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Mirst{ Report of'Time Series PEOJEGﬁ

1. Introduction,. Modern Tools

The methods of analy31s for tlme serles and the understanding
of the philorophy underlylng these methods by statlstlcians have made
donsiderable progress in the ‘lagt fifteen years, but the 81gniflcance
and power of these changee have been for the most part uncomprehended
by .casual obsemwvers of_serles in general, and the ma;ofitylof egonomists
in particular, To.indiceée to‘non—e%perts in.the field in‘what‘way the

new approaches are better and more general than £he traditlonal approach,

ean probably be best perforMed by firet review1ng the now cla551cal

methods and fthen by showlng both the- llmltatlons arnd p0381b111t1es of’
extension of these methods

Even‘before ‘the turn of theicentury,.itshad.beeome obvious to.

-statisticians thdt most time series occurrlng in . the actual world were

not merely strings of 1ndependent data The serles~were too Msmooth"
to be independent;-th&t is, the fluctuations from one side of the mean
to the other were not- eufficiently Nlolent The 1nitlal explanation ol

this smoothness was .undoubtedly condltioned by the type of long time

.serles then most readily available, dee, astronomlcal data. To the

ploneer in .the subgect Sir Arthur Schuster; looklng at Sunwspot data

Which has as itps most obvious feature an apparent perlodicity of eleven
years, the idea of _some inherent perilodic function cau51ng the Smooth—
ness was the only p0581ble one, That 15, it was felt that 4f one ~¢ould

determine the . amplitude and perlod of a sine gurve sufficiently aceura-

<tely and. subtract this from the data then the remalnder ought to be an
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independent .series. When In fact thls was dpne and the remalnder was

s£311 found to be somewhat too- smooth, .1t was natural ta re~use .the

:current predomlnant idea of the cause. of the smoothness and to laok

for‘yet further sine curVes to fit to the data. It was'to this end

‘that Schuster proposed his 1ngenlous ‘periodogran whlch was subsequently

used by other statisticlans on all. time series, whether or npt .they

showed the kind of ‘periodicity to be found.in‘sunhspot daﬁaw‘ In .the

periodogram the function _apsin(pt -+ 9),wés_fitted to the data and

the estimate of“%apg plotted against p.. If sharp, high peaks were
found at a eértain value of p fthen this was taken to be the true
ffequeney‘(ocl/berlod) of ‘the. ”Smoothlng function, " or at least one

1mportant component of it. In pragtice the diagram uSually had may

_imposing looking peaks ‘and .80 ”tests of 81gn1flcance“ were propOSed

to .see whether these peaks were really due to the data aontalning a
‘periodic funetion or if. they. could he explained merely gs sampling

fluetuations. ALl these.tgsts,,however} and.ln:fagﬁ.$he whole philo-

sophy:af,the.eraj.wbrked ander the assumption ihatfifféne Lould a,-cc.u_.=
rately estimate the amplitude,.period {or frequency) and Phase of a
(small) finlte number of sine terms and subbract these from the data

then all that remgined ‘would be an 1ndependent series The model upon

“Which this assumptlon is based mgy be ¢alled the. ”llnear cxﬂlie model,

”11near" here merely implylng a ”Sum.of” the sine tefms

The periodogfam approach s CIOSely related to the method

of . FOUPleP (or hanmgnic) analysls as. each ds attsmpting to deoide which

peruqﬁsappear to be the most important the main dlfference belng that

in the former -one ean choose the perlods to berexamlned whereas An the
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independent series, When In fadt this was done and the remainder ‘was

.stlll found to -be somewhat too -smooth, 1t was natural to re~uge .the

current predominant idea of‘the cauge of the smoothness ahd tp look

for yet further sine curves to fit to the data. It w&s to this end

that Schuster proposed hlS ingenlous ‘periocdogram whlch.was subsequenbly

used by other statistlcians on all time series, whether or not.they

:showed the kind of periodicity to be found. in. sunwspot da’ba° In the

periodpgram the function _ap81n(pt + 8) was fitted ko the data and

fthe estimate of —a plotted against p. If sharp, high peaks . were
found at a certaln value of p 4{hen this was taken to -be the true
frequency'(ocl/beriod) of the.”smoothlng funetion,” or gt.least one

1mportant component of 1t, In pragtice .the diagram usually had mary

hlmposing looking peaks ‘and .80 ”tests of . 81gn1flcanee" were'proposed

to .see whether these peaks were reglly due to the data contaln;ng a

.perlodic_function_or.1f"theyﬁcould bGJE%PlaLHEd merely;&s sampling
~f1uctuationso Al these.testé,.howeVerg and.in fact.ﬁﬁe whole philo-
sophy eof the sra, Worked under ‘the assumption that,if one ﬂould acou~
rately estimate -the amplltude, period (or frequency) and Phase of a
(small) flnite number of 8ine terms and subtract thGSe frcm the data

then all that remgined Nould be an 1ndependent Beries The model upon .

uWthh this assumption is based may be ealled the . ”llnear cyﬁlic model,”

“linaar" here merely 1mp1y1ng 2 'sum of" the sine terms

The perlodogfam approaah s eiosely related to the method

_of.. Fourier (or harmpnlc) analyﬂls ag. each is attsmptlng to decide hich

_perustappear to be the mgst 1mportant the na,in differenﬁe belng that

in the former one can chaose the perlods o be examlned Whereas din the
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latter they are.fully.determined from the length of ‘the data. available,
_If there is 4 period then . each As equally likely to glve an 1ndlca—
tlon of thlS fact but the periodogram is the more flexible:and as
will -be shovn later When the Spectrum ls dlscusseﬁ, the more natural
Should ‘the data contain almost periodic funations in the strlct‘mathen
- matical sende, then dgain the periodogram is a.bgtter method ag such

a function can always be'pepr%sented by da finite sum of sine-and.co=
sine terms but camnot be represented by a flnlte number of harmonie -
terms. Almost periodic data would produae a ‘smearingl of the periodo-
gram peak about‘the average value for the period and thus would be more
difficﬁlt to detect, than strictly 1ineérrcyclic data.

The reason for the form of fhe periodogram,_i%e,_the'plotting_
of .%-est,abg'against p,_is inﬁere§ting and_is'alsoyof'impbrtance in
explaining certain of the later devélopments If the linear. cyellc
model .is actually the - corfect one .for . the data, then the total’ variance
.of the data may be represented by
o = %ab2:+ za, S —ad2 +ag ©
" where b,¢, ... , d ave.the.éorreet (and only) frequencies present and
dgz is the varisnce of the random ‘term. Thué if a .sine term,
apsip(pt + 8) could bé:aécurately;fitted to the data Yy (t=1,...,n)
.%_es.t,apego if p £ a, b,...,d (or at least is small), v}he_r.eas if
p%a,ib,ol;,.d then this estimate is ﬁpt insignificant iﬁ.size° Another
way of looking at this, and.latér it will be seeﬁ to be a n&tural,oﬁe,
.is that a;ps,in.(pt + .8) contributes a finite, significant Apart of the

overall varlance if, and only if, p is one .of the dctusl freguencies
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then cbviously the length of the line ARC,..GH will be a mﬁasure of i
the "smoothness! of the .data. The:sqgéfe of this length is given by

Nk

H ' . ) i
m ’2. |
D I e

-risl
where H 1s the distance between the readings.

y Now the .expected value of XK 1s 2 q§g(lfg)-+,anwhere ? is

i) and Bo the.neare;f ¢ 1s to .1, the .Emgller the mean of X. With Yulels
and Slutsky's models 9 can be made pésitive_and large byxsuitabie choice
of the parameters and so the smoothness of the series may_be.aSSured,

the correlation betweén Vs - and yibl»(assumed to he .the same for all
- For geyeral years the linear ecyclic and bthe linear regressive i

.modeils were-treated as being alternative methods .of ‘explaining the
.underlylng generating process of . g tlme Bseries and An fact, were

usually treated as being the only alternatives., I was not untll

after the second world war bthat it was realized:.that both models were
specific cases of a very wide class of processes. Such processes are

called stationary processes and have the prioperties (amongst others)

-that they are entirely trend-free and that the wcorrelation between

any -two terms yﬁ and y, is depeﬂdent only on .the distance between

J
the two terms (|1 - -j|.) rather ‘than on the actual posltions of the
terms.,

It wds shown by Cramer in 19461 that all such procesges could -

be repreéented és'a.complete generalization of the linear cyclic pro-

teramer, H., Avk. Mat. Astr. Fys. 288 (1942) .No. 12.
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cess but now with all frquéncies.beingmpresent rather than a finite

number and with the amplitudes and'phases-being_rand0m3variatesl,.imeo

- gsin('(.\):t +8 (W) ,) fy((,\.g).dcu .

-

.Xt

Thus now any fitted sine or ‘¢osine ﬁﬁrVe—is likely to make
a non-zero contribution to the.overwail'variance_although some bands
of frequencies will he:mofé important in this-éspeat than -other
bands. Coneerning this, let .F{w) be the true contributlon to the

total variance attributable to freguencyw , then the ddagram of

) plotted against & is termed the power spectral density function,
For the linear cyclic model this spectral fﬁnction wouldﬂbe.everyw
where zero except at the frequencies present, i.e. & =a, b, ¢, ... ; d

and at .these frequencies' f{w) would be %-aQ,“%asa,.m,.),'%gde res -

pectively, . and the spéctrum for an indgpendent, random series 1is

'rjust a constant for allcw . On.the other hand,.a simple autoregres-

‘give model may have a spectrum such as

£ () /\

‘ . )
.It has been shown that all stationary data will have spectra

that are mlxtures of .these discrete and smooth .cases, Thus, .if .the

lThere:are certain problems about how.the integral is
defined in .this. sitwation and the random variables B (w), y{w)
have certain properties regarding thelr dependence.
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spectrum one .estimates is 11ke°
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‘then one could guess that.the main factors, at least, of the genera-
ting process of the series are a short automregressive,‘plug a

periodlc term corresponding to the peak at ¢J, with possibly also

a random .i:er*m_.auildeél.° Such a model would be a sensible -model in

‘that it would account for the majority of the varlance found for

each frequency but this does not mean that it is necessarily the

;correct generating process,

It is also known that if ?éi“iﬁ the jth,autOCOPrelation

poefficient,_iqeq_00rrelatiénnbetwéen Xy and xt+j,.then

b
, ?3F= f vmm~yuf@@dw .

o

If . the spectrum were known perfectly, then any true periods

.could be picked out and the relative importance of the various fre-

quencies ig indilcated.  However, .it is not p0881ble to determine

.exactly ‘the. true wpectrum although many reasonably good estlmates

’are available°

It .may here .be noted that the periodogram is the only

Aavailable unblased estimate of the spectrum but it 1is a ‘bad esti-

mate as 1t has large Variability~and this variability does not

decrease .as the amount of data available is increased. This par-
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tially explainsg both' the importéncé of the periodogram énd also the
réason.for its rejection.

| The ided of the specﬁrumlbecémes even, more importandt. and
usually more useful.when.oneAis<§tudying_the ihﬁeractions between

two time series rather than the behavior of Just one series. Suppose

- that both of the series have zero mean .and denote the cross-variance

with lag p (l.e., mean or expected’vaiuelofuxiyi+p).by;RXy(p), then

< e

| ny(p) = Ry%(ap) = Jﬁ cos pow e{w)dw + Jﬁ sin'puqﬁu)da:

where c{w) .and q{w) are termed the cospectral density function and

quadrature spectral density‘function respectively. We may estimate.

¢(w) and q(w) for.a set of values ofw and, of course, may also

estimate the power spectra of x and y, i.e. fiﬁq) , fy@q)_,,and

thus may form what is .called fhe coherency hetween the two series

at the frequencyw , i.e,

) = Slw) + gPw)

ey T, (w) :
.The cohérency:is a measure of the degree of dependence between -

the two series, .in.fact,.a recent Russian paperl has shown that the

~average amount of information per unit of time concerning one ‘series

derivable from the other is given -by
b

1{x,y) = =& log(1~C.(w) )dew .

0

1Gel'fand I.M., and Yagham, .A, Mo, American Math., Soc,
Translations, Ser. 2, yol, 12, p., 99.




Similarly, the argument of the cross-spectrum, given by

55 (2) = t’an.dl( 33 )

is a .measure of how mech the two series are in phase at frequency w .

lv'The interpretation and intuitive meanings of the estimates |
of the apectra, ccherency and angle are not easy to grasp, . but, in
an experlenced useris hands, Aare powerful methods of 1nvest1gat1ng
any "microscopic' relations and oecurrences in the data. For
exanple, 1f the angles appear to .be lying about en increasing
straight -line (reduced mpduio 360°), then this implies .that one
serles 1is continually lagged behind the other and byxeAconstant
amount. dn the other ‘hand, if the angle seems to be‘meving perlio-
dically around a .constant this may'indicate tﬁat:%he-longer the
period (and shorter the -frequency),the longer the lag between

the series,

2. Non-Stationarity v

As statedeabove, these new.methods carnot strictly be used
unless thé data is stationary, and in,pafticﬁier.there,sheuld be
no tfende-in.the mean, variance and covariances. However, 1t is
visually clear that few, ir any, economic series are stationary and
that many have both a trend in mean and variance at the very 1east
When the question of non-gtationarity arises there are two
main problems to .be considereds (1) are we able to test whether the

data 1s stationary and (ii) are we able %o rewove any non-stationarity
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that is found. AT the présent_stagé of resedrch, the answer to both -
of these ‘questions is a slightly weak Jyes,!

A test for a -continually increasing (or continually decreas-

1

ing) .trend in .mean 1s available,” If X, represents ‘the mean for the

first third of the series and X5 18 the mean for the last third,
then under unrestrictive eonditlons and with a suf’ficlently long
series,,%i - §é is .found to be distributed normally under the hypo-

: 2
6K;F where n

thesisxof;stationarity with zero mean .and Mariance
is -the totalvlength‘of theiseries and K is a.constanf which. changes
from geries to series but which may be estimated. Using this infor-
mation, .confidence limits can be easily placed on Ei:—lﬁé . A
similar test exists for testing against trend inzvariance gnd thié
could be extended fo deal with autocovariances but the computations
now become extremely laborious and the theory of . the -test less satis-
factory, ‘

- If some non-stationary element 1is found to be present in

the méan,‘then one of the new.filtéring-techﬁiques:Qan be used to

remove most of it. . Suppose that this effect can be well represented
by a polynomial, .then this affects the sbectrum,only at zero fre-
quency1as'the Fourier transformatdion of a polynomial is a constant.
Thus, if a method could be designed that reﬁOVed zere or very -low
frequencies whilst'leaving.thé rest unaltered, we could,remove the
trend in meén, A weighted moving average with;suitablyjbhoseﬁ welghts

has such a property and a suitable filter has been designed for

1o ~ : |
_ . Tests for statiomarity are fully discussed in "Tests of
Discrimination and’ Stationarity for Time Series', C.W.J. Granger,
Unpublished fThesis, Uﬁiversihy'of Nottingham, England, 1959,
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economic series. Using this poiﬁt of .view, the reason .for the sug-
gestion that a moving average introduces spurious periodic terms
5ec§mes easily explained., A badly designed filter will often remove
the part required to be removed but at the cost of overnrepresehting.
certaiﬁ_other frequencies. In.many ways the ordinary moving average
is a, bad filter and such an overhrepresentation or magﬁification of
somé“ffequencies will occur and so the 'spurlous periods! arise. |

' ,When any trend in mean has been removed, a.trend,in var1ance
canfbe,remoﬁeézby taking logarithms énd again filtering out low
frequencles,

'jOne unfortunate aspect of this process is that the 'eyeles!
that have been Jfoundi by earlier researchers in_ecdnomic time series
are of low frequencﬁ and go- gpecial deviées-have had to be develéped
to Investigate Ehese cycles, - The;method suggested by Professor
Tukey is essentilally ‘co.fes-’a:rte_tclrl,-=<‘:>_u‘i:-i the datsa, apply a filter and
tﬂen_ﬁse the spectral approaéﬁw s

| If, after removing any‘tr%nds,in mean and variance the
series 1s s8till thought to be non-stationary in that the covariances
may‘be‘ghanging with time, then we lack a theory .of how. to deal .with
such a sifuatipno _Aﬁy~spectrum estimated in such.circumséancés is
really .a mean over time of a changing spectrum and it cannoﬁ be
used unless specific assumptions are made about how the,sbectfum

is changing.

N
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3, Model Fitting

Parallel .with the spectral approach .to the analysils of time

_geries is that of model-fitting. Although the usefulness of this

latter approach is arguagble for time series .in general, it is usually

ﬁonceded that it is intuitiveiy.reasonable to expect.that the impor-

tant aspects of .the behavior of an.economic series .can be well

explained by a model based on the auto-regressive model. Various

modifications of the basic auto-regressive model .can be suggested

tQ account for the non-stationarity; we may have: data .= A(t) Xy +

B{t) where A(t), B(t) .are functions changing with time and. x, is

a statlonary series, or data generated by

20(8)xy + ay (B)xy 3+ wen ¥ oa (B)xy o= blb)e,

1se., autoregressive with trendingfpoefficients, .Sﬁch models can
-be fitted to the data but more research 1s required before the use

-of such models becomes satisfaotory. .

>

4, Pproposed Steps in the Analysis of a Group of Economle Time Series

(l) Select group of serles. Business .cycle theories .are

.used to prov1de guldlng principles for choosing the - economlc tlme

serles and for selecting the relationships among them .as the subject

of - our.studies. The series need to. be all of the same 1ength and

this-length needs to—be At least EOO-months° (Slightly-shorter

series .can be considered but the possibility of getting spurious

results is increased.)
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(2) .Test for stationarity of méan
(2a) .17 non- stationary, fllter out low frequencies
_{3). .Test for - stationarity of variance
(3a) -1r. non—stationary, take logs, .filter out low
frequencies and then take exponential |
(4) Pata now . sultable for spectial analysis, Form all
spectra; crossnspeetra, coherencies, ete, Investlgate relations,
degrees of dependence .at dlfferent frequenCLes, possible lags, ete.,
(5) Form.spectra for two halves of some sepies, Inves -
tigate possibility of spectra changing with time., -
_{6) .Streteh out original series to lgék for iéw'frequency
periods. Filter, form‘spectra.etc, and investigate,
(7) C‘oﬁsider‘possi-hili-ty_o'f' fitting a linear regression
model and best goodness of fit.
(8) Consider fitting to original data some non-stationary
model, - |
(9) :Consider other'methbds.of,investig&ting,interes$ing

real or .possible aspects of _the datda,

5. .Progréss.of the Broject

After four months the following has been achleved

(a) Compilation and preparatlon of some groups of; data
-and- in particular exchange and 1nterest rates prlor
to the first world war,

(b)  Part of.the_computatien_required under (2),.(3) and

{4) above, mostly using three series formed from
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exchange rates. Initial investigationsg into
the results obfained. 7

(¢) .The formation of a filter for use under sec-

tions (2a) .and (3a). )

(d) .Initial copsider&tiéns of sections (5) and (6)

.and some considerations of possible models for
use wilth (8).

A great deal of time:hadltoxbe spent on preparation of the
data and preparing programs for.carrying out computations on .an
IBM 65C.computer, It is hoped soon to have sufficient data pre-’
pared so that spectra etec, may be computed on .an IBM 704 computer,

| To the best of our knowledge, none of.the_methods‘liSted

above have been previously used on economic data and several of.

the methods involve unpublished work, .e,.g. the use of cross-speectra

- and.coherency ete., are methods evolved by Professor Tukey’and not

¥

widely circulated. . The test of,s@atiénarity evolved by (ranger,
and the methods of removing certain types of .nonrstationarity,
,Se,ctions. (2), (ea), (3), {3a), (5), (6) ;and (8) all involve, to

varying extents, original research,.

&, General Aims and Extent of Project

The general .aim of %the project might be'séid to apply
‘:modern time-serieS'methodsfto economic- data .and thereby possibly
verify and.extend.previous findings and discover.new_rélationships.
In particular, some of the initial ailms are.to-invéstigate the

'eyeles! that prévious investigdators have found 1in economic geries



'_andAto corisider the c¢laims that some series lead! other series.

With respect to this, two early results by the project dre the
verification of tﬁe.existenee of n 40 month.cyc¢le in pre-first
“world war‘AmericanAinterest r&ﬁe data and the leading of . the
New York Commercial paper rate by the New York call morey rate for
the same period, although it was found that the extent of the lead
‘varied over the~f?equency range, |

The inve$tigation involves considering both ‘'horizental!
crossusections'of.the economy, 1i.e. considering together-imporﬁant
series from various parts of the .economy such as bank clearings,
.iﬁtereSt_rates aﬁd productlon data, .and Jvertical' -sec¢tions, .such
as grouping together data for .various aspects of production in a
. single ihdustry,.from:the raw .materials to the final.produéf, By
‘discovering the,most‘importaﬁt nomponenﬁs of such sections ;t is
héped eventually to be able %o compos%‘an.economy~wide model. An
éxhaustive investigation of this type may need Lo consider neérly
a hundred time series gnd can be expected to extend over several

years.




APPENDI’X
Time Required to Analyze 2 Time Series

L8
e .
To gIVe 'some 1dea of . the time required to dnalyze a time

’q-

series the fpllow1ng are the times +in minutes to perform.the
. ‘_r‘ . . .
operations listed for a series 400 months long and'using an IBM

! 65057
Minutes
Test for stationarity N
of ‘mean 15
Jiltering out. trend in
mean 15
Test for stationarity .
ofuvariance : : AT
Filterlng out' trend in
) variance 1_ | : - L7
Forming. spectra ang . cross~
spectra - ) 45
Forming coherence etc. i

To fully prepare data for forming a Spectrum and to cal-~
oulate the spectrum will usually take 3 hours as severdl of the
above operations need to be used more than once, ThlS figure does

’ th'iﬁclﬁde subsequent. analysis and plotting pf.the data.
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