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We have examined the equilibrium-state density profiles of 
centrifuged cakes both theoretically and experimentally. 
The theoretical density profiles were obtained by imple- 
menting the experimental pressure-density relationship 
into the general differential equation for centrifugation 
with appropriate boundary conditions. With a power-law 
pressure-density relationship, P = p+", we show that 
M Z )  z Il (n-1)  

&ax - = (1 - --) where &,ax is the density at the bot- 

tom of the cake, z the distance measured from the bottom of 
the cake, and z,,, the distance at which the cake density van- 
ishes. Experimentally, the density profiles were examined 
with y-ray densitometry. The predicted density profiles are 
in good agreement with the experimental ones. We also 

applies to sedi- +(z) - 
&lax 

show that the form - - 

mentation cakes as well, provided the pressure-density 
relationship of sedimentation cakes is also a power-law one. 

I. Introduction 

ACKING-DENSITY variations in a powder compact often P result in nonuniform shrinkages andor cracking during 
subsequent drying and sintering. In case of dry-pressed com- 
pacts, the effect of consolidation conditions on density varia- 
tions has been sufficiently detailed by theoretical models.' 
However, although recent trends have favored the use of colloi- 
dal consolidation methods in order to attain a higher degree of 
uniformity in packing densities, the effect of the forming meth- 
ods on density variations in colloidally consolidated compacts 
is still poorly understood. A variety of colloidal processing 
methods are now utilized in shape forming. These methods can 
be grouped into two categories, depending on whether the start- 
ing suspension is in a dispersed or flocculated A thor- 
ough discussion on the benefits of these two methods has been 
provided by Lange! Since, in both methods, a central issue is 
the minimization of packing density variations, the goal of this 
paper is to provide a theoretical model for the variation of pack- 
ing density in flocculated suspensions when the flocculated net- 
work is subjected to a nonuniform pressure field. 

In prior studies, Schilling et aL5 used y-ray densitometry to 
study the density variation in a sedimentation cake and showed 
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that the sediment of a flocculated alumina suspension exhibited 
significant density variations within the cake, whereas the sedi- 
ment of a dispersed alumina suspension showed a constant-den- 
sity profile. Auzerais et aL6 used medical X-ray computer 
tomography to study the settling of dispersed and flocculated 
silica suspensions and obtained similar results: The sediment of 
a dispersed silica suspension had a fairly uniform cake density, 
whereas those of flocculated silica suspensions showed signifi- 
cant density variations within the cake.6 Shih et a1.l examined 
the density variations in pressure-filtered cakes with y-ray den- 
sitometry and showed that the density profiles of pressure-fil- 
tered cakes of flocculated alumina suspensions were uniform,' 
in contrast to their sedimentation counterparts, which showed 
significant density variations.' In order to control the density 
uniformity in the consolidated cakes, it is essential to know how 
the density variation in a cake is related to the consolidation 
parameters such as the pressure range, the suspension condi- 
tion, the particle size, and the density range. 

Previous studies on sedimentation, centrifugation, or pres- 
sure filtration focused on dynamic phenomena such as transient 
settling of stable and weakly flocculated suspensions in sedi- 
mentatiod or the filtration process during centrifugal or pres- 
sure filtration! The emphasis has been on the movement of the 
particles through a suspension6 or the flow properties during 
filtration.* In this paper, we examine the equilibrium-state den- 
sity variation of a centrifuged cake under various conditions 
both theoretically and experimentally. By equilibrium state we 
refer to the stage of the centrifugation process where the cake 
height no longer changes. Our goal is to provide a rigorous 
examination of the equilibrium-state density profiles of centri- 
fuged cakes by relating the density variations to the experimen- 
tally obtained pressure-density relationships of the cakes. The 
result of the present study provides not only a practical way of 
estimating density variations in a cake without actual densitom- 
etry measurements but also the fundamental understanding 
about how local density variations occur in a centrifuged cake. 

It has been shown that the pressureaensity relationships 
exhibited by the consolidated cakes can be used to characterize 
the consolidation behavior of suspensions under various sus- 
pension and consolidation condition~.~.~ For the centrifuged 
cake of a flocculated suspension, the mean pressure Ps*,, of the 
cake follows a power-law dependence on the average cake den- 
sity as7.' Ps,m = p4:", for the density range the authors have 
worked with, where the coefficient p and the exponent n depend 
on the suspension pH, the materials, the particle size, and also 
the initial suspension density. Generally, the exponent n in this 
relationship increases as the degree of flocculation 
or as the density increa~es.~ With the pressureaensity relation- 
ships obtained in the centrifugation experiments, we develop a 
theory that relates the density profile of a centrifuged cake to the 
experimentally obtained pressure-density relationships. The 
approach is to implement the power-law density-pressure rela- 
tionship7s9 into the general differential equation for centrifuga- 
tion with appropriate boundary conditions. We show that the 
equilibrium-state density profile of a centrifuged cake can be 
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+,,, is the density at the bottom of the cake, z the distance from 
the bottom of the cake, z, the distance at which the cake density 
vanishes, and n the exponent which appears in the pressure- 
density relationship. 

Experimentally, we examine the density profiles with y-ray 
densitometry. The predicted density profiles are in good 
agreement with the experimental ones. The exponent n that 
appears in the power-law pressure-density relationship is the 
most crucial variable that dictates how the local density varies 
in a cake. The higher the value of n, the less the local density 
variation in the main portion of the cake. 

We organize the rest of the paper as follows. Section I1 con- 
tains a brief description of the experimental procedures. Section 
111 describes the theory and the comparison with experiments. 
Concluding remarks are given in Section IV. 

11. Experimental Procedures 

The ceramic powders used in this study were a-alumina 
(AKP-30) powders supplied by Sumitomo Chemical Company 
in Osaka, Japan and boehmite powders by Vista Chemical 
Company in Houston, TX. The median diameter of AKP-30 
was 0.4 pm. The boehmite powders were agglomerated 
platelike crystallites. The dry agglomerates were irregular in 
shape with an average size of about 65 pm as determined by 
optical microscopy. These agglomerates were dispersed in 
acidic solutions (pH 3) and partially broken up into single crys- 
tallites (50-100 A in diameters and 10-20 ,!I in thickness) and 
largely small agglomerates (<1 pm) with application of ultra- 
sonic energy. Powder suspensions were prepared by electro- 
static stabilization. Both a-alumina and boehmite suspensions 
were prepared under flocculation conditions, i.e., boehmite at 
pH 5.5 and 7.0 and alumina at pH 7.0, respectively. 

The centrifugation experiments were done on an IEC Model 
CL Centrifuge by DAMONBEC Division at Needham Heights, 
MA. The distance from the center of rotation to the bottom of 
the tube was R = 13.92 cm. The centrifugation frequency 
ranged from w = 48 to w = 241, resulting in a corresponding 
gravitational force ranging from 32.8 to 824.3 g at the bottom of 
the tube, where g denotes the acceleration of gravity. 

The experimental density profiles of centrifuged cakes were 
obtained by y-ray transmission measurements performed with a 
3.2-mm-diameter beam of collimated photons of 661 keV from 
cesium 137 immediately after the samples were removed from 
the centrifugation unit. The average density at each elevation 
was calculated using the Beer-Lambert law.5 

A schematic of the centrifugation tube is shown in Figs. 1(A) 
and (B). Initially, the tube is filled with a suspension of density 
+o and height h, as shown in Fig. 1(A). The suspension, after it 
is centrifuged for a sufficiently long time, separates into two 
regions; on the top is the supernatant, and at the bottom the cen- 
trifuged cake. Eventually, the system reaches an equilibrium 
state in which the cake height h no longer changes and the cake 
has an average density = ho+dh. Below, we develop a the- 
oretical model to predict the density and the pressure profiles of 
these cakes. 

( I )  Density ProJiles 

trifugation in cylindrical coordinates:x 
Let us first consider the general differential equation for cen- 

where r denotes the distance from the center of rotation, P, the 
compressive pressure on the network in the cake, and 4 = 
1 - 4, the volume fraction of the fluid and that of the solid, 
respectively, Ap the mass density difference between the solid 

center of rotation center of rotation 

Fig. 1. Schematic of the centrifugation tube (A) with an initial sus- 
pension of density Qo and an initial suspension height h,  and (B) at the 
final state, in which the suspension is separated into two regions with 
the supernatant on the top and the cake with an average density Q,,, and 
a height h that no longer changes. The density profile of a centrifuged 
cake in the final state is the focus of this study. 

and the fluid, o the angular centrifugation frequency, q the vis- 
cosity of the fluid, K the permeability of the cake, q, the flux of 
the fluid, q, the flux of the solid, and ko the coefficient of lateral 
pressure defined as the ratio of the horizontal pressure to the 
vertical pressure. Cakes are similar to soils. It is known in soil 
mechanics that the compressive pressure on the solid network is 
not uniform in all directions. The coefficient k, is an empirical 
way of taking into account the directional dependence of the 
compressive pressure acting on the particulate network. A typi- 
cal value of ko for granular materials ranges from 0.4 to 0.7. 

In the equilibrium state, the cake height no longer changes, 
indicating that there is neither material flow nor fluid flow, i.e., 
q, = q1 = 0. Therefore, the second term on the right-hand side 
of Eq. (1) can be neglected and Eq. ( 1 )  becomes 

us ps - + (1 - ko) - = Ap+w2r dr r 

In order to proceed further, we need to know the relationship 
between the compressive pressure P, and the solid volume frac- 
tion $J so that a differential equation between 4 and r can be 
obtained. As mentioned earlier, the mean compressive pressure 
P,,, of a flocculated centrifuged cake is a power-law function of 
the average density 4ave,7,9 namely 

(3) 
1 h 

2 where P,,, = $R - -)w2Aph0+,, with R = 13.92 cm being 

the distance from the bottom of the cake to the center of rotation 
as depicted in Figs. 1(A) and (B). The values of the coefficient 
P and the exponent n for alumina centrifuged cakes at pH 7.0 
and for boehmite cakes at pH 7.0 and 5.5 are listed in Table I. 
Also listed in Table I is the initial suspension density 40. The 
power-law pressure-density relationships of flocculated centri- 
fuged cakes are also evident in other suspension systems such 
as polystyrene and clay." As shown in Table I, the values for f3 
and n not only depend on the suspension pH, and the character- 
istics of the particles but are also sensitive to the initial suspen- 
sion density as characteristic of the nonequilibrium nature of a 
flocculated system.'.' The value for n tends to increase as the 
cake density increases; the boehmite cake at pH 5.5 with 4o = 
2.25 vol% has a higher n than the one with +o = 0.88 ~01%. 
Note that the cake density ranges that Eq. (3) describes are 
much higher than the percolation threshold densities of these 
systems. Therefore, the scaling behavior of pressure with 
respect to density in these density ranges is not due to the perco- 
lation effect near a percolation threshold. Rather, the power-law 
dependence of Ps,m on 4a.,c is a manifestation of the fractal 
nature of the flocs that pack to form the cake" and is indicative 
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Table I. Values of p, n,  +,, and h,, for Alumina at pH 7.0 
and Boehmite Centrifuged Cakes at pH 7.0 and 5.5* 

____ 
P ( M W  nr (~01%)’ h, (cm)’ 

Alumina,pH7.0 1.73 X 10’ 8.9 14.82 7.88 
Boehmite, pH 7.0 1.33 X lo3 3.6 0.88 8.1 
Boehmite, pH 7.0 1.364 X 10’ 4.0 2.25 7.6 
Boehmite, pH 5.5 0.46 1.44 0.94 8.22 
*The value of both p and n may differ as the initial suspension density changes.’’ ‘p 

is the coefficient in the pressure4ensity relationship. tn is the exponent in the pres- 
sure-density relationship. is the density of the initial suspensions. ‘h, is the height 
of the initial suspensions. 

of the lack of network restructuring that occurs in pressure fiI- 
trati~n.~.~.’’ Besides the influence from the initial suspension 
density, the exponent n is also closely related to the fractal 
dimension of the flocs that pack to form the cake. Generally, the 
value of n decreases as the degree of flocculation increases. 
Among the three suspension conditions represented here, the 
boehmite suspensions at pH 5.5 are the most strongly floccu- 
lated, as evidenced by their linear viscoelasticity and low gela- 
tion densities.” The boehmite suspensions at pH 7.0 are the 
second most strongly flocculated, and the alumina suspensions 
at pH 7.0 are the least strongly flocculated among the three. As 
we will show below, the density profiles of these cakes are 
closely related to the n value. Using Eq. (3) to approximate the 
relationship between P, and 4, we obtain 

dX n - 1  X n - l A p  -+ -  (1 - ko)- = --wzr 
dr n r n P  (4) 

where X = +‘-I.  The solution to Eq. (4) is X = a,? + ag-” ,  
and the density as a function of r is then 

+(r) = [a,? + aZr-b]l’(n-I) (5) 

n - 1  
n b = -  (1 - k,), and 

( n  - l)w”(Ap/P) 
2n + ( n  - 1)(1 - k,)’ where a, = 

a, a constant to be determined by the boundary conditions. The 
values for a, and b for alumina and boehmite centrifuged cakes 
at various frequencies w are listed in Table 11. The quantity a, 
can be readily calculated using the input from the centrifugation 
experiment. The quantity b involves k,, which ranges from 0.4 
to 0.7. Even though the actual value of k, is uncertain, we find 
that the calculated density profiles are insensitive to the choice 
of k,. The values for b listed in Table I1 are calculated with 
k, = 0.5. 

If we let z denote the distance measured from the bottom of 
the cake as depicted in Figs. I(A) and (B), the density as a func- 
tion of z is then expressed as 

$(z) = [a,(R - z)’ + a, (R - z) ” ] ” (~ -~ )  (6) 
Note that r = R - z is an approximation. At a given elevation 
z ,  the distance of a point on the cross section of the tube to the 
center of rotation r depends not only on z but also on the lateral 
position of that point. However, it is a good approximation as 
long as both the diameter of the tube and the height of the cake 
are much smaller than R,  which is true under the experimental 
conditions. In a centrifugation process, the supernatant will 

always be present, as illustrated in Fig. l(B). Since the solid 
content in the supernatant is negligible, let us assume that the 
supernatant has #J = 0. Thus, the density of the top portion of a 
centrifuged cake must drop significantly to merge with that of 
the supernatant at some point. If we let z, be the distance at 
which ~JI vanishes, the density profiles must obey the boundary 
conditions that 

4(z,) = 0 (7) 
and that 

With the known values of a,  and b and the boundary condition 
Eqs. (7) and (8), we solve for a, and z,, and, thus, the entire 
density profile. The obtained values of a, and z, for alumina 
centrifuged cakes at pH 7.0 and boehmite cakes at pH 5.5 and 
7.0 are listed in Table 11. Also listed in Table I1 for comparison 
are the visual cake heights, h. The density profiles for alumina 
and boehmite centrifuged cakes at different frequency settings 
calculated using the parameters listed in Tables I and I1 are 
shown in Figs. 2-4 .  Also plotted are the density profiles 
obtained by y-ray densitometry at w = 241 as full circles. 
Within the experimental uncertainty of y-ray densitometry 
measurements, the theoretical density profiles of alumina cake 
at pH 7.0 and those of boehmite at pH 7.0 and 5.5 with w = 241 
agree well with the corresponding experimental ones. The posi- 
tions of the visual cake tops, h, are also shown: open triangles 
represent those for w = 241, open squares for w = 175, and the 
open circle for w = 48. The calculated z, may or may not coin- 
cide with the visual cake height h. For the alumina and the 
boehmite cakes at pH 7.0, both of which have a large n, z, is 
close to h. For the boehmite cakes at pH 5.5, which have a 
smaller n,  the difference between z,  and h becomes substantial. 
The reason for the large difference between z, and h for the 
boehmite cake at pH 5.5 is as follows. From Fig. 4, we can see 
that for the boehmite cake at pH 5.5, from z = h to z = z,, the 
predicted profile shows a very low-density tail and the density 
range in the tail region, h < z < z,, is below the sensitivity of 
the densitometer. It is conceivable that the tail region cannot be 
detected accurately. This is in agreement with the experimental 
observation that at pH 5.5, the boundaries between the boeh- 
mite cakes and the supernatant are diffuse and the supernatant 
cloudy. In contrast, the predicted profiles for the alumina cakes 
and the boehmite cakes at pH 7.0 do not have low-density tails. 
The absence of a low-density tail in the predicted profiles is 
again in agreement with the observation of sharp cake-superna- 
tant boundaries for these two cases, which consequentIy gives 
rise to the close agreement of the calculated z, with the position 
of the visual cake top h for these cases. 

If we let I$,,, be the density at the bottom of the cake, the rel- 
ative density 4 ( ~ ) / 4 , ~ ~  may be expressed as a function of the 
relative distance z/z, as follows. The constant a, is related to z, 
through Eq. (7) as 

(9) a2 = - U ,  (R - z,,,)*+~ 

Inserting Eq. (9) into Eq. (6),  we express +(z) and +,a as 

Table 11. Values of b, a,,z,, h,  a, and y 
ht a2f 2, ( c d r  h (cm)* at Y’ w* 

Alumina, pH 7.0 48 0.444 1.41 x -3.84 x 10-4 4.0 3.87 0.207 0.98 
0.154 0.98 175 0.444 1.87 x -6.48 x 10-3 2.98 2.82 

0.444 3.53 x 10-5 - 1.32 X lo-’ 2.66 2.66 0.138 0.98 24 1 

Boehmite, pH 7.0 175 0.37 1.41 X -2.69 x 1 0 - 4  4.4 4.04 0.23 1.03 
24 1 0.37 2.66 x -6.20 x 10-4 3.7 3.35 0.196 1.03 

Boehmite, pH 5.5 175 0.153 189 x 10-3 -0.156 6.15 3.91 0.254 1.25 
24 1 0.153 3.58 x 10-3 - 0.553 3.53 1 S 5  0.146 1.25 

*w is centrifugation frequency. ‘As defined in text. *h is visual cake height. 
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+(z)  = a , [  -(R - Z,)’+’’(R - z ) - ”  + (R - z)’]”(’”” 

(10) 

Fig. 2. Theoretical density profiles of flocculated alumina 
centrifuged cakes at pH 7.0. The solid line represents w = 241, the 
dashed line w = 175, and the broken line w = 48. Also shown are the 
experimental profile obtained by y-ray densitometry at w = 241 (full 
circle) and the positions of the visual cake top indicated by the open tri- 
angle for w = 241, the open square for w = 175, and the open circle 
for w = 48. The theoretical density profile at w = 241 agrees very well 
with the experimental one. 

0.08 

0.06 

4 0.04 

0.02 

0 
0 1 2 3 4 5 

z (cm) 

Fig. 3. Theoretical density profiles of flocculated boehmite centri- 
fuged cakes at pH 7.0. The solid line represents w = 241, the dashed 
line w = 175. Also shown are the experimental profile obtained by 
y-ray densitometry at w = 241 (full circles) and the positions of the 
visual cake top indicated by the open triangle for w = 241, the open 
square for w = 175. Within the experimental error bar, the theoretical 
density profile at w = 241 agrees very well with the experimental one. 

0 1 2 3 4 5 6 7  
z (cm) 

Fig. 4. Theoretical density profiles of flocculated boehmite centri- 
fuged cakes at pH 5.5. The solid line represents w = 241, the dashed 
line w = 175. Also shown are the experimental profile obtained by 
y-ray densitometry at w = 241 (full circles) and the positions of the 
visual cake top indicated by the open triangle for w = 241, the open 
square for w = 175. The long tail in the top portion of the cake that 
extends into the supernatant agrees very well with the observations of a 
cloudy supernatant and the diffusiveness of the cake-supernatant 
boundary. 

and 

+,,, +(z = 0) = a , [ - ( R  - z )*+’R-’ + R2]”‘n 1 )  

(11) 

respectively. The relative density - can then be related to +(z) 
z z  +,ax 

and $ as 

(1 - ;r - - $ + b ( l  - ;) 
(El-’ = 

(12) 
1 -  1 - 2  ( x)?’” 

Since both z and z ,  are much smaller than R, the right-hand side 
of Eq. (12) can be expanded in terms of both z/R and z,/R. To 
the first order in z /R  and z,/R, we arrive at a simple equation 
that relates the relative density 4 ( z ) / ~ $ , ~ ~  to the relative distance 
z/z, as 

The contribution of higher-order terms in z/R and z,/R is negli- 
gible. For example, if we expand the right-hand side of Eq. (12) 
to the second order of z/R and z,/R, we obtain 

Z = 1 - (1 + a ) -  + ay 
Z m  

and y = (b + l)(b + + 2)’ The values of (b  + l)z, 
2R wherea  = 

a and y for alumina and boehmite centrifuged cakes are also 
listed in Table 11. Here, y is close to unity and a is much smaller 

than unity, the correction due to the terms a4 + 
ay(t,’ is negligible even near z,. Thus, practically, Eq. (13) 

represents a universal description for the density profiles of cen- 
trifuged cakes, provided the compressive stress is a power-law 
function of the cake density. The exponent n in the pressure- 
density relationship is the critical parameter which dictates how 
the relative density +(z)/+,~~ changes with the relative distance 

To compare both the calculated density profiles and the 
experimental ones with Eq. (l3), we first replot all the density 
profiles in Figs. 2 4  as 4(~)/4,,,~~ versus z/z, as in Fig. 5. There 
are three sets of curves in Fig. 5. Set (a) is for alumina cakes at 
pH 7.0. The solid line, the open triangles, and the open squares 
represent the calculated curves for w = 241, 175, and 48, 
respectively. The full diamonds represent the experimental data 
points. Set (b) is for the boehmite cakes at pH 7.0. The solid line 
and the open diamonds represent the calculated curves for o = 
241 and 175, respectively. The full circles represent the experi- 
mental data points. Set (c) is for the boehmite cakes at pH 5.5. 
The solid line and the open circles represent w = 241 and 175. 
The full squares represent the experimental points. Clearly, all 
the curves for alumina cakes represented in Fig. 2 collapse onto 
one single curve, i.e., curve (a), all the curves for boehmite 
cakes at pH 7.0 represented in Fig. 3 collapse onto curve (b), 
and all the curves for boehmite cakes at pH 5.5 represented in 
Fig. 4 collapse onto curve (c). Figure 5 shows that for cakes that 
have the same exponent n, the relative density change +(z) /+, ,~~ 
has a universal dependence on z/z,. 

To compare the universal +(z)/+,,,,, vs z/z, as curves shown 
in Fig. 5 with Eq. (13), we replot the three curves of Fig. 5 

Z m  

z/z,. 
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0 0.3 0.6 0.9 1.2 
Z I Z m  

Fig. 5. I$(Z)+?~~ vs d z , .  Set (a) is for alumina at pH 7.0. The solid 
line, the open tnangles, and the open squares are calculated values for 
w = 241, 175, and 48, respectively. The full diamonds are the experi- 
mental values at w = 241. Set (b) is for boehmite at pH 7.0. The solid 
line and the open diamonds are the calculated values for w = 241 and 
175, respectively, and the full circles are the experimental values at w 
= 241. Set (c) is for boehmite at pH 5.5. The solid line and the open 
circles are for the calculated values at w = 241 and 175, respectively, 
and the full squares are the experimental values at w = 241. The 
arrows indicate the positions of the experimental visual cake tops at w 
= 241: a for alumina at pH 7.0, p for boehmite at pH 7.0, and y for 
boehmite at pH 5.5 

in Fig. 6(A) as solid line (a) for alumina cakes, solid line (b) 
for boehmite cakes at pH 7.0, and solid line (c) for boehmite 
cakes at pH 5.5. Also plotted are open circles representing 

at selected values of L. To better see the univer- 

sality of Eq. (13), we replot Fig. 6(A) as ($@]-I vs 

m- I )  

( 1  - :) Zm 

in Fig. 6(B), where the open circles represent curve (a), the 

open squares curve (b), and the crosses curve (c) of Fig. 6(A). 

For all cases, - is indeed well described by 

(1 - k) . Meanwhile, Fig. 6(A) shows that the relative 

density drop within the main portion of the cake, e.g., 0 < z < 
0.8zm, increases as the value of n decreases. Note that n = 2 is a 
boundary for the shapes of the density profiles. For n > 2 ,  such 
as in the alumina cakes at pH 7.0 and boehmite cakes at pH 7.0, 
l/(n - 1) is smaller than unity, and thus the +(z)/+,= vs z/z, 

Zm 

+,ax 
I/in - I )  

curve is a convex one. For n < 2, such as in the boehmite cakes 
at pH 5.5, l/(n - 1) is greater than unity and therefore, the +(z)/ 
+,,,ax vs z/zm curve is a concave one. The result of a concave 
+(z)/+,,,~~ vs z/zm curve is that the cake-supematant boundary 
tends to be diffuse and the supernatant cloudy as observed in the 
boehmite system at pH 5.5. 

As for cakes that have the same n value but are centrifuged at 
different frequencies, the consequence of the universal depend- 
ence of +(z)/+,,,~~ on z/z, is that the density gradient will 
increase as the average cake density increases with the increas- 
ing centrifugation frequency, due to an increase in +ma and a 
decrease in z, with the increasing centrifugation frequency, 
both of which contribute to the increase in the density gradient. 
Indeed, this is clearly shown in Figs. 2-4. 
(2) Pressure Profiles 

Since the calculated density profiles are based on the use of 
Eq. (3) between the mean pressure P,,, and the average density 

of the cakes rather than that between the actual local pres- 
sure and the actual local density, one may question whether Eq. 
(3) can represent the relationship between the local density and 
the local pressure. One way to check this is to compare the 
stress 

PdZ) = ApwZ S(R - 21) +(ZA dz, (15) 

which is the compressive stress at position z due to the weight 
of the cake above z, with the stress 

m 

which is the compressive stress at position z due to the local 
density +(z) according to the pressure-density relationship Eq. 
(3). If Eq. (3) can indeed approximate the relationship between 
the local density and the local pressure, P(z) must agree with 
P(+(z)). To see how well P,(z) compares with P(+(z)),  we plot 
both P,(z) and P ( + ( z ) )  as a function of z for the alumina cakes at 
pH 7.0 with w = 241 in Fig. 7, those for the boehmite cakes at 
pH 7.0 with w = 241 in Fig. 8, and those for the boehmite cakes 
at pH 5.5 with w = 241 in Fig. 9. The solid lines represent P,(z)  
and the open circles P(+(z)) at selected values of z. P(+(z)) is 
computed according to Eq. (16) with the calculated density pro- 
files +(z) as the input. For all three cases, p(+(~)) agrees very 
well with P,(z), indicating that Eq. (3) can indeed approximate 
the relationship between the local pressure and the local density 
in the cake. One of the reasons that Q. (3) can be used to repre- 
sent the relationship between the actual pressure and the actual 
density is that the relative density profiles +(z)/+,,,~~ have a uni- 
versal dependence on the relative distance z/zm as depicted by 
Eq. (13). Thus, as long as one defines and P , ,  systemati- 
cally for all cakes as we have done, the relationship between 

0 0.3 0.6 0.9 I .2 
zlz m 

(A) 

0 1.2 

Fig. 6. (A) Comparison of +(z)/+,,,~~ with (1 - z/zm)l’in-l). The solid lines are replotted from Fig. 5. The open circles represent (1 - z/z,,,)”(”-l) at 
selected values of z/z, .  (B) (+(z)/+,J-’ vs z/z,. The open circles represent curve (a), the open square curve (b) and the crosses curve (c) of Fig. 
@A). 
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+,,, and P , ,  will be similar to that between the actual pressure 
and the actual density. 

Since P(+(z))  = p(+(z)>” can well represent the local pres- 
sure, we will then use P(+(z)) as P ( z )  for the discussion below. 
Substituting Eq. (13) into Eq. (16), we obtain the relative pres- 
sure profiles as 

where P max is the pressure at the bottom of the cake. Thus, for 

0 
0 1 2 3 4 

z(cm) 

Fig. 7. Pressure profile for the centrifuged cake of alumina at pH 7.0 
with o = 241. The solid line represents P,(z)  and the open circles 
P (+(z))? where P ,(z) and P (+(z)) are as defined in the text. 

0.02 

P(MPa) 

0.01 

0 
0 1 2 3 4 

z@m) 

Fig. 8. Pressure profile for the centrifuged cake of boehmite at pH 7.0 
with w = 241. The solid line represents P,(z)  and the open circles 
P (+(z)), where P ,(z) and P (+(z)) are as defined in the text. 

0 1 2 3 4 
z(cm) 

Fig. 9. Pressure profile for the centrifuged cake of alumina at pH 5.5 
with w = 241. The solid line represents P,(z)  and the open circles 
P (+(z ) ) ,  where P ,(z) and P (+(z)) are as defined in the text. 

large n such as the case of less strongly flocculated suspensions, 
e.g., alumina at pH 7.0 where n / ( n  - 1) = 1.12 or boehmite at 
pH 7.0 where nl(n - 1) = 1.33, P ( z )  is close to a linear func- 
tion of z except in the narrow region near the top of the cake. 
For a small n such as in the case of boehmite at pH 5.5 where n l  
( n  - 1) = 3, P ( z )  can no longer be approximated as a linear 
function of z . 

IV. Concluding Remarks 

We have examined the equilibrium-state density profiles of 
flocculated centrifuged cakes both theoretically and experimen- 
tally. Experimentally the density profiles were examined with 
y-ray densitometry. Theoretically, the density profiles were 
obtained by implementing the experimentally obtained power- 
law pressureaensity relationships P = @@’ into the general 
differential equations for centrifugation with appropriate 
boundary conditions. The exponent n in the pressuredensity 
relationship depends on the suspension pH, the characteristics 
of the particles, and the initial suspension density. The value of 
n may increase as the cake density increases’ or as the suspen- 
sion changes from strongly flocculated, e.g., boehmite suspen- 
sions at pH 5.5 where n = 1.44 to less strongly flocculated, e.g., 
boehmite suspensions at pH 7.0 where n = 4.0 and alumina 
suspensions at pH 7.0 where n = 8.9.7,9 We show that the den- 
sity profiles 4 ( z )  vs z can be described in a simple form as 

I/(n - I )  
. _  

. Thus, the relative density variation - +(z)  = (1 - ;) 
4 m a x  

within the cake increases as rz decreases. The calculated density 
profiles were shown to be in good agreement with the experi- 
mental ones. The relative Dressure can be exmessed as 

For the same suspension conditions, i.e., with the same n ,  +,,, increases and, therefore, z ,  decreases with an increasing w. 
As a result of the universal dependence of 4(~)/&,,~~ on z/z,, the 
density gradient actually increases with an increasing w despite 
increase in the average cake density. 

It should be noted that for the boehmite cakes both at pH 5.5 
and at pH 7.0, the Ps-+ relationship is best described by the 
power law depicted in Eq. (3). However, for the alumina cakes, 
the exponent n in the power-law P s+ relationship is rather 
large, i.e., n = 8.9. A power-law function with a large exponent 
is numerically indistinguishable from an exponential one. 
Indeed, the density + of the alumina cakes can be alternatively 
fitted as a logarithmic function of P ,  or P ,  as an exponential 
function of +.Iz Thus, one may question the validity of using 
Eq. (13) to describe the density profiles for the alumina cakes, 
since Eq. (13) is derived using a power-law P s-+ relationship. 
However, since P, as an exponential function of + is numeri- 
cally indistinguishable from that as a power-law one with a 
large n, the density profiles for the alumina cakes obtained by 
using an exponential form for P ,  would be numerically indistin- 
guishable from those predicted by Eq. (13). The advantage of 
using Eq. (13) to describe the density profiles of centrifuged 
cakes is that it provides a simple analytic form for the density 
profiles through the exponent n that other forms of Ps-+ rela- 
tionship cannot provide. 

can also be used to 

describe the density profiles of a sedimentation cake, provided 
the pressure-density relationship of a sedimentation cake is also 
a power-law function P = p@’ (see Appendix A). While the 

dependence of the relative density + ( z ) / + ~ ~ ~  is 
I / ( n  - I )  

(1 - :) 
an approximation for centrifuged cakes, it is exact for sedimen- 
tation cakes. 
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The uniform density profiles observed in the sedimentation 
cakes of disperse s ~ s p e n s i o n s ~ ~ ~  can also fit this 

I/(n - I) 

form as explained below. The cake -=(1- ; )  4(z) 
+ma, 

density of dispersed suspensions has been shown to be indepen- 
dent of the applied pressure.’.’ The independence of the cake 
density with respect to the pressure means that n is very large if 
P = p@ is med to describe the pressuredensity relationship. 

The large n value gives negligible - value, therefore, neg- 

ligible density variations in the main portion of the cake as 
observed in the density-profile mea~urements.~~~ 

Finally, in the case of strongly flocculated cakes, especially 
the ones formed by nanometer-sized particles such as boehmite 
at pH 5.5, the viscoelasticity of such cakes will allow the cakes 
to spring back significantly. The springback of the cake may 
give rise to nonmonotonic density profiles. The density profiles 
after significant springback are not within the scope of the pres- 
ent paper. The monotonic density profiles predicted by the form 

+(z) 
- = (1  - k) are good for cakes that are immediately 
+ma, 

removed from the centrifugation unit as we have done in the 
experiment or cakes that do not have significant springback 
such as alumina at pH 7.0 or boehmite at pH 7.0. 

1 
n - 1  

I l (n-1)  

APPENDIX A 

The differential equation for sedimentation in the final state 
is written as 

where z is the distance measured from the bottom of the cake. 
Eq. (A-1) can be rewritten as 

If the pressuredensity relationship of a sedimentation cake is 
also a power-law function as P ,  = P@, Eq. (A-2) can be 
rewritten as 

(A-3) 

The solution to Eq. (A-3) is 

+(z) = ( - c , z  + c2)1/‘”-” (‘4-4) 

where c, = ~ n A p g  and c2  is a constant to be determined by 
(n - 1)P 

the boundary conditions, i.e., Eqs. (7) and (8). By definition, 
c2 
Cl  

= and z, = -. Eq. ( A 4 )  can then be written as 

(A-5) 

+(z> 
I / (P  I )  +ma, 

For sedimentation cakes, the relative density - also follows 

the ( 1  - d) dependence. However, note that this 

(1 - t) 
cakes but is exact for sedimentation cakes. 

I/(“ - I j 

dependence is an approximation for centrifuged 

APPENDIX B 
Nomenclature Table 

Distance from the center of rotation to the bottom of 

Position variable measured from the center of 

Position variable measured from the bottom of the 

Initial suspension height 
Visible cake height 
Initial suspension solid volume fraction 
Volume fraction of the solid 
Local solid volume fraction at position z 
Solid volume fraction at the bottom of the cake 
Average solid volume fraction of the cake 
Compressive pressure on the particulate network in 

Mean compressive pressure of the cake 
Compressive pressure at the bottom of the cake 
Exponent for P ,  as a power-law function of + 
Coefficient for P ,  as a power-law function of + 
Volume fraction of the fluid 
Ratio of the horizontal compressive pressure to the 

Mass density difference between the solid and the 

Angular centrifugation frequency 
Viscosity of the fluid 
Permeability of the cake 
Flux of the fluid 
Flux of the solid 
Distance at which + vanishes 
Local solid pressure at z calculated as a power-law 

Local solid pressure at z due to the weight of the 

the cake 

rotation 

cake 

the cake 

vertical compressive pressure 

fluid 

function of +(z) 

cake above z 
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