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Scaling Analysis for the Axial Displacement and Pressure of

Department of Materials Engineering, Drexel University, Philadelphia, Pennsylvania

We have examined the axial displacement, Ah, and maxi-
mum axial pressure, P, of flextensional transducers such
as the moonies and the rainbows with both scaling and
mechanical analyses. For a constant electric field E across
the transducer, Ah/t « E/t? where t is the thickness of the
rainbow or thethickness of the metal end cap of the moonie
and Ah/t, the relative axial displacement. Thus, for a con-
stant voltage V across the transducer, Ah/t « V/t3. As for
the maximum pressure, P, « t* for the rainbows and
P, < wt for the moonies where t is the thickness of the
rainbow or thethickness of the metal end cap of the moonie
and w the thickness of the piezoelectric disk of the moonie.
These predictions agree well with the experimental results
found in the rainbows and the moonies. Our analysis
showed that although the rainbows and the moonies differ
in design and processing, the underlying physics for the
enhancement in the axial displacement are essentially the
same: Thenonuniform distribution of d, through thethick-
ness of the transducer causes the transducer to arch or
flatten with an applied electrical field, which leads to the
enhancement in the axial displacement. The only difference
isthat, for thetransducer to arch, the applied field isin the
opposite direction to the polarization in therainbows but in
the samedirection asthe polarization in the moonies.

I. Introduction

ECENTLY, Several new actuators with improved properties

have been developed. One is the ceramic—metal composite
actuator called the moonie developed by Sugawara et al.*
Another isthe reduced and internally biased oxide wafer abbre-
viated as the rainbow developed by Haertling.? Both the moon-
ies and the rainbows are flextensional transducers. These two
actuators are conceptually similar in that they both (i) contain a
shell structure and (ii) attain large axia displacement at the
apex of the shell through induced bending stresses. The moonie
actuator can produce displacements as high as 20 um at a
stress of 0.5 MPa. The rainbow has been shown to produce
displacements up to 1 mm. Although the displacement pro-
duced by arainbow actuator can be large, the sustaining stressis
relatively moderate. The moonieis composed of a piezoelectric
disk, e.g., lead-zirconate-titanate (PZT) with a hollow metal
end cap at the top as schematically shownin Fig. 1(a). An axia
displacement of the metal end cap is generated when an electric
field isapplied across the thickness of the piezoelectric disk. By
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varying the thickness of the metal end cap and/or the diameter
of the piezoelectric disk, axia displacements as high as 8% of
the thickness of the metal end cap have been achieved at the
center of the metal end cap.® The rainbow isan oxide piezoel ec-
tric disk such aslead-lanthanum-zirconate-titanate (PLZT) with
one of the two faces of the disk reduced. The cross-section view
of arainbow is schematicaly shown in Fig. 1(b).? An axid dis-
placement is generated when an electric field is applied across
the thickness of the rainbow. By varying the thickness and/or
the diameter of the disk, axial displacements as high as 600%
have been achieved.? The axial displacements of both the moon-
ies and the rainbows are orders of magnitude larger than those
of the traditional direct extensional devices. In addition, they
exhibit strong size dependence.

In view of the large axial displacements displayed by the
two new actuators, it is of fundamental as well as practical
importance to understand the underlying mechanism for the
enhancement. The objective of this paper is to analyze and
compare the axial displacement and maximum axial pressure of
both the rainbows and the moonies. Our approach is to use
scaling aswell as mechanical analyses. Although finite-element
analyses have been performed for the moonies for their hydro-
phone application,* so far there has been no theory that analyzes
and compares the two devices as actuators. Our analyses show
that although the moonies and the rainbows differ in design and
processing, the underlying physics for the enhancement in the
axial displacement are essentially the same. In both actuators, it
is the nonuniform distribution of the piezoelectric coefficient
d,; in the axia direction that gives rise to the strong size
dependence and hence the enhancement in the axia displace-
ment. Our scaling and mechanical analyses agree well with
the experiments.

Il. Rainbows
(1) Displacement

(A) Mechanical Analysis:. One of the two faces of the
piezoelectric disk of the rainbow transducer is reduced as
schematically shown in Fig. 1(b). As aresult, the piezoelectric
coefficient d, in the reduced layer islargely diminished. Thus,
one may simplify the rainbow transducer as a piezoelectric—
nonpiezoelectric composite strip with the nonpiezoelectric
part representing the reduced layer. A schematic piezoelectric—
nonpiezoelectric strip is shown in Fig. 2 wheret, and t,, are the
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Fig. 1. Schematic of (a) the moonie and (b) the rainbow.
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Fig. 2. Schematic of a piezoelectric-nonpiezoelectric strip where t,,
and t,, are the thickness of the piezoelectric strip and that of the
nonpiezoelectric strip, respectively. The boundary between the piezo-
electric and nonpiezoelectric strips is chosen as the origin, and t,
denotes the position of the neutral plane.

thickness of the piezoelectric strip and that of the nonpiezoel ec-
tric strip, respectively. With the boundary between the piezo-
electric and nonpiezoel ectric strips as the origin, t, denotes the
position of the neutral plane. The piezoelectric coefficient d, is
nonuniform in such atransducer. It has a stepwise distribution:
ds;, # 0in the piezoelectric layer and d;; = 0 in the nonpiezo-
electric layer as schematically shown in Fig. 3. With the
assumption that the thickness of the transducer is much smaller
than the radius of curvature of the transducer, the strain € at an
axia position zwithin the transducer isthen®

s=(z_rt”>+c (@]

wheret, istheradial position of the neutral axis, r the radius of
curvature of the inner surface of the transducer, and c the
constrained in-plane strain due to, for example, the piezoelec-
tric coefficient mismatch and/or the thermal expansion coeffi-
cient mismatch between the two layers. When an external
electric field E is applied across the thickness of the trans-
ducer, the stress in the piezoelectric layer becomes o, =
E,[c — o, AT — d3E] while that in the nonpiezoelectric region
is o, = E,plc — a,AT]. AT is the temperature difference
between room temperature and the processing (reduction) tem-
perature, and E,,, o, and d,, are, respectively, Young's modu-
lus, the thermal expansion coefficient, and the piezoelectric
coefficient of the piezoelectric layer. E,, and o, are, respec-
tively, Young's modulus and the thermal expansion coefficient
of the nonpiezoelectric layer. The stress distribution within the
transducer must obey the following three boundary conditions:®
(i) The sum of the bending stresses equals zero, i.e.,

4

< 0 i >

'tnp

Fig. 3. Schematic of the piezoelectric coefficient d,, as afunction of
the axial position across the thickness of the transducer: d;, # 0 in the
piezoelectric layer and d,; = 0 in the nonpiezoelectric layer.
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(i) The sum of the lateral stresses equals zero, i.e.,

0
f E.(C — a,,AT)dz
—t,

np

tp
+fE@—a@T—%HM=O ©
[0]

and (iii) the sum of the bending moments with respect to the
neutral axisequals zero, i.e.,

z-t,
r

0
f Enp{c + o, AT + ](z —t,)dz
top

z—t,
r

tP
+ f Ep{c — o, AT — dyE + ](z —t,)dz=0
(0]

(4)

In Egs. (2)—(4), the axial coordinate is chosen such that the
originisat the boundary between the piezoel ectric and nonpiezo-
electric layers. The three boundary conditions, Egs. (2)—(4),
yield the following solutions® for the three unknowns, t,, c,
andr:

Eotp — Enplap

" 2(Eptp + Enplop) ©)
_ Eptp(, AT + dyy E) + Enplopotnp AT 5
B Eptp + Enptop ©)

1 BEEnptptup(ty + top)[ds E + (0p — anp) AT]

r B2t + B2t 4+ 2EnpEptapta(2t2 + 22, + 3tptap)

@)

Defining 6 as the angle that encompasses the width of the
transducer, i.e., # = L/r where L and r are, respectively, the
lateral width and the curvature of the inner surface of the
transducer. The height h of the transducer in the axial direction
isrelatedtor and fas

2 8 8r

where t is the total thickness of the transducer. Substituting
Eq. (7) into Eq. (8), we obtain

L?  BEEnptptnp(tp + top)[daiE + (atp — cnp)AT]

1L2
h:t+r(l—COS—0>E[+r£2:t+__ (8)

N=UF BBt + E2t: + 2EpEy k(28 + 202, + 3tyt)
©)

Witht,, rewritten ast,, = t — t,, h becomes
= G BT By et S 2 T R
(10)

From Eqg. (10), for a given t, h varies by changing t,. The
maximum of his obtained when
ah
ot

Plty =ty ma

=0 (11)

Equation (11) leadsto E t2 . = E o(t — t, ) i€,

t

tomax = 15 (E/E)" (12)
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The maximum height, h,.,,, isobtained whent, = t, .. and

3L2
N =t + ﬁ[dP’lE + (O(p -
2
With hy = t + -~ (o, — a,,,) AT, the maximum displacement

) AT] (13)

16t
dueto the piezoelectric effect, Ah,o = h,o — o, iS
~ 3Ll%y,E
Ah., = 16t (14

Therefore, when the applied electric field E is constant across
the thickness of the transducer, the relative displacement,
Ah, . /tisinversely proportiona to t? as

Ah., 3L%d4E E

t 16t P (15

Alternatively, if the voltage V applied across the thickness of
the transducer is constant, the relative displacement, Ah,,, /tis
inversely proportional tot3 i.e.,

Ah,.. 3%,V V

t TS (16)
(B) Scaling Analysis.  The scaling relationships Egs. (15)
and (16) between the axia displacement, Ah, and the thick-
ness of the transducer, t, is not restricted to the piezoelectric—
nonpiezoel ectric-strip model as depicted in Fig. 2 whered,, has
a stepwise distribution in the axial direction (see Fig. 3). In the
following, we show that the scaling relationships of Egs. (15)
and (16) still hold when the variation of d,, inthe axial position
takes on another form, e.g., d;;, varies linearly with the axial
position. The gradient in dy, with respect to the axial direction
givesrise to variation of the lateral strain along the axial direc-
tion when an electric field is applied across the thickness of the
transducer. Asthe lateral strain varies along the axial direction,
the transducer arches as shown schematicaly in Fig. 4. Let L,
and L, denote, respectively, the lateral widths of the outer and
inner surfaces of the transducer. As can be seen from Fig. 4,

AL=L,—L,=(r,—r,)0=16 a7)

where r, and r, denote the radii of curvature of the outer and
inner surfaces, respectively, and 6 the angle encompassing the
width of the transducer. The difference in the lateral widths
between the outer and inner surfaces can arise from both the
gradient in the thermal expansion coefficient and that in the
piezoel ectric coefficient in the transducer, i.e.,

AL =AL,+ AL,, (18)

where AL, is the part due to the gradient in the thermal strain
and AL, the part due to the gradient in the piezoelectric strain.
AL, isrelated to the temperature difference between the appli-
cation and the hest-treatment temperatures:

ALy = (o, — a,)ATL (19)

where o, and a, are the thermal expansion coefficients on the
outer and inner surfaces, respectively, and L the width of the

Fig. 4. Schematic of the rainbow.
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transducer at the heat-treatment temperature. Due to the gradi-
ent in the piezoelectric coefficient, the lateral piezoelectric
strain varies in the axia direction when an electric field E is
applied across the thickness of the transducer. The resultant
length difference between the outer and inner surfacesis

AL, = Ef %L(z) dz (20)

where z denotes the coordinate along the axial direction. For a
linear variation of dy; with respect to z, dd,,/dz = Ad,,/t,
where Ad,, = d;,(z =t) — dy,(z = 0). Therefore, for AL <<
L11 L2 ~ L,

AL AL, + (AdyE)L

9= t (1)
Meanwhile, the height of the transducer is
1 1
h=r, —r,cos(6/2) *t+§r2¢92-vt+§|_g
_ . ALL | (AdyE)L?
U e (22)
Denoting
. ALL
Mo =t+ g (23)

as the height in the absence of the electric field, the displace-
ment due to the applied electric field isthen

Ad,, E) L2
Ah:h—h0=—( d831 )L (24)
t
i.e,
1 E
Ah ~ éAd3leT (25)
The relative displacement Ah/t is, therefore,
Ah 1 E
T~ gAd31L2t—2 (26)

When the applied electric field is constant across the thickness
of the transducer, the relative displacement isinversely propor-
tional to t% When the voltage V across the thickness is constant,
the relative displacement is then inversely proportional to t* as

Ah 1 \Y
T T gidale

If dy; (z=1) = dy; and dy;, (z = 0) = O, then Egs. (26) and
(27) become

(27)

Ah 1 E

T §d3lL2t_2 (28)
and

Ah 1 \Y

T §d3lL2t_3 (29

respectively. Note that the scaling relationships Egs. (28) and
(29) obtained by the scaling analysis are essentially the same as
those obtained by the mechanical analysis, Egs. (15) and (16),
except that the preconstant is 1/8 in Egs. (28) and (29) and 3/16
in Egs. (15) and (16). The difference in the numerical values of
the preconstants results from the different forms of the variation
of d,, aong the axial direction. For the mechanical analysis,
the variation of d,, takes on a stepwise form, whereas for the
scaling analysis d, varieslinearly with z

(2) Axial Pressure

The scaling relationship of the maximum pressure P, of the
transducer with respect to width, L, and thickness, t, can be
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Fig. 5. Schematic of the forces acting on the rainbow when an axial
pressure P is applied.

obtained as follows. Let P denote the applied pressure in the
axial direction. Figure 5 is a schematic of al the forces exerted
on a rainbow when an axial pressure P is applied on the rain-
bow. The total applied forcein the axial direction istherefore

F, = Pux? (30)

where x is the radius of the horizontal projection of the dome.
Denoting the stress in the lateral direction as T, the total force
in the lateral direction istherefore

F, = T,2mxt (31)

The sum of the axial components of all forces equals zero,
implying that

F.

E= sin (6/2) (32
3
For small 6, Eq. (32) yields
16
P= THt;E (33)
Withx ~ L, 6~ t/L,
1_+t?
P~ ET"L_Z (34

Thus, the maximum axial pressure P, that the transducer can
withstand becomes

t2
Pmax -~ Tﬁ,maxP (35)
where T, .., is the maximum stress in the lateral direction that
the material can withstand. As T, .. isamaterial constant,
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Fig. 7. P, Vversus t? for rainbows where P, is the maximum axial
pressure that the rainbow can withstand.

t2
P ~ 2 (36)

(3) Comparison with Experiments

In Haertling's experiments, the displacements of the rain-
bows of various thickness were measured with a constant volt-
age V across the thickness of the rainbows. According to the
result of both the mechanical analysis depicted in Eq. (16) and
of the scaling analysis depicted in Egs. (27) and (29), the
relative displacement of the rainbow should be inversely pro-
portional to t® with a constant voltage V across the thickness
of the transducer. In Fig. 6(a), we plot the relative displace-
ment Ah/t versus t~3. The data points were taken from Haert-
ling’'s experiments,? and the straight line is to guide the eye.
Figure 6(b) is a magnification of the rectangular region at the
lower left corner of Fig. 6(a). All data points fall on a straight
line over the entire thickness range, indicating that the relative
displacement Ah/t isindeed inversely proportional to t* with a
constant voltage V across the thickness as predicted by both
the mechanical analysis (Eq. (16)) and the scaling anaysis
(Egs. (27) and (29)). The maximum pressure P, versus t? for
rainbows of various thickness is plotted in Fig. 7. Again, the
data points were taken from the experiments of Haertling,? and
the straight line is to guide the eye. All the data points fall on
the straight line, indicating that P, is indeed proportiona to
t? as predicted by the scaling analysis (Eq. (36)).
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Fig. 6. (a) Ah/tversust™2for rainbowswith a constant voltage V across the thicknesst of the rainbow where Ah/t denotes the rel ative displacement.
The data points were taken from the experiments of Haertling.? (b) Magnification of the rectangular region at the lower Ieft corner of (a).
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Besides the variation of the displacement and the maximum
pressure with respect to the total thickness discussed above,
Moon and Haertling® have also varied the ratio t,,/t for rain-
bows of a given total thicknesst and measured the correspond-
ing axia displacements. They showed that a maximum in the
axial displacement exists at around t,,/t = 0.35 for PLZT with
a composition 1/53/47 for La/Zr/Ti.® This result qualitatively
agrees with the prediction of our mechanical analysisthat, for a
given t, the axial displacement is maximized at a particular t,/t
(see Eq. (13)). Using the values of Young's moduli, E, =
6.287 X 10" N/m* and E,, = 4.455 X 10" N/m* measured
by Moon and Haertling,® Eq. (13) predicts that the maximum
displacement occurs at about t,,/t = 0.54. The reason for the
numerical discrepancy between the prediction of Eq. (13) and
the experimental result of Moon and Haertling® is unclear at the
moment. The assumption of the theory that d,, is constant
within each layer probably oversimplifies the distribution of d,
within the transducer. The rainbow transducers were made by
reduction on oneside. It islikely that the boundary between the
piezoelectric layer and the nonpiezoel ectric layer is not as clear
cut as a step function. More discussion on this is given in
the concluding remarks. Meanwhile, it is also known that the
rainbow transducers can exhibit more than one radius of curva-
ture, which is not considered in the present theory.

I11. Moonies

(1) Scaling Analysis

(A) Axial Displacement: The schematic of a moonie is
shown in Fig. 8(a). Let L denote the diameter of the piezoelec-
tric disk, L,, the length of the metal end cap, t the initial height
of the metal end cap. Upon the application of an electric field
across the thickness of the piezoelectric disk, the piezoelectric
disk exhibits adisplacement AL in the lateral direction with

AL = dy,EL (37)

where d;, is the piezoelectric coefficient of the piezoelectric
disk. Let us assume a perfect bonding between the metal end
cap and the piezoelectric disk. Hence, the metal end cap should
have the same latera displacement, AL, as the piezoelectric
disk when an electric field is applied across the piezoelectric
disk. Let Ah denote the axial displacement of the metal end
cap after the electric field is applied. The length of the metal
end cap before and after the application of an electric field
can be approximated as L, = 2./(L/2*+t* and L, =
2JI(L + AL)/2]? + (t + Ah)? respectively. Since the piezo-
electric coefficient of the metal end capiszero, L, = L,,. Tothe
first order in AL and Ah, the requirement that L., = L,, leadsto

L m
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Fig. 8. (a) Schematic of the moonie. (b) Schematic of the forces
acting on the moonie when an axia pressure P is applied on the
metal cap.

Scaling Analysisfor the Axial Displacement and Pressure of Flextensional Transducers 1077

%AL = —tAh (39)

From Eg. (38) one can seethat if the piezoel ectric disk contracts
(AL < 0), the metal cap arches. Conversely, if the piezoelectric
disk extends (AL > 0), the metal end cap flattens. The height of
the metal end cap changes as the width of the metal end cap
varies. Combining Egs. (37) and (38), the axia displacement
Ah and the relative displacement Ah/t at a constant E can be
written as

dj, EL?
Ap = —== (39)
and
Ah dj, EL?
T (40)

respectively. With a constant E, the relative displacement Ah/t
is proportional to L? and inversely proportional to t> The result
shown in Eq. (40) isvery similar to that of the rainbows shown
in Eqg. (28) only that, for the rainbows, t is the thickness of the
rainbow, whereas for the mooniest is the thickness of the metal
end cap. Although the rainbows and the moonies share the
same scaling behavior of the displacement, the sign of the
displacement of the rainbow is actually opposite to that of
the moonie with the same applied field. This can be seen from
the difference in the sign in Eq. (28) and Eq. (40). Let us define
the electric field E to be positive when it is parallel to the
polarization. Egs. (28) and (40) show that the proportional
constant of the axial displacement of the rainbows with respect
to E is proportional to +d,,, whereas that of the moonie is
proportional to —d,;. With d,, being negative for PZT and
PLZT, it follows that the rainbows would flatten (Ah < 0) but
the moonies would arch (Ah > 0) when E is positive. Con-
versely, the rainbows would arch and the moonies would flatten
when the sign of thefield is reversed.

(B) Maximum Pressure:  Figure 8(b) schematically shows
the forces acting on the moonie when an axial pressure is
applied on the metal cap. The axial pressure P on the metal cap
creates anet force, F,, inthe axial direction as

L2

4

The axia pressure P on the metal cap creates a lateral stress T,
in the piezoelectric disk. The net lateral force in the piezoelec-
tric disk isthen

F, =T (mwL)w (42)

where w is the thickness of the piezoelectric disk. As the
ceramic piezoelectric disk is much more brittle than the metal
cap, the maximum pressure that the actuator can withstand is
limited by the maximum lateral stressthat the piezoel ectric disk
can withstand. As can be seen from Fig. 8(b), the forces F, and
F, must satisfy the following relation:

F. h

E, L2 (43)
where histhe height of the metal cap measured from the metal—
PZT boundary under pressure, P. Thus, the axial pressure of the
transducer, P, is related to the lateral stressin the piezoelectric
disk, T, as

F,=P (41)

2wh
P=E(¥)
Therefore, the maximum axial pressure, P,.., that amoonie can
withstand is

(44)

Prac = Torar ) (@)

where T, . iS the maximum stress that the piezoelectric disk
can withstand, which isamaterial constant. Withh =~ t,
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Prac = Toer o2 (46

For the rainbows, P, is proportional to t2, whereas for the
moonies, P, is proportional to the product of t and w.

(2) Comparison with Experiments

The axial displacements of moonies were measured with a
constant electric field E applied across the thickness of the
piezoelectric disk. Therefore, Eq. (40) should apply. The rela-
tive displacement Ah/t should be inversely proportiona to t?
when the thickness of the metal end cap, t, is varied. We plot
the relative displacement Ah/t versus t™2 for the moonies in
Fig. 9. The data points were taken from the experiments of
Onitsukaet al.® The straight lineisto guide the eye. All the data
points fall on the straight line, indicating that Ah/t is indeed
inversely proportional to t? for a constant E across the thickness
of the piezoelectric disk.

IV. Concluding Remarks

The underlying principle for the enhancement in the axial
displacement for both moonies and rainbows is very similar: by
joining a piezoelectric strip with a nonpiezoelectric strip, the
piezoelectric strip responds to the axia electric field, while the
nonpiezoelectric strip does not, and thus the device arches or
flattens. The scaling analysis aswell asthe mechanical analysis
for arainbow shows that the relative axial displacement follows
Ah/t ~ d4, L2E/t? (or Ah/t ~ d,, L2 V/t®) for a constant electric
field E (a constant voltage V) across the thickness t of the
rainbow. The Ah/t ~ V/t3 relationship is in good agreement
with the experiments of Haertling.? The scaling results also
predict that the displacement would be larger for rainbows with
larger diameters. The scaling analysis shows that the maximum
axial pressure that the rainbow can withstand is P, ~ t%L2
The P, ~ t? scaling relationship is also in good agreement
with the experiments of Haertling.? For the moonies, the rela-
tive displacement follows Ah/t ~ —d,,L?E/t? at a constant E
across the thickness of the piezoelectric disk, wheret and L are
the thickness of the metal end cap and the diameter of the
piezoelectric disk, respectively. The maximum axia pressure
that the moonies can withstand is P,,,, ~ Wt/L?, where w is the
thickness of the piezoelectric disk. The Ah/t ~ E/t? scaling

8 ' T ' T
@® Onitsuka et al. (ref.3)
6 -]
2
- 4 .
S~
<
<
2 i
0
0 3 6 9 12
t? (mm %)

Fig. 9. Ah/t versus t~2 for moonies where Ah/t denotes the relative
axial displacement. The data points were taken from the experiments
of Onitsukaet al .2
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relationship isin good agreement with the existing experiments
of Onitsukaet al .

There is a difference between the rainbows and the moonies
regarding the direction of the displacement with respect to the
direction of the electric field, as can be seen from Egs. (28)
and (40). In order for the transducer to arch, the applied field is
in the opposite direction to the polarization in the rainbows but
in the same direction as the polarization in the moonies. Thisis
due to the fact that in the moonies the metal isin the outer part
of the arch, whereas in the rainbows the metal (reduced layer)
isin the inner part of the arch. Other than that, the underlying
physics that govern the enhancement of the axial displacement
are the same for both the rainbows and the moonies. In princi-
ple, both the moonies and the rainbows can achieve very high
axial displacementsif an appropriate ratio, L/t, is chosen where
L is the width of the device for both the moonies and the
rainbows and t is the thickness of the rainbow or the thickness
of the metal end cap of the moonies. The difference in the axia
displacements of the existing rainbows and moonies is mainly
due to the difference in the L/t ratio. So far, the rainbows have
achieved higher axia displacements than the moonies, mainly
because the rainbows have had the higher L/t ratios. Similarly,
appropriate axial pressures can be achieved with an appropriate
t/L for both the rainbows and the moonies.

Finaly, the scaling analysisis only qualitative. It isimpossi-
ble to perform quantitative comparisons with experiments by
thismeans. The merit of the scaling analysisisits ease to unveil
the underlying physics. On the other hand, the mechanical
analysis can be quantitatively compared with the experiments.
A few points must be considered in order for detailed compari-
sons with the experiments to be made. First, in the mechanical
analysis, the axial distribution of d, is assumed to be stepwise.
It is known that most interfaces exhibit a hyperbolic tangent
profile. In particular, the interface between the piezoelectric
layer and the reduction layer is related to diffusion. It is likely
that the axia variation of d,;, has a more complex form than a
step function. A reasonable distribution of d,, may be

d(2) = %dgl[l + tanh (g)] (47)

where 3§ is the half-width of the interface. By considering a
finite width for the interface, the prediction for theratio t,,/t at
which the maximum axial displacement occurswill be substan-
tially modified. Meanwhile, the present mechanical analysisis
essentialy two-dimensiond; i.e, it only considered the axia
and the lateral directions. The effect of the third dimension
must be considered. These considerations are important for
detailed quantitative comparisons with the experiments.
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