simulation, which includes a spatially variable,
random hydraulic conductivity field, shows excellent
agreement with field observations, thereby demonstrat-
ing the efficacy of the method. We finish the presentation
with a general discussion of the methodology and some
comments on future research directions.

2. Governing equation

In this paper, the ELLAM is applied to the advec-
tion–dispersion equation for the transport of contami-
nation with concentration cðx; tÞ in groundwater

LðcÞ ¼ oð/cÞ
ot

þr � ðqcÞ � r � ð/D � rcÞ ¼ 0;

x 2 Xx; t 2 ð0; T 	;

where D is the dispersion tensor defined by

Dij ¼ aT vj jdij þ aLð � aTÞ
vivj
vj j þ Dmdij;

where /ðxÞ is the porosity, q the groundwater volu-
metric flux vector, aL and aT are the longitudinal and
transverse dispersivities, v ¼ q=/ is the groundwater
velocity vector with components vi; dij is the Kronecker
delta function, and Dm is the molecular diffusion coef-
ficient.

The governing equation is subject to the boundary
conditions

cðx; tÞ ¼ g1ðx; tÞ; x 2 oX1
x ; t > 0;

ð �D � rcÞ � njoX ¼ g2ðx; tÞ; x 2 oX2
x ; t > 0;

qcð � /D � rcÞ � njoX ¼ g3ðx; tÞ; x 2 oX3
x ; t > 0

and initial condition

cðx; 0Þ ¼ coðxÞ; x 2 Xx:

3. ELLAM formulation

The ELLAM is a method of weighted residuals and is
formulated using the weak form of the governing
equationZ 1

0

Z
Xx

o /cð Þ
ot

�
þr � ðqcÞ � r � ð/D � rcÞ

�
wðx; tÞdxdt

¼ 0;

where wðx; tÞ is a weighting or test function that will be
defined later.

Integration by parts may be applied over space and
time to yieldZ 1

0

Z
Xx

oð/cÞ
ot

�
þr � ðqcÞ �r � ð/D � rcÞ

�
wðx; tÞdxdt

¼�
Z 1

0

Z
Xx

/c
ow
ot

�
þ qc � rw� ð/D � rcÞ � rw

�
dxdt

þ
Z 1

0

Z
oXx

njoXx
� ðqc½ �/D � rcÞw	dSdt

þ
Z

Xx

/cw½ 	10 dx; ð1Þ

where njoXx
is a unit vector normal to the spatial

boundary oXx of the global domain Xx.
The key to the ELLAM is definition of test functions

w that satisfy the homogeneous adjoint equation locally,

L
ðwÞ ¼ /
ow
ot

þ q � rw�r � ð/D � rwÞ ¼ 0:

This can be achieved with an order-of-derivatives split-
ting [26]

/
ow
ot

þ q � rw ¼ 0; ð2Þ

r � ð/DÞ � rw ¼ 0: ð3Þ
It is useful to introduce the material derivative defined
by

D

Dt
¼ o

ot
þ q

/
r:

With this definition and Eq. (2) it follows that
Dw=Dt ¼ 0.

3.1. Discretization

The time domain is partitioned into finite intervals of
size Dtn ¼ tnþ1 � tn and the 3D spatial domain is par-
titioned into rectangular cells. A block centered finite
difference scheme is used to obtain the normal com-
ponents of the flux vector q at the centers of the six faces
of each cell. The concentration is determined at the eight
corner nodes of each cell.

The ELLAM employs a finite number of space–time
subdomains Xe, where e ¼ 1; 2; . . . ;E. A test function wi

is associated with each of the nodes i ¼ 1; 2; . . . ;N and is
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defined to satisfy Eqs. (2) and (3) locally within each
subdomain. Eq. (3) is satisfied by any wi that is piecewise
constant within the subdomain Xe leading to a finite
volume ELLAM [5,21]. If the material properties are
homogeneous (porosity / and dispersivity D are con-
stant), then (3) is also satisfied by any wi that is linear in
x. For linear functions, the assumption of homogeneity
can (and will) be relaxed through careful evaluation of
the integrals. Piecewise linear test functions have been
described by Celia et al. [9] and others. Both formula-
tions will be employed here and the resulting numerical
methods compared.

3.2. Piecewise linear test functions

In the case of the linear test functions, the subdo-
mains are defined to be a rectangular grid cell with
vertices at the nodes at the new time level tnþ1. The grid
cell is tracked backward in time to level tn along char-
acteristics defined by Eq. (2). The subdomain is bounded
in time by the closed interval ½tn; tnþ1	 and in space by the
3D surface defined by backtracking the boundaries of
the grid cells.

The test functions wi are defined to be the Lagrangian
piecewise tri-linear polynomial functions in space within
the subdomain for t 2 ½tn; tnþ1	. If the nodes are located
at xi ði ¼ 1; 2; . . . ;NÞ then wi have the property that

wiðxj; tnþ1Þ ¼ 1; i ¼ j;
0; i 6¼ j:

�

In each subdomain there are eight nonzero wiðx; tnþ1Þ
and they are linear in each coordinate direction.

3.3. Finite volume test functions

For the finite volume test functions, the subdomain is
defined at tnþ1 to be a rectangular parallelepiped cen-
tered at each node with sides bisecting space between the
node and each of its 6 neighboring nodes. Where the
node lies on the boundary, the boundary of the global
domain forms a portion of the boundary of the subdo-
main. As with the linear test functions, the subdomain is
tracked backward in time to time level tn along the
characteristics. The subdomain is then bounded in time
by the closed interval ½tn; tnþ1	 and in space by the 3D
surface defined by backtracking the boundary of the
subdomain at tnþ1.

The test functions wi are defined to be constant within
each subdomain. If the subdomain Xi is centered at the
node xiði ¼ 1; 2; . . . ;NÞ then wi are defined by

wiðx; tÞ ¼ 1; x 2 Xi;
0; otherwise:

�

These test functions are the so-called finite-volume test
functions as described by Healy and Russell [21]. They
have the property that mass is conserved both locally

within each subdomain and globally. This property is in
some ways desirable, although it has been observed to
cause problems when the solution of the transport
equation is coupled with a solution of the flow equation
[5].

The finite volume test functions were also found by
Healy and Russell [21] to give oscillations that are the
result of the numerical integration scheme used in the
evaluation of the integrals at the old time level. Healy
and Russell employed ‘‘strategic integration points’’ to
modify the definition of the test function and thereby
control the oscillations.

3.4. Trial functions

The unknown concentration c is approximated in
space by the piecewise tri-linear Lagrange interpolation
functions defined with respect to the nodes xi

cðx; tnÞ � ĉcðx; tnÞ ¼ ĉcnðxÞ ¼
XN
j¼1

Cn
j wjðxÞ;

where ĉcn is the spatially piecewise tri-linear interpolant,
and Cn

j is the approximation evaluated at spatial node j
and discrete time level n. Notice that while the test
functions are defined along the spatially complex do-
main defined along the characteristics at time n, the trial
function is defined on the rectangular geometry of the
spatial grid elements.

3.5. Evaluation of integrals

The integrals in Eq. (1) must now be evaluated. The
development presented below applies to both the
piecewise linear and finite volume test functions
although the subdomains have different definitions in
each case. Algorithmically, as the integrals are evalu-
ated, the results are assembled in an algebraic equation
of the form

Acnþ1 ¼ rn; ð4Þ
where A is the matrix of known coefficients that multiply
the vector of unknowns cnþ1, and rn is a vector with
entries depending on the known solution cn and the
known boundary terms.

To simplify evaluation of the spatial integrals the
integrand is evaluated separately over each of the sub-
domains

Z
Xx

dx ¼
XE
e¼1

Z
Xe
x

dx:

The subscript x is used to emphasize that the integral is
being evaluated over a spatial slice (at a given time) of
the time-space subdomain Xe.

The test function wi has been defined (2) so that
Dwi=Dt ¼ 0 within the subdomain. However, there is a
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jump discontinuity in Dwi=Dt at the boundaries of the
subdomain at the new and old time levels tn and tnþ1.
The theory of generalized functions as described in Gray
et al. [18] can be used to evaluate the derivative

Dwi

Dt
¼ wn

i ðxÞdðt � tnÞ � wnþ1
i ðxÞdðt � tnþ1Þ;

where d is the Dirac delta function. On each subdomain
Xe

x the integral (1) is then written

�
Z 1

0

Z
Xe
x

/c
Dwi

Dt

�
� ð/D � rcÞ � rwi

�
dxdt

þ
Z 1

0

Z
oXx

njoXx
� ðqc½ �/D � rcÞwi	dSdtþ

Z
Xe
x

/cwi½ 	10

¼
Z

Xe
xðtnþ1Þ

/cnþ1wiðx; tnþ1Þdx�
Z

Xe
xðtnÞ

/cnwiðx; tnÞdx

þ
Z 1

0

Z
Xe
x

ðð/D � rcÞ � rwiÞdxdt

þ
Z 1

0

Z
oXx

njoXx
� ðqc½ �/D � rcÞwi	dSdt; ð5Þ

where ½/cwi	10 ¼ 0 for t > 0 by definition of wi. The
terms on the right-hand side must now be evaluated and
these will be referred to as: the integral at the new time
level; the integral at the old time level; the dispersion
integral; and the boundary integrals, respectively.

3.5.1. Integral at new time level
In Eq. (5) the integral

R
Xe
xðtnþ1Þ /c

nþ1wiðx; tnþ1Þdx can

be evaluated analytically as is done in a standard finite
element formulation. This involves substitution of the
trial function, ĉcnþ1, for cnþ1, and performance of the
appropriate spatial integrations. Lumping can be em-
ployed if desired and will be shown to improve the
solution. In the case of lumping, the integral is evaluated
asZ

Xe
xðtnþ1Þ

/ĉcnþ1wiðx; tnþ1Þdx

� /ĉcðxi; tnþ1Þ
Z

Xe
xðtnþ1Þ

wiðx; tnþ1Þdx

¼ /Cnþ1
i

Z
Xe
xðtnþ1Þ

wiðx; tnþ1Þdx:

3.5.2. Integral at old time level
The integral at the old time level tn;

R
Xe
xðtnÞ

/cnwi

ðx; tnÞdx is more difficult to evaluate because the domain
Xe

xðtnÞ, defined by the characteristic tracking, does not
correspond with the rectangular grid that defines ĉcn.
Two techniques for evaluating this integral appear in the
literature. Binning and Celia [5] backtracked the sub-
domains to the old time level and evaluated the integrals
analytically. This approach, while conceptually
straightforward, presented severe computational diffi-
culties due to the difficulty of designing algorithms to

relate the geometry of Xe
xðtnÞ to the regular grid. These

difficulties were experienced in the 2D case and are ex-
pected to be much worse in the 3D case being considered
here. Binning and Celia also only implemented the finite
volume test functions, which are more straightforward
than the case of piecewise linear test functions.

A more reasonable approach for higher dimensions
was proposed by Healy and Russell [21,22]. They used
numerical integration, defined at the old time level tn,
and tracked the integration points to the new time level
along the characteristics. These locations are then used
to determine the appropriate test function values, be-
cause the test functions are constant along character-
istics, and they are defined with respect to the
rectangular grid at time tnþ1. The algorithm can be de-
scribed as follows. Firstly, partition the integral over the
global domain Xx using the regular rectilinear grid
Xx ¼

Pgrid cells
g¼1 Gg used to define the trial function ĉc.

This grid has a regular geometry instead of the irregular
geometry defined by the backtracked subdomains at the
old time level tn. The evaluation of the integral at the
old time level can then be written in terms of the
partition,

XE
e¼1

Z
Xe
xðtnÞ

/ĉcnwiðx; tnÞdx ¼
Xgrid cells

g¼1

Z
Gg

/ĉcnwiðx; tnÞdx:

ð6Þ

Since each grid cell Gg has a regular geometry, we can
cover it with P integration points xgp and known weights
W g

p (p ¼ 1; . . . ; P ; g ¼ 1; . . . ;# grid cells). Then the in-
tegral (6) can be written

X# grid cells

g¼1

Z
Gg

/ĉcnwiðx; tnÞdx

�
X# grid cells

g¼1

XP
p¼1

ð/ĉcnðxgpÞwiðxgp; tnÞW g
p Þ:

In the above ĉcnðxgpÞ can be evaluated by interpolation of
the known solution. The test function wiðxgp; tnÞ is diffi-
cult to evaluate because the exact form of wi is not
known at tn without carefully tracking the geometry of
the subdomains from tnþ1 to tn. Instead of evaluating
these complex geometries, the integration points are
forward tracked to the new time level. Since wi is defined
to be constant along the characteristics it can be seen
that

wiðxgp; tnÞ ¼ wiðxg



p ; t
nþ1Þ;

where xg



p is the coordinate of the point xgp forward
tracked to the new time level tnþ1. If ĉcnðxgpÞ ¼ 0 then it is
not necessary to forward track the integration points,
saving computational effort. The final approximation of
the old time level integration is
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XE
e¼1

Z
Xe
xðtnÞ

/ĉcnwiðx; tnÞdx

�
X# grid cells

g¼1

XP
p¼1

/ĉcnðxgpÞwiðxg



p ; t
nþ1ÞW g

p :

To implement this sum in a computer algorithm, the
procedure is as follows. For each grid cell g, forward
track the integration points xgp to determine xg



p . At the

new time level, note which wiðxg



p ; t
nþ1Þ are nonzero and

add the term /ĉcnðxgpÞwiðxg



p ; t
nþ1ÞW g

p to the ith row of the
right-hand side vector. In cases where the integration
point is tracked through an outflow boundary, the point
is not used in any of the evaluations, with the possible
exception of certain outflow boundary conditions
(which we do not consider herein).

3.5.3. Dispersion integral
The dispersion integral

R1
0

R
Xe
x
ðð/D � rcÞ � rwiÞdxdt

is evaluated using a fully implicit approximation.

For the finite volume test functions there is a jump
discontinuity at the edge of the subdomain. The deriv-
ative is evaluated using generalized functions [18] and
the dispersion integral becomesZ 1

0

Z
Xe
x

ðð/D � rcÞ � rwiÞdxdt

¼ �
Z
oXe

ð/D � rcÞjoXi
� njoXi

� 	
dS dt

�
X6

k¼1

DtAjkoXnþ1
i
ð/D � rĉcÞ




nþ1

oXk
i

� njkoXnþ1
i

where the sum is over the six faces of the subdomain
with area AjkoXnþ1

i
at the new time level, and

ð/D � rĉcÞjnþ1

oXk
i
� njkoXnþ1

i
is the component of /D � rĉc nor-

mal to that side.
When tri-linear test functions are usedZ 1

0

Z
Xe
x

ð/D � rĉcÞ � rwi

� 	
dxdt

� Dt
Z

Xe
x

ðð/D � rĉcÞ � rwiÞnþ1
dx ð7Þ

and the spatial integral on the right-hand side is evalu-
ated analytically. Note that (7) does not rely on the
assumption of homogeneous material properties re-
quired for (3) and so the linear ELLAM can be applied
even when heterogeneous material properties are em-
ployed.

3.5.4. Boundary integrals
To complete the approximation the boundary term of

Eq. (5)Z 1

0

Z
oXx

njoXx
� qcð½ � /D � rcÞwi	dS dt ð8Þ

must be evaluated. Here we describe only inflow
boundaries. For outflow boundaries, it is assumed that
either a Dirichlet boundary condition is specified and
the ELLAM equation at the boundary is replaced by the
statement of the boundary condition, or a zero total flux
is specified and (8) can be neglected. Procedures for
evaluating more general outflow boundaries have been
described by Healy and Russell [22], Russell and Trujillo
[34] and Wang et al. [37] amongst others.

Inflow boundaries are evaluated using numerical in-
tegration. The forward tracking procedure avoids the
necessity to explicitly define boundary test functions [9].
The total area of the global domain boundary is divided
into subdomains consistent with the spatial partitioning
of the rectangular grid. Let E denote the number of
these subdomains, or subareas, along the spatial
boundary. In each of these subareas the integral in (8) is
evaluated with P integration points along the spatial
portion of the boundary, with weights W e

p , and Q inte-
gration points in time with weights W e

q . The resultant
approximation is thenZ 1

0

Z
oXx

njoXx
� ðqc½ � /D � rcÞwi	dS dt

�
XE
e¼1

XQ
q¼1

XP
p¼1

njoXx
� ðqc½ � /D � rcÞwi	jtqxpW

e
p W

e
q :

The evaluation of the sum on the right-hand side and its
placement in the algebraic Eq. (4) depends on the
boundary condition type at ðxp; tqÞ.

If the total flux njoXx
� ½ðqc� /D � rcÞwi	jtqxp is given

then it is only necessary to find wiðxp; tqÞ to evaluate the
sum, which is then placed in the right-hand side vector
rn. A method similar to that employed for the old time
level integrations is used. The integration point xp at
time tq is tracked forward to x
p at t

nþ1 and then wiðxp; tqÞ
can be found by noting that wiðxp; tqÞ ¼ wiðx
p; tnþ1Þ.

If the concentration cðxp; tqÞ is given as the boundary
condition, then wiðxp; tqÞ is evaluated as for a total flux
condition and njoXx

� ½ðqcÞwi	jtqxp is placed in the right-
hand side vector rn. The term njoXx

� ½ð/D � rĉcÞwi	jtqxp is

unknown and is evaluated by projecting to the new time
level

njoXx
� ð/D � rĉcÞwi

h i


tq
xp
� njoXx

� ð/D � rĉcÞwi

h i


tnþ1

x
p
:

Boundary conditions of known concentration gradient
are not considered here but can be treated using similar
techniques to those presented for the total flux and
known concentration boundary conditions.

The number of boundary integration points Q must
be selected carefully in order that the boundary term is
sufficiently resolved. In all examples presented in this
paper, the number of boundary points Q is computed
from the number of spatial integration points P and the
Courant number Cr ¼ jvjDt=Dx, (where jvj is the velocity
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and Dx is the grid spacing) with Q ¼ P 
 Cr. Thus, in-
creasing the time step size to allow fewer time steps does
not lead to a strictly proportionate reduction in com-
putational effort because the use of larger time steps
leads directly to a requirement for a greater number of
boundary integration points and a consequent increase
in computations required for the matrix assembly. This
is consistent with the increased importance of boundary
information when the time step is large. However, the
use of larger time steps means that fewer matrix inver-
sions and evaluations of the interior integrals (5) are
required. As a result, there is a significant computational
saving when large time steps are used.

3.6. Tracking procedure

Forward tracking of integration points is accom-
plished by the semi-analytic method described by Goode
[17] and Healy and Russell [21]. The velocities are given
at the intercell boundaries and are assumed to be con-
stant over the time step while varying linearly in space
across each cell. In this paper the velocities are provided
by a block centered finite difference solution of the
groundwater flow equations. The solution of the flow
equation is similar to that employed in the USGS code
MODFLOW [19].

The tracking algorithm employs a one point temporal
approximation to velocity. This will lead to errors in
cases where the velocity is highly variable in time. In this
case a higher order approximation should be used in the
forward tracking procedure. For the examples presented
herein, we use a steady-state velocity field, so a constant-
in-time velocity is appropriate.

3.7. Solution of matrix equation

The matrix A in Eq. (4) is asymmetric (due to the
boundary conditions) and the algebraic equations are
solved by a conjugate gradient squared algorithm.

4. Results

4.1. 1D test problem

The particle tracking ELLAM with both finite vol-
ume and linear test functions is compared to the ana-
lytical solution of Ogata and Banks [32] and an implicit
Galerkin finite element method with linear basis and test
functions. The problem is solved on the domain
x 2 ½0 ; 1	 with equation parameters a ¼ 0:01, v ¼ 0:7,
boundary conditions cð0; tÞ ¼ 1:0, cð1; tÞ ¼ 0:0 and
initial condition cðx; 0Þ ¼ 0.

The domain is discretized using both a coarse grid
(Dx ¼ 0:1) and a fine grid (Dx ¼ 0:01). A single small
grid cell Dx ¼ 0:0001 is employed next to the inflow

boundary so that the step concentration change of the
Ogata and Banks solution is represented accurately in
the numerical simulations. Shown in Fig. 1 are the
solutions using various methods at t ¼ 0:6. The EL-
LAM solutions were all obtained with a single time step
while the finite element solution required 60 time steps.
The ELLAM solutions employed two Gaussian nu-
merical integration points (P ¼ 2) per element and
Q � P � Cr integration points on the inflow boundary.
This resulted in Q ¼ 8 and Q ¼ 80 for the 10 and 100
element simulations, respectively. All simulations are
shown using consistent (or unlumped) matrix evalua-
tions at tnþ1.

As can be seen from Fig. 1, the ELLAM does a
reasonable job of finding the solution with only a single
time step. In contrast, the finite element method re-
quired 60 time steps (with Dx ¼ 0:01) to achieve a sim-
ilar accuracy. This result demonstrates the
computational efficiency of the ELLAM. The poor
performance of the finite element method is due to the
necessity of restricting the time step size to obtain a
solution.

For this problem, both the ELLAM and the finite
element method are perfectly mass conserving. Com-
pared to the finite element solution, the ELLAM ex-
hibits much smaller artifacts due to numerical diffusion.
In fact, when only one time step is used the ELLAM
under predicts the physical dispersion. This is because a
fully implicit time stepping procedure has been used and
the diffusive flux is proportional to the gradient in
concentration. This gradient is much smaller at the end
of the time step than at the beginning so that the dif-
fusive flux is under predicted. When more ELLAM time
steps are taken, the solution improves because the dif-
fusive flux is more accurately estimated.
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On the other hand, the finite element solution adds
numerical diffusion at every time step. The ELLAM
adds numerical diffusion due to interpolation error in
the evaluation of the integral at the old time level. Be-
cause the ELLAM requires fewer time steps to find the
solution, the numerical diffusion in the ELLAM is much
smaller.

Both the finite volume ELLAM and the linear EL-
LAM are shown in Fig. 1. When employing the finite
volume ELLAM either the domain must be finely dis-
cretized or a sufficient number of integration points
must be chosen. In Fig. 1, for example, the FVELLAM
displays oscillations when two numerical integration
points (P ¼ 2) are used. These oscillations can be con-
trolled by employing additional integration points at
added computational cost. The requirement for a dense
cover of integration points when employing the finite
volume test functions was noted by Healy and Russell
[21] who resolved the problem by modifying the finite
volume test functions to reduce the effect of the jump
discontinuities in the function. A simpler approach is to
use piecewise linear test functions. As shown in Fig. 1,
even with only two integration points the solution is
quite well behaved. The use of piecewise linear test
functions avoids the need for the Strategic Spatial In-
tegration Points introduced by Healy and Russell.

4.2. Comparison with 3D analytical solution

To demonstrate the accuracy of the method in three
dimensions, the linear and finite volume ELLAM are
compared with the 3D analytic solution of Leije et al.
[30]. The domain is a rectangular block of size
10� 5� 5 in the x; y; z directions, respectively and is
discretized into uniform blocks of size Dx ¼ Dy ¼

Dz ¼ 0:5. The numerical solution is found using a single
time step of size Dt ¼ 6. The velocity field in the domain
is unidirectional in x with ðvx; vy ; vzÞ ¼ ð0:7; 0 ; 0Þ and is
chosen so that the Courant number Cr ¼ vxDt=Dx is not
an integer. If integer values of the Courant number are
used then the ELLAM is more accurate because inter-
polation errors in the integral at the old time levelR

Xe
xðtnÞ

/cnwiðx; tnÞdx are minimized. Because the Cou-
rant number cannot be regulated in heterogeneous
problems we select Cr 6¼ 1 to fully illustrate any model
errors. The domain is initially free of contaminant
cðt ¼ 0Þ ¼ 0 and contaminant is injected with a fixed
concentration c ¼ 1 from a 2D y–z patch of size
1:5� 1:5 located at the inflow end of the domain. All
other sides are set to be no flux boundaries to contam-
inant. The dispersivities are set to be aL ¼ 0:01 and
aT ¼ 0:001.

The problem is solved with both the linear and finite
volume ELLAM using various spatial grids, different
numerical integration schemes and both temporally
consistent and lumped formulations. The numerical
solution is compared with the analytical solution at
t ¼ 6 in Table 1. All simulations were obtained with only
a single time step. The root-mean-squared (RMS) error
shown in the table is given by

RMSError ¼ 1

n

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX
i

ðcmi � cai Þ
2

r

and the maximum error by

MaxError ¼ max
i

cmi


 � cai



:
The results show that quite accurate solutions can be
obtained with the ELLAM even when a coarse spatial
and temporal discretization has been employed. The
Linear ELLAM is superior to the finite volume ELLAM

Table 1

Comparison of the ELLAM with the analytical solution of Leije et al. [30]

Type Dx P Q Lumped RMSError MaxError

LinELLAM 0.5 1 10 6:78� 10�4 0.417

0.5 2 20 5:93� 10�4 0.334

0.5 4 40 5:85� 10�4 0.285

FVELLAM 0.5 1 10 6:67� 10�3 8.718

0.5 2 20 9:83� 10�4 0.594

0.5 4 40 5:27� 10�4 0.240

LinELLAM 0.5 1 10
p

2:11� 10�4 0.0905

0.25 1 20
p

5:23� 10�5 0.0942

0.1 1 50
p

1:06� 10�5 0.1043

0.5 2 20
p

1:39� 10�4 0.0909

0.5 4 40
p

1:24� 10�4 0.0830

FVELLAM 0.5 1 10
p

4:15� 10�3 5.205

0.25 1 20
p

1:02� 10�3 4.823

0.1 1 50
p

1:35� 10�4 4.105

0.5 2 20
p

6:28� 10�4 0.253

0.5 4 40
p

2:81� 10�4 0.142
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when a small number of integration points is employed.
However, the methods have similar accuracy when suf-
ficient integration points are used. Lumping improves
both the linear and finite volume ELLAM. However,
these results are specific to this test case. The conclusion
that lumping is preferable should be made with caution
since lumping introduces numerical diffusion that may
increase errors despite the benefit of controlling oscil-
lations [12].

The results also demonstrate that the solution con-
verges as the grid is refined with second order spatial
accuracy achieved in both the linear and finite volume
ELLAM. Note, however, while the RMS error decreases
with grid refinement, the max error does not change
appreciably as the grid is refined. This is because of
numerical errors introduced by employing a one point
temporal approximation of the dispersion term. This is a
limitation of the current ELLAM formulations where
the emphasis is placed on accurately resolving the ad-
vection component of the equation with minimum
computational cost.

In summary, to obtain computationally efficient and
accurate solutions, the lumped Linear ELLAM with a
smaller number of integration points appears to be a
good choice for these types of simulations.

4.3. 3D random fields simulation

To demonstrate the robustness and practical utility of
the new 3D ELLAM code, it is used to simulate the
Cape Cod tracer experiment described by LeBlanc and
others [16,27,29]. In this experiment, a bromide tracer
was injected into an unconfined aquifer formed from a
glacial outwash. The tracer was observed for 511 days in
a network of 656 multilevel sampling wells. The spatial
moments of the observed contaminant distribution were
calculated and stochastic groundwater theory used to
estimate the macrodispersivity of the aquifer. Herein, a
single random conductivity field simulation of the Cape
Cod experiment is presented to demonstrate the practi-
cal use of the ELLAM. It is shown that random field
transport simulations can be efficiently obtained and
used with stochastic theories in the same way as the field
data. Since analytical solutions are not available for
these simulations, only a few comments on the accuracy
of the numerical method are made.

In the experiment, a bromide tracer was injected in 3
wells perpendicular to the flow, resulting in a contami-
nant plume of initial concentration 640 mg/l and di-
mensions estimated to be 4� 4� 1:2 m3 located
between 1.2 and 2.4 m below the water table. Because of
the chosen spatial discretization, the initial contaminant
mass in the plume is 4792 g, slightly less than the mass of
4900 g used in the actual tracer experiment. The head at
the wells was 13.80 m, while 50 m downstream the head
was 13.72 m. The material properties of the aquifer have

been well documented and are simulated here as a ran-
dom field generated by the turning bands algorithm [35].
Table 2 and Fig. 2 summarize these properties. The
dispersivity employed in the simulation is the Cape Cod
local scale dispersivity calculated by Zhang et al. [42]
from the column experiment data of Wood and
Kraemer [41]. Since the transverse dispersion cannot be
obtained from the published 1D laboratory column ex-
periments, a value of aT ¼ 1=10aL is assumed. A
50� 20� 50 grid with 1 m� 1 m� 0:1 m cells was
employed with P ¼ 2 integration points per subdomain
and Q ¼ 5. A second simulation using a refined
100� 40� 100 grid with P ¼ 2; Q ¼ 10 was also run. In
both cases, a time step of 200 h was used in the simu-
lations so that 10 time steps were used over the duration
of the simulation. The choice of time step size was dic-
tated by the desire to obtain model output at frequent
intervals during the simulation. However, it is possible
to obtain a solution with as few as 2 time steps.

The flow field was simulated at steady state and Figs.
3 and 4 show the distribution of contamination initially,
and at 1000 and 2000 h, for the coarse grid. The velocity
of the simulated contaminant plume is calculated from
the first moments of the solution and found to be 0.341

Table 2

Parameters used in the simulation of the Cape Cod field experiment

Mean K 3.96 m/h

Variance of ln (K) 0.24

Vertical correlation length 0.19 m

Horizontal correlation length 3.5 m

Porosity 0.39

aL 2:58� 10�3 m

aT 2:58� 10�4 m

Retardation factor 1

Dx ¼ Dy 1 m

Dz 0.1 m

Dt 200 h

Log10K (m/hr)

0.70 1.07 1.64 2.51 3.83 5.85 8.94 13.66 20.87 31.88
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Fig. 2. Distribution of conductivity used in the random field simula-

tion of the Cape Cod field experiment.

154 P. Binning, M.A. Celia / Advances in Water Resources 25 (2002) 147–157



m/day. This simulated velocity is lower than that ob-
tained from field observations of the plume (0.424 m/
day). The reason for this discrepancy is that the single
realization of the random conductivity field employed
had a geometric mean conductivity of 3.74 m/day in-
stead of the field observed 3.96 m/day. If the code were
used in a Monte Carlo simulation, then the mean sim-
ulated velocity should match that observed in the field.

Fig. 5 shows the time evolution of the second mo-
ments of the plume. The figure shows the moments
calculated for both the coarse grid (50� 20� 50) and
refined grid (100� 40� 100) using filled and hollow
symbols, respectively. While there is only a small dif-
ference between the fine and coarse grid simulation in
the longitudinal direction, there is a larger difference in
the transverse direction, suggesting that further refine-
ment would be required to obtain completely converged

results in the transverse directions. As discussed by
Garabedian [16], the calculated longitudinal dispersion
increases with distance. This observation is consistent
with stochastic theories. If the mean gradient of the
variance curve is calculated, the simulated macrodis-
persivity can be calculated [16]. Table 3 gives the results
for the coarse grid solution and shows a reasonable
match between the field observed and simulated
macrodispersivities. In the table, we provide computed
dispersivities averaged over the entire simulation time as
well as values based on late-time moments. These late-
time values correspond to asymptotic dispersivities,
which are directly comparable to the field estimates.

The zeroth moment of the plume is also calculated to
confirm the mass balance accuracy of the code. In this
case, the error in modeled contaminant mass remains
less than 0.01% (0.0067% when 400,000 cells are used)
for the duration of the simulation. The small mass bal-
ance errors are due to the use of numerical integration of
the initial (C0 ) concentration function.

The coarse grid simulation presented required 10 min
to complete on PII 300 MHz computer. It is therefore
feasible to do Monte Carlo simulation and computa-
tional experiments to illustrate stochastic groundwater
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Table 3

Dispersivity coefficients calculated from the second moments of the

simulated contaminant plume shown in Fig. 5 and as calculated by

Garabedian [16] in his analysis of the Cape Cod field data

Simulated (late

time)

Field

observation

Longitudinal dispersivity aL (m) 0.586 (1.162) 0.96

Transverse dispersivity aT (m) 0.045 0.018

Vertical dispersivity aV (m) � 0:0 0.015

The longitudinal dispersivity is also calculated at late time since it

is increasing as a function of time in Fig. 5.
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theories. The computational cost of these types of sim-
ulations have previously been prohibitive.

5. Conclusions

The ELLAM was applied for the first time to 3D
problems in [6,24]. Here further details of the method of
[6] are presented. The method has been shown to be a
highly efficient and accurate solver for modeling con-
taminant concentration distributions. To illustrate this,
the method was tested against analytical solutions and
used for the computationally demanding problem of
predicting contaminant transport in random velocity
fields. In this case, the flow field was generated using
random field material properties and a flow simulator
similar to the popular USGS groundwater flow code
MODFLOW. The Cape Cod simulation presented
shows that the ELLAM can be employed to perform
efficient simulations of stochastic groundwater prob-
lems.

To implement the ELLAM solver requires approxi-
mately 1700 lines of generously commented and spaced
computer code. This code is considerably simpler, and
easier to debug and maintain than previous ELLAM
implementations by the current authors. For example,
the 2D ELLAM code of Binning and Celia [5] required
approximately 6000 lines of code. Inherently, the new
code is very similar to widely used particle tracking and
method of characteristics codes. We hope this ad-
vancement in the ELLAM procedure will lead to its
wider adoption in practice.

In addition to the practical issues, the choice of form
for the test function has been investigated with linear
test functions being compared with the finite volume
formulation [22] in particle tracking ELLAMs. The re-
sults suggest that when small numbers of integration
points are employed, the linear test functions should be
preferred as they are less sensitive to the oscillations
found in the finite volume solution. The oscillations are
caused by the jump discontinuities in the finite volume
test function and the discrete sampling of the integration
points. In contrast, the linear test functions are contin-
uous and centrally weighted and so are less prone to
such oscillations. The primary advantage of the finite
volume formulation is that it strictly enforces local mass
conservation while the linear test functions only achieve
global mass conservation. Despite this advantage, the
better behavior of the linear test functions suggests that
this formulation has practical computational advan-
tages. In addition to examining the choice of test func-
tion, the results presented have also shown that the
accuracy of the ELLAM can be substantially improved
using temporal lumping.

The ELLAM has been applied here and by Heberton
and Russell [24,25] to 3D problems. With the recent

resolution of the problem of handling sources and sinks
[23], the ELLAM is now a mature method for the
solution of the classical contaminant transport equation.
For this problem, the method has been shown [39] to be
competitive with other solution techniques. This
suggests that the ELLAMmay be successfully applied to
other hyperbolic systems. However, the application of
the ELLAM to nonlinear problems (e.g. shocks) and
reactive systems remains an on-going challenge. There is
much to be gained by moving beyond method-of-lines
approaches that separate space and time approxima-
tions. The ELLAM unifies space–time approximations
in a single theoretical framework, and provide efficient
numerical solutions for practical problems.
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