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Sintering with Rigid Inclusions: Pair Interactions 
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The interaction between two spherical, rigid inclusions in 
an infinite, linearly viscous, densifying medium has been 
studied. The stresses in the vicinity of tihe two spheres are 
highly anisotropic, with significantly enhanced rates of 
densification in the gap between these particles. A pairwise- 
additive approximation for the densification rate of the com- 
posite is presented and compared with the composite-sphere 
and self-consistent models described by Scherer. [Key words: 
sintering, modeling, inclusions, composities, stress.] 

I. Introduction 

HE effect of inclusions and heterogeneities on the sintering T process has been a subject of many theoretical and experi- 
mental studies.'-15 A reduction in the rate of densification 
caused by the presence of these inclusions is well documented 
in the literature. Furthermore, differential shrinkage charac- 
teristics of the matrix and the inclusions or heterogeneities 
may give rise to  sintering damage, such as cracklike flaws, 
planar array of voids, or isolated 

The development of stresses during the sintering process 
has been examined theoretically by several Some 
of these studies predicted that very large tensile stresses can 
evolve in the matrix containing the inclusions, but it has been 
pointed out by Scherer' and Bordia and Scherer " that these 
large stresses are due to inconsistent constitutive models (re- 
sulting in a negative Poisson's ratio) used in these studies. 
They argued that the magnitudes of the radial and hoop 
stresses around a rigid inclusion in a sintering matrix cannot 
exceed 22  and C, respectively, where C. is the so-called sinter- 
ing pressure due to reduction in surface area. Their assertion 
is based on a composite-sphere model. In this model, the sin- 
tering matrix containing multiple heterogeneities is idealized 
through a single inclusion surrounded by a matrix whose size 
is chosen to obtain the same volume fraction of inclusion as 
in the real problem. Such a model does not account for the 
interactions between the inclusions in an entirely satisfactory 
manner. These interactions become more and more important 
as the number density of the inclusions increases. Although 
these interactions are many-body in nature, one may, at 
least as a start, treat them as pairwise-additive. In such a n  
approximation, the fundamental problem is to  understand the 
interactions between two inclusions in an infinite densifying 
matrix, the analysis of which is the objective of the present 
study. We shall restrict our attention to rigid, spherical 
inclusions of uniform size in an infinite densifying medium 
(henceforth simply referred to as the matrix). 

The well-known case of a single inclusisn in an infinite 
rnatrix'.*s5 will be described briefly in Secti'on 11. It will be 
seen later that the results of the single-inclusion problem will 
serve as the far-field solution for the two-inclusions problem 
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which will be described in Section 111. The results of the two- 
inclusions problem will be presented in Section IV, where it 
will be shown that local stresses in excess of the upper bound 
of Scherer' and Bordia and Scherer" can arise when the 
interactions between two inclusions are taken into account. 
The densification rate of a matrix containing many rigid in- 
clusions, obtained by treating the interactions between the in- 
clusions as pairwise-additive, will be compared in Section V 
with the predictions of other models in the literature. 

An expression for the effective interaction between two 
inclusions in a composite arising from the excluded-volume 
effect will be derived in Section VI. It will be shown that the 
matrix between inclusion pairs of large separations will be 
in a state of tension, whereas the matrix between pairs of 
smaller separation will be in compression, as suggested by 
Lange.'" Finally, the findings of the present study will be 
summarized in Section VII. 

11. Single Inclusion in an Infinite Matrix 

Consider a rigid spherical inclusion of radius R, surrounded 
by an infinite matrix. In the matrix 

v , u =  0 (1) 

where D is the stress tensor. Following Scherer and Bordia 
and Scherer," we shall neglect the elastic response of the 
matrix and assume that the relationship between the stress 
and the rate of strain is linear. Then 

u =  2G,{-,Vu 1 + (vu)T] - -,,..)Z) 1 
2 3 

where G, is the shear viscosity of the matrix, K ,  the bulk vis- 
cosity of the matrix, if the linear densification rate of the un- 
constrained matrix, u the velocity, and Z the identity tensor. 
The development of constitutive models for G,, K,,,, and if 
from microscopic considerations of shear and densification is 
an important part of sintering theories, but is not the focus 
of the present analysis. Instead, we shall assume that these 
quantities are known (and uniform everywhere in the matrix) 
and focus on the role of the inclusions. One can define an ap- 
parent Poisson's ratio for the matrix, v,, by 

2G, - 1 - 2v, 
3 K m  1 i- v, (3) 

where, as pointed out by Scherer,' 0 5 v, 2 %. In terms of a 
spherical coordinate system whose origin coincides with the 
center of the spherical inclusion, the boundary conditions for 
Eq. (1) become 

u = 0 (at r = R,)  

ur, = - p m  (as r -+ 00) (4) 
where urr is the normal stress in the radial direction andp,  is 
the external compressive stress imposed on the matrix. By 
spherical symmetry, u = ue, where e, is the unit vector in the 
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radial direction. It is straightforward to solve Eqs. (1) and 
(2) with the boundary conditions given by Eq. (4), and one 
obtains 

where 2, the so-called sintering pressure, is equal to -3K,ip 
It follows that on the surface of the inclusion 

For later use, we observe the following: (a) for r + R,, Eq. (5 )  
reduces to 

(7) 

and (b) a translation of the origin from the center of the 
spherical inclusion by a distance C, in any direction would 
imply from Eq. ( 5 )  that the velocity of the spherical inclusion 
toward this new origin, Uol, is given by 

With the reference inclusion at origin, let us imagine plac- 
ing a second test sphere in the matrix such that the center-to- 
center separation is 2C,. If this test sphere simply responds to 
the streamlines in the matrix without perturbing it apprecia- 
bly, then this sphere will move toward the origin at a velocity 
Uo2 given by 

If the two spheres are strictly noninteracting, they would ap- 
proach each other at a velocity 2UO1. The approach velocity 
described by Eq. (8b) is usually referred to as the far-field 
interaction. Note that UO2 > 2UOI; thus the far-field inter- 
action is attractive in the sintering problem. At close separa- 
tions, Eq. (8b) is certainly incorrect, as the resistance to 
viscous deformation of the matrix in the region between the 
spheres will give rise to an effective repulsion and slow down 
the approach velocity. This near-field correction is analyzed 
in the next section. 

111. Two Spherical Inclusions in an Infinite Matrix 

Consider two rigid spherical inclusions of radius R, located 
such that the center-to-center distance is equal to 2C,. We 
shall choose a Cartesian coordinate system such that thez axis 
is the line of centers and the centers of the spheres are located 
at (O,O,*C,). It is easily seen that as densification occurs the 
two spheres will move toward each other. We shall denote 
the speed of each sphere toward the origin by W,. If the 
densification proceeds with little interaction between the two 
spheres, then W, = UoL. In the limit of only far-field interac- 
tion, W, = UO2/2. In order to determine the stresses devel- 
oped at various locations, we must now solve Eqs. (1) and (2 )  
along with the following boundary conditions: 

a,,, a,,, cr,, +- -pm (as r + m) (9) 

r = (x2 + y 2  + z2)"' (10) 

u = -Woe, (11) 

u = Woe, (12) 

where 

On the surface of the sphere located at z = C, 

while on the sphere located at z = -C, 

One can readily anticipate that the velocities far away from 
the spheres would follow Eq. (7). 

It is convenient to scale the stress tensor as 

u p  - I 
p , /C  + 1 

q* = - 

so that 

a;, w$, a: +- 1 (as r + m) (14) 
It is easy to show from Eqs. (2) and (13) that the linear densi- 
fication rate, i, at any point in the matrix is given by 

Noting that as r - m ,  tr [u*] + 3, we can write that 

1 
3 

i = -im tr [a*] (16) 

where 

i, = (F + l)if 

is the linear densification rate at points far away from the 
spherical inclusions. 

The solution of this system of equations has already been 
reported by Shelley and YuI6 and will not be repeated here. 
Briefly, the torsion-free rotational symmetry about the z axis 
and the absence of any body force in the model equations per- 
mit the general solution to be written as the sum of two veloc- 
ity fields u1 and u2 

~ G , u ,  = VQ, (18) 
2G,u2 = V(zV) - 4(1 - vm)qez (19) 

and u = u1 + u2. Here CP(r,z) and 'U(r,z) (with r being given 
by Eq. (10)) satisfy 

VZCP = v2w = 0 (20) 
The functions CP and q must be so chosen to satisfy the 
boundary conditions. It has been found to be convenient to 
analyze the problem in a spherical bipolar coordinate system 
defined by 

R, sinh a, sin cos y 
x =  

cash - cos p 
R, sinh a, sin p sin y 

cosh a - cos /3 
= 

-R,  sinh a, sinh a 
z =  

cash a - cos p 
where --m < a < -m, 0 5 /3 I a, 0 I y I 297 and a, is 
given by 

(22) 
In the spherical bipolar coordinate sy~tem,'~,'' the surfaces 

of the spherical inclusions located at z = ?C<, are described 
by a = ~ a , .  The region occupied by the matrix is -a,, 5 
a I a,, 0 5 p I a, 0 5 y I 2a. Figure 1 describes the ge- 
ometry and the unit vectors on the spherical bipolar coordi- 
nate system. It is easily seen that the scaled normal stress 
acting in a direction perpendicular to the surface of the inclu- 
sion would be uf, while and a";; are the scaled hoop 
stresses. There can also be a scaled shear stress a:@ on this 
surface. (From symmetry considerations, a& = a$, = 0.) The 
net force acting on the sphere at a = a, can be written as" 

C,  = R, cosh a, 
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IV. Results of the Two-Inclusions Problem 

- a O  

a = O  -- 
X 

I 
Fig. 1. Schematic representation of i.he 
two-sphere geometry and the unit vectors 
in the spherical bipolar coordinates. The 
y axis in the Cartesian coordinate systsem 
and the y axis in the spherical bipo,lar 
coordinate system are perpendicular to 
the plane of the paper. 

where 
cash CY cos /3 - 1 
cash a - cos p cos (a,z) = 

sinh a sin p 
cos (/3,z) = 

cash - cos p 
and the integration is performed over the sur€ace of this sphere. 
After some algebraic manipulations it can be shown that 

F(W,,C,/R,) = 2rR: sinh' a, 1 + - Ce, i 3 

One can define a scalar, scaled interparticle force acting 
along the line of centers according to 

f(W,,C,/R,) = -/FI/R:Z 1 + (26) i "t) 
so that a negative f implies attractive interaction between 
the particles. 

There are two cases of particular interest in the present 
problem. First, we would like to compute the force experi- 
enced by each of the spheres due to  the presence of the other 
sphere, if each sphere is moving toward the origin at a speed 
U,, described by Eq. (8a). This force,f(U,,,C,/R,), is a meas- 
ure of the tendency of a neighboring inclusion to alter the 
densification behavior around a given test sphere. One can 
also learn from this quantity about the range of the interac- 
tions between the inclusions, i.e., how close they should be 
before appreciable interaction occurs. Th'ese are discussed 
further in the next section. 

The secogd case which isAof more interest is computation of 
the speed W, for which f(W,,C,/R,) would be equal to zero, 
and the corresponding stress fields in the matrix. For this 
purpose, we shall define a scaled approach velocity, o, as 

so that w - 1 as C,/R, - 00. Here U ,  = -u,(C,) is deter- 
mined from Eq. (7).  

0 = +o/um (27) 

As one would intuitively expect, it was found that 
f (Uol,Co/Ro) is negative at all separations. At separations 
C,/R, > -3, I f  I is negligibly small. As the separation is de- 
creased, the attractive force increases rapidly at first and then 
levels off at close separations. At any given separation, as v,,, 
increases the attractive force is diminished. 

Figure 2 describes the variation of the actual scaled ap- 
proach velocity (o), dimensionless approach velocity in the 
absence of interactions (Uol/Um), and dimensionless approach 
velocity in the limit of only far-field interaction (UO2/2U,). As 
one would expect 

A significant departure of w from Uo,/2U, implies appreci- 
able near-field correction. Under these conditions, the matrix 
in the region between the particles experiences enhanced com- 
pression and this will lead to an increase in the densification 
rate in this region, as illustrated below. 

The scaling for stress tensor defined by Eq. (13) is useful for 
the purpose of mathematical analysis. However, it is perhaps 
more convenient to plot the quantity u/8 rather than u* to 
get a better physical picture of the stresses experienced by 
the inclusions. Figure 3 presents the normal stress in the radial 
direction, hoop stresses, and the shear stress experienced by 
the inclusion particle for v, equal to 0.25 at a separation of 
0.2R0. (When an external pressurep, is applied, the stresses 
in the matrix will be altered. However, as u* is independent 
ofp, ,  the actual stresses on the surface of the inclusions can 
be easily deduced from Fig. 3 for any value of p ,  .) The corre- 
sponding scaled densification rates in the matrix in the imme- 
diate vicinity of the surface of this inclusion are presented in 
Fig. 4. (This figure is valid for anyp, as i, accounts for the 
effect of p ,  through Eq. (17).) 

When the two inclusions are far apart, the densification 
rate is essentially uniform everywhere in the matrix. In con- 
trast, when the inclusions are close to one another, a signifi- 
cant enhancement in the densification rate develops in the 
region between the inclusions, i.e., 0 - 0". The enhancement 
becomes more and more pronounced as the separation be- 
tween the particles decreases. In the two-inclusions problems, 
i., is the linear densification rate of the unreinforced matrix. 
It would be wrong to deduce from Fig. 4 that, except in a 
small region around 8 - So, the rate of densification of a 
matrix with inclusions is greater than that in an unreinforced 
matrix. A cumulative effect of all pairs of inclusions must be 
evaluated (see next section) before the model is compared 
with experimental data for a matrix containing many inclu- 
sions. When such a summation is carried out, it will be seen 
that a composite will densify at a slower rate than an unrein- 

- 

0.2 0'4r 
Separation, 2 ( C 0 / R 0  - 1 )  

Fig. 2. Variation of scaled approach velocity as a function 
of separation. 
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Fig. 3. 
explanation of how 8 is measured. uyy 5 ugp. 

Angular variation of the scaled stresses. See Fig. 1 for an 
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i 

Fig. 4. Angular variation of the scaled densification rate. 

forced matrix. Nevertheless, Fig. 4 suggests that in a matrix 
containing many inclusions, the rapid formation of an inflex- 
ible neck in the region between inclusions that are close to- 
gether is quite possible, leading to the evolution of a rather 
rigid skeleton of inclusion particles (at sufficiently large vol- 
ume fractions of the inclusions) as suggested by Lange." We 
shall return to this point later in Section VI. 

Scherer' and Bordia and Scherer" have argued that the ra- 
dial stress acting on an inclusion particle in the case of pres- 
sureless sintering cannot exceed 22 in magnitude. We simply 
point out that such an assertion is dependent on the model 
used to analyze the problem. According t o  the composite 
sphere model analyzed by them, the maximum magnitude of 
the radial stress is equal to 22(1 - 2v,)/(l + urn). This maxi- 
mum is equal to 0.82 and 22 for v, = 0.25 and 0.0, respec- 
tively, which translates to values of 0.8 and 2.0 for uaa/C in 
our analysis. A value of 0.8 for u,,/C is indeed what we ob- 
tain in the case of vm = 0.25 if the separation between the 
two inclusions is large. But at small separations, substantially 
larger values of u,,/C can result in the gap between the par- 
ticles, as seen in Fig. 3. Note that uaa/C exceeds 2 in the gap 
even for v,,, = 0.25. If we consider smaller values of v,, this 
maximum will be even more pronounced. One can also show 
that the tensile hoop stresses in excess of C(l - 2vm)/(1 + v,) 
(which is the upper bound from composite sphere analysis') 
can arise when the inclusions are close together. It must be 
added that the above discussion concerning the bounds is 
probably academic and that we do not present it as a basis for 
disputing the argument of Scherer' and Bordia and Scherer" 
that these sintering stresses are too weak to introduce flaws. 

V. Pairwise-Additive Treatment of the Multisphere Problem 

It is well-known that the densification rate of a matrix con- 
taining rigid inclusions (henceforth composite) will decrease 

a5 the volume fraction of the inclusions increases. Expcri- 
ments suggest that if the size of the inclusion particles is much 
larger than the characteristic size of the matrix particles, 
the only parameter through which the role of the inclusions 
enters into the densification rate of the composite is the 
volume fraction of the inclusions.'s The simplest model to 
account for the role of inclusions on the linear densification 
rate of the composite, B,, is the so-called rule of mixtures. 
Accordingly 

(28) 
where v, is the volume fraction of the inclusions and i., is 
given by Eq. (17). But such a description overestimates the 
densification rate of the composite. This is due to the fact 
that the rule of mixtures does not account for the tensile 
stresses induced in the matrix by the inclusions (e.g., see 
Refs. 1,ll). More elaborate models such as the composite- 
sphere (CS) and self-consistent (SC) approximation have been 
described by Scherer' to account for the role of the inclu- 
sions. Accordingly 

(iJr, = (1 - v,)& 

1 - v, 
(.&s = B m [  1 - 2v, 

l+2 - - - - -  
1 + v, 

I 1 - v, 1 
(i')SC = E m  2(1 - 2 V m )  + 15vdl - v,) I V , /  

(30) 
If one assumes that the interactions between the inclusion 

particles are pairwise-additive, the rate of densification of the 
composite containing many spherical inclusions of uniform 
size can be deduced from the results described in the previ- 
ous section as outlined below. Consider any inclusion as a 
reference and a spherical coordinate system whose origin coin- 
cides with that of this particle. Consider another test particle 
whose center is located at r in this coordinate system. This 
test particle will affect the stresses experienced by the refer- 
ence particle as described in the earlier sections. Now, if the 
inclusions are distributed randomly in a matrix, it is reason- 
able to expect the distribution of the test particles around the 
reference particle to  be spherically symmetric. Thus it makes 
sense to  talk about the average normal stress imposed on the 
reference particle by test particles located at a distance r and 
all possible orientations. In scaled form, this average normal 
stress arising from test particles located at a distance r from 
the reference particle, f?*RR(r), is given by 

2(1 - v,)(4 - SV,) [ . 11. 1 + v, 

where a,& in the right-hand side is evaluated on the surface 
of the reference particle and the integration is performed 
over the surface of the reference particle. One can show that 

which is the single-sphere asymptote (deduced from Eq. (6)). 
As r decreases, this stress steadily increases. Figure 5 de- 
scribes the variation of &&(1 + v,)/3(1 - v,) as a function 
of r/R, for three different values of v,. As is evident in this 
figure, the radial dependence of & appears to be only small. 

Now, to get the mean normal stress in the radial direction 
experienced by the reference particle, (&), we must average 
&& over all possible values of r. Given the apparently small 
radial dependence of i3& one may, as a first approximation, 
say that 

(33) 
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0.01 0.05 0.10 0 5  I0 5 I0 

[ r /Ro -21 

Fig. 5.  Variation of &&(1 + vm)/3(1 - v,) as a 
function of the  dimensionless center-to-center 
distance r/Ro. 

Such an idea has been previously described by Hsueh et al.' 
Our entire analysis thus far has been concerned with the 

stress fields in the matrix. It is Straightforward to compute 
the stresses in the interior of the reference particle, which is 
subjected to a mean normal stress in the radial direction (in 
scaled form) of (I&). One then finds that inside the reference 
particle the radial and hoop stresses are equal, and in scaled 
form this stress is given by 

(4 = (gab) (34) 
The quantity (cT;) plays a key role in determining the densifi- 
cation rate of the composite material. The overall force bal- 
ance equilibrium' dictates that 

v,(u:) + (1 - v,)(d) = 1 (35) 
where (e;) denotes the mean hydrostatic stress (in scaled 
form) in the matrix. (The right-hand side of Eq. (35) is unity, 
while a similar expression given by Hsueh et al.* has a value 
of zero. Both are equivalent and the apparent difference is 
simply due to the choice of scaling used in our study.) Fur- 
thermore, one can also show that the mean rate of (linear) 
densification of the matrix is simply equal to (&)8,, where 8, 
is described by Eq. (17). It then follows that 

B = (1 - v,)(~:)8, = B,(l - vc(c?)) (36) 
If we consider the first approximation described by Eq. (33), 

the densification rate of the composite at this level of approx- 
imation, &,, is given by 

It is straightforward to  show by a Taylor series expansion that 
one obtains the same result from Eqs. (29) and (30) as well. 
Thus, the first-order term in the densification models repre- 
sents the cumulative effect of isolated inclusion-matrix 
interactions. The second-order term in a pairwise additive 
approximation represents the contribution arising from pair 
interactions. In the pairwise-additive treatment 

( U i R )  = (&), 

where n is the number density of the inclusions andg(r) is the 
radial distribution function. For a random distribution of 
the inclusions, we may assume that g ( r )  = 1 for r > 2R,. The 
matrix for each two-sphere problem in the above pairwise ad- 
dition (Eq. (38)) is still the sintering matrix:. A limitation of 
pairwise-additive treatment is readily apparent. The hydro- 

dynamic interactions between the particles are necessarily 
many-body in nature, but are treated as only at pair level. For 
example, the effect of a particle far away from the reference 
particle will be severely modified by the presence of other 
particles in between, but the pairwise-additive treatment does 
not account for such shielding effects. A suggestion can be 
made to consider only the effects of immediate neighbors, as 
the interaction drops off rapidly as the separation between 
pairs of particles increases. But such an arbitrary truncation 
would be formally incorrect, as the hydrodynamic interaction 
does not decay rapidly enough, and as a result the integral in 
Eq. (38) is nonconvergent. To render it convergent, renor- 
malization corrections have to be introduced, as discussed in 
detail by Chen and Acrivos.'' The details of their mathemati- 
cal treatment are not needed for our discussion. (Such a 
renormalization introduces an effective medium character to 
the matrix far away from the pair of spheres under considera- 
tion.) The rate of densification of the composite according to  
the pairwise-additive approximation deduced from Chen and 
Acrivos19 analysis (cast in a rational form for ease of compari- 
son with the CS and SC models) is given by 

V' T A 

where the variation of A,, with v, is presented in Fig. 6. For 
the CS model, Acs = 0. For the SC scheme, it follows from 
Eq. (30) that 

15(1 - 2~,,,)(1 - urn) 
Asc = 

(1 + V d ( 4  - 5%) 

which is also plotted in Fig. 6. These models differ at the level 
of pair approximation. 

Experimental studies14 have shown quite clearly the limita- 
tions in using the above models to describe the evolution of 
composite density as a function of time. When the volume 
fraction of spherical inclusions in an amorphous matrix ex- 
ceeded roughly 0.12, the models grossly overestimated the 
rates of den~ification. '~ For such low critical volume fractions, 
the order v,' terms in the pairwise-additive and SC schemes 

I I I I I I 

0 0.1 0.2 0.3 0.4 0.5 

Fig. 6. Variation of A,,, Acs,  and A x  
with v,. 
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are less than 3% of the order v, term. Considering that these 
densification models are quite idealized, it is dubious to take 
such a small correction too seriously. Thus the simpler version 
retaining only the first-order correction (namely, Eq. (29) or 
(37)) should suffice in this region. The order v f  terms in the 
models are smaller (for v, < -0.15) than the scatter in the 
experimental data14 on densification rates. A comparison of 
the available experimental data on amorphous matrices with 
the SC scheme has already been p~b1ished.l~ Noting that the 
pairwise-additive treatment does not yield predictions which 
depart significantly from the CS and SC schemes (for v, < 
-0.12), it does not serve any useful purpose to present a com- 
parison of the pairwise-additive treatment with the available 
experimental data. While it is true that all three models over- 
estimate the experimental data on densification ratesL4 when 
v, > -0.12, the models themselves differ very little from each 
other even for much larger volume fractions. Thus the failure 
of these models stems from one or more important physical 
considerations not accounted for in all these models. 

The formation of percolation clusters (of inclusion) that 
control the deformation of the composite (when v, > -0.16, 
the percolation threshold for uniform spheres) and which is 
not accounted for in any of the models has been suggested'." 
as the reason for the failure of the models. Having a v, > -0.16 
alone is not a sufficient condition for the formation of perco- 
lation clusters that are not easily deformed. A necessary con- 
dition is the existence of a barrier hindering the independent 
movement of nearby particles (e.g., compare with flocculated 
and dispersed colloidal suspensions). In the case of an amor- 
phous matrix that wets the inclusions (and assuming that 
other direct interactions do not exist between the inclusions), 
one is then faced with the question as to how such a barrier 
arises. The analysis presented in this paper shows that when 
inclusions are close together, densification occurs at a faster 
rate in the gap between these particles than elsewhere and 
this serves to bridge the particles together producing a barrier 
for the independent movement of these particles. Thus, we 
suggest that the occurrence of nonuniform densification lead- 
ing to the formation of an inflexible skeleton when the perco- 
lation threshold is exceeded is an important feature that controls 
the deformability of the compdsite. 

The importance of nonuniform densification in the failure 
of the models may be easily tested experimentally as follows. 
If the amorphous matrix is uniformly distributed in the begin- 
ning, then at time zero, even if v, is greater than the percola- 
tion threshold, the deformation of the composite should not 
be controlled by the percolation clusters, provided our argu- 
ment that a bridge must first be formed between the percola- 
tion network of particles is correct. This implies that if the 
above densification models are used to predict only the initial 
rate of densification, then these models should succeed for v, 
well in excess of a percolation threshold. It would be useful to 
test this experimentally so that one can pinpoint the reason 
for the failure of the sintering models. 

It should be pointed out that the nonuniformity in the den- 
sification of the composite is not quantitatively captured by 
the two-inclusions analysis discussed in the previous sections. 
A more accurate analysis should examine the interaction be- 
tween these two spheres in the presence of all other spheres 
in the composite. Treating such a multisphere problem is 
beyond the scope of this study. However, it is interesting to 
consider the excluded-volume effect of the other spheres on 
the interactions between two spheres, as described in the 
next section. 

It is also important to point out that the above discussion is 
limited to the case of amorphous matrices. It is known that in 
the context of polycrystalline matrices, the presence of inclu- 
sions at much lower levels (v,  < -0.05) where the interaction 
between inclusions is unimportant is often enough to cause a 
drastic reduction in the sintering rate of the composite, and 
the models discussed here are hardly applicable. 

VI. Excluded-Volume Effect 

Consider an isotropic amorphous matrix containing rigid 
spherical inclusions distributed randomly at a number den- 
sity n. Also consider a reference inclusion particle and a 
spherical coordinate system whose origin coincides with the 
center of this sphere. Clearly there will be no particle whose 
center lies within the sphere of radius 2R, from the origin. 
Consider a point at a distance 2C0 away from the origin 
(2C, > 2R,) where we are planning to place the center of a 
second particle in a thought experiment. By placing this par- 
ticle, we are excluding particle centers from a sphere of radius 
2R, around this particle. (When 2C, < 4R,, the additional 
volume excluded by the second sphere will be somewhat 
smaller because of the overlap of the excluded volumes of the 
references and second particles.) To a first approximation, 
one can say that the force experienced by the reference parti- 
cle in the direction of this second particle is equal to the force 
experienced by the reference sphere due to the second sphere 
minus the force on the reference sphere arising from a statis- 
tical distribution of sphere centers on the volume excluded by 
the second sphere. These forces will still be computed in our 
analysis in a pairwise-additive manner. 

The effective force between the reference particle and the 
second particle, F,, which will be acting along the line of 
centers is thus given by 

(41) 
where F1 is the force due to the second sphere alone and is 
given by analysis in Section 111 (for example, see Eq. (25)) and 
FZ is the contribution due to the particles that were excluded 
by the second sphere. Expressing in scaled form, as in Sec- 
tion 111, by dividing by -R;Z(l + p , / Z )  

Perf = S - F2 

f e f f  = f' - f 2  

where a negative feff implies an effective attractive interaction 
between the two spheres. The variation off, with separation 
has been discussed in Sections I11 and IV. It is quite straight- 
forward to show that 

(43) 
where r,,, = 2(C, + R,) and rmi, = 2(C, - R,) or 2R,, 
whichever is larger. For a random distribution, g(r) = 1 for 
r > 2R,. One can then write Eq. (42) as 

(44) 
where h(C,/R,) can be deduced from Eq. (43). The variation 
of h as a function of the separation between the reference 
particle and the second particle is shown in Fig. 7. Computa- 
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Fig. 7. Variation of h with separation 
between the particles. 
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tions revealed that the function h is essentiadly independent 
of Y,. Within the framework of the excluded-volume analysis, 
the function h is independent of v, as well. Thus for a given 
separation between the reference particle and the second par- 
ticle, the interaction is attractive if v, is less than l / h ,  and 
repulsive otherwise. Stated in a somewhat different but 
equivalent way, for any given v,, there is a critical separation 
above which the interaction between the particles is repul- 
sive, while for particle separations below thlis critical value 
the force is attractive, as pointed out heuristically by Lange.‘” 

It is interesting to examine more closely this critical separa- 
tion. For each given v,, let us define an average spacing be- 
tween particle centers assuming a simple cubic packing, i.e. 

(45) 

From Eq. (44) and Fig. 7, one can also deterimine the critical 
value of CJR,  for which the net interparticle force will be 
equal to zero. Let us denote this critical separation by (Co/Ro)c.  
Figure 8 shows a plot of (Co/Ro)c vs (Co/Ro).  In the range of 
center-to-center separations shown in this figure, the critical 
separation is essentially equal to the averag,e separation be- 
tween the particles. (This discussion is limited to only spheri- 
cal particles.) Thus, in the course of viscous densification of a 
composite, faster-than-average densification of the matrix 
can be expected on the gaps between particles whose separa- 
tion is below the average value. The overall densification rate 
of the composite is still given by Eq. (39). 

VII. Summary 

The interaction between two rigid spherical inclusions in 
an infinite viscously densifying matrix has been analyzed. 
Following Scherer,’ the relationship between stress and strain 
rate in the matrix has been assumed to be linearly viscous. 
The two spheres are shown to interact attractively, which 
in turn induces an enhanced densification in the region be- 
tween the two spheres. This enhancement becomes more pro- 
nounced as the gap between the two spheres is decreased. 
Highly nonuniform stress fields are showri to arise in the 
vicinity of the two spheres. 

An expression is obtained for the rate of densification of 
the composite (matrix + inclusions) by statistically averaging 
over all possible configurations of the two-sphere geometry. 

\ 4 0 2  

Fig. 8. Dependence  of (CO/Rcj)< on (C,,/Ro)., Also 
shown are t h e  variations of t h e  volume fraction of 
inclusions wi th  (C,/R,) as given by Eq. (45). 

This result is compared with the CS and SC models that have 
been discussed in the literature.’ All these models are identi- 
cal to order v, (where v, is the volume fraction of the inclu- 
sions), which represents the cumulative effect of isolated 
inclusion-matrix interactions. These models differ from one 
another in the order v,’ term, which represents the contribu- 
tions from interactions between pairs of inclusions. All these 
models are known to grossly overestimate the densification 
rates of composite materials when the volume fraction of the 
inclusions approaches the percolation threshold. However, 
the models themselves differ very little from each other even 
for a much larger volume fraction of inclusions. 

Although the interaction between two spheres in an in- 
finite matrix is always attractive, the presence of other inclu- 
sions in the matrix can alter the nature of the interaction 
between these two particles. This modification comes about 
because of the excluded-volume effect and also many-body 
effects. Focusing on the excluded-volume effect, it is shown 
that for composite materials, there is a critical separation 
above which the interactions between the particles are repul- 
sive, while for particle separations below this critical value 
the interactions are attractive.’” This critical separation is a 
function of the volume fraction of inclusions and is essentially 
equal to the average separation between the inclusions. 
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