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In a complete sysiem of disageregated demand equations, the econometrician must limit him-
self to the measurement of a small number of parameters for each commodity. Since interest
alten focuses on the income and own-price elasticities for each good, it is natural to look for
models which allow independent measurement of these while providing plausible assumptions
abou’ the less essential responses. This paper surveys a number of common theoretical speci-
fication:. which purport to do this, and argues thai these are unsatisfactory. The conclusions are
supportzd by an empirical comparison con Eritish data of the resuits of three models, one of
which is new and is designed to remedy some of the deficiencies of standard practice.

1. Introducrion

Although economists have been measuring demand elasticities since the
seventeenth century, many important problems of methodology remain un-
solved. These are particuiarly acute when the investigator wishes to analyse a
reasonably disaggregated classification of consumers' expenditures. Estimation
difficulties and lack of information require the use of a model containing a great
deal of prior information, and here there is a wide range of possibilities, each
embodying its own particular assumptions. One of the most common and
attractive simplifications is to attempt to characterise behaviour in terms of
two responses, income elasticity and own-7 rice elasticity, allowing assumption,
rather than direct measurement, to deternfine appropriate values for che cross-
price responses. In this paper. various ways in which this simplification can
be implemented are examined and an attempt is made to assess the likely effects
of adopting rather different medels. This involves separating the effects of choice
of functional form from the effects of the more fundamental assumptions
about economic behaviour. Finaily, some conclusions are offered on just how
far the ‘two-response’ hypothesis can take us; the numerical results are specific to
British experience but the qualitative conclusions are likely to hold elsewhere.

2. Alternative sirategies

It is important in designing an appropriate model of consumers' behaviour
to begin by examining the type of data which it is to be asked to explain. In
the context of estimating price and income eiasticities, time serics data are used.
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These are usually confined to the postwar period so that some twenty annual
observations are availatle. As is well known, the independent variables, income
{or total expenditure) and the prices, exhibit strong positive intercorrelation
so that, aver so short a period, we can only expect to identify a liniited number
of independent respomses. If we accept that only real income and relative
prices are relevant, most of the information available relates to the former with
refatively little variation in the latter. In consequence, it will usually be possible
to measure income responses with quite reasonable precision, whereas measure-
ment of price responses will be subject to larger error and will be more affected
by prior assumptions. Although there are exceptiors, we should expect most
goods to be more sensitive to their own prices than te the prices of other goods,
s0 it is natural to devote most attention to the measurement of the own-price
response. This can be done in a number of different ways.

The first, and oldest, methodology is to specify quantities demanded as a
double logarithmic function of two arguments: real income, and price relative
to seme overall index, ie., .

log gy = a;+ 5, log (i/m}+ ¢, Jog (pi/n), 1)

where g; is the quantity of the ith good demanded, p; is its price, p is totai
expenditure, x is an index of all prices, and &, b and ¢ are vectors of the para-
meters of the system. Since b, is the income elasticity of good i, and ¢; is approxi-
mately its own-price elasticity, eq. (1) offers a direct and very simple way of
measuring the responses in which we are most interested. However, the model
is not congistent for any individvual with the hypothesis of utility maximization,
and if used for projection will eventually lead to gross over-prediction of
income elastic goods, since if &, > | the budget share of the ith good will
increase without limit as real income rises, Even so, the model remains a useful
means of summarizing the evidence over the sample period.

At & more formal level, the theory of utility maximization has been much
used to derive restrictions on demand functions. At its most general, the theory
does not contain sufficient prior information to allow estimation on any but
the broadest of groupings of the data, but the use of particular assumptions
can take us mach further. Some of :hese bear considerable resemblance to the
“two response’ hypothesis, specifically, direct and indirect additivity of pref-
erences. The first of these, which is as old as utility theory itself, asserts that
goods satisfy independent wants, so that the utility function v(g) can be written

og) = 0 ('jilquﬁ) : @

for some monotone increasing function @, and where each function v,(g,) is a
function of g, alone. Indircct additivity, invented by Leser (1942) but first
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systematised by HHouthakker (1969a, b), asserts that the indirect utility function
Y(p p~*) can be written

Wpu™") = ¢{3 vilpie™ M} 3

As might be expected, each of .iese places strong restrictions on the cross-
price responses. Direct additivity implies that compensated cross-price derivatives
are proportional to the product of the corresponding income -lerivatives, while
indirect additivity implies that all cross-price elasticities are independent of
the good affected, depending only on the good whose pricc has changed. It
might be thought that this leaves the own-price elasticities unaffected, and
many investigators have used these models to measure incore and own-price
elasticities. However, as I have shown elsewhere [see Deaton (1974b)), both (2)
and (2) enforce an aporoximate hnear relationship between incolre and own-
price ciasricities, so that these models aliow the measuremsnt of only one
response per commodity. Given the dominance of income variation in most
data, the price elasticities measured on the basis of sither (2) - = (3} are unlikely
to bear any close relation to their true values. In defence of zdditivity, it may
be argued that it is more appropriate fur broad groups of commodities than for
a disaggregated classification. However, it is not clear thai price elasticities
should be directly related to income elasticities even for broad groups, and such
evidence as exists, nearly all on a broad classification, would reject the validity
of the assumption [sce, for example, Barten (1969), Byron (1970), Deaton
(1974z)]. However, the main point for the discussion in this paper is that
either type of additivity is ingcasistent, by assumption, with the ‘two-response’
hypothesis,

An even more explicit case of the two-response assumption is provided by
the model examined by Fourgéaud and Nataf (1959). They assume that the
quantity demanded can be written as a function of reul income and real price,
Lei;

q, = fu/n, pi/n), Q)]

where 7 is a linear homogeneous price index. They then derive an exhaustive
catalogue of those functional forms which allow (4) to be consistent with utility
maximization, I have shown elsewhere [see Deaton (1974c)] that, in spite of the
apparent generality of eq. (4), the income and price elasticities of the Fourgéaud
and Nataf model, like those derived from direct und indirect additivity, lie
approximately along a straight line. Consequently such a model cannot be used
for the independent measurement of income and own-price elasticities. Since
the Fourgéaud-Natal model, as well as direct and indirect additivity, are
special cases of Pollak’s (1972) concept of generalised additive separability
(GAS), it is interesting to enquire whether or not GAS itself allows independent
price and income responses. The answer appears to be in the affirmative,
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although I have not succeeded in constructing an actual example of GAS which
does so.

In summary, models which are general enough to allow independent estima-
tion of price and inrcome responses are too gener-1 to estimate on disaggregated
data, whereas models which can be estimated in these circumstances either
embody restrictions which make them applicable only to broad groups, if at
all, or are inconsistent with the theory of demand.

3. The experiments

In Deaton {1974b), in order to illustrate the effects of additivity, I compared
the elasticities generated by the constant-elasticity model (CEM), i.e., eq. (1),
with those obtained from the linear expenditure system (LES), *vhizh is directly
additive, Although I do not believe the results to be seriously mislcading, the
procedure adopted has a number of failings. First, the two models have quite
different functional forms for the demand equations, so that at least some of
the divergence between them can be ascribed to this rather than to the assump-
tion of additivity itself. Second, ana zgain because of the functional form, the
itwo meodels are non-nested so that it is impossible to make direct inferences
ooui the superiority of cither one. These two problems were inevitable given
the abseace of a model which is non-additive and which contains the LES as a
special case. Since then, I have discussed a new simple ncn-additive model
(SNAM) [see Deaton (1974c)] which has these properties, so that in this paper
I shall compare all three systems over the same data in an atiempt to quantify
more directly the effects of additivity and of choice of functional form.

The CEM has already been described by eq. (1). The LES can be derived
from the cost (or expenditure) Function

g{ps D) = z.pl?i'f-v n p"‘, (5)

vhere v denotes the level of urility (or any monotone increasing transform
thereof) and the parameters o are normalized to um to unity. Differentiation
of (5) with respect to p, and substituticn for v gives the demand functions
themselves, i.e.,

Pih = pirra{p— 3 pond- (6
The SNAM cost function has an extra term over thai of the LES and may be
written

g, v} = Y pan—y., Bubu log (pijm)-+o T P, 6
where 7 is a basc-weighted price-index with the f-parameters as weights, ie.,

= E, ﬂkpk/E By @®)
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This model and its properties are more fully described elsewhere [see Deaton
(1974¢)]; most imoortant in this context is its embodiment of the two-response
hypothesis and the fact that it reduces to the LES when § = 0. Estimates of a
actermine the income responses — as in the LES these are marginal propensities
to spend - whercas the f-parameters, together with the o’s, give the own-price
responses; the y-parameters exert no decisive influence and are basically intercept
terms. The demand functions corresponding to (6) may be written

P4 = pyi—pbilog (pfmy-rafu—y, Pi?i"'zpuﬂt log{pym}. (9

The data used were 1J.K. annual time series from 1954-1972 covering 37
goods and services; the list of these is given in table 1. These deliberately
exclude durable goods. Parameters were estimated by OLS for the CEM and
by the hierarchic maximume-likelihood method discuss<d in Deaton {1974¢) for
the ILES and the SNAM. Price and income elasticities for 1970 are presented
in table 1; the vear 1970 has no epecial significance but its use aids computation
since it is the base year for the price series. Before discussing these, it is worth
noting that, on a likelihood criterion, the SNAM is very markedly superior to
the LES for ali of the groups distinguished in the hierarchy, so that the evidence
suggests that there is more information in the data than can be accommodated
by the LES and that this is put 1o good use by the SNAM.

The relationship tetween the three sets of total expenditure elasucities are
illusiraced in fig. 1, which shows superimposed scatter diagrams for the SNAM
against the LES and the SNAM against the CEM. Dealing with a minor point
first, it is clear that there is a tendency for the SINAM elasticity to be less than
the CEM elasticity for income elastic goods. This is simply a consequence of’
taking 1970 rather than an easlier year as a hasis for the comparisons, and
reflects the tendency of a linear model to under:tate, and a loglinear model to
overstate, the response of a rapidly rising expaditure near the: end of the sar-ple
period. In general, the correlation between the three sets of estimates is g
and the slope of the scatter is close to the ideal 45 degrees. Six commodities
are well out of line for one systam or another: the four fuels, vehicle operation
and domestic service. The fuels are almost certainly the most highly substitutable
commodities in the classification since, unlike the other goods, they provide
no utility per se but ar - inputs in the production of power, heat and light. It
is thus to be expected that the two response hypothesis will be unable to model
them sctisfactorily. Domestic service is similarly difficult; it is a good which is
invariably highly income elastic in cross-section studies and invariably inferior in
time scries. This situation presumably reflects changes in the technology of house-
hold consumption which have encournged the substitution of mechanical power
for human power. Vehicle operation, like electricity, is anomalous only for the
SNAM-CEM comparison while the two linear models give similar estimates;
D
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some of this is undoubtedly due to the underestimation—overéstimation pheno-
menon discussed above, given the very high income elasticity of both commedi-
ties. However, a more complete model of vehicle operation would certainly
inciude the stock of moter cars as an explanatory variable and we cannot
expect to get sensible results without it.

Apart from these six commodities, this p:cture is what might be expected
given the strength, of the income information in the data. This appears to be
strong enough to overcome the effects >f both functional form and the additivity
assumption, except for those commocities where, for other reasons, the demand
function is ciearly misspecified. It is also worth noting that there is no evidence
for my {1974b) contention that the inabilicy of the LES to measure price
responses independently of income responses gives rise to significant biascs in
the income elasticities. This obviously remains as a theoreticil possibility but
it does not appear to occur in this sample,

Figs. 2 and 3 illustrate the corresponding relationships for the price elasticities;

- M

+ Qther fuel
+ [
Vehicle oparatica
i 1 1 1 1 A L
-2 =] - +1

* Coal

-l

Fig. 2. 1970 price elasticities for CEM and SNAM models.
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those for the CEM and the SNAM are illust:ated in fig. 2 and those for the
SNAM and LES in fig. 3. Looking at fig. 2 fir:t, the correlation between the
two sets of estimates is much less close than that between the income elasticities,
but it is still quite marked znd once again the slope is close to 45 degrees. Of
the six goods which were anomalous in the income elasticity comparisons, three
reappear here {namely coal, other fuels, and vehicle operation), although a
good many other commodities are some distance from the line of equality.
Nevertheless, it is clear from this diagram that, in spite of the differences of
functional form between the models, there is sufficient information in the data
to allow inferences to be made about own-price elasticities as well as about
income-clasticities. The looseuess of the scatter indicates that such inferences
are more difficult since they are more dependent upon the choice of functional
form and presumably more sensitive to misspecifications about substitution
possibilities and technical change. Many of these could be corrected in further

" 1ES
% Coal 2.0 .
1.0
e B
*-
L L i [ 1 i _'S"AH
3,0 »o +1.0 +2.0
»
+
*
»

Fig. 3. 1970 price elasticities for LES and SNAM models.
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work with the SNAM and it would obviously be desirable to remove those five
commodities which exhibit posirive price elasticities. This could perhaps be done
by allowing factors other than price and income to affect the y-parameters of
eq. (9), and it may even be possible to introduce a type of weak-separability
into the SNAM by introducing some group-specific prices; these are topics for
further research.

Examination of fig. 3 shows that the additivity assumption inherent in the
LES effectively destroys the price information in the data. The scatter is almust
random and we know that it is the LES rather than the SNAM which is at
fault, partly bersuse the latter is much superior in terms of likelihood and partly
because the SMAM elasticities are given considerable support by the indepen-
dently estimated CEM elasticities. Why this happens is quite clear. Both the
SNAM and the LES show that, in reality, there i3 no link between price and
income elasticities, but the LES, by construction, enforces proportionality
between them. Consequently, one or both responses will be measured incorrectly.
In this case, it appears from the diagrams that real income variation is so
dominant over relative price variation in the sample that it is the price responses
which bear little or no relation to their tree values, while the income responses
suffer relatively little distortion. The scatter is so wide in fig. 3 that it is hardly
worth documenting particular examples of bias. Even so, a nuniber of regularities
appear. The number of ‘Giffen’ goods in the LES is much higher than in either
the SNAM or CEM; this occurs because all inferior goods must have positive
price elasticities even to the point of giving ¢oal a price elasticity cf more than
{plus) 2. it can aiso be seen that the LES produces relatively few price elastic
goods - only 5, compared with 9 for the SNAM and 8 for the CEM. For a
good to be modelled by the LES as price elastic it must be very income elastic
and it is clear that there exist genuinely pric= elastic goods which are relatively
insensitive tc changes in income. Clearly, the LES is not an adequate tool for
measuring price elasticities.

4. Some index number comparisons

The extra price-sensitivity of the SNAM over the LES implies that the consumer
substitutes more readily between goods under the new formulation. Consequent-
ly, he is more readily able to protect himself against price rises than is the
consumer whose preferences are represented by the LES. Tt is thus of consider-
able interest to compare the ¢)st-of-living index numbers associated with the
two models, and this final section is devoted to this. Both cost functions can
be written in the form

g(p, v) = A(p)+ B(p), (10)

so that an index representing the cost-of-living at time f, based on the utility
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level of ¢ime 1—1, may be vonstructed as

Il,t-'l — [A(pl)+8(pl)ur—lvgt—]’ (11)

where v,_, is calculated from (10). The formulae for 4 and B in the LES and
SNAM car be read off from cqs. (5) and (7). Chain indices based on 1954 = 100

were then constructed by setting J, = 100, where subscript zero refers to 1954,
and then calculating

8
I = foll:llf:.s—x- i2)

It is also convenient to have a third index which assumes zerc substitutability
to give a standard with which the difference between the LES and SNAM
indices ciun be compared. This is provided by the Laspeyres index, ie.,

By = (ZQ:-JPJ/Z‘It—tpl—U (13)

with a ccrresponding chain index.

Since not all «;'s of the LES nor all the ;'s and 8,'s of the SNAM are positive,
the cost functions associated with the models are not concave in the prices as
they should be. This does not necessarily prevent their use in this context,
since it is always possible to add up groups of commodities - both systems
aggregate in this way - so that the group parameters are positive and the aggre-
gated cost functions concave. However, it is not worth doing this explicitly
since the calculation of (11) does this automatically. This procednre does mean,
howaver, that the value of /, ,_, from the Laspayres' formula does not always
exceed that from the other two formulae as it theoretically should. Divergences
of this sort may also accur because eq. (13) uses actual quantities consumed
rather than the predicted quantities implied by the two cost functions. These
difficulties did occur in the calculations but in no cases were the discrepancies
other than very small.

The chzin indices are presented in table 2. The three series are losc to 0:1e
another, as is usual for difierent indices within‘a single country, and the dif-
ference between the highest and lowest figure for 1972 is very small compared
with the total change since 1954. However, the Laspeyres and LES indices are
virtually identical throughout the period, with a cumulative difference of only
0.4 points out of 200 by the end of the period. This illustrates very well just how
limited are the substitution possibilities permitted by the LES. By contrast,
the SNAM index is below the LES by much more than the LES is below the
Laspayres. Clearly then. allowing greater price flexibility, even within the
narrow bounds of the |_.NAM, can alter calculations about the cost-of-living
even though these alterations may be small relative to the total rate of inflation.
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Table 2
Alternative cost-of-living chain indices 1954-1972.

Year Laspeyres LES SNAM Year Laspeyres LES SNAM

1954 10 100 100 1964 1240 1338 131.3
1955 103.3 103.3 102.6 1965 1409 130.7 138.3
1956 107.5 107.4 106.1 1966 146.9 146.7 144.1
1957 112 11 109.7 1967 151.3 151.1 148.4
1958 114.5 1144 1124 1968 158.6 158.3 155.6
1959 1157 115.5 113.5 1969 167.8 167.5 164.7
1960 117.1 116.9 114.8 1970 177.5 177.1 173.9
1961 120.8 120.6 118.¢ 1971 192.2 191.8 188.1
1962 126.0 125.8 1235 1972 205.6 2052 2017
1963 1192 129.0 126.6

5, Conclusions

We have presenied the resuits of sonie extremely simplistic calculations
based on three alternative models of consumer demand. These are in no sense
the best that could be done with the models, and the elasticities presented are
obviously deficient from mzny points of view. However, it is hoped that these
calculations have demonstrated some important points. It is possible, for a
fairly wide range of commodities, to measuie price and income elasticities
indepencently of one another, and encept for a few commodities which are
obviousiy highly substituiable, considerable expianation can be ac' eved on
the basis of the simple assumption that behavicur can be described i1 terms of
income and own-price responses. The effects of choice of functional form on
measurement depend upon the amount of information in the data, but in any
case are small relative to the effects of assumptions, such as additivity, which
destroy much of the available evidence.
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