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ABSTRACT

This paper studies the convexity properties of the preferences of
a perfectly competitive economy. These results are used to establish
a relation between two alternative types of continuity of preferences
used by R. Aumann and K. Vind. This discussion is related to the problem
of establishing conditions for the equivalence of two kinds of blocking

used in the definition of the core of an economy.



CONVEXTTY AND CONTINUITY PROPERTIES OF PREFERENCE FUNCTIONS

Richard Cornwall

1.  TIntroduction

An important tool, in the study of economies with large numbers of traders,
is the preference function. This function assigns, to each coalition E of
traders, a preference relation > on the set of all allocations of commodity
,bundlesl among the coalitions. One can derive, from this preference function,
for each coalition E and for each allocation @ , a set Ej(E) of commodity
bundles which can be divided up among the subcoalitions of E in such a way as
to make everyone better off than he would be receiving the bundle assigned to
him by o . Thus, if E is an individual consumer, then EI(E) is the set
above E's indifference curve through the bundle a(E) .

This paper demonstrates that, under "perfect competition" and under certain
regularity conditian on the preference function, the set RJ(E) and certain
other related subsets of the commodity space S are convex for every E and .
This result is well known,2 but this paper treats the problem somewhat more
thoroughly than earlier papers. Further, these results are used to find condi-
tions under which the sets E&(E) are topologically open. _Interest in this
problem originated in the observation that, although Vind[15] assumed Ru(E) was

open, this assumption could not be easily related to the corresponding assumptions

lA "commodity bundle" is a vector in a finite dimensional (real) vector space,
S . The concept of a preference function was developed by Debreu in [T7].

aFor example, see the Appendix of Vind's article [15].
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made in other models of economies with large numbers of traders; most notably,
the model of Aumann [2].5 The openness of Ea(E) is a very useful tool in the
study of general equilibrium economic models.

The final result of this paper concerns the connection between the relations’

->E and >>E . B >}§1 means that every (nonzero) subcoalition of E prefers B
toa ; B }él means that some (nonzero) subcoalition. F prefers B to o and

ENF is indifferent between B and o . When B }él holds, we shall say B is
semibetter for E +than «a and, when B >}éx holds, we shall say B is strictly

better for E than o .

2. : Specification of the Model

The set of coalitions, CR, is a O-algebra with operations join U , meet
f1 and complementation? . CQ has a unit element A , which represents the set of
all individual economic agents, and a zero element O = A! + A , which represents
the empty set of agents. It is also assumed that there exists a probability
measure u5 on (@ such that WE) =0 implies E =0 . (The letters E,F,G,H
will always denote coalitions in sz.) This structure of a 0-algebra CQI

containing a unit A and supporting a strictly positive measure p is called a

O-algebra of coalitions.

For any two coalitions E and F we define

ENF = ENE') .

‘E and F are disjoint if ENF

1l
(@]

A partial order ( is defined on Cz,by

5The author wishes to acknowledge the influence of Prof. Debreu's insistence
on the importance of reconciling these assumptions.

uFor example, see [4] and [5].

5

"The measure J need not be given a probabilistic interpretation, however. The
economic meaning of this measure is developed in [5] and [11].



ECF if EN ¥ = E

and E is then a subcoalition of F . If F is a nonzero coalition, then C?

¥

denotes the sub-o-algebra of coalitions consisting of the subcoalitions of F .
(2, is nonatomic if every nonzero coalition contains a nonzero subcoalition which
is distinct from the given coalition. This is equivalent to requiring that the
measure M specified above be nonatomic.. The relation of this condition to the
idea of perfect competition has been given in [4].

We assume there is a consumption correspondence X on CZ which assigns

to each coalition E a closed, convex subset X(E) of S . X(E) is the collec-
tion of commodity bundles which E is able to consume. It is assumed that

X(0)= (0} and O e X(E) for every E . Further, X is countably additive;

that is, if {En) is a sequence of disjoint coalitions and E = U En’ then

XE) = = X(En)
where z X(En) = {z € 8: for each n = 1,2,...
there exists z € X(En) such that
k
z z, converges absolutely in k to z} .
=1

Finally, we assume that X is bounded below; that is, there exists in. S a

cone with vertex O , P, which is closed, convex and pointed, i.e. P contains
no straight lines (one-dimensional affine manifolds) and there exists an S-valued
measure B on C;, such that for every E , X(E) - B(E)CP .

The economic meaning of these assumptions has been given in [M]- If » is

in qO?X » Which means that 7 1is an 8-valued measure on Cz satisfying

yE) e XE) , E in Q, 5

then 7 1is called an allocation. The above assumptions on X imply that to
every point z in X(E) , there corresponds an allocation 7 with &) =z .

(see Theorem 1 in [3]).



We assume that there is an allocation  , called the resources allocation,

which specifies each coalition's holdings of commodities before trade or produc-
tion occur. There is another correspondence Y from a to S called the

Production correspondence. For each E , Y(E) is the set of vectors y such

that if E possessed the inputs required by y , that is, the negative coordinates
of y , then E has the technology to obtain the outputs of y , which are the
positive coordinates of y . We assume Y satisfies the same assumptions as X .
’7}?_1_ denotes the set of measures v from ( to § satisfying v(E) € Y(E) for
every coalition E .

The preferences of the consumers of the economy are specified by an

me-preference function on Ci - This function assigns to each coalition E a

binary relation on FWX - The relation B > EOt means "E prefers B -at least

as much as «." The following conventions are used:

o < E B is equivalent.to B> a ,
= = E
o = B means o > B and B> a ,
= E = E

g >, B means OLEEB is true but B;EOL is false,

o >>EB means o >FB holds for every nonzero subcoalition F of E
and E :{: 0.

Possible assumptions on this preference function are:

(P.1) Unenimity. For every (E,F) ¢ @ x@ ana @,B) € (W[X x (D?X , if ECF

EB'

and o EFB then o <
(P.2) Additivity, For every sequence {En} of coalitions and for every (&, B)ECWX-XWX:

if o> Enﬁ for all n +then « P U EnB




(P.3) Completeness. For every (o,B) x(n? there exist two coalitions

Al and A2 such that AlUA2=A, a > lB and B>A2a.

It should be noted that (P.1) - (P.3) imply that > is a reflexive

E
relation for every E . (P.1) and (P.3) imply that B "~>‘O a and O 20 B
both hold for any pair of allocations (,B). Thus B >o o and P> >O a

never hold.

(P.4) No externalities of consumption. For every coalition F and

©,B,7) 9’)7 M, XWX, if a<p oend if 7'F_BIF , then
a §F7 , where B[F is the allocation defined by BIF = B(FMH), H ¢ Qa .

(P.5) Continuity. For every coalition E , the set {(@,B) € cmX X CY)?X: B gEa}
is a closed subset of (WX X WX with respect to the product topology on

C”(X XCWX, where CO?X has the topology corresponding to the norm | |  de-

fined onel"ZX by ol = sup{ﬁ[, O‘(E>|=:- B e Q«]-6

(P.6) Transitivity. For every coalition E , > . is transitive.

(P.7) Weak Convexity. For any coalition ‘E and any two allocations « and B

if B EEOt and if 7 1s a convex combination of « and B then 7 > EOé .

It is easily seen that (P.7), together with (P.2), (P.3) and (P.6) imply that
for any coalition E and any allocation o the sets {B ¢ WX: B 5 EOt} and

B e ‘7’)?X: B > >Eoc} are conv§x. To conclude that the set {B emX: B >Eot}

is convex, 1t appears to be necessary to make a slightly stronger convexity
assumpt‘ion,' namely, if E 1is a coalition and « and B are allocations satisfying
B > >Eoc , then any convex combination 7 of o and B satisfies 7y > >E o .

Additional relations among these alternative convexity assumptions are

established in [9].
°|

l is the Buclidean norm on S .




For the next assumption, we choose some coordinate system for S . Let
N be the dimension of S and let the ith coordinate of a vector 2z be
denoted z . Each coordinate represents quantitites of a “commodity" (see [9],

Chapter 2).

(P.8) Monotonicity There exists a nonempty subset O of {1,...,N} such

that if E is a nonzero coalition and if o and B are two allocations

such that for every nonzero F (( E there exists 1 ¢ & such that
B'(F) > o (F)
pl(F) = ad(F) for j 41,

then p>>,a .

¢f7 is the collection of commodities which are always desirable to all consumers.
For a similar assumption, see [8], page 271.
A final possible characteristic of preferences is contained in the following

definition. An allocation & ig nonsatiating if there exists another allocation

B satisfying p > > We say that o 1is locally nonsatiating if for every

AOL.

® > 0 and for every nonzero coalition E there exists an allocation B such

that B >> and |[BE) - a@®)] <5 .
We shall now define several correspondences which arise in the study of the

core of an economy and whose convexity properties we shall study in the next

section. . For any coalition E and allocation o , define:

RJ(E) = {zeS: z = B(E) for some allocation B satisfying p > }ﬁx}
Qu(E) = {zeS: z = B(E) for some allocation B satisfying B > E al
5,8) = BE) - o) - Y(E)

T E) = Q,(E)-wE)-YE).

a o




Id(E) is the set of commodity bundles in X(E) which can be allocated among the
subcoalitions of E in such é way that each subccalition is better off than it
would be if «a were chosen. §J(E) is the set of net trades which E could make
and end up after production with a commodity bundle in Pa(E) .

These concepts are related to the core allocations by the fact that if o is
an allocation which is feasible for the whole economy (that is, a(A) € w(A) + Y(4)),

then @& is in the core if and only if

0 ¢ sa<a> = Ul (B): Ee Q )

This fact leads eaily to a price-characterization of the core allocations if the

set %x( 62 ) is convex.7

5. Convexity

THEOREM 1: If preferences satisfy (P.1) - (P.4) and if (@ is

nonatomic then for every allocation « s S ( 62 ) is convex.

(67
PROOF: Suppose 29 and z, are two points in %1( Cz ). Then for i=1,2 there
exists a coalition Ei , there exists an allocation Bi satisfying Bi > >E o

i
and, by Theorem 1 of [3], there exists v, in ?%Q such that
i

2y = By(B)) w0 (8)) - v, (&) .

If t is any scalar in (0,1), we want to show that
try, 4 (1-8) 2, € 5 a,.

For 1i=1,2 define a measure §i =B - - o, .« If E, \ E, £ 0,

set &' = ¢ . Cz is a nonatomic algebra supporting strictly positive
1 1 El\ E2

TThis characterization of core allocations is the subject of [4].




measures so by Lyapunov's Theorem [12] the range of Ci is convex. Thus there

exists.a nonzero subcoalition 'Fl of El \ E2 satisfying

gl(Fl) = Qi(Fl) = % Ci(El \EE) = t I;l(El \E.) .

2

It El \ E2 = 0, let Fl = 0.

Similarly, if E2 \ El ¥ O , there exists a nonzero subecoalition FE of

\ E h that
E2 1 suc a

Cy(F,) = (1) 6,8, N B -

If B, \E = 0, let ¥, =0

Consider a measure (gl,gg) on Cz with values in S x S defined by
(858, @) = ¢ @), @), ®e A

The procedure used previously yields F3<: El n E2 such that

6, (F5) = ¢ (@ NE,)

6, F,) = t ¢ (8, NEy)
Further, if El n E2 ¥ O then F5 can be chosen to satisfy F5 #0 and
F, = (B NE)\ F5 40 . Clearly,

ge(Fh) = (1-t) 6, B NE,) -

. 3 Y = U - U -
Define two nonzero coalitions Gl Fl F5 and G2 F2 F}+ and define a

measure .

TR
1 1

Then .§(Gl U G2) gl(Gl) + Ce(Gz)

= tz, + (1-t) z

1 2’




But £ = ¢ + ¢t
g Q‘G,
1 1
= BlG + BE'G' - - (Dl'G + v, o )
1 1 1 1
v + v € Cm by the additivity of Y and B + B e ‘M
1o E]G, Y l’G 24(}' x
1 1 1 1
by the additivity of X . Further, Bi > > G & Dbecause O % Gi C:Ei . By
i 4
(P-l) - (Pcl")
B + B > > a .
1 2 G, UG
lGl lG2 172
Thus
tz, + (1t) 2, = C(GlUGE)eSa(@).

COROLIARY: If preferences satisfy (P.1) - (P.k) and if A is nonatomic, then,

for any allocation @ and any coalition E , R)( Ca.) and EJ(E) are convex.

PROOF: Theorem 1 implies that R]( Cl ) is convex if we apply it to an economy

where, for each coalition F , w@)=0 and YF) = {0} .

I&(E) is trivially convex if it is empty. Otherwise, there exists an alloca-

tion B satisfying B> > B & . Define a new correspondence:

R,F) = B F)-pBF), F < GE :

Then R (¢ ) C Ra(F) when G ( F . This implies

But letting w=pf and Y = {0} in Theorem 1 we conclude that Rd( CRIE) is

convex. Hence so is Ra(E) = ﬁa(E) + BE) .
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THEOREM 2:  If preferences satisfy (P.1) - (P.L) and if a is nonatomic,
then for any allocation @ and any coalition E, Ta( Q ), Qoz( A ) and

Qa (E) are convex.

PROOF: Two points of Ta( Q. ) are specified by

z; = B (B ) - o (Ei) - o, (E;) , i=1,2,

1

! S Te > .
, where Eiea ) 'Oie ‘my, Bie (YWX and Bi E.a Let

! 1

H. = @@ : B, <

i : al , i=1,2 .

E

By (P.E), c)#i is closed under countable unions and hence there exists an element

H. of Pt  such that
i i .
M(Hi) = sup{n(H): He CNi} .

Define F, = E, NH, and G, = E, \H , i=1,2. Then B, =_ «
i i i i i i i Fi
and. Bi > >G.Ot . Finally, define
i
v, o= B F) -0 (Fl) - Dl(Fl)
W, = By(G,) -o (G,) - v, @,)

For any t in (0,1),

tozg + (J_-’r,)z2 =% v+ (:L—t)w5 + t W, + (1-t) W,

. 11 11 >
By Theorem 1 there exists G ( Gl u G2 , 7 € WX and V' € C)/)?Y with

"> >0 © and

t W, o+ (1-t) v, = @) - (@) -v" (@) .
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- . . ' .
By a similar procedure, there exists FCFl U F,2 , ¥t e ‘ﬂ?x and v' € D?Y with

y! =F"a and

b+ (1-1) v, = 7' EF) -0 F) -0 (7).

then 7y >E o  and

F

If E=sF UG, 7=7"F+7"IF, andb=0' + Oln,

t oz, + (1-t) z

y = y(E) - oE) -v (E)eTa(C'L).

2

Thus Toz( a ) is convex. The convexity of Qa( a } and Qa(E) is established

by the method employed in the proof of the Corollary to Theorem 1 .

L, Continuity properties of preference functions.

The basic result on the continuity of preferences is contained in Lemma 1
below. In order to state this result, it is necessary to define a R U {0} ~valued

function on the set w of B8S-valued measures on Q, For any a in ‘)’I? 5

o || (B)
lal, = s { “(E).Ozl:Eea}
where |o| (B) is the total variation of o on E . | “u is a norm on the subset
of cm consisting of those measures o for which | o “H < . The relation
of || H“ to || || is discussed in the appendix.

LEMMA 1: If preferences satisfy (P.1) - (P.5) then for every 1 >0

and for every (@,B, E) in Cm x 777 X a such that B >>0a , there
X X E

exists a subcoalition . F of E with H(E\F) <1 and there exists e in

(0,1) such that if (7,5) is any pair of allocations satisfying

Ha-?H“ VHB-SHH <€ then 8 >> 7 .
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PROOF: For € in (Q,1) define:

YE) = @c¢ a : GC E and there exists (7,8) ¢ WX X me such that

=yl v lg-8l,s ¢ and & <,97]

It will now be shown that Qj (¢) 1is closed under countable unions.

Suppose {Gn, n=1,2,...} is a countable subset of ¥ (c) . Then set
n-1
H = G \ U G
n

for n=1,2,... and G = UH = UG . To each G
n k=1 n n n

k

there corresponds a pair (7n,6n) in WX X WX such that ”a"7n“u v “B-E‘Jn]]M <e

and, by (P.1) 6n <_H 7y For any H in Q and for any n ,

n
n I n ®
- n - . R

)@ )l < 2 bal@ne) < 2 oew @NE) < e n @) .
=1 k=1 k=1

n

Thus «(H) + I (7k-a)(HkﬂH) converges absolutely to some limit, denoted y(H),
k=1

Ten loyl@) < = |7 )@ nE)
T n=1

< € u (H)

so -7l < e . Inparticular, if (B} is & sequence of elements of (X

satisfying B C B, and ﬂBn 0 then

]

e )l < ley) < lel@) + lerle)

< ]a,(Bn) + €-u (Bn)—> 0O and n -

Thus, since 7y 1is clearly finitely additive, it is easily seen that 7 is
countably additive. Finally, for any coalition H ,

y@) = a@) + £ (BN E)-a @ NE)

= a(E\G) + Z‘.')'n(HnﬂH) e X(H)

by the countable additivity of X . Thus 7 ¢ 977 .
X
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Similarly, define & = B + X (Sn - B)lH . Then |B - 8”|J. < e and
n
5 € C”? . Finally, by (P.4) 3 <. 7 forevery n and soby (P.2)5 <_ 7.
X =H =G
n
Thus G ¢ ?j (e) =0 ?J(e) is closed under countable unions.

Let s, = sup {(h(@): G e %(e)] . Since % (¢) is closed under
countable unions, and since 9_3 (¢) is not empty 0 € ?j (e)), there exists
G(e) e 93((—:) such that M(G(e)) = s, - Let F(e) = E\G(e) .

It will now be shown that given any 71 >0, € can be chosen so that
HENF(e)) = ud(e)) < N . It suffices to show that inf{n(G(e)): € >0} = 0 .

Let 0 < €' <€ be arbitrary scalars. Then G(e') € 91-] (¢) . Because B (e)

is closed under countable unions, G(e') UG(e) e H(e) so by the H-maximality
00

of G(e), G(e') \NG(e) = 0. Let G(O) = ﬂl G(1/n). Then by the preceding
=

remarks and since u is finite,

lim  w(@(@/n)) = inf{u@G(e)): e >0} .

n— e

L(@(0))

]

If (Otn,Bn) is the element of C}??X X 977}{ corresponding to G(1/n) and

satisfying B S¢(1/n) % R ”O"o‘n”u VHB'Bn“p <1/n, then by (P.1) the

relation Bn EG © )Otn holds for each n . Further,

le-c [l vlie-g Il < u;(A)‘IP‘-OthHVHB-BnH“ s —%)“

so (o ) » (@,B) in the product topology on CWX x Wx . Then by (P.5)

0’ Pa
B S‘G(O')a - But then G(0) =0 since GO)CE and B >» g @
This argument demonstrates, in particular, that ¢ can be chosen so that
F(e) #0 . Let . e be such a scalar and let (7,8) bve any element of
cmx X 977}( satisfying |@-7]|, Vllf3~5|lu

coalitions specified in (P.3) such that v <, 8 and vy ?A 5 . Bet
_ 1 e

€ . Let Al and A2 be the two

A
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F. = F(e) N A; . Then, by (P.1), 7 2p & so by the p-maximality of
2
Gle), F, = O . Thus F(e) = F, so & 2Fp(c) + Infact, since F(e) 4 0

and by the p-maximality of G(e), & > > F (e )7 .
This concludes the proof of the Lemma. It might be useful to point out that
the reason the norm || H“ is used in the Lemma rather than the norm | || 1is

that if an and Bn are two sequences of S-valued measures on (;l with

“an_Bn“u § € for all n and if there is a countable measurable partition- {Ah}
of A such that the sums £ an A and Z Bn define measures & and B

n A
respectivly, then o and B also satisfy B WJ—BHH < e . This would not

be true for the norm || .

Lemma 1 demonstrates that, if B is strictly better for E +than « , then
there is a subcoalition ‘F arbitrarily "close" to E such that if & is an
allocation'close enough" to B , then & 1is strictly better for F +than o .

In general, & need not be strictly better for E +than o . Simple examples
can be constructed of allocations o , B , Sn where B > >E & and HSH-B“u > 0
but for each n there exists a nonzero coalition »Gn(: E' such that

& < a @ - A stronger result in the case where A is a topological space and
whereIl E 1s a compact subset . of A has been established by Hildenbrand (Lemma 1,
page 42 in [11]).

In order to apply Lemma 1 to study the openness of Rz(E)’ we need a technical
result stating when there exist allocations which are close to each other in the
sense of || “u and which assume certain values. For any subset K of the vector
space S , lét LK) be the smallest affine manifold contaiﬁing K . In the
applications in this paper, K will always contain O and so L(K) will be a

vector space. We shall let r i (K) denote the interior of K with respect to

the relative topology on L(K).
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LEMMA 2: For any allocation B , coalition E and y in r iXE)),
there exists 7 >0 sand a subcoalition F_ of E such that u(E\FO) <7
and if e >0 and if F( F, and K(E\F) <n then there exists 1t e (0,1)

and there exists Ct € WX satisfying
(ii) Ct F) = yt-B(E\F)

where Vg = (1-t) pE) + ty .

PROOF: Because y e r i X(E) , there exist ¢ points xl,...,xq of X(E) such

that x, = PB(E) and such that the convex hull (x_,...,x of {x ,...,%x )

1 1 q 1 q
is a neighborhood of y in LE(E)) . Let B, = B . By Theorem 1 in [3] there exist.
B; in ‘YI?X such that B: E) = X;, 1=2,..., ¢ . For each coalition G , define

a subset XK(@) of 8§ :

K@) = él(G),...,Bq(G>

We will show first.that if F is "close enough" to E , then y-B(ENF) ¢ KF).

But y-B(E \F) e LEE)) + LEE\F)) = LK(E))

and
KE)CLgm))C 1xE)) ,
so to show that y-B(E \F) ¢ K(F), it suffices to show that for every =z in
LE®E)) \KF) we have
ly-pE \F) -z|] > o.
Since y is in the interior of K(E) with respect to LEX(E)) , there

exists d.> 0 such that:

(1) ly-z] >d  for ze LEE)) \KE) .
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Choose n > O so that if F 1is a subcoalition of E satisfying

W@ NF)< g, then
(2) | B, @ \F) <a/3, 1=1,...,q.

Let F be any such subcoalition of E . If z ¢ LX@E)) \K(E) , then
ly-BE \F)-z| > |y-z| - [pE \F)]

> 24/3

by (1) and (2). If z ¢ [LEE)) \KFJ)] NK(E) then there exists
welLXE)) \VKE) with

() lz-v| <a/3 .

But then

(5) ly-E\F) -z| > |y-8@\F) -w| - |w-z] >a/3

by (3) and (4). Thus if 2z ¢ LXE))\K(F) then by (3) and (5):

ly-BE@\F) -z| > a/3.

Thus it has been shown that if F(CE and u(ENF) <1n , then
y-BE\F) e KF) .

If t e [0,1], then since K(F) is convex and since B({F) ¢ K(F) and
y-B(E \F) eK{F),

(1-t) BE) + ty -BE \F)

1l

yt-B(E \F)

(1-t) B(F) + tly-BEW)] e X(F) .

Let QO be a 0-field of subsets of a set AO and let uo be a
nonnegative measure on QO such that Q is isomorphic to _ao modulo its

o 8 . . o .
K ~null sets. Each measure Bi on Q induces a unique measure on a which

The existence of such a o-field Of’ and measure uo is assured by Loomis'
Theorem. See [14], page 117, for example.
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will also be denoted Bi » Let bi be a Radon-Nikodym derivative of Bi with

)
respect to “o , 1i=1l,...,94 . There exists M >0 and a subset FO of E° such
0 o .
that “o E\ F8) < and for almost every a e Fg (FQ is an element of QO),
max Ibi(a)l < M . Choose any € >0 and any subcoalition F of FO satis-
1<i<q =
. . - . a . o ., o)

fying W(E \F) <7 (FO is the coalition in corresponding to FO in @ ).

For any .¢' > 0, the set

. .
{(weK(F ): w =ZtiBi(F) for Ojl'tl<€': Ogti<€’, i=2,...,Q
i=1

t, = 1}

and
1 1

e

i
is a neighborhood of B(F) in K(F) . It has been shown that for all +t e [0,1],

y,-BENF) e K(F) .

Further, 1lim yt-B(E \F) = B(F) . Hence there exists t_ >0 such that
t -0 0
t e (O,to) implies that it is possible to choose Si,t in [0,1], i=1,...,4,
so that
€ .
a) 015 < g ond Oisi,t < '@QEM s 1=2,...,q
b) y-BENF) = % s . p,(F)
% ) i,t F1i
i=1
But th o E Ib(a)-% b, (a)] <
u en, a.e. on C o 1Py 2 Si,t ;e € .
q
If Ct = X Si £ Bi + 51 > then by the convexity and additivity
i=1 ? F JANF
of X, & ¢ CW]X . Further, { (F) = y,-B(E \F) and

Jol .2 s b.ob.|au®
1§, -Bll, = sup { SR ;’(to)l s : BCF°, 8% &°, w@®) > o}
b (|

ge.
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It is now possible to establish our main results on the openness of Pa (E):

THEOREM 3: If preferences satisfy (P.1) - (P.5), then for any coalition
E and allocation a , if x ¢ POL(E) and y € ri(X(E)), then there exists

t in (0,1) such that

Ve = (1-t) x + tye Poc(E) .
PROOF: There exists B in me such that B(E)=xand B > > g & - Choose
n>0 and FOC E by Lemma 2. Set nl =17 -pE \FO). By Lemma 1 choose € > 0
and a subcoalition Fl of E with u(E \Fl) < My and such that if
(7,8) € CWZX x mX and H)’-OéH“ v HS-BHH <€ then & > >F17. Set

F=F, N F, - Then R(ENF) < 1 so by Lemma 2 there exists t ¢ (0,1) such that

there exists %, in (mX with Bt(F) =y, -B(E\F) and Hat_ﬁ’lp < €. By
redefining 6t on A N\F, 1if necessary, it can be supposed that Bt =B .

ANF ANT
Thus St(E) =y, - Further, by Lemma 1, B, > >F o and so by (P.1), (P.2)
and (P.k4), 8, >>p @ . Thus y, € Pa(E) .

THEOREM 4: If preferences satisfy (P.1) - (P.5) and if either @ is
nonatomic' or preferences satisfy (P.6) and (P,7), then, for any coalition

E and any allocation a , Pa(E) NriX®E)) is open in LEE)) .

PROOF: Suppose x € K = Pa(E) NriXE)) . If x were in the boundary of K ,
there would be a hyperplane through x supporting K , since X is convex by

the Corollary to Theorem 1 or by (P.6) and (P.7). Thus, to show x e ri(K) it

9

suffices to show that p - x < sup p * K for every nonzero vector pin L(X(E)).

9sup p'K = supl{pez: z € K} .
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Because x € ri(X(E)), there exists a scalar s >0 such that
Yy=% + sp e ri(X(E)). Theorem 3 implies that for some t e (0,1),
X+tsp = (1-t)x+t (x +sp) € Ia(E) . But pe(x+tsp)=rpx+tspp>pex

since p % O . This completes the proof of Theorem 4.

This Theorem demonstrates that under the specified conditions, E&(E) NriXE))
is open in X(E) . 1In fact, Ea(E) may be an open subset of X(E). This is known
to be true if the consumption correspondence is Q-valued; that is, if X(E) is
equal to the closed positive orthant of S for every coalition E except O , at

which it assumes the value {0) .10

It is not known how general this result is.
It is also not known whether a converse result is true; namely, if preferences
satisfy (P.1)-(P.4t) and if RJ(E) is an open subset of X(E) for every E and
o , does (P.5) then hold? If CQ, is finite, it is at least possible to conclude
that the set
: (07
B e qqZX P 2p )
i 1 d i T eve E d ..
is closed in Q77X or ry an
The preceding results are not valid if Rx(E) is replaced by %m(E) . A
counter example is easily constructed by letting 92 be the closed, positive

o :
orthant of R2 and letting X be { -valuved. Define a preference function on

C;L by specifying two nonzero elements A. and A2 of C2 such that Al N A2= 0

1
and Al U A2 = ‘A . For any subcoalition |E of Al and any pair o,B3 of
allocations let B EE o hold if and only if Bl(F) -BE(F) > al(F) -ag(F) for
every subceoalition F of E . More simply, every member of Al prefers B at

least as much as o if the excess of commodity 1 over commodity 2 in B exceeds
‘the corresponding excess for o . Every member of coalition ‘AE has opposite
tastes. It is readily verified that these preferences satisfy (P.1)-(P-7) but

not (P.8).
10

This is established in Theorem 6 in [6].
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Let a and b be two strictly positive scalars and let o and B be defined

by choosing a strictly positive measure k(Al) = k(AE) = 1 and by setting
a(@) = (0,6)-M(a, NH) , He(d
BH) = . (a,O)Jx.(Al NH) + (0,b)- 7\.(A2 NH), He Q.

Then B>, O and B(A) = (a,b) is in the interior of 92 . But forno €>0

does there exist an allocation B_ satisfying Be(A) = (a,b-€) and p_ >, Q:

Suppose Be >A.a for some € >0 . Then Be > o and hence

2
Boay) -BL(ay) > o®(8y) () = b so BI(A) 2 0. But
BEa) = BI() -Bo(ay)

< b-€e-b <0

which contradicts the requirement that Be be Qg-valued.
This demonstrates that even if X is Q-valued and even 1f preferences satisfy-
(P.1) - (P.7), then for arbitrary Q in (mx end E in (4 the set
Q () = (z e Q: there exists B in‘mX wita B(E) = z and B> o)
need not be open in .
This problem is closely related to the problem of finding conditions on
preferences such that if there exist & and B in fﬁ]x and E in Cz, satisfying
B->E o , then there also exists 8 in (77?X satisfying &(E) = B(E) and
5 > >E o . That is, when a particular commodity bundle can be allocated among
the members of B in a way'which is semibetter for E than o , is 1t also

possible to allocate this bundle among the members of E in a way which is

strictly better for E than o? The example of a preference function given in
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11
the preceding paragraph shows that this need not always be true. However, this
example depended on the fact that each coalition Al and A2 received a bundle
in the boundary of its set of feasible consumption vectors. The following lemma

shows that this is the only way this could occur.

LEMMA 3:  Suppose preferences satisfy (P.1) - (P.6), suppose that
either Cal is nonatomic or preferences satisfy (P.7) and suppose there
is a subspace S' of S such that 8' = L(X(E)) for every nonzero E.
If « and B are two allocations and if E is a coalition such that

B > ﬁa and such that B 1is locally nonsatiating and satisfies
BF)e riXF)) for every F ( E ,

then there exists an allocation y with y(E) = B@E) and 7y > >0

llThis example can be modified slightly to give an example where > and >>
are not equivalent and where preferences are strictly convex (i.e., a EEB 5

7 2P and a(F) # y(F) for O%FCE imply ta+(Lﬂ7>ﬁ@ for any

t in (0,1)). Treating A, as an individual economic agent (an atom of CQL),
let Al have the indifference curve through (0,0) comsisting of

{(x,y)e 0 : x = v o+ yg} . Let his indifference curves "above" this one be
horizontal translates of this curve and his indifference curves "below" this one
be vertical translates of this curve. Similarly, let Ap have the indifference
curve through (0,0) consisting of ({x,y): y = x + %2} . Points "below" or to
the right of this curve are worse for A> and points above are better. Thus
Al likes commodity 1 and A 1likes commodity 2 . These preferences are

2
strictly convex and give rise to the same problems as the preferences defined
in the text. These examples contradict a remark by Mishan [13], page 163.

This discussion of the relation between ?E and > >E has benefitted from

conversations with Alan Kirman.
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PROOF: Let El be the p-maximal subcoalition of E such that B SE o (see
!

the beginning of the proof of Lemma 1, page 12). Then B >p G d1mplies

B =_0 and B >>
By

know by Theorem 4 that there exists & >0 such that if z ¢ S' and lzl <93

E2a where E, =& \El . Because B(Eg) € ri (X(Ee)), we
then B(EQ) -z ¢ E&(EE) . Because B is locally nonsatiating, there exists
* 1 * * = ) ;

z%¥ ¢ ' such that |z¥| <& and B(El) + z¥ ¢ PB (El) POL (El) This means

there exist two allocations 71 and 72 , such that

7. (E

11)=B(E1>+Z*’ Y. >> a

— *
Define another allocation . ¥ :

+ 7 .
2IA\El

Then y(E) = PB(E) and y>>p Q.

The preceding Lemma demonstrates that the basic conditions necessary for
>E and > >E to be equivalent are local nonsatiation and continuity of pre-
ferences, (P.5). The assumption that every nonzerc coalition has a consumption
set X(E) which generates the same subspace S' of 8 1is satisfied if loosely
speaking, the same commodities can be feasibly consumed by all coalitions. This
is a strong assumption, but the proof of the preceding lLemma makes it clear that
1t can be replaced by a much more acceptable assumption; namely, that for every
coalition there is local nonsatiation in a "direction" which is "feasible" for
all coalitions. More precisely, the condition is that there exist an unbounded
ray R such that R (( L(X(E)) for every nonzero E and such that for any

allocation « , for any nonzero coalition 'E and ® > O there exists y in R

with |y| <& ana aE) + vy e R}(E) .
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This condition of local nonsatiation just stated is similar to the monotonicity
assumption. (P.8) on preferences. It is probably evident that some type of mono-
tonicity assumption makes >E and > ?E equivalent. This is made precise in the
next Lemma. In this Lemma, the notation i(e) will denote the element of § which

has all components equal to O -except the iJCh which will equal the positive

scalar € .

LEMMA 4: If X is Q-valued, if preferences satisfy (P.1) - (P.6) and
(P.8) and if (@, B,E) is an element of CW?X X WX x (A such that

B }Ea and such that for every nonzero subcoalition F of E there exists
ie ) with ﬁi(F) >0 , then there exists an allocation ¥ with

y > > @ and yE) = BE)..

PROOF: Let El be the p-maximal subcoalition of E such that «o EE B . Then

1
(0| i = = .
B >E implies B Ela and B>>E206 where E2 E\El Because
B> a, E,#0, soforsome ied) , p(E.)>0 . Because P_(E.) is an
B 2 2 a2
open subset of & , there exists € >0 such that B(EE) - i(e) e RJ(EE) .

. w _ P
Let 7o be the elgment of 7X such that 75 > >Ebcx and 72(E2) = B(EE) i(e).
Define an element 7 of Q?QX by

HENE,)
7. ) = BH)+ile) . mmm—m—m—=T , He &.
1 H(E. )
1
Then by the monotonicity assumption (P.8), 7, > >E B and by (P.6) , 7y >3 o
1
By (P.1), (P.2) and (P.4), 7 =7.] +7 ! >> o . Finally, »(E) = p(E) .
1 2. E
El A}El

It is easy to establish that if the collection & specified in the

statement of (P.8) is the set {1,...,N}, if X is Q-valued and if preferences
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satisfy (P.1) - (P.6) and (P.8), then Qa(E) = gj(E) for every coalition E
and allocation & . 1In this case, a definition of "blocking" which is based on
>E is equivalent to a definition based on > >E .12 However, (P.8) is then a

very restrictive monotonicity assumption. Weaker conditions for the equivalence

of these two kinds of blocking are not known.

Appendix on normed spaces of measures.

In this paper, two norms were used on the set 6772 of measures with domain

C;L and range S . The first, denoted | ||, was defined by

el = sup {la@®)]: Ee 3 .

The second (perhaps infinite-valued) norm, || H“ , 1s based on a positive measure

M on 62,;

“a“M = sup { i%%é%l : E e (31 and W(E) 4+ 0 )

where o e¢7n> and where lal(E) is the total variation of & on E; that is,

ol @) = s 2 o)l
i=1

where the sup is taken over all possible finite partitions {El,...,En} of E .
These two norms will be compared by relsting them to norms on the set of
M-integrable, S-valued functions on A . For this reason, it is convenilent, in
this appendix, to assume that CQ is a 0-field of subsets of the set A (see

footnote 8).

1296 say . E Dblocks an allocation a if O e sa(E) and E weakly blocks
a if 0 € Qu(ES' These two definitions of blockilig are developed in [}4].
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The norm || || generates the topology of uniform convergence on Q, . It is

not difficult to show that [ || is equivalent to the total variation norm | | .

defined onm by

kel = lel@).
Suppose ‘Wlu is the collection of measures in C}[n which are p-continuous.
Then every < in (MLL has a Radon-Nikodym derivative fa with respect to W
(see [10], page 181). It is a standard result that

lelly, = flfal a
A

Thus the space ( Cmu , || ) is homeomorphic to Li(a, G, y S, K ).

oo . . i .

Let (m“ designate those elements of (mu for which ]]OLHFL < o . Then it
o] [ve]

can be shown that ( b I ]]“) is homeomorphic to L (A, (X, s, u ) .
Further, if and u are two positive measures on Q, .each of which is con-
tinuous with respect to the other, then the topologies generated on m by

i . . . an dp
[ Il end | lly are equivalent if and only if max {“Eﬁ“m’ “?17\.-“00} <

A

where %IJ is the Radon-Nikodym derivative of A with respect to W . Thus

the topologies induced on (}/)’? by different positive measures p are not, in

general, equivalent.
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