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PREFACE

1 Backgrbund

This study .is one outgrowth of ;n assigmment undertaken in the Fall
of 1956 at the Industrial Engineering.bivision of thé Procter and Gamble
Company . Anqther outecome of the same project 1s the -"inventory controlled
scheduling system" now in use or being installed at the Company's sevefal
dopestic mamufacturing facilities. The concern of that assigmment was t;
find 2 scheduling pélicy which took into account the eésts consldered in‘
most of the scheduling analyses then available, but which at the same time
incorporated a feature which was viewed as critically important by‘manufaci
turing managemént: the p;;sibiiity that large fixed costs may be incurred
Ias a result of changing the ﬁ:oduction-rate.

" Production change costs have been.incorporated,into several analyses
of inventory andsprodugt;on processes. These costs.are uéqally formulated
as linear functions of the magnitude of intgrpériod change. Ebr:e%ample,
consider the policy
(©) =z =%t +axx*-x .)

t T t-1

' A
where %z, is scheduled production, & is the forecast of demand, x is'a

t t

smoothing constant (O < m<1l), X¥ is an ideal or target inventory, and

X%_l'is inventory on hand at the beginning of period 4. This policy is

suitable for controlling costs of production change which depend only upon
the size of the change: by decreasing t;e conétént i,“outﬁut can be
smoothed. However, the'éxistence ofla production change‘was held tb be
a critical faC£orwin,de§ermining the costs incurred, so that control of
. \?ga 6 ,
| 47@8\3 Vo \Q'a\
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the size of the change is not all that‘the firm's interests fequife. The
number of changes must also be kept at a reasonable level. A prbauction
policy which takes this objection into account is the subject of this stgdy.

The investigation of This policy .is divided roughly into two-major
phases: the first is concerned. with determinigg by analytic methods optimal
values fér‘the decision variables and parameters specified by the poiicy;
the second is an investigation of the factors re5ponsib;e for production -
change costs, with eméhasis on the way the new policy is able té control
these coéts{ in addition to the costsg normally considered in formuléting
production policies. Chapter IT is devoted to the first phase, while the
second is Eqmpleted in Chapter IIi. ¥rom the viewpoint of traditionai |
.economic analysis, this égbondyphase investigation is thevmore interesting.
Tdeas borrowed from standard work on the thEOry-oﬂ production serve as
a basis for the discussion of dynamic productioﬁ-eostg.

The first phase of the investigation is similar to previous work .in
the mathematical theory of invenfory and prodqction. Hecent studies of
production and inventory procégses have used analytic methods similar to
those first employed by,Abrgham Wald in his work on saquential anélysis.

The pregent study relies.even more heavily on this work than its prédeees—
sors, since the policy'heré investigated has a form which makes it expedient
to utiiize ﬁalde‘resultsrdirectly'in developing.approximation-soiutions.

Chapter I has four main_purposeazifhe—f;rst is. to describe the probleﬁs
encountered in dealing with the type of pfoduction-chéngé cost visualized
in this study; the second is to deseribe two rigofous analytic methods (the
recursive functional equétion gpproach of dynamic progfamﬁing, and the stan-
dard method of obtaining_the stationary distribution of a Markovian inventory

Pr0cess) which have been successfully used in conjynction with other inven-
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tory‘poliéies and which have been.coqsidere& as'possible approaches to the
ﬁresent problem; the third is to.Qescribe certain approximétion techniques’
which havg served to .simplify the .computational problems frequently encoun-
tered in dealing with inventory processes; and the fourth is to review that
portion of earlier work in which different formulations of production change
cost appear.

In Chapfer IT the new producﬁion~policy is described, and,in an appen-
dix the attempts to.analyze this policy by rigorous analytic methods are
‘reproduced. The apbroximations based upon sequentialianalysis are developed
and éuggested as an alternative when more rigorous analysis is-not successful.

Chapter IITY is an investigaﬁioniof production cost and production

change cost. Support is developed for the contention that production change

o

223

costs will depend (a) upon the frequency of production changes, and (b) -

upon the number of different production rates spécified by the policy.
.Chapter IV is concerped with methods for determining when the new

policy is suitable for use; several dmportant quéstions regarding its form

are answered. Tt is also appraised from the‘standpoint of application.
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CHAPTER T

3COPE. AND METHOD

1 Introduction

The fundamentsl idea of this study is that in.a wide variety of manu-
facturing processes, changes in the output rate can be;efféctedioniy at -some
suhstantial cost, even when these changes. are very small in size. Clearly,
_the. only.way to combrol. such costs is to control ‘the frequéncy_of-ﬁroduct—
ion rate changesf .THis may be done by specifying that until inventory acecum-
ulatés to some prearvanged high level, the rate .of production will not be
decreased; and until some low ihventory level is reached, productiongwili
.not be increased. -Thus, ; range of inventory levels is identified, within
vhich production is maintained at a constant rate. This is the germ of.a
polieylfOr.controllihg prdauction; however, the vague desériptién Just recor-
ded must be made more concrete, Specifié numbers must be assigned to the
high and low .inventory.levels, and methods must be given for.determining how
large production changés should. be when they.are made. Mathematical methods
recently have been sucgéssfully applied to such problems; this.approachnwill
be taken.in.thelpresent,study.

A production.and inventory system is abstractly.repregeﬂted &s consigt-
ing_Q?-four.ﬁajpr pafts:.a sequence -.of future.demands
(1) Eis B e s
.& replenishment policy
2) '2(365.§1>.§2; ),

- an objective function




(3) zl5()]

and .a material bPalance relation

O] Xp=Ty g Ao 0B
X, ds inventory at.the.end of period t -(at the beginning of period. t+l);
and .z ” and E N are the guantities of replenishment arriving. in invenbtory.and.
-demand taken from in;.rentor_-y during the period t. The time lag o> 0 is a
delay in the Flow of ﬁate;rial or information between the piacement and the
arrival. ’Of .a replenishment oxrder.

The demand series (l)_ is abstracted in a variety of ways: .it .may be
treated &g deterministic, with exact knowledge as to Ffuture timing of -demands
and amount de_maﬁde‘d ; or stochastic, stationary and independent, with known
’distributién; or .any of the sinplifying gualificabions on stochagtic é_ema.nd
may. be .dropped, .and the ogly. avallable informabion regarding demsnd may bg
the-,time_series of orders generated since the .inception of the firm. (In
this 'study, _attention will be .confined to models which assume stochastic
demdnds.) Tn.dealing With'S“hOGhaStiC -demands, it is convenient “to,view.
time #s a seguence of egual discrete intervals ; €.8. weeks, with decisions
taken ornee .each period; perhaps.at the beginning. A decision in period. b

" is evaluated on the basis of .the cost it incurs in period t,.but also on
the basis of future costs ,which it is likely to incur .,'l The number of
Suture perioc}s considered in ,making present decisions is called the plan-
ning hordizon; in certain .instances it has been found expeditious to specify
an i;lfinite ,horizofl, d.e. to discount costs over-gn infinite ,nmﬁber of
future pario;d,s‘. |

“The policy is the segquence of -decisions over the entire planning

]The future impact of a present decision may be traced through the
balance identity (&): next periodts -starting inventory is.affected by the
replenishment decision.in this period. ~ ‘
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.horigén.‘ When the policy (2) consists of a simple set of rules which
define a response bto.all possible contingencies, ii is called a policy of
simpl€ form:e An example of such a policy iss If inventory is above thé
'leﬁel X*, order nothihg; if invenbory is below X*, order up to-X*:5

Or more concisely,

t-1

: %
0 X, , > X

A X¥ - %, o X, <X*
(5) =, :{

Tike most pbliéies of simple form, this policy .identifies one or more
critical inventory levels, and the replenishment volume is reguléted.acc—
Srding to tﬁe pésition of actual inventary-vi§~a~vis these critical levels.
(Thegp@licy (0) deScribed.in,tge preface is one éxample in which factors
other\%Bgn the level of fiventory are important in determining the rePleqf
ishment vgigmeJ | .

A varieé&«cf cost structures can be visualized, with differences
.arising in diffé}épt physical gituations.  Most analysés recognize costs
-of holding inventory, cests of rumning out of .inventory; and costs ag-—
sediated with réplenisﬁihg inventory. 'Two different types of ilnventory
-system with markedly different cost structureélmay conveniently be 1den-
Lified: ordering,sys%ems,.in which replenishment is from an .outside sburce;
and production .systems, in which replenishment is Trom within the same

~ organization. .Different costs of replenishment will be encountered in

the two types Df.system‘

ECf Kbnneth J. Arrow, Samuel Karlln and Herbert Scarf Studles in
the Mathematical Theory of Inventory and Preduction (Stanfor&, California:
Stanford University Press, 1958), p. 205, '

5Thls particular pelicy is analysed al Iength by Richard Bellman:
see hig ;Wgamic Programming (Princeton: Princeton University Press, 1957),
pe. . 152- 182 '
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Having identified the costslof the objective function, thé‘most ambitious
cbjective_ig glpbalﬂoptimizatiQn,_the selection of the .optimal policy from
the infinite set of possible policies, where cost miximization is the criter-
ion of optimality. Due to computational difficulties, this .objective
proves feasible .only for extremely simple models. Frequently, the form of
thepolicy is specified before .underiaking cost minimization, and the prbblem
is to- find the best of the_subsét of admissable policies having the speci~
fied form. For iﬁstanceg it may be determined in advance that a policy of
~the. form {5) will be used; the problem tﬁen is to find the optimal value_ ’
for the policy parvameter X¥.

F?eqﬁently, physical constraints such as production or inventory
capacity are most conveniently-incorporated into the model‘by imbedding
them in,the objecti&e‘funZtion: for instance, an inventory capacity might
;be_repfesanted by an abript increase in the inventory cost function at the
capacity level, since.storage alternatives become more .costly at that level.
As another example, the factor which distingulshes the pre;ent study Trom |
previous work in inventory and producticn'analysis is the attribution of
cost to the act of changing the production rate. These cosbs are inc9rp—
orated.into the logs function zg fixed costs of making production .changes.
The act of meking a change in production is assigned a substantial cost,
independent of the size of the change, and the freguency of changes is
thereby contrelled. Although this rePresentation enables incorporation of ‘
this type of change cost into ﬁﬁe loss function, it leads to serious compu-
tational difficulties which are a:we;laknewn concomitant of fixed charges.
A substaptial diseontinuity is encountered in going from changes 6f size
zero to changes of size one, so the plot of cost as a function of the size

-of, change ig non-convex, and hence may heve more than a single local minimum.
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The function which plots cost.against size of change will differ for
each possible initial inventory level XO. For example, when XO is neither
too high nor too . low, the function will }ook somevhat as in Diagram T-A.
There the hest course .ol actign is not to change. .However, When.XO is too
low, an increase may be indicated, as in Diagram I-B; or when XO is too
high a decrease is called for, as in Diagram I-C. Fach of thesz functiong
has a local minimum where the size of change is zero, and therefore

I

standard optimizatibn techniques are unreliable.

ol

R
e -

. : A
0 + |
) Diagram I :
Tolal Cost L as a Function of.Change Size A For Different X

0"
In the process of formulating the loss funciion, i.e. describing the
response .of costs to variocus pfqperties of the sequence of production,
inventory and -sales, two different approaches have been taken. The first,
called the smbothing approach, employs stabistical properties {e.g. means
and variances) of the sequences of production -and inventory as measures of
the expected long-wun cost resulting from a particuiar policy. 'The second,
called the transient, or dynamilc approach, ig concerned with more specific
measures, such as the probability distribubion of inventory levels one period
hence, or the probabllity of not meeting some prespecified percentage .of

customer demands over the next three periods. .Rigorous analytic techniques

l‘LFOI'~fur.the::- discussicn -of difficulties caused by discontinuity and
non-convexity in the objective function, see Willisin J. Baumol;. Ecenomdc
Theory and Operations Analysis (Fnglewocod (1iffs, N.J.: Prenmtice-, Hall,
forthcoming in 1960), Chapter Six.
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are assoclated with each of these appreaches; these are described next.

‘l.l-StationarﬁlAnalysis

The mest elegant and rigorous ?nalytic Tormulation which takes the
smoothing apprmaéh ig the "Steady Staté Solutiens™ of Karlin. > (Similar in
intent are the serv@mechanlcal anqu%es vhich will be deseribed in Section
2 of this chapter.) .Stationary (sﬁead'.state) analysis is based upbn the
following argument. {SHPPOSE present ipﬁgntory-is XO. The material balance
identity (%) indicates this fact is c#ifipal in determining expected
iﬁventory one perisd hence, Xl’ but lo%kiné farther and farther into the
future, the effzet of XO.On_the sucgessive inventory positions becomes less
and less prénbunced; until in the 1imiﬁ, predictions of average inventory

levels, or probabilitles of being between two specific. inventory levels,

are not.less accurate if informatioﬁ‘regarding the present:inventory level

“is ignored entirely. More precisely, ﬁhe.stationary approach defines a

transformation .7 and the relation .Xn %VTLH)XO;6 its central hypothesig is

that the process 1s cenvergent, i.e. thal the probability density is

given by

(6) f(X)ax = P(X < lim T(n)X < X +4x).
— N 0 -

The distribubion function is written ¥F(X).

The transfermation T in any periced is determined by two factors; the

first is the quantity demsnded in that period;. and the second is
a
the procurement; response, as determined by the policy (2). Tt is usually

safe to assume that if the demend series is stationary, snd the policy
5 . )

Arrow, ¥arlin.and Searf, op. cit. pp. 203-.269.

6
This notatlan indicates that the transftuﬂation T is applied to the
initial state- X n times in -succession. : :
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operates invé way -such that high invenﬁory‘ig countered by reduced procure-
ment and vice versa, then fhe.inventory-disiribution.Will be stationary,
i.e. the-convergence property (6) is likely to hold. A rigorous analysis
might furnish a complete proof of this convergenece; - other anélyses.might
prove only ‘that F(X) has Tinite mean and variance; still obhers might
proceed as though_sfationarify-were assured, using derived properties .of
the|stationary distribution in an thimizaﬁionquutine, without formal
-5ustification. -Regardless of how they are obtained, propérties of the
stgtionary.inventory distribution can bhe related to the expectéd fuéure

" pattern of costs in the"system. Then the effect of the'policygon cost can
- be studiedjthroﬁgh its effect upon the stationary operating characteristics
of the production-inventory-demand complex.

Karlin analyzes the;;tationary_characteristics of several simple
policies. His proofs of stationarity, even in the simple case of
Markovian processes, rely upon advanced topological arguments. It will
be seen in the -Appendix to Chapter IT that this method encounters substan-
tial computational difficulties when applied to policies which are more

complicated than the ones he analyzes.

1.2 Dynamiec Solwtions

The inventory process described by equations (1-%) is an example of
a general class of dynamic decision processés, which may be characterized
as follows: A dynamic process consistd of .g sequence .of states
(XO,Xl’ ceey Xp-l)’ 2 sequence of decisions‘(zl, Zg’ ""‘Zp) and a

sequence .of autonomous events (gl, £ vy EP) where p is the number of

2}
stages (time verieds) in the planning horizon. The successive states are
tied together by a relation called the state transformation function, which

in our abstract notation is written X, . = ZJ(gi, Xi); in the inventory
. K g
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problem this function is tﬁe balance relation (). | Characteristically,
this function is determined by the decision (e.g. the amount of replen-
ishment)~aﬁa the autonomous factor (the amount demanded by customers).
Associated with each possible combination .of decisibn and state .at every
stage of the'prgcéss ig an expec%ed payoff, or return, written

" [Ri(Xiul’Zi)] te emphasize the dependence .of tﬁe expected return upon
the initial state and the decision. The -complete sequence;of deciéibns
over the~planning horizon is the policy (2), and the discounted sum of the
sequence :of payoifs bver the entire horivon is the objective Tunchtion (5).
The dynamic progrémming problem, then, is to seleét 3 completeiy sepecified
policy from either the set of all policies or a subSef of partially
épecified policies, in such a Wway thal the objective function is maximized,

l.e.

(7)' L(X 2Z) = max 2i-1 . - -
0" ny _Eﬁld R (X, 55201 z,€ % X, =X b - Eb

where d is a discount facter. .

If the transfermation_zi (gi,Xi) has a stochastic component (as is
the case in the inventory problem when demands are not known with Gértainty
in advancg) wWe assume probability mezsures are defined, and maximize the
expected value .of the discounted futurexétreém of’ returns, as shqwn. The
problem of solving such a multidimensional relation containing a maximpm
-opgrator may be. formidable. A fundamental Jemms hgs been known for some
time,7 which Bellman galls "the principle .of optimality™: it is stated

A policy'which'is optimal over the entire horizon period is

optimal starting at any intermediate point and .operating to
the end of the hsrizon. 8

¥

. TThis principle is recognized in ‘an early study: -E.S. Shaw,
Elements of s Theory of Inventory" Journal.of Political Econemy. Vol.
XVIII, 1940, pp. k65-485. :

8
Bellman, gp.cit. p.83.
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This lemma has been the kej'to the development of solutions for dynamic
programming problems.

~In the inventeory problem, th@ particular value of the principle of
optimality has been in the development of analytic .optima for continuous,
:stochastic invariant processes. For example, supposé the plannigg
horizon p is infinite, the discount factor 4 is constant, and the .distrib-
ution of.customer demands¢«§)_is stationary. 'Then the recursive struct-

ure of the process mzy be ubtilized to rewrite the relation (T) ag

(8) L(x,,2) =‘m%§.{ BIR(X %)) + 4 L(x,2)]] 7 e2, X, =%, | 45 - éi:}-

Equation (7), which was a function of an infinite number of decision
variables, has been transformed into a funciionai equation calling for
maximization over a singlé decision. | E@uaﬁion (8)_has the property that
if Z is the optimal policy, and the.initial state XO'ia not 8pecifiéd, “
then J(X&,Z) and J(Xi;Z) are equivalent: beoth represent the maximum
future earnings stream from an unspecifed initial state, discounted over
an Jinfinite horizen. Stated another way, the transformation of J(Xl,Z)
into J(XO,Z); effected by the decision 2,y 15 a mapping of the maximum
return function into itself. ‘Thus the policy Z we seek is the .one
associated with a fixedﬁ%bint of the functional relation (8). Thus the
problem is reduced to solving for a fixed point, wﬁich may still bg. no.easy

task. In several notable instances,9 however, formulstilon .of a problem

in the invariant recursive form (8) bas led directly to solubicn. As

9Richard Bellman, Irving Glickeberg, and Oliver Gross, "The Opbtimal
Inventory Equatien," Management Science, Vol. IT, 1955, pp. 88-10% is
an example of global eptimization for an éxtremeiy simple ordering problem
by dynamic programming, as is Karlin {Arrow, Karlin and Scarf, op. cit.
Pp. 155-178.)  Mpst notable and earliest application under the constraint
that theiform'éf the polivy is prespecified is Kenneth - J, Arrow, Theodore
€. Herris, and Jacob Marschak, "Optimal Inventory Policy" Feonometrica, Vol.
XIX, 1951, pp. 250-272.
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in the case of steady-state solution, the awmount.of comblexity'which may

successfully be incorporated into these formulations is limitéd.-

Yy
e

Zep

s

= e

1.5 An Approximation to Stationary Analysis

In the development of inventory thééry, figéroug analyses of the sort
described in Sections 1.1 and.l.2 are.a comparatively recent deve Lopuent .
Prior to the 1951 study of Arrow, Harris, and Marschak,lo the iiterature
on this topic all relied upon an approximation Formulation which aveidS'.
the computational difficulties inherent .in the more rigorous formutations,
without distorting the model to the exteﬁﬁ that it is a complete misrep-
resentation of any physical %ituation. Typical of this approximation
- approach is thé work discribéﬁ and extended by’Whitin.ll Thevanaiysié of
the production pelicy pr0posediiﬁ this study relies upon such an approx-
imation approach. |

The rationale,underiying a rigqraug stationary analysis has already
beén explored. Briéfly-sumaarizing, the aim is to describe explicit
relations between the costs of an inventory system, and critical probab-
ility levels of the stationary inventory distribution. = For exanple,
suppose the g,8 pelicy3is used. Thié~ policy is described as fcllows:

Establish two critical inventory levels, S and s, 8§ > g >0, with .

the operating rule: when inventory falls below. s, order enough

to bring the level up to 8; when inventory is above &, order
nothing. ’ :

1992._§33. Actually, the priority we assign to this study is valid
only in effect: Pierre MassS's work, Ies Réserves et 1la Régulation de
L 'Avenir dans la Vie Kconomigue, (Paris: Hormannop Cie.; 1046, Vol. II)
Was not known in this country until after the publication of the paper '
. of Harris et. a1. :

11

Thomson M..Whitin, The Theory of'InVentofy'Nhnagement, (Princeton:
Princeton University Fress, Second Edition,1957) pp. 30-79.
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Gtated more concisely,
Ca <
{S- LY X128,

Z = .
: >
0 %1 ~ 8

t

The expected cost per peried of hoiding inventory is readily related to
the stationary.inventory distribution: it is simply the product of cost

times probability of each inventory level, or

() f )£

-0

where n(X) is the holding cost functjon, and f£(X)dX is the stationary

. . R I .
inventory density. The expected cost pér period of ordering is obtained
" by multiplying the cost per order by the probability of being below the

reorder point s,
. 8 ’

(10) {(f r(X)ax .

- 0 * )
vwhere K is the cost of pldeing an order, and ordering costs are assumed
independent of the order size. The cost of shortages is given by multi-
plying the probability of being below wero inventory (or in instances
where unfilled orders are not backlogged, at zero inventory} by the peﬁalty

incurred each time the system is out of stock abt the end of a period,

which is assumed to be a lump-sum cost:

0
(11) pff(x)dx .

! o

Since each of these costs is readily relsted to the sfatiqnary inventory
distribution; and since the distribution depends upon the decision
parameters (the maximum inverntory S and the reorder point s} this approach
makes,it possible,to study the impact of different pairs of these values
upon expected total cost.

The stationary analysis of the s,8 policy ubilizes concepts which -

depend upon the assunption that'time consists of a sequence .of discrete
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intervals. In particular, the structpre uspally envisioned for.demands
(that they are a sequence.bf independent, identically distributed random
variablesj‘is impossible without this assumption. The approximation
approach Which_Whiﬁin uses 1is based upon an asymptobic.case in which ﬁhese
time intervals all approach zero in duration. Unless there is.a 3ime
1ag.in.delivery [ >0 in equation (&)] the necessity to set 5, the
-reorder éoinﬁ, above zeré arises only because Inventory might fall below
s hetween checks upon the .state of the system.” As the interval botween
these checks approaches zero,.so does the level 8, the inventory required |
to protect against deépletion between checks.

The.épproximation_method 12 calls for what is in effect a continuous
surveillance of the inVengony-éyste@; thus when A = 0 in (4), the-only
costs invelved in the decisivn are ﬁé;ding past and .ordering cost. n
using this appréaeh, holding cost is formulated as a linea: {or other
more general) functien .of the average;invghtory level, IT drains upon
inventory take place at a constent rate through tiﬁe, the avérage inventory
lavel wiil be §/2, so (9) s written n(s/2), or when holding costs are
linear, ‘

(12) p s/e.

In a similar fashion, expected values are used to aﬁproximate the costs of
ordering. As an analytic convenience, the plamming hérizon is arbitrarily
-set at one -year. Then, the expected nuuber of orders‘per year 1s approx-

imated by-E(gy)/.S, where the numerator is the mean annual demand. The

l?The mathematical basis .of this approximation analysis is investigated
by. Donald M. Roberts; “Approximations to Optimal Policies in a Dynamic
Inventory Model” (Applied Miihematics and Statistics Ieboratory, Stanford
University, Stanford, Calif.: Technical Report no. 12, July, 1959).
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expected ordering c@ét, then, is represented by

(13) ME(E)/ 8- |

The sum of (12) and (13) may be taken as’' g representation of those cosbs
which vary with the replenishment quantity. It was recognized some time
agol5 that the derivative .of the.resultiﬁg sum with respect to S gives the
necessary condition for optimality of the order quantity. . This result,
which is derived by elementary calculus, is offered in lieu of the more -
circuitous stationary aﬁglysis. In some instances, the assumption that
inventory levels are under constant survéillance, which is used in the

‘ approximatién.approachg may be a more accurate representation of the
existing control practice than the once-per-week review assumption .of

the more formal,analysis:‘ Fﬁ}ther,hthe gpproximation formulation
requires less information about cusﬁomér %gmands, using only the mean per
annum, instead.of the.d;stribution per pericd. If the assumption,ﬁhat'
the ftime lag A =0 is relaxed, the apﬁroximation ;pproach handles thig
complication nicelyrbylincofPOrating a positive reorder point in the |

E}unalys;is.lLL the approximation policy which deals with lags in delivery

is known as the twb~bin_§olicy.

2. Btochastie Models of Inventory and Production

The principal motive .of this study is the analysis and accommodation
of production dependent costs, so a review and summary of those analyses

which have previpusly concerned themselves with these costs ig indicated.

I , ' ' - .
AgThls,result was first proposed in 1925; Whitin op. cit. cites
three authors whe published it in that year.

lhThis 18 handled by Whitin, op. cit. Chapter 3. Compare his simple
analytic methods with the more sophisticated (but perhaps less effective)
tools used by Karlin and Scarf (Arrow, Karlih and Scarf: op. cit.
Chapter 10.) - T
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The bulk of the literature of inventory,theory has been .concerned with

1
provlems of ordering, rather than production;'5 however, this distinction
has not always been clear-cut; for example,_Whiﬂin suggests the two-bhin

policy as a practical program for production.control.l6 The general

validity of such an approach is.to be doubted: fivst, if only one product

is mamifactured at a given production facility, it is likely that the
procurement policy will emphasize smoothness of operation, rather than

17

size of runs. Conversely, if more than one product.is cjcled.en the
same production'equipment, and theleconomical lot run size is calculated
independently for each product, there is no assurance that the total
schedule will be feasible; the lot run of product A may be completely
exhausted befere the runs of B, ¢, ... have been cpméleted. More
sophisicated smoothing analyses of the single product probleﬁ are
available; some .0f these are described ngxt.é

Simon offers an interesting resolutggn.bf the computational difficult—

ies inherent in the dynamic programming approach.lB He proves that if all

costs in the model are quadratic functions of their arguments; inventory
i5 ' '

This is true.of most of the work slready cited: Bellman, . Arrow,
Harris and Marschak, Whitin, and the bulk of Arrow, Karlin and Scarf.
A portion of this last book is devoted to production problems, but in
dealing with these problems demsnds are asswmed known in advance.

6. ... '
Whitin, op. cit. Chapter 3, especially p. 33.

1
‘ Except perhaps for certain babeh process industries (e.g. eil
refineries} which are .operating at substantially less than capacity.
iy they were enjoying -capacity operation, physical. capacity constraints
¥Sgl§i§§e§umably be the primary factor in determining econocmical lot

18
ouna EErbe?t Simon, "Dynamic Programming Under Uncertainty With a
adratic Criterion Function" Econometrica, Vol. XXIV, 1956, pp. Th-81.
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- and pfoducéion, thén'a stochastic dynamic brogramming problem méy be
transformed into a deterministic one, using the.expected values of
stochastic variables as "certainty equivalenté’ (single-valued predictors).
Although the obgective functlon.may no longer be written in s general way,
this ‘is partlally compensated ‘by more flex1ble allowable aspunptions -
regarding future demand3° these need nqt be assumed stationary and
1ndependent~ © The follOW1ng costs are assumed in Simonlts aralysis: (1)
1nventory costs - cosks a58001ated with different p081t1ve and negative
levels of 1n%ent0ry, i.e. holding cost agd runout penalty in our previous
terminology, wrltten C, (X - I, ),‘where C; and I are a cost and invent-
ory'parameter respectively; (2) cogts a55001ated Wlth differont levels
of the statlc productlon function “-C (z P ) , vwhere Cp and PE are a
cost and & productlon parameter respectively; (5) costs associated_with
magnitude of change in the production rate —-C (Zt . 1)2, with qp a

cost parsmeter. Tt is desired that the function comprlslng the cost

.
.
ot

terms and the balance identity (&)

N N )‘ W
E[L(X )] =¢, x {zg + X I] E(z—P % (g, - 2
-0 t—l j= J 70 Pia %pa poy, b te1)
be mininizeq over thermkpericd,planning horizon. He uses standard

Period of the planning horizon. Boundary value con51deratlons, which
typically obtrude-ln dynamic programmlng, are .avolded here; there is
strong incentive not to operate at boundar1ES of arguments due +o quadfat-
ically increasing costg. Simon 8 podel achieves essentially the same
Tesults ag the smbothlng analyses of Mills and Pinkham: +thig ig an
EXample of the ability to control the behavior of g system by regulating

the objective Punetion. particular, the third cost term (which
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penalizes changes in the period-to-period produétion rate) places’ a heavy
premium on a smooth output of proﬁuction declsions. These other analyses
Just meﬁtioned.dé not deal explicitly with a loss function; it is left to
the reader. to bridge the gap betweén costs within the system-and the stat-
istical measugés presented in the analysis.

' ﬂillslg avdids the proﬁlem ofvproVing stationarity in his sﬁéothing
analysié‘fy defining a control policy as stable, provided all relevant
fifét and sécond moments. approach finite limits, i.e.

CLm BC) =X Lin B ) =7, linE(e ) = E,

S nNEpeo . n—eo . Do
, 2 ¥l
Iim E[XﬂwE(Xﬁ)] = UX-, ebe. .
n— oo

Given a stable pyocess, ratiocs of interest are
27 2 2,2
= 0o_[fo =g fo
18(. X/ E} 'kZ Z/ EG
Using & linear combination of the ratios kX‘and kZ as criterion, the
optimal policy can be shown to belong'tg a simple policy class of the
following form'

(14) z,c':fAzt_,l +(1-8) ¢ 0<A<1, 7= -=cE.

tal"
This clagg of pulicy establishes a_ lower bound on linear combinations of
kX and kz’ and Wy varying A, the linear combination consonant with cost
minimizﬁtion can be obtéined. -An increase in A sacrifices inventory
stability for production stability, and vice versa. A necespary
condition is that backorders must be permitted; in the instance where
inventory runouts iead to lost séles, stronger -conditions must be imposed,
i.e. there must exist an upper bound B upon the demand distributiong--the
Policy then is identical with (14) when 7,1 6 less than B, and nothing

TTTe——

19 - . '
o Harlan D. Mills; Stochastic Properties 'of Elemantary Iogistic
M§mponents .Econometric Research Program, Princeton University; Research
“horandum no. 9, February, 1959:.
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is produced when Ztnl is greater than.B. fhe demands per period are
assumed to be independent and identically distributed, but the population
distribqtion is not .assumed known; the anglysis relies upén sample statisb-
icé only.

The -analytic toqls of the servomechanismEO engineer have been used to'
advantage in aesigning inventory systems using smoothing criteria. The
early paper of Simon?l which deals with servomech%nical properties of
inventory systems is interesting for two reasons: it furnishes s brief
description.of servomechanisms, and analyzes an inventory-production
system in servo terms. The analytic .combept of the paper is of limited
interest, since nowhere does “the author -come to grips with a realigbically
formulated load (demand sequence); +the most sophisticeted load he considers
is a sinusoidal series. The policy analyzed is the one described in the
prefaée. The usefulness of Iaplace transforms is indicated when .quest-
iong of stability and stationary behavior arise. 7 Oﬁly the means for .
accommodating & suitably.characteri;ed:aemaﬁd (i.e. one which enables the
inclusion of a random element, as well as a fluctuating deterministic
element) is needed; to provide an‘eminently-ESeful,analytic apparatus.

‘ _ o
This deficiency is remedied in the paper of Pinkham. &

) OThe term servomechanism describes a wide variety of self-correct-
ing automatic .devices. Components are the load (demand in an inventory
system), an output (the replenishment order) an input (the policy rules),
and a correction .of output in the direction indicated by the input (called
feedback). por exposition at an elementary level, see H. H. Goode and

Robert Machol, Systew Engineering, (New York: Mc Grew Hill, 1957) pp.456-
80, or the reference of note 22. '

‘Hetrbert Simon., "On the Application of " Servomechanism Theory in

the Study of Production Control” Econometrica, Vol. XX, 1952, pp 2h7-268.

22
Operati

Rogér Pinkham; "An Approach to Iinear Inventory-Production Rules®
ons Research;Vbl. VI, 31958, pp. 185-189.
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" Pinkham considers the system described by
T ML
A A
I I I
where E% is a Forecast of demand for period t, 'A and B are constants, and
demands are assumed statiohary and independent. By use of the power series
transforms of the two.equations, A and B are.determined so that .cost is
minimized. Cost is an inereasing function.of the variances
. '. . 2
Var (z) = 1lim E(zn - Zn—l)
Ik

Var (X).= lin p(x %)
oo T T

where E(Xn) is SCéle§ tozero. He shows that his methods méy‘be used to
establish policies Whgn an autocorrelated demand series is encountered,
but does not ansliyze this case.

Bach of thé_smo@thing pol;cies which have been briefly .described
shares a characteristic %hicﬁ is called linearitygj‘by-servomechanism
engineers. Iinear‘palicies are eaSy'tosgnalﬁze (one can easily describe
and control the.upgrating charqcteristicsj because they are amenshle to
transfofm methpds. Hewever, in many instances, a linear policy is not an
apt device for centrolling réplenishnent; this is trhe especially when
fixed costs are .encountered, such ag the costs of.ordering~visualized-in
the s,8 policy.éh When such discontinuities in the cost structure are

encountered, no standard method of analysis is feolproof, and analyéis mist

proceed on the basis .of what is discovered about the structural properties

.2 '
: 5I-ineéa,rityKd!estribeﬁ,-the;x‘elation of eutput to input: if the summed
gutput responses to several inputs is the same as the single pubput induced
Ayigig Input equal to the .sum of the several inputs, the system is linear.
= 1i car inventory policy is one which causes a replenishment .change which is
lngir homogenesus Tunction of the inventory deviation from some ideal level.

when §EE£E-‘P-.10* Searf recently proved‘that some 8,5 policy will be optimal
Costever the cost§ of holding and runout together are convex, and the .ordering
contaips a fixed component (i.e. is of the form a + b%, where .a >-0 and
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25,

of the prdblem at ﬁand. The.s,é ﬁolicy is glrenewal process, “which has been
the key to its analysis since the earliest discqssion.by;grrow,.Harris and
¥arschak. ‘

In-the femaihder of this study the dynamic costs of production will
be characterized in a Wajuwhich-may be descriptively_apprbpriate,in a wide
variety of continuous process industries, and a sohedﬁling policy will be
proposed for?usa in,situatisns Wheré these .costs are encountered. Tn this |
formulation, tﬁese-COSts contain a fixed component whicﬁ nakes a linear
policy inapprcpriate. The policy here proposed generates essentially the
same étochastic éroces; as is eﬁcountered in seqgquential analysis. This

strucfure i1s utilized to develop an approximation solution. The second

chapter is an analysis of this new production policy: a model is described,

a policy ﬁroposed, and dynamic programming and steédy state analyses.are
attempted. Due to the computationel difficulties encountered in these

attempts, an.aéproximatiog approach_ahalbgbug to Whitin¥s version of the
8,5 poliéy'is develcped;'Wéld;s analysis .of fhe.randam walk .of sequentisl

analysis furnishes tertain measures which are_employed in this approximation.

2 ) i : ‘
z 1s the quantity ordered. ) .Gf..Herbert Scawf, The Optimality of
5,5 Policies in the Dynawic Inventory Problem,. Applied Mathematics and
Statistics Isboratories, Stanford University, Stanford,. California, Tech-

- nical Report no. 11:,April, 1959.

A renewdl process is a stochastic process which satisfies two
?onditions: the random movements nevey -cancel each obher (they are always

in the same direchion) and a cycle is identifiable within the structure .of
the process, so that it consists of a series of random departures from and
ﬁeturns to some Tixed .level. The standard reference is William Feller,

On The Integral Equation of Renewal Theory,” Annals of Mathemabical Statis-
ties, Vol. XITT, 1941, pp. 243-267. Tt will be .observed in the next .chapber
that the new volicy proposef in this study is not a renewal. process.

26
Q. cit. p. 264,
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3 .. -ANALYSIS OF A POLICY FOR CONTINUOUS PROCESS PRODUCTION

-1;Formﬁlations and Angl&ses of Production Change Cosis

{ ' As was seen in the first chapter, the idea that inventory analysis
shouid takg into acéount‘changeg in ﬁhe rate of production which occcur

i in response to'vagiation in the level of in&entory is an idea of fairly

; -lOng Standing, bﬁ% one which héé never begn completely developed. The

| ' modelé of Pinkham, Mills, aﬁd Simon were described; these implicitly or
; explicitly take into account production costs and production change

g coste. Fach of tﬁese ﬁodels niceiyvaccamodates iinear cost relationships,
vhich may be used at least és'apprqximaﬁions when all the elements of the
objective function are smooth functions, .of éaeir arguments, inventory Xt

and production z Thus, while the fesulting policies all are gpecificelly

£
intended for production conbrol, none are equipped ﬁoicope with cost
discontinuities, e.g. fixed costs of production or fixed cpsts of chenging
tﬂe rate of production. In the Mi;lé'and Pinkham papers, inventory costs
are expressed.as a function of the inﬁentory variance, and productioﬁ
costs as a -function of the production variance. - This is likely to be a
poor rﬁpreéentation in sitvations where fTixed costs are impbrfant; for

& Buppose that production change costs depend upon the number .of changes

made in the production .rate overarplanning horizon, as well as upon the

SAPTIVE EES LA

size of these changes.  Five changés of two units each have less of an

effect on the pProduction variance than one change of six units, so if

st st b 3,
AT A

th . . . ' .
£ € number of changes is consequential, the variance measure underestimates
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total cost; og_thé other hand, If cost increases more than as the sguare
of the size of the change {which is the relationship implied by use .of
the variance as a measure of performance), and fixed cost elements of the
type 5u5f described;are absent, a single -deviation .of six units may be

more costly than ten deviations of two units . It may be desirable for

many applications to establish alternative criteria which are not based

- exclusively upon these variances.

Occasional attempﬁs have been made to devise scheduling rules which

.incoyporate fixed costs of changing production, but a realistic formulation

. of these costs is ﬁypiéally sacrificed in order to obtain something that

-

fits into a particqiar computaﬁional schema, . This contention is
supported by a ccmpafisoh of’ twoApépers which recognize these costs

explicitly and discuss them in -some detall. “Simonfts formulation of

'total manufacturing cost includes an .element he,calls-"....sticky‘costs,

proportional to the rate of . manufacture when that is constant, bubt not

&

capable of being reduced immediately when the rate of manufacture dgclines'ﬁl

‘Hoffman and Jacobs, on the other hand, consider production change costs

which depend upon the magnitude of increase of production; they see out-

. 2 .
put reductions as costless. These two papers thus involve antipodal

Simen: ™Mhe Application of Servomechanism Theory..." p. 265.

2 : ,

Alan Hoffman and Walter Jacobs, "Smooth Patterns of Production”
yﬁEEEEEEEE_§E§EEEE: Vol. 1, no 1, 1954, pp 86-9%.  This paper is
motivated by & remark in Franco Modigliani and Franz E. Hohn, "Production
Planning (?ver Time and the Nature of the Planning "and Expéctation. Hof'izon, "
g%ggggggﬁigi 23, January-%955, p. 66n.: -"In the course of this research
COnsiderzg }on has been given to one gspect of cogts which was not ‘
This cost ;ﬁ_tge paper, namely the cost of.changing the rate of production.
been neglécteéch may be sigrnificant in certain conerete situations, has
general ang v ere because we_did not . find it possible to formulate some
55 we wore agi ieasonable assupptiong about the behavior of suech costs,
"reasonable! 1. oo do for other components.” 'In this conbext perhaps

1@ble” is an euphemism Tor “computationally tractable”.
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descriptions of the .same phenomepon.

.2 A-Mo@gl_.of Ccmtinuous Process Production
We: turn now to the prime concern of this study° ﬁo Tormulate -and

analyze a pollcy which successfully . -copes with costs of changing progug-

tion rates, where these .costs are formuiated in a way descriptive ef a

R e et ?:m:z't?a.*_.c-‘x‘,":i'ﬁ“.:g‘w-‘_:m%"{-.fc,’-‘m,"*‘"‘. AU T e ot

w1de variety of physical c1rcumstances The model will employ .the

.g following assumptionsg:

g 1. .One product iz conﬁ%nubuslyaprocessed in -one factory.

g - 2., Time is formulated as g deries of equalAdiscrgte,intervals. -Demands
:'jg- in successive perlods are 1ndependent, J1ldentically distributed random

.’g variables with known dlstrlbutlon, they are the only stochastic
%j elements in the_model.
‘g. 3. Production rate changes are .effected instantly {h.=;Q1in equatioﬁ
S RN CT |

% 4. The.production.rate is the only dec%gionf%ariable;

éﬁ 5. The objective ig minimization of fotal‘cpét of inventory and product-
. % ion, which includes the following elements.

L
o

ag. A "comparative statlc unit .cost of production,

‘(15) m(z )

This is the.average,total unit cost functiqﬁ-of,the.theory

of the firym.

” (R4t b e ney o g Aoy et e g
e

b. Dynamic costs of changing~the pfoduction~rate,'
: X +k - _
g +k (zJG zt%l) 2y > 2 4
L (16) { 0 . =2
4 ‘ t t-1
& K+k (g - '
i 2k (z 2 ) Py S Py
é €. Costs or holding inventory
g (1) ﬂ n (X)ar(x)
5 O
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d. Runout costs, the.penalﬁy for failure to meet demands due to

depletion of stocks

. .0
a8y - f p (X)dF(x)

6. The stationary inventory distribution (X)), which appears in the
inventory cost expressions (17) and (18), is assumed to exist, but

is not assumed to be known a priori.

2.1.A Pbliéy to Control the Freguency of Production Changes

This section inﬁrodUcas a policy which accommodates production costs'
and preduction change costs of the type visuvalized in the model. This
policy, called -the (a b c) policy, relies upon the same strailghtforward
rationale that makes the 5,8 or two-bin policies such appealing devices
for coping with the simﬁler problems presented by Fixed costs..of ordering.
These policies both counter  "lump~sum” ordering costs {1.0) by.coﬁﬁrolling

& .
the frequency of orders. $he (a,b,c),poliéy,pTOPOSES that lump-sum costs
of changing the rate of production (L6) be countered by controlliﬁg the
Trequency of these rate changes. ~In the 8,5 and two-bin policies, an
orde; is placed .only when the expected cost of 5hortage_outweighs the
known cost of ordering; in the (a,b,c) policy, production is mwaintained
at‘the minimun cost rate until a réduction in Tinished goods inventofy
tauses sufficient concern.OVer the expected cost of‘shorﬁage to warrant
an output increase, or uhtil accumulation of inventory reaches a point
vhere the cost of holdlng domlnates the cost of decreasing the rate. At
these tipeg of low or high inventory, the production rate is increased or‘
decreased, the change being maintained until lnventory passes a predet-

€riined leve), at which output is restored to the minimum cost rate. The

POlJ_cy is dEf:Lned_
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- Establich three inventory levels, a > ¢ > b, .and three
production rates p->p >p, with the operating rales : (a)
When,inVenﬁory'Xt.is between a and b, and production in this
perlod z. = p, set production next period, Zyyp = P-  (b).When
inventory accumulates to or above the .level a, and zy = p, seb
Zya1 = P, and maintain this reduetion in every period-until
inventory falls to a level .less than or equal 4o c; at this
time, production is increased back te p. .(c) When X, Ffalls

 below.or to b, z, =P, and this higher:rate is maintained in
every perled.until inventory moves to or above ci: at this
time productien is-decreased again to p. (d) The rate p is
the minimom cost rate of operation. (e) The balance identity
[equation (4)] holds.

More concisely:

‘-when Zt >>E_and X% Efa '
E { it. — 1
= Zt P Xt_z c

'

when z, =panda >X, >b

) t %
_ i o 1"
(19) 2 4 = :P..{ Ty B K e
5 D
Z, =D Xt <e ‘
_\{:When zt-< ? and Xf <b
] "Zt :,p i 111 Xt S C,'
-'m)'ﬁ;szi'*%;f§t3 .
(%)m@):mﬁtm&ﬁ}. o . '

Bix policy‘parameterg.determine preduetion decisions; these are
the production rates P, p, and p, and the inventory levels a,b,.and c.
The problem is to detéfmipe the set of values. for thesc parameters which
yield minimum égét'ﬁf epérafion.

Two.éf the inventéry-levels, a and b, &etermine the range through
which Inventory fluctustes without signalling changes from the i n mom
cost rate op préduqtien- The level ¢ is inserted between a and b sp
that after'prodgction hes been changed awéy from p, the reﬁurn to p

Will be made -only when the system promises to remain in thig minimm cost

state fop o reascrable time. = I D is changed to p immediately after moving

above b, there is a large chance of an immediate .gignal to switch back to
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p. The reasons for restricting the set of production alternatives to

Pt R aF e

three elements will be investigated in the next -chapter (Section I~ 2.2.)

g

£
5
2]

Once having decided upon a poiicy for controlling inventory -and sched-

é

% uling production, severél in@ortanﬁ guestions must be aﬁswére&: .ean

% conditioné be determined which,sﬁffice to aisure the optimality of the

§ policy?  How doés_it compare in performance With.othef possible policies,
under a variety of conditions? How are.b?tiﬁal decisions aksured,
subject to the condition that the poflicy is used? The last of these

T A

questions will be .dealt with in the .rémainder of this.chapter, and the

other two will be considered in Chapter ITI.

Two anaiytic approaches, both mathematically rigorous,were described

© in Chapter I: thesé are -dynamic programming and "steady state" analysis.
%‘ Both deal successfully with policies having fewer decision rules than the
; :

. {a,b,c) policy. .As is seen in the -Appendix, both computational and
[Lonceptual difficulties are éncountered_in the “attempt to analyze (19-20)

by these standard methods. Tt has peen necessary to find approximations

which describe the interactions between.costs and policy parameters in the

L T e S T,

new policy; fortunately, properties have been discovered Tor stochastic

A e

ek

Brocesses similar to the oné;associated,with the system (19-20). These

_Properties are useful in-obtaining approximation measures which make it

poesible to find ophimal values for the policy parameters.of the {(a,b,c)

policy.

5 A Stationary Analysis Based On Approximate
Probability Measures

The difficulties which arise in ﬁsing‘both.standar& analytic methods

t )
Stem from the noniinearity .of the policy. ‘The stationary inventory

equ; i : .
duations (55) comprise nine .integral expressions: for each of the three

N : i - frie e 1 Ao L AT 3t
S Ty S e i A P G e

72
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production,states;,it is necessary 1o know the probability of .remgining
in the present s%ate,for moving to anoﬁher-state,:since production is-a-,
factor which determines the transition probabilities.. . Fortunately,
additional simplifying assumptions will enable the use -of certain results,
derived by Abrshem Wald in his .early wdrk.in-sequential analysis, as sUurs
rogates for the information which otherwise would be.obtaine@,frgm the
stationary inventbfﬁ»distribution. In the.remaindEr.of this chapter,
some ugseful éroéé?ties of random walks will be presented, and wsed to

-

approximate the loss function of the mgdel.5

3.1 Useful Results Regarding the Behavior of . Comulative Sums
The'cdncept,qf.avonE%dimensional random walk provides an apt charact-

erization of the operation of the (a,b,c) policy embedded in the model.

described in éecti@an‘ In particular, when the inventory level is

regarded as a cumulative .sum, i.e.
n -
Xo = {2y - &),
i=L ) K

.and the demands {Eiliare.independemf, iéentiéally distribuﬁed randaom
variables, the process.is identical to,Qﬁe Wald has analyzed,h'and~his
results may be apbiigd difectly. -

Inventory changes between perlods are,given'ﬁy

8 7% by
Then, 1f @ (&) is the distribution of the {gi}, the distribution of the

{xi) is obtained fram the relation

Whity These approximations are .conceptually similar to the amalysis of
borr 0 and his predecessors. - .Gee the description of the ratiocnale
oved from them; tBupra, Section I-1.3.

Ma£hémﬂbraham Wald::"on.Cumnlative Sums of Random Variables," Annals of

——onitical Statistics, Vol. xv, 10k, .pp. 285,505,
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| (21) Pl < w)=P{E > 2, - ) i
% o F&(u) ] - @(?i -u). . fhe dist?%bﬁtion F%(x) is stationary provided lE
g o{t) is stationaﬁy‘ahd the {;i} are béunded% the:firs? condition is assum- g
%V ed in thevmodel,.ana:ﬁhé,sécdnd-is:diptatedfby:the (a,b,e) policy. . Hence %
% {21) way be wfitten-aé' %
T R -1- el ix)
g to describe the distributlon-of ;nventory -changes when -the system is ' !
g in the min1mum—cost production state i
i E
% Waldts paper"investiga$es two ‘properties.of wandom Wa%ks betwgen o
g two absorbing barriers a'gndﬁﬁjjwheré a‘Qr b is finite; 'thése.are tﬁé- ) ﬁ
5 ’ . ) : :
% distribution of passage times,-and the passagé-prob&bilities, The i
% passage time Is egual to n, where n.satisfies ﬁhe-conditions
E‘ (e2) X, Zaonr X <b, a'>Xj':'>b,for—j.:o, L, ... ﬁ-l. {_,
é In the context -of the (a,é,é}., inventory pelicy, it is the mumber -of the
g_tlme period in which 1nventory passes either af. the decision levels.a or
g b. The probabilitles -of g flrst paSSage.at -a and b‘ respectively are ?
§ written P(a) and.P(b),.and_sgtisfy the condition é
; (23) P(a) +P(b) =1. :
% For notational.c@nveniencé, two new variables‘are introduced:
@ =a~-X
g B = XO - b.
%_Let X; be a random variable, w;th statlonary density{ki} Iet X =03
i

@>0and - 8< 0 are. tonstants.  Wald provess

L. If Var (x) £0,. (22) must hold for . some finite n, i.e. P(n = m)=0‘5

- e un
A

22 If E(x) and Var Ax)

both exist, and both are finite -and nonzero; if

there exigts a.5 such that
—_——— T

5ibid. lemma 1, p. 083

L P PR T B e
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P(ex < 1.~ ﬁ)'> 0

Pl >1.438) >0 ;

S

if for any -real h the moment generating function

L g) =E(E™)

S AL

exists, and the first two derivatives g¥(h) and g7 F(h) exist: ‘then,
there_éxists‘ a unigue nonzero vé‘iue of h, denoted ‘H, which satisfies
(25)  E(e™). =

" 3. If D™ is & subset of the éomplex plane .such that ¥(t) =-E(é}§t) exlsts '

AR 2

Al i

iy

and is finite for any elemezﬂ:: t of D¥, then the "fundamental identity"

' (25) Bl (1)) <1

T,
3 T
P R el

-

holds for all ¥ in -]j‘.T (It follows from the conditions imposed upon

T i B

1 #ims

{xi] that this identity holdg for all pointg t in the oomblex plane

for which ?If(t) éxis*h's and is greater .thé,n 1 in absolute value.)
b. 1f ¥(%) exists for all real values of &, then (25) may be differentiasted
4 under the expectation sign any number of kimes with respect to t,

et any value.of + 'in the domain l’{k(t)f > 1. 8

AR I £k o £ AL A i, i i e s
RS I e S e e Ve e g,

The fundamental Jidentity .and its derlvatives lead directly to results

which are useful in the present study.

The passage Probabilities are obtained as follows. 9 Substitute H,

h;mu..f.:‘»,4unp‘m..m&‘.wam-_au-.‘_:nw,.ﬂ‘;:;.

"
AT e iy

28 defined in (24), for t in the fundamental identity (25), to obtain
E(EXHH) =1

e
L e

I e gt
CORBERT D3

Tet E, be the value .of this expectation under the condition X > oz, and
E

i

ST

g D€ the same expecteg value when 7S =B If P(a) is the probability

E‘ X > a, wehave

k (26) P(a)Ea + [1 - P(QI}E?B-= 1,

§ bid.; Jenima 2, p. 28k Tibid » P. 285
{f_
’5 BThlS is

' Expectois the centrsl theorem of A. Wald, . "Differentiation Under .the
F ot D 8ign in the Fundamental Identlty of Sequential Analysis,™ Annals

i % Vol. XVITI, 1946, pp. §93-497,




A g e i Lo e L e

<
AT

A B N T st b

ot
vy

A S A S A L S b )

e s

B T BT R T T

R Sy el i G el A L RS T

R A BT AT

B4
=

e 28 -

on

.

(27) “Pla) = (1 = B)/(B,
When IE(x)] and Var (x) are . small compared to the range o + B, .a go@d
approx1mation to (27) is
(28) Plo) = (L~ TP/ - P, om0 740 .
The - probébillty of a first passage at - -B, P(B) =1 — P(a), follows
{mmediately fron.l. (26) and (28).

A conditiop;impqsed,prior to the derivation-of these results was

E(x)} # 0. Tt is seen, however, that as E(x) tends to zero, ‘H also tends

to zero, and (28).conVerges,‘by’l*ﬁeepitalts rule, to

(29) ®la) = B/(a+8), E(x) =o0.

The expected,passege-times (durations before e:change in produetiqn
is signalled) are dbtained by'differeﬁtiating the-fundamentai identity
with respect to t, at t = DLIO This differentiation yields

Rl (0)1/ ¥o) = x . - nr(x),
or | ' “
(30) E(n) =B(X )/mE) , Rk £o.

In the seguel the notation D(+),.D(0) and D~ ).will.ﬁe used to reprasent
the expected bassage tlmes when productlon is p, P, and ) respectively;
these will alsc be referred to as durations in the plus, (BETO, - and minus
drifts. “he approximation (28) may be used in evaluating (30):
(31) Em)*Eﬁl?eﬂm)—ﬁkmi—lm&mi—eﬁ%E&), MX)#&

To evalvate B(n) when E(x) =0, (25) is differentiated tyice

11
with respect to t, ab t = 0.7 Thigs second derivative is

(52) (0, - 22 | nbe)ae)  [ye(s)? (),

[w(m
9wa1d B § ‘
Lo, On Cumulative Sums . ..J p. 287
Wald, "Differentiation Under...;' p. kol llibid., p. bo6.
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‘Since 7@"(0) =1, 'QU“:(O) = E(x) =0, and M?(O) :-E(XE), (32) .becomes
Xn2 - nE(x").at t = 0. - This yields
(53) Bl) =B EED), B =o.
The approkimati@pﬁ(é8) is used to find

£(x").=cfrle) +5%p(p),
yielding .
(%) D(0) = op/a(x"). |

The resulté (»8) and (31) are not -exact, since they use B(Xn-c~a)
and P(}{Il =-B) as surrbgatgs for P(Xn_ _>,_‘?‘) and P(Xn <-p); :i,e. the
"excess variable ", the amount by whieh the variate.X exceeds the

barrier which it passés, is-ignored.

3.2 An Approxima%ion to the {a,b c) Policy Objective Funchion

The approximate prebablllty measures descrlbed in the preceding section
provide the key to an .analytically vlable formulation of a loss function for
the new model. Anlarblﬁrary planning horlzoﬁ of T perlods is established
as a computational arbifice; ignoring f£e JAinitial state of the system seems
less arbltrary vhen discussing the expected number . of recurrences of an
event over.T periods; instead of the probability of an event in the coming
beriod. Simple but appealing specifi¢ forms will be assigned to the. four
cost components of the loss function, and & procedure will be 1ndlcated
whereby the loss functlon may be. mlnlmized

The holding cest (17) is approximated by
(35) fn(X)dF(X) ~Tq(a +b)/ 2,
where T is the plannlng hprlzon, 1 is the lrinear cost of holding one unit
Of inventory for one period, and -(a +b)/2 is taken as an approximate mems-

ure of the expected Value of the stationary inventory d;strlbutlon,

Under the assumpbion that runouts never -occur unleSs a passage below




: .

b

h b has Tirst béen,detec’ced, runout cost .is formulated
E . P I
oo [ e = o’| ) g prsys

_DO_

AN

Here p is the *Tump sum" cost incurred whenever inventory is fc]qnd o be

ey

T R S S i

depleted at the end of a period; the ‘bracketed expréssion is (30);, the
conditional ﬁrobabil,ity. of g passage below zéro before a passage above
c,‘ given that production is .T° The expression P{b) /vt g é’x’-p“é?}.tfe’d fre-
quency of passage below b.  The d’er;t‘)minatbr ). calied the "cycle. ‘ll;:i_me" of
t‘:he" inventory process, is given by. .

¥t =~ D(0) + D(#)PM) + D{(-)p(a),
£ which is t‘he st -éf‘the expecied dur‘atiogls in each drift, weighted by
& the probability of moving 1nto that drift. The numerator, P(b) is the _

k% portion of the cyele time 'spent in the plus grift.

;—é

‘E’f The U-shaped ATUC curve (15) is represented by the parabolic Form
¢ ‘ = 2 2

L - A o )Y ‘

P G0 nlz) - Tl - p) D(+#P(®) +mlp - ) p(-)P(a)

7t .
Here, the costs of production at f).emd p are weighted by the probability

that the system is in the appropriate drift.
Production change -costs include the costs of moving from the

production rate p %o either p or p, plus the costs of subsequently
1

g{

2

3

i

¢

¥

|

§

3 5 ‘ :
: o .

r’i £ The assumption that a .runout camnot occur unless a passage .of.b has
BT i;St been detected means that production is always in the state p ..at the
i 'o’ure‘agf & Tunout.  Whenb is passed, production is changed to p, and under
¥ ver futiption, no runout occurs showld the inventory level rise above .c

5 drii?il;‘e 1t drops beloy zero, for then the system is restored to the zero
gwh ilé.theThe bracketed term is the probability of ‘a pasgsage below zero
% the ooih D;ystem 15 56311 in the plus drift. In effect, equation (36) is
E .. a runout P> multiplied by .the probability of a runout under
g

i

&

-]

%

g

£ th it

] ipi i;gngltion that a passage .of b has eccurred (the bracketed term) mult-
- 3 ¥ the probability of g passage of b, which is P(h)/}’t.

never Jﬁi: iomu}ati-on of the cycle time tacitly assumes thatb production
& or p is pﬁeceﬁog to p or yice yersa; every interval of production at
T € and £ollbwed by an interval of production at p. The

then, is simply the .expected -time required for inventory to
€ zero drift ’

§ p_lﬁs Arift bagy o o Tom ¢ to a or b,. and then move in the minus or
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-r1:31:1,11‘1'13',11g‘1;_0'ljp_;llF These costs are written in ‘the form
(38) "T{[? +E(@ - )] Po) .+ [K + k@ ~ p)] .P(a)} /e
E R {

where the terms in brackets are from (16), and TP(b)/yt and TP(a) /7t

o e L I S L ims,
A T e

o

eI

A ra ey
ot YR

are the expected number of production increases and'decreases-oyer~the

R H

planningrperiqd:k

R

,-1'-;.'.4-‘:6"-.1:'-

The exprassions (35-38) -constitute an explicit formulation of the

£

13
e
-

costs assu@éd in the model, wheré all are written as functions of the

appropriate parameters.of the (a,b,c) policy. These four expressions

are consolidated as follows:

509 Llabe) < T (a) /o 4 e[ o)y (@Hlew) gy

FRAEG D) +n6 - p)n(#)IPE)
- - K4k -p) - )(-)1p(e))
where 7, 05 X, E;_£(°), E{:), m(+), and @jﬁ) are cost parameters; a,b,

and ¢ are inventory decision,par%meters; ahd Ps; p and p are producﬁion

=y

decision variables. . T is.the planning horizon; and D(+),-D(-), P{a),

e
ta
st
e,
sl
¥
0
[
£
s
=i

i R i

"P(b) and 7t are passage times and passage probabilities evaluated in

P

Section 3.1. . When these last expressions are written as explicit funct-

lons of the poliey~elemenﬁsa (39) emerges as a transcendental eguation

vhich is too unwieldy to be .optimized by the usual differentiation method.

B e e e T Y

KREA:

Hence, alternate procedures myst be established for obtaining -optimal

Stk b

e

values of decision varigbles.

3.5 Optimal Values for Mo Policy Elements

ST S s e ot
e T AN A N el e A

In this section it is demonstrated that two of the decision deber-

i

r
S _ -

g becauseA ilzile ten@ may-be used_to-represent the change in both directions
3 be f0110§ . be statlonarlty_of the demand process; a change from p will

g of the 1e oY & re?urn to p with probebility egual to one. .As the length
¥ Plamning period T lucreases, the difference between the expected

1 Aumber of change

5 away from and returns to p is negligible.
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minanté,-c and p,.are.easy to opbimize, given certain nonrestrictive

condit-iOHS-15 Thase two policy elements must be selected so as to

DA

maximize'D(oy,'the,expented zere drift passage time, regardless of the

explicit nu.meréical_vﬂues absigned to @ and b, For suppese that, after

TR R A

selecting a énd.b,‘p'and ¢ were selected in such.a way that D(O)_W&S net

7
L

maximized. - rThen¢,by‘finding values of ‘p and c which inurease p(0), it
% ﬁould bé'ﬁossibie to re@ﬁce runout cosl, . preduction cost and productien
i change cogtyalldofAWhich vary inversely witﬁ.D(O), without increasipg
i holding ecost, which:is_inﬁepen&ént of-D(O). Only the values of p and
¢ corresponding o maximum D{Q) are not -susceptible to such Improvement.
Several additibﬁal conditiens are imposed: (a) the demand distrib-
ution ® (g)‘iS'nérmél with unit variance — & (&): H(p®, 1); . (b) the
Iapprokimatioﬁ_formuiae (31) and (3%) are taken an exact representations
i éf random walk passage times;  (c) the .chanze costs encounterzd upon

: : . 16 .
% vassing a are identical te those encountered upon -passing b.l These

i+ conditions ensble proof of the .

[ — —— * -

g; l5It was specified in defining the (a,b,c) policy that the progue-
& tion rate p should be the minimum cost rabe (20). m thid section, we
1 Will demonstrate further that P should be set egual to the mean .of Lhe
&

demand distribution,gEfg). -Perhaps it seems that 1t will be .necessary

to perform some_sleight-of-hand to assure min [m(z)] = EB(E). Ve ean,

sz of course, simply -assume that this equality exisbs; .however the assump-

# . ry, for the assumpbion of demand stationarity,

I in“combinatlon vwith entreprenurial ratianality“strongly,suggests that (a)
if'a firm‘has begn in operation over -a.long period .of time, 1t will have

adjusted its capital equipment acquistions 1in a manner tha “aonforms to

é?ghe‘quective of fill;ng expected demands at winimm .cost; . (b) if a firm

§oo8 Just begun operation, the assumption that the demand distribution is

iz g

.

FeipTieet:
ot
(s
o)
5
,..I-
m
i3}
g

&
)
H
o
o
o
B
ﬁg
ol
0
°

1s plotted .against price} is of unit .elasticity

e desired equality is attained through adjust-

7.x;‘thJ;'cn.lghout its lengthj' th
zment of the price level.
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Theorem.  Optimal values of c.and p in the (a,b,c) inventery: policy
T 7 .are.respectively (a4b) / 2, the midpoint of the zero-drift

invenbory range, .and u¥%, the mean.of demands.

and the balance relation (%), are recalled. Tt follows from (%) that

r

the inventory -changes {gi},havé“the distributien F(x) : N{,1), given

A e s B e D o R P st e

the assumption Iébéu‘t the normality and stationarity of demands s Where i
(h0) u.=p - pt

Ik is neceé_‘Sary “to demonstrate that no selection of c is more advant-
ageous than (_a-fb)/ 2,—.and'no selection of p is more advantageous than p¥, ik

Iet 2r = 0P represent the distance between the upper and lower inventory

comtrol levels. Having shown the necessity to maximize D{0) for fixed

k=

a and b, it will suffice to prove the inequality (41) alvays holds.

T R i Ve
2 < ™

Substitute 2r-p for a in (51), and let o =B in (54) to cbbain

(1) (2r-p) (1oe™PHy _ p(o(Pr-PE ) _ 2
. M('e(Ere,BJH“.;BH)

L e, YL At S
A e T e
o ARl an e A X

Proof. The notation of Section 3.1, specifically @ =a-c.and B = c-b, 1
[

} vhere the left side represents the expacted first passage bime Tor
? arbltrary o, B and .ﬁz,,_wh.ile the right side represents the expécted first
;; passage time for @ =8 =x, and 14 = 0. ¥ was defined in (2h).
i The moment generating functien .of a acrmally distributed variate is
g . 22 \
1 (ko) E(éhx) . (i + % ¢"n°) . 5.

where g° 721 . . 2

© 0 = Var(x); .setbing (42) equal to 1 .yields, for o= =1,

. 2 '

(43) HE + (1/2)8° = 0, or H =24.

How

(k1) may be rewritien

'A (li-li') (2]:'--. 5) (la_,e'egp*) . _ . 3(e=2(2.1‘=35')f¢_ 1) Z r%(-e'?e (21'—.* B)P’_egﬁ") .

The Inequality i

AT A A S R SN AR o b
e e
.

]

reversed,  since the denominator.of (1) 1s negative,
-Xegardless of the

fal

Sign of .  To determine.whether the inequality (4k4)

A

o

ina :
S :_‘ee:d holds, the right term is transpesed, yielding

o’
)

e
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(49) (or-p) (1-62P) o2l 1) - e PR 2Ry
on the ieft side. If the inequaliﬁy'(hh),is 6 hold, (45) must tgke;a

- 3
nénnegative maximum value. ‘Differentiatien with respect te 1 yields

(46) 26“[2H5r2§-f2.h 28(2r=pB) | ~e” 2(er- 5)“[r =2ur (Erﬁﬁﬂl;,ggCQr,gj];Q_

We see that (46) ﬁés & root W= 0. Thin redb is unique: rewrlibting the

derivative as

el*r“ =55 = 2plEr-p) - o (or-p)

r2 +"‘2p,ﬁr2 ~2B{2r-B)

shows that when p > 0, the left side > and the right side <1l. ‘he

reverse inequalities held for-u <0, To . establish sufficiency, take

Maclaurin' expansions of the exponentlal terms of (44), obtaining

(h?) W [-em(er-p) - 28(2r-p)° + o (er-g) +2pr"] -

o L2 (erp)? 4o B2
r (W) takes a minimum value at n -0, this expression must be p081tlve
everywhere in the neighborhood of the root. Since It may be taken arbitrar~

ily small, the effect of terms of successively’ hlgher povers in y becomes

¢ unimportant 1n-determining the sign of (47). Focus1ng on terms in ﬁ s it

it

Ay
e

gt e

is seen that they are not dependent upon thE~Sigﬂ-Of B. The.expréSsiOn
within the first bracket of (47) may ve rewritten —88 r o+ MB + hr5, which

is always nonnegative for positive B and r. fThus (%7) takes its minimm

-&t:“ =0, B=r, Verifying inequalities () ang (41) and cempleting the

Proof.

2

3.4 e Aae Objective Function Reexamined

The results of the last sectlon reduce the optlmlzatlon preblem ta one

. of T
- inding values for foyur decision parameters, instead .of 8ix, and in ad-

Zi'diti
. O they disperge much of the difficulty encountered in determining the

ﬁi]remalning policy elements.

This is seen in,the changes which appear in the
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IOSs.function- -
,éhe'passage times in the plus and wminus drifts aré,dbtained from (5i).
Some 1nterpretati$n.is called for'_ in the plus drift, the meln. change in
. the inventory level betWeen periods is given by ﬁ-= 5 -u35 Q > 0. T this
drift, the @ of (31) represents the distence (e —b); for it is assumed that
the @rocess'begins its walk in the new “arift at the lowér barrier b, and
thé property of interest is the time required %o move back to the .center.of
the (& — b} range. Further, since there is no lewer barrier.of 1mportance

(passages below O are of interest only An dealing with runout cests, and

not in dealing with expected duration in the plus drifﬁ),the B.of (51),

- representing the distance the walk may proceed in the negative direction

without-encountering a barrier, apprbacheS'ihfinity. On this basis, it ig
seen :
) .o qu
_ Lim ou(l- "P) — plemPHy)
D<+ - ﬁ—)co —QHCZ Eﬁﬁ) . ] = QI/[._l = I’/l-—l

k(e

o

Similarly, p(-) = ﬁéﬂ = rﬁﬁ,'where<&_= wh—p.  These results, with (28),

(29), (34) and (42) moke it possible to wiite (39) as an explielt function

of the decislon parameters:

(o/x). i l%ﬁb) +K/r 3/ am) (o) ] b

, (’48) L(a,b,c) = f](r..;.'b) + - (

r+lku+lﬂ$

h -
where 2r = g- b, the width of the zery drift 1nventery range in standard

deviations of demand.

B : . : .
efore the questlon-af-obtainlng.gptimal values of decision variables

from th '
- © eXpression (h8) jg considered, 1t must be determined wvhether (h8)

is g suitable forpy Tor the lows function.

3.5 Modifications 4n Tight of Iimiting BehaV1or

- Two sortg
of dlfflCU1ty may arise which Jeopardize the results obtained

from eqnation
T (48)- (a) The emprical nosh parameters might posess some
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pathological structure which forces pne.or more.of the decision Yarlables
to take inflnlte values‘ For example, if the_runout cost parspeter p is
\infinitely 1arge, or the helding cost parameter 1 is .zero, the ipper inven-

tory barrier of the (8,b,¢) policy would never stablllze at a finite value.

‘%ﬁuﬁﬁﬁ&%ﬁmﬁﬁﬁﬁﬁﬁﬁﬁﬁm;MﬁﬂﬁmMQQEWﬁ

(b) The apprquat:;on -Torms apsigned t@ these costs might misrepresent their

e
Fpentity

behavior, i.e. cértgiﬁvoi the cost compoments might net respend to changes

3
S

% in one of the decisibn varisbles in the way .1t should:  holding cosb not
5 C C

L ) o

:ﬁ increasing with increases in r, for example. The contingency (a) may

i
b

be preciuded by asswiption — the (a,b,e) policy simple is not used for
. dealing with such cost -sbructures. _Contingency (b), which is considered
“in,fhis section, ig seen to arise ﬁhen total cost aceruing from use of

"the (s,b,c) policy is represented by (48), .and thus some modification is

Y TR A T L i
&mmmM@mﬁmwﬁﬁﬁﬂﬂwﬁﬂmm

h

necessary.

i

As a preliminary;;iﬁ is established that ﬁhe loss function (4#8)

is everywhere . contlnuous when the four de91si@n variables are .resbricted

A

to positive values. Phis desgirable, condltion obtainsg because the functi@n

P T

Pote en s " i s e i
A G e ] A e TR A s

1s composed .only -of sqms and.prbducts.of Iinear and exponentizsl terms;

further, no denominator .in the function .can vanish.

R

ar
i

The function is composed of four elements: the term 7 {(r4) is hold-

i

ing cost per Period° the :expbnential -expression. in the numeratmr is the

iy

S R e m%w,uwwwwh

approximation to runout cost per peried, first presented in equation (36);
the terms KJ} *‘k/br (h o+ u) 1n,the numexrator reprasent production change
COStS (38), and the term (m/2) (4. + 1) represents production east {37) -

Two troublesome concemitants of the fepresentation (k8) are discovered;

holding r,b, and B constant it 1s seen that

(49) -% L{a,b,e) = q(rd) + D/Q(r—sb)_ + Kfr + 3/ +mlp - a(rw)

r+lfe 1l

s
I
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unfortunately, the function L{a,b,c) takes its minimum when ﬁ,f:@, .8ince

s

‘;:ﬁis is the ‘only value which causes the -cost of runeut .and production asgoc—

e

Hié.te d costs to vanAiSh. This re,pre‘séntatiaﬁ conflicts with intuitien

% r’e'garding“ the behavior 'é’frcéﬁzst in the system, for unless p-> 0, the probab-

‘%% rii:_lty that the system is perpetually with ®f shpck approaches -one, meaning .
;5 that su{)sﬁantial' runout chsts are igntired in -equation -(49). i
=0 - . 15
:;_% The second difficuliy is p‘ere_eived Mpen ebnsidering
| §§ o . &m' 'L(a,b,ci),—> ’q(r-}b)
% with;l, r, and b held constant. Again a minfmum .value occurs when the ﬁ
%s?décision varilable is set equal to zers. But if B ig set egual to uzero 5 the :
“i : probability of passing any arbitrarily high inventory level becomes 1, and f

-~

}iéiding cost e@lodes .

In order to ameliorate these weaknesses, the loss function (48) 1
- _rewritten
;{:?' : -

-~

(50)  Lia,p,c) = [O(r5) /i +

r{r '+ 1/5 4.1 /20)

b r!\z-, T . -
'?%j'where'

(o) g
B =4no(L/) p-o
Ny othervwise

DO(E}) ]-_-J_ >
v = pO(l/g_l B> 0
Dl—l Otherwise;

E

g

i
;

where O(u) 7 a constant ag y - .,

o

Th
e8e forms asgure that cost .of runbut -and of holding reatct approepriat-

‘ Wﬁ*f ".?"""?‘ﬁ-'?
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g%i‘ - N o 3
gf‘:“ Tt 18 easy to verify that after these modificatiens, the luss function
:;% in the form (50) is still centinuous.
3
. f;‘;{ 7 The functlon (50) .behaves properly as the -decision variables Andivida- .
}% ually approach their limiting values. TIn the following tests .of limiting
;‘% --b;?havior, each decisipn 'vvaﬂiable As permitted to approach its limiting values,
: ‘%‘éwhile the other three variables are held constant at seme finite nonzero
g‘% 'ievel- l At the- fellgwing six limits, the function (50) 18 well-behaved:
L3 = Glrdd ) =+
:zg B 1 (- H ) I
o 1im - ~ K+ 2k p) s w |
: % 0 L(a,b,0) v (r+L /20 1 fop ) !
&% ' . !
: ’% : ~ L . « _?
%  m L{a,b,c) 5k 4 mr) (. 4p) =
(S Hrseo g r{r + 1/op)
B . o -
% _ ‘3% ) I,,(a,b,c) @(rd-b)/g' .
% | . ‘ - !
E © 14m . ~ F(k +mr) (1 + 1) - o
& - = L(a,b,c) - -
e oo r(r-—}--l/au) . ;
L= . & 3
N -’:k . . . o _ . ' %
= :2;_% : — L(a "b,c) @(I‘-}b)/& - o g
% o In considering
§(51) } lim L{a,b,c) =@ E TS o/t + {(préduction cost)
Sk . b_,() N . r N ) . 3
w f‘ o : r{r + L/20 + 1/20) - - g
%’i i‘t 18 neuessary to deteminé whether an .eptima:l policy ‘could reasenably ‘
- SPECifY a value of b > 03" .hence a c@mpariden 15 made between (51) and
o [(J};) (e 2—»‘ j] + (prtaductmn
{L(a,b,c)]b = 1] 9(1«4,]_)/}_{ o ( }J,I”_( <y - Y cost)
_ r(r + 1/2p + L/20)
Ii' the loss f‘unctlon is to take & smaller value when b =1 than.-when b =0, I
‘iS DECESsary that ‘ ‘ %
- — -%ur  .on A
8/“ R Gl SR V1 (o) /o (e +1/2 4 1/5)
1f#‘}"ld.ch - ,
is rea_sonable condition. For ingbance, let p=r=1,1 = %_, to
. |
W
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obtain 8 K (5./5)1); “thescost of a runout must be more than five thirds as

L4
preat as the cost of holding one unit of .stock for one period. _ ,

Similarly, .when

—p——

12 1(o,5,0) = (holding cost) + 2v/(r-+ ©)

and

EL(a,‘b., )i =11 = (holding cost) + u(é_g‘r~l)/(e‘"'2r—e2b) + K &
: r{r -+ 1/2p + 1/2[k)

- S (ke ] (pe)
| * (o1 /21 /27
For L{a,b,c) to be less when p .= 1 than when fl .= 0, it is necessary that

K i»-%(k_+.mr_)(g :f,'l) < o2/ (e) ~ (€77) /(67 F ) r (pa foun f2)] -
r(r +1/2p + 1/2) - : o

" Again, this is a .reascnable condition; for instance, let r = j =b =1 to

" obtain (K Xk +m)/2 < 60/7:.

Expression (50) .15 a more sultable approximation to the less function
of the (a,b,c} policy than is expression (48), becaus‘;e the former conforms
more cloéely to the way -in which costa ﬁr‘e é‘imebted to behave as the decision
variables move toward the limits bf their.ranges.

The usual analyizi‘c procedure for finding simulbaneous minimizing values
of four decision variables is cumbersbme, even when the function invelved
is simple in form. When confronted by so untidy & form.as (50), this .opti-
mization process-is nearly -u‘seless: -Bowever,; the m;inimizatijon problem is
solvable by numerical methods on = high-speed .computer ;17(5'(:3) Jis similar to
many seemingly intractable :"e;néineéring_ functions® vhich have been epbimized

with the aid of computers. | . l

7 .
plex asA(CO(ie has been developed for the TBM-TO whereby expressions as com-
70) can be. optimived. This program, which is designed for multi-

- var i . '
late regression analysis, is described at length in G.E.P. Box, The .Use

of . .
Unii‘zi’giitical M(—:_ath?ds. in the Flucidation-of Basic Mechanisms, Princeton
Ootors ifé Statistical Techniques Research (roup, Technical Repbrt ne. 7,
e 2T I am indebted to Roger Pinkham Tor this refererice,
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That the policy parameters. obtained by maximizing this loss fuaction
are not unreasonable is verified by a swall numerical example. No atbempt
wi‘ll be made to locate .optiwa, for whilé the gradient methuds whereby this

may be accomplished are easy to use when a. computer is available, they do

Ly o Akt e gt syt 2 L e e LN S i gt
B I e S e I e S o T

not lend fhezﬁsel\;es readily .-to hand cemputatisn.  Rather, it will be demon-
2 strated that . the loss function is quite frlatt over a surprisingly large

’ g range of cambinations bf' decisgion Vari‘abltb,*s; whicl; enqﬁurages the belief

4. that the poliéy mayj'b,e' useful even whenla computer is not availsble.

?‘; Suppose ;:he cosgt -I’>ar;1meters are: | =1, p = lO0.0, X = 300, .k = 10,

7 aﬁd m= 5. The parame“bérs p and K are fixed charges, the others are .costs
per unit, where the un_it' is equal to the standard deviation of the déemand
distribution; e.g. it costs 1 to hold o items of finished gooeds for one

fé pefiod, ar-xd 10 to make a ‘c'hange _@f.-cr ¢ units per period in the i:roduct_ibn

" rate. Then, when the decs_s.wn varisbles (v,b,i,pu) = (1,1,1/4, l/h), the

% total cost is approximately .2 + 1000( 3955!1 0k22) + 300 + l5/11L or about
2 2
& ke 66. )

The following table shows the approximate total cost assoeciated with

- several possible combinations of (r,p,0,p1):

(3,2,1/2,1/2) : 3h.he (8,5,1/2,1/2) : 17.15
(5,3,1,1) : 19.25 (10,6,1/2,1/2) : 18.77
(5,3,1/2,1/2) ;. 18.148 (10,6,1,1) . : 19.27

‘8ince no combination involving r +.b >.18 can be optimsl, the best

choice will be somevhere in-the -range_ coveréd in the table. Notice .that,

s L i Lt A ]
.“»*!sﬁﬁ?%v‘?ﬁm«"f R S o e A

although all decision variables have been subgected to 100 per cent variat-

1o
ns in magnitude, the cost variation between the worst and the best of the

Vlast Tive combinationg is less than 12.5 per cent.

W
1th the objective function in & Torm which is clearly amenable to

i

0 timi
P zation, attention is shifted to the topic of production costs and

: %@%ﬂ R '. 2

production change costs in. Chepter ITI.
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. _. - APPENDIX

FORMTATTONS -BASED UPON SPANDARD ANALYTIC APPROACHES

1 Dynamic Programming Formulation -of the (a,b,c) Pollcy

The expected one~perlod costs .of. eperatlon,when the (a,b,c) pelicy

ie used depend upon the initial production state =z, and upon the initial

L
“inventory Xb. These costs afe given by ¥ 4?“3
L nY +p .
7 R(X,p) = (X +D ~f Oean(e)] « Q/%d@(ﬁ) + [K +k(p—p)]f ae(g)
" 0 S 0 4 X@*P -
+ [K + k(ﬁ-p)}f de(t)
: Xoép—b
. _' ~ % *F Do B o
R(Xoyp) = nlX, ¢p f §d@(§)]+Jé@(§ ) +m(p~p)
‘ X 4p~c XO#ﬁ | n X %p i
e xp] O an(e) + x v xG-) @ as(s)
X -%5-—-—8. #
. 0 .
. X Y A
R(Xy2) = nlX,+p ef;;ogd@.(ﬁ)] + deféﬁ) + m{p-p)°
X b i
s [K'“Fk(P'-_P_)}f TGale) + x4 5 p>g[a@(g>

In each of these equations, the first term is holding cost (17) formulated

as a linear function of ending -inventoryy the .gsecond term is runcut cost

(la)j 3

the third term is productibn cest (15); formulated as a quadratic function

Of the deviation from the minimm-cost levely and the remaining terms are

.the production change costs (16).

, Ih addition +o turrent period.costs, the loss function must evaluate

lThe read
eader 15
1nterested advigsed

to skip to Chapter IIT unless he is sPec1f1cally
in these analytic approaches.

formulated ag g lurp sum penalty incurred when .ending inventory ¥, < 0

2
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the impact of a degision in the current period upon future .operations. By
£he principlé.of optimality, the discounted Ffuture cost stream way be sum-~

marized as follows:

’(53) L(XO,' ) =R, D ORI, (1)), ) e (p,7sp) -

Upon evaluating the second term .en the right-hand side, the totsl effect
of (a,b,c) policies uptn expected costs will be knewn. This evaluatien is
accomplished,bf wéighting-total fubure costs for each production state by

the probability of being in that stebes

BIL( 0)] - L fxoié?g> ( JXB@; ’ s, 20(e)
XD = LX. ,p (8} + LiX, ,p)f-  do(t x, @
* AL _ Xl» X 4p-a ¥ Xi'pFluipgé)
X0+p~a . XO = . Q
(54)¢ E[L(x,,p)} =3{x prd®(§) + L(X, im)f 'O%;((}E) + I{X .ﬁjm ae(g)
. X o _1 s . , M XO—{'E)-%a S XO—}{?—::C .
e XO+£_-C X -fg_j-:b' . P
S E[L(X,,p)] :L()}l;g)fdfb(ﬁ) +L(X1Jp-£‘od6'(g) + 'I'(ny’)_[ ao(£)
~ 00 . Sp-e G’@,“:b

-

These expressions are .explained as follbws: if production is in the state
Dy apdjsales_are less than XO +p -.a, we_mmﬁe_iﬁto the .state p; afber -this
move, the future expected costs becomé IiXi?E)- By-combining (52) and (54),

three equations of the form (53) are cbtained. The objective in dealing

: gith-SUCh & system is to find values of the decision variables which yield

minimup cost. The corresponding (but simpiérj sef,of relations for the 5,8

ol . : L
Policy is solved by Arrow, Harris and.Marschakg they use boundary conditions

.to t : - .
ransform their equations into g renewal equaticn.g Thus far the auther

has b ,
cen unable to solve the recursive functionals (52) of the (,b,c) policy.

P
The Statibﬂary-Inventory”ﬁistribution-of The (a,b,c) Policy

The pol . -
“1¢ Policy rules of Section 2.1, conbined with the .stationary, random

timal Tor . ,
Optima ‘Ingento?y Po%lcy“ apxcit. The functibnal eguations (52),differ
- yn?ElC PPOgramming f@rmulatien,(B) since they contazin no
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ia;l a distriﬁution'assumed in thE'medei, determine g . Markevlan.inventsry
'prbcess- The stationary 1nventery dzs’cr1butmn5 com‘prises %hree parts:
F(x) = F (X) + F(%) + 7 (x),

lwhere the successive .comppnents . deseribe-statlenary ‘behavivy wmder the

condition that the system is in the minus, zera, and plus drift respettively.

The component.terms are written:

ar” (%3 fn(Xf + 2 ~X)aF ( X*) f%ﬁ(X**@ X)ar®(x?) +f p{xh pex)art (x)

(e

4

s ww@“mm T

e

'*..(.55')' ar° (x) f@(xw P=X)dF {x9).+ f P(XF+ pr2)aF° (x8) + f PO+ px)ar ™ (x¥)

g

B

- aF(x) f Qxte 5 )@ G f @(Xﬁ?‘—s- B-X)ar°(x*) éfn'qj(xn p-X)ar(xt)

1The first term in the first equation states that. i Xr, beginnlng 1nyent@ry
5; _n periods in the future’ (vhere n iy » large nurber) ig greater than u,, and -
“;i'the productlon n-1 periods in the - Tulbure is P then_production An the period
',n,Hill be p, and the probablllty -of havlng exactly X units.on hand st the
-‘end of the period is XV +p ~Xj, vhere ¢{t) is the demand denslty Thirs

. the first equation ig the defisity functien of ending inventory when' predue-
ftion during the period wag 2. Dlstributlbn Tunctions are.obbained by inte-

-grating each equation .over the range 6F (E); taking this .sbep, we. gos
, terms Will be of the forg ' l

CF(x) [[fcp(x* TR -XAEIFT(XY) 4 ete.

'ﬁlﬁse equations have thus far resisted selutien, even When siwiple forms .of

i St et o A e

'?P@ @?n?ity-¢(§) 8re assumed, .gs was -diseovered when.m(g) S ami

1_§)fé §e_§ were tried,

g this distribution when the
Arﬁaw, Kerlin ang Scarf, op. cit. .». 205,
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the .optimization problem is not completely solved when the stationsry

inventory distributien is .determined, for unlike the.s,S :P’Ol.icyjf not atl

of the costs_of,the (a;b ;C)_Policy ‘can be measured in tems af the -sBtation~

ary inventory distribu*tion- The cbst BF -ehanging the - productlen rate -dpes
not lend itself to ‘me'asurement in tems.ef this stabionary distributi@n
and some allernative method, must be. ebtaln;adﬂta deserdibe the expecte&

i‘requency of different types of changEa, such a8 the .one described in

3

Section II-35.1.

A A Bt L et o o
Dyapercset l:’-“i.‘f—.-‘;-,q:ﬂ,"?;},{“:k Fked

JECT Y

h ‘ —
The costs of the B, 5 policy were related to the stationary inwv :
- An
distribution which it determines: Bupra. Section I-1.3. entory

R
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CHAPTER ¥TT

" DYNAMIC AND COMPARATI?E STATIC .COSTS OF PRODHCTION

- s il -‘-_"_._4'-1‘-.'».,.‘l y

“ﬂ,{‘

f'_' 1 The Production Cost'thétion.andlthe-Employment level
) h it

© In this chapter the factors which underlie .the specific forms of pro-
Ei‘aﬁction cost andlﬁroduction change cost that appear in the model of Chapter
I'are explored {see eguations (15) and (16)]. To be sble to .cope with

o] production'change cost as 1t ig there formulated is the principal reason

. for adopting the (a,b,c) policy, so the reasons which underlie the formu-
'létionAof this cost constitutg_a significan% portion of the rationale of
the policy. Static pfoductiqp coétq, similat to those described in the
écbnqmic liﬁerature.on production,l also pi§y a subgtantial role in

. &
,g;shé?ing,the policyy they dictate that-production rates be kept within

. &’ certain range, and make i desirable to produce at-the minimum cost

154
¢

M%WWM s R

T rate.

§} CTwe conditions.assumed in the model. (Bection I1-2) are important to
the formulation of production cost: fhe assumption that demand is station-

F -

%{ary, and the assumption that the decisionmaker does not control. factors

5 8ffecting demend, such as price. This last assumption implies that .cost

g . _ .

és mMnimzation 15 & yayzq objective; the first means that the firm will

L1 ,

?&xneVE? find 1t necessary to move to another short run cost curve, provided

w1 . —

%;P.él Kgf- Sune Carlsbn, A Study in the Pure Theory of Production (Yondon:

il the'lbwng and SO?: 1939). Tnis theory proceeds from the assumption that

= Chene eit o8t Input mix for any desired pate.of output has been determined;

§.H0111§ychas studied the problem of determining this optimal input mix. cr.

égfhdnomi enery, ”EngineEring.Productien,FUnctions,“ Quarterly Journal of

—=29mics, Yol. LXIII, 1949, Pp. S07-531.
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the present capital‘structure is .on the .average capable of meeting custo-
mer-demands. These two assumptions -enable the problem of inventory-produc-

“tioﬁ proéramming to be divorced completely from related problems of capital
plannipgv

This stﬁdy-emphaéizes short run considerations which are analagous
to-ghe long run problem of .capital planning, namely the plamning of em-
pLoyment levels. Compariscns are drawn between  "intermediste run™ and

'ahort run alternativess .direct labor will first be regarded as fixed

H%ﬁﬁﬂ%ﬁmm#%M&mﬁ%@W“&mamm%ﬁﬁ%ﬁMﬁ%ﬁmﬁwﬁﬁwﬁﬁ

(the short run c%fe)sﬁhen.variable;,(intermediate run), and the implica-

Lz e

:tions of the two possibilities will be explored. .A production change in

i

m%mw%mﬁ@@ﬁmg

“ﬁﬁﬁﬁﬁﬁﬁﬁ@%ﬁ%%@%%WM%ﬁg;m ;

-«

'_which'production workexrs are hired .or fired is a move to a new short run
ieurye, along the intermediate run curvey while a change in which the .di-

_rect labor force is unchanged is a sheort run adjustment. The. intermediate

3

“run function as defined above is a shordt run function as defines tradition-
all&, ﬁnd the term ‘short funtc has been given a more restrictive defini-
fﬁidu These 1ntermediate run and short run average cost schedules show
 the minimum costs of operation at each possible rate .of production, when
*Cﬂpitél EQUipment is fixed, and given the.alternative of Varying -er not

-“arying the labor force.

Though there will doubtless be sharp differences in the configura-
tion of short run ang. 1ntermed1ate ryn costs. in different situations, the
jfollowing observatlons may be valid under widely varied clrcumstances’ o
_#ncrease output without hlrlng, ene -gr -ancther of the-following alterna-
;f?ives may be available in a given situation: {(a) overtime production;

f?) reduetion of maintenance, cleanup wr other necessary parts of the
ggroperating routine which may be neglected temporarily; (c¢) increased operat-

'ing rate
_ » With no change An the labor hour input. .Diseconomies encountered
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u

in,pursuing this last alternative may be attrlbuted to employee fatigue

| ‘deterioration of equipment, 1ncreaSed cost -of .gpoilage.or scrap, .or reduced.

QUalitY A short Tun reduction in .cutput -leads to costs of -™undertime™,

S _which ocecurs when the work force is diverted into nonproductlve -pursuits,

5;:e.g wall ‘and WindOW'washing

- Intermediatée. run adgustments create Enﬁlrely different problems. By

F?<varying the labor forceg’iower direct -labor -cost perrunit is obtained than

.1

}f

ﬁ
.

then the labor force is unchanged. In- the intermediate run, increases in
pfﬁductioﬁ larger than some critical size will pfobablynbe_effectediby an
additional shift, whenever posglble . Changes smaller than the critical

Bize ‘may be effected by re~balancing crews on existing shifts, if greater

-«

9£lnbor cost per unlt, if prior to the change, the firm was operating at

|

mayrhe effecte

the minlmum cost level for ‘both the Fhort and the intermediate run.2 If
?irm 1s operating more than .one shnft, an 1ntermedlate run reduction

d by'the layoff of an entire .shift; or by laylng of T . some

ers
bt reaSSignlﬂg those remaining, and centinuing operatlon of the same

er;of shifts a5 before the decrease.

Again, .unit .costs will be higher

$h13 s the condition which

Pter, Bugra .33, note 15.We have assumed to exist in the preped—

A Tk e et e
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urve as the envelope to a family of short run ATUC curves, underlies the
c '

S

.foreulation of the intermediate run curve as the enyvelope to a family of

el
o

(redefined) short run curvest more efficient .input mixes ean be reallzed

when all the factors are varlable The U-shape assumed for the production

eﬁw ﬂ:q%m

cost element (15) is basedJupon thls adeptatlen -of the arguments 0f the

;ecanomic theory of production

%

2 Costs Qf'Changing,Preduetion-Rates

If only comparat1Ve static cost considerations entered inte produce-

wwwwmw

iion and employment dec£51ons, employment would doubtless . oscillate more

e

e

:th&n it does. HCwever, when output is changed the path of adgustment

ffchfthe initial to the final equiiibriumupoint is_nok along the compara-

‘.

ive etatic production cost functlon m(z), regardless of whether an inter-

1, mediate run or short run adjustment 1s called for.”

Ihis accepted doctrine regarding dyngmic cost behavior -1s reflected

??

n:the productiom Change costs fermulate& Ain our model (16). A great deal

has been 1eerned about, uhesezeoets by -industrial engineers, in their ex-

SR, ]
_?Iﬁ?FCS-W}th such Widelyupraetleed deviees as cost contrel, time and mo-

; 1o fetudy, methods analysis, and learning studies. These programs all §°
: .dﬁal‘dirGCtly with PSyChologicai .and phyeleLOglcal Tactors which underlie

; 231 ﬁynamic costs of changing rates.

The’fECtorS underlylng these eosts divide naturally inbto three .elasses:

i
ime consumed in calculating the miniwum cost .input combination at the

- thig fact is often dgnored, but it must
il ccount for purpeses of em irical investigatien.
Oteed n P P &
Py g f;ziione cutput level +y anothar; the.entrepreneur (in the
Yhen o be Ve statics) can move ‘Bmeothly -aleng the Yoptimum? curve
for -adjustment. Otherwise the firm will ex
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new preduction -rate,.which we call inpuk -engineering. costs {b) time requir-

.ed for .labqr o Tind and to grow accustomad to fthe_:x'n@s’p effieclent patterns

Tt gt F

of motion &t the yew butput rate, the po-called."learning costs™ (c) costs

of papervork and nisnagerial. effoi‘f in reassigning and perhaps =ltering the v

. . sine of thﬁ*&‘iﬂi}l’k ,ﬁ;::rc:e; cglcuié%ingoptimal iﬁpu‘t .eprﬁ:iyii;:a,ﬁica:ns and in gen- |

- eral p}_‘;epsrring the ..'Pzéaduct‘_i‘on':sys.’c?g@' forr the proposed change, the .adminds- ;

.trativefcéstsa - ' l.‘ .- E

1_?éhéneﬁy,desqribes éeme;Qf‘the diffiéulties encountéred in reducing the i
‘fi'r‘s"c, type" of Q@Sfl;»l'- These include (:_a) Izzrebiems of descriptiont identify%

- ing all possible .tecﬁnbiegi’cai ,com’bz‘;patic)ns capable .of ylelding the -Bpgei-
fiéd output rate (b) input priée changes, which upset previcusly completed

Poptimal -.,i_np_l_zt'_ac.:@mbiﬁatién“ caicuiﬁﬁibns , and (&) “bechnologi;zhéga. tﬁhaﬁges,

whick result In few pﬁﬁzéess:es‘ or -z}aa’i::gx:iais ; and alter the profile of the |
;Qtfﬁf'.}éésiﬁie Tripirt ,y'b'ssibilii;ig%.? In the face of the.large number. of
péSSIbB_e‘ ._é;gtpﬁt' rates ;- ’Gl:l_e‘: flérge’ ‘iilﬂmbﬁl" ‘of inputfeombinations associated !
w:‘gtﬁ éaci} ;uﬁpu‘f's'. ra“éeﬁ al}d *i:l_ue_ .freqzue_ﬁcy -@f’“chang‘es in input cost and tech- - E I}
nolmgy 3 __th_e ,maiﬁten;.a,nce -of "accu.r*é;’b'éi- j.nfamati@n regarding the current shatus ,f: E»U
'Of_ ﬂge AT@C _fuﬁc“bién. W@l}ld_. ‘be v_ery'.,neaﬂgr dmpessible. Vhen a change to .a li
' o 7

_new output rete is called for,. ppbbabiy ‘the .m@s*& econemical and practieal

BT LM b

method v_q'i; making ‘the ¢hange is to. estimate the econemical Anput .combination,

e

2 (cont.) time. subseguently’at its ddspesal, it may, under appropriate
-eonditions, effect the necessary adjustments and reduce .costs to the epti-
mum curve. In shorby there is net just ene .cest curve bub rather -a family
of curves, each appropriate to a particular time period and rate . of adjust-
ment at a new sutput Yevel.® ¢f. “Extending the Theory of the Fiym,"™
Quartérly Journal of Economics, Yol. BX¥, 195t Ppp.87-109.

. lPOpgjcit';_‘ The separation of labor from other inpubts in considering
the preblems of productiocn dynemics is suggested by this remark of Chenery®s:
-“Engineeri'ﬁ'g as commbnly ‘cebncelived, eoncerns itself prineipally with the
performance .of mathines rather than.of wew. Consequently, the atcuraey of L
.a production function based on .engincering data alone will vary inversely
with the variability of -the labor input.® (p. 510). C

R e
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and then to design and perform experiments which.indicate costereducing
vafiatiéns in the estimated"%nput c?mbinationt5
The secona“factqrftO'which_a causal role has been asslgned in the

,emergence of produation,chan%e cest§, is the time until the labor Foree

.beglns operating in tbe most efflcient pcssible fashlon Industrial

' "fenglneers have 1eng been conedrnid w1th the identification -of optimal

Imotlon paﬁterns for the 1nd1vidua1 Werker 1n,the productlon system

.;Such a pattern wiil be repetltlvea and‘mainta%ned at a constant rate and
fhy%hﬁ. ; If 8. grouﬁ of wonkers carries out the seme set.of tasks at the
. .same . speéd every day, thelr performance level should approach an ®ideal®

whlch is determlned by'tlme study ) Cbnverselyg if crew assignments are

.SWLﬁChed rahes of operﬂtlon are varled and individual rhythms are upset,

the 1deal.perfermance is an unfalr standard 7
Psycholaglsts hawe reeently.begun to devote attentibn on a large

- scale to mathematlcai models of 1Earn1ng processes 8 To the. extent that

~, i

these models are reilable representatlons of gctual learnlng processes,

ﬁhey provlde reassurlng support to’ our generailzatlons that time is

[— -~ S
5The suecess af such experlments will depend upon the smecthness
and convexlty Bf the cost surfaces, otherwise Yocal, rather than global,

optimum 1nput combinations may'be discqvered

6fcr a degeription .of this toplc, see Marvin Munde}; *Motion and
Pime Study” Section 5 of ‘W.8. Treson and E. L. Grant (editors), Handbeok
of Tndustrial Englnaeving and Mgnagement (Englewood Cliffs, N.J.3
PrentiCEwﬁall 71955) . ‘ '

i 7In hlghly repetive processes, fatigue may be an important conside
eration. . In multis-worker. opeyations, where there are numerous diverse
Jobs requiring the same level of skill, the workers may rotate jobs
Frequentiy in Grder to avold fatigue.

Bcf Robert R. Bygh and Frederick Mosteller, Steehastlc Models for
Eearning . (Wew ¥erk: .John Wiley and Sens, 1955}, or R.R. Bush.ang William
K. Estes (edilbars), Studies in:Mathematical Eearning Theory (stadford,

xCailfornga: Stﬁnford Ehlver51ty'PTess, 1959).

yS———
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required for workers to agsimilate the different patterns .of operation

- when the output . rate is changed,. By-aSsigning.appropriate speclific
meanings to the dependent and independent variables of a model of Bush

and Méstellerbg’tha impatt of learning time upon production.change,post

becomes cléars' . Tet the stimulus be the spécification of output velume

in the cémiﬁg pré@uction écheduiing period; the response be the selection

by the worker .of his entire sequence of motor actions during the peried,

ani'thé.enviOrbnﬁéhtal event be ﬁhb'effectiveness of the empleyeets

performance,. The appreach to optimal effectiveness is determined by a

i «
probability rule, such as

the probability thak optimal effectiveness is realized is propor-
‘tional to the number of times the identical stimulus (production
rate spécification) was received in the pabkt, and inversely propoyi-
tional-to the number.of periods since the identical stimulus was
last received. 10 ) : ’

This sort-of-rule is cansistenﬁ.with_bthgr reformulations of the basie

.Busheﬁbsﬁeller:ﬁqdel.¢ited in footnote 9j in.mé%t of'thgse the response

probability increases with the frequency of stimulus. The sinple model
propoged here is desigﬁéd to provi@e rationale for the policy rules (19),
and simulténébqsly.t@'be,coﬁsistenh with the formuldtion of preduction

change costa (16). | That this %én be dene 80 readily by use of -a simple

mechanism which may‘poasass‘substantial.descriptive validity is reassuring.

TAdminist:aﬁive costs of productien change are due to these necessary

< - 1 B .
9Bush_and Mostellery "A Mathematical Model for Simple Iearning, "
Psychological Review, Vol. 58, 1951, pp. 313-323. . My first contact with
this model was in Samuel Goldberg, Tntroduction to Difference Equations
(New York John Wiley and Son, 1958), pp- 103-107.

10

If. o is the event: "optimal response pattern by employees involvea

in thé.process",,ane Torm .of reponse ﬁrébability function which is con-

sistent with the behavior we postulate is

g - n

Plw) = {1 - & N) /e _
where N is the number of previous occurrences of the present stimulug, and
n is the number of periods since the presgsent stimulus was last received.
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activities: . the size of the change must be.deterﬁined,ll Qorkgrs must be
| assigna@, operating praéedures:must‘bé*suggésted, de;ivery,schedules.bf
-input materials oy-subaésemblies musth be.a:ranged with suppliers or sube
3contraéﬁ§rs%g It the laber f@rcé is_inerEased.Gr decreased: to expedite
the change, out-¢f-pocket .costs of hiring (iﬁferviewing,_Qrientatién.anﬁ
training?-aﬁavp:ocesSﬁng additionél ?ecords) énd‘firing (revisionvof
'recordé,.final:iﬁterviews, and perhaps terminal ray or even g#aranteéd
annual'wage)ﬂﬁuéﬁlbe absorbed.13 |
HaQing‘éxéﬁined7the three.faqtors ;‘technical, psyehological, and

administfative ;-whiéh,underlie the cdsts of changing preductien rates,
‘the:hext tépic,Qf iﬁtérest is the relative magnitudes of these costs when

the-changes-ére'madevin the Intermediate and short run,

' l'I‘he disﬁihcti@n_between the admpinistrative costs of determining the
:opbimal change éizé,_and,the_teehnical cests .of time consumed in making
the.adjuétmént'is perhaps tenugus. The twoe factors are complimentary
by -intensified administrative effort, the adjustyent time interval can
‘be shorterned. - . .

o A eonstant cutput rate permits a constant flew of” input materisls -
and results in gavings en inventory costh vhich otherwise would be incyrred
Tor holding materiais. In addition, this steady .inflow rate is less
' eostly and more convenient to the supplier of the iﬁputs, whether they be
packing‘materialé.or;subassemblies; thig convenience might be rewarded

-~

by a discoﬁh%} provided thatrthe.stéadyxordering rate is maintained, because

the supplier s freed from the necessity to hold large inventories of his
finished‘produbt,,and can .smooth his own preduction and requisitiening
schedules. It 1is quite paossible that the helding of inventories of the

which mightfbe:eerrécted by proper attention to steady'producticn-schedules
at ﬁhe-final,stage,.accompanied by steady rate discounts and .agreements
regarding_advanced_nqtificatieﬁ.of increase . 6r decrease in the-@rdering

schedule .of the final stage firm, to permit smooth adjustment at earlier

stages.
Fufther, if the assumption of stationary demands is g goed

213

approximation, changes away from the rate p will be made in full expec-

tation that a change back to p will later be necessary,

So I

e e
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- 2.1 Production Chahge Lostg e Intermediate and Short Run

Input englneerlng costs are encountered in the inbermediate run and

shprt Tun alike, The,optimal input eémbination will no doubt be more dif-

" Ficult to identify in the intermediate than in the short run, since the

E

number of p0851ble input comblnatlons to be cen51dered will be greater

Slmllarly, when the 1ntermed1ate run alternatlve is adopted, learnlng
costs will be higher, sznce it will be more difficult for new employees
to adgust to an entlvely forelgn routlne than for establlshed employees
to adgust to a changed output raﬁe, Finally, the costs of hiring and
firlng will cause admlnistratlve costs of production change to be hlgher
in the intermedlate run.  Also; because of the smailer nuber of tech-
.nlcal-input.combinations in ﬁhe shert run, the expenditure of managerial
effort in calculatlng this optimum will be reduced.

The time path of adjustment from productlon rate p to p is depicted
in Dlagram jj_‘ll%L While the comparstive static productlon costs are
lcwer-ln the‘intermediate run, the dynamic costs of making the change

&

are .seen to be higher. Thus, if 8y gnd iJG are respectively the short-run

apst

P D o -output

Diagram IX
Adjustment from p to D in the short and intermediate run.

lhIt should not be inferred that the optlmal size .of p will be the

‘Bame in the .short run ang intermediate run (see the remarks regarding

evaluation of. the two alternatives: infra, Section 5) They are
treated as ‘the same in the diagram to facilitate comparison.

S I o

-
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Cand intermediate .run cost and output, the time paths of adjustment are.

8, §.

N and -1, 3 it 3 As seen in (16) the distances

Spalt? Ppap WAL Ly 50 '1:h+e‘
it+ifit+2'and St%l t%é mey depend upon the size of the change p ~ p,

depenﬁlng upon Whether k is p051t1ve or Zero.

¥

2 2 Costs of Change.and the Mumber -of Production Rates

?he goal of the (a,b,c) poliey, to centrol production rate changes,

is ratlonallzed on the ba81s of the foregolng cost deseription. In

) adéltlon; the same arguments which were presented in favor.of a condtni
rate of productlon may be applled in ch9051ng between a small puisber of

) p0851ble Operating rates versus a large number Iin Section 2, the

- factors Which cause production change costs and determine the magnitﬁdg
of tﬁesefcqsté'were identified.~ The purpose of this section is to show
that restricting the.seﬁ of poséible.production alternatives to three

- rates.has the désirsble effect of redueing change cost.

y
il

>"» : Consider Tirst. the effect of the Jdimited set of alternatlves upon
the cost of production englneerlng These were seen to sten frqm,three
factprs: problems of descrlptioﬁ, of.input cost changes, and of techno;J
logical changes; If only one increase and bne decrease from the Fnormal ¢
H voperating rate p are permltted the problems of description remain restlved
untll technologica? changes or 1nput cost changes necessitate n recomput-
-ation of the.optimal_size of production change. In times of technologicél
and price stabllity (in which several periods may go by without perceptible
change in either of these categoiries) the advantage of controlling the
number of increases and decreases will be substantial.
The second causal factor, costs of learning, also reflect the desiréw

*

bility of a limited mmber of production alternatives. This becomes

okt At Pl 1 o i 4 A bt A1 £ 5 o SR b 1 14 i

clear upon considening the learning model discussed eariier (Section.E.)
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Like the costs of learning, the admieistrative costs can be expected to
decline as practice in the process of making a change is assimilated.
_'Given Price aed technological,stability, the becessit& to recompute the
slze of change esn be evetted entirely.

i
v
LN

3. Eﬁ&eﬂt,of the Employment Alternative Ypon Camputation

[

Ie deciding Wﬁich specific employment;. alternative should be adopted
ethe expected cost ef eackh must be evaiuated separately in the context of
'the (a b se) Folicy, and the less eostly chosen Thus, the loss function -
.(50) wﬁaid be eveluated twice, using the diffefent cost parameters assoe~
iated with the two employment, alternatlves Tt 1s entirely conceiveble‘
that assymetrles may arise: 1t may ba more.eeonomical to mote from p to P
in the 1ntermed1ate ?an; Whlle the short run alternative may be less costly
inim0V1ng from p to p Of course, unless the short run costs of 1nerease

' equal the short rEn eests of decrease (and - 51m11arly Tor the costs of
adgustment in the Intermediate run), the parameters must be determined by
minlmlzlng ‘some modiflcatlon of' (59) rather than (50), since the latter
 Tormulation of the ?@ss function is dependent upon the essumptlon of cost
symmetry In thls e?ent a functlon of six, rather than fourp variables

is encountered | |

On the basis of the, discussion of Sections 2 and 2.1, it is easier

to aptraise the agsumption which i1s fuﬁdameptal to the theorem.of.Section
II~3.BJ namely‘that costs of produetion change ere equal at the upﬁer and
ioter barriers, and Which now mist be restated; the costs of production
change are. equal at the barriers a and b when both changes .ars evaluated '

in tke short run or in the 1ntermed1ate run. . When inventqry falls-to.the

leve; b, production is immediately increased to P, but since it will later
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be decreased (with probability equal to one) back to the.rate p, change

ucosts accrue from one .Inerease and one deerease in Pproduction. Similarly,

passage above a will signal g decrease of p —-p units, followed by an

- Increase of the same ‘size later. Since .one increase and ore decrease is

:invblvediin,both typeé of change, the constant elements of the production

change.céét funetion, Kfand K, may . wery likely be. equal, and similarly,
the costs per unzt of change k and k may also be equal. Thus, an; dif-
ferences whlch arise wlll be the result of different magnitudes p —p

and p —-p Ihere is no reason,to ant1c1pate that these productlon changes

w1ll “be equal in size, however, this difference may be unimportant, if x

is small compared to K.
This argument is- not 1ntended as prims, fa61e Justification for the
o % 2able
assumptlon of change cost symmetry; indeed, the analy51s can proceed

whether or nob the assumptlon 1sg satisfled -¥hat the argument attempts

Lo estab%ish is the.reasonableness of the assumption in the absence of
&

rellahle empirical cost data. ‘ -
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" assure that the pollcy 15 optlmal? That this dquestion is exceedingly

* Seart e%t@blished'the“bptimality<c0nditi@ns.2

~ -lished in this study; rather, some guestipns will be answered which impinge

‘cated in a wide variety of circumstances,.and Chapter -II demonstrates that

the {a,b,c) pelicy is a device whereby this can be aceconplished, Further-

an abiribute which is posessed by the nEW‘pollcy

. GHAPTER TV

.CRTTERTA. FOR USE OF THE .(a,b,c) POLICY: -CONCTUSION

L Questions of Opbimality

Thiee questions were raised ab the bime the {(a,b,c) policy was
definedtl,_The‘first of these was the.gptimality-ques%ibn, which may be

phrasedfiWhat set of spe¢ific conditiens is necessary and sufficieént to

'dlfficult to cope with is evldenced by the experience with the 5,5 policy:

the optlmallty queatlon,was raised in print sbortly after the appearasnce

.of the. Arrow, Harris and Merschak paper, yet nearly a decade passed before !

The .optimality conditions of the {a,b,c) ﬁéliby will not be egtab-
upon the. suitability (& less exalted property than optimality) of the {(a,b,c)
policy for. decisienmsking. 'Chapter ITT argues that some sort of policy K

capable .of contrelling the frequency of preductien,raté changes may be indi-

tere, Chapter ITT.also.esbablished that a Limited number of allewable

proﬁuction rates is freguently & desirable attribute .of production policies,

lSupra, Seetien TT1-2.

2-{5‘1.1p:t'a,, Chapter I, foubnote 25.
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Beveral gueptibrns rewéin,to be.angwefed. (a) ¥hy permit .only three
production rates, wr alternatively, ﬁh&.ﬂot be sétisfied'with two,  or
eveﬁ,one productisn rate? tb) Why establish fixed inventory Ybarriersf?

_at.which.praductiﬁn%rates are changed, rabther than letting the kﬁ@wn
ipiﬁial_inve;t@ry‘level and. production rate determine when ehanges.will’
pegf be_ﬁéﬂe? (For example, despite the fact that a change was signalled

" only & few féria@s ago,. another one is indicéted-in this perled, bub in

_lighﬁ'gf the recent change, why not let it:*nide a while* ‘before respond- -

”ing?j~ (c) Even:if three production rates are allowed, how de we knew
that‘the number,bf invenféry barrie?s Whi@h,signal'the changes is best
setiéﬁ'£ﬁre¢?- |

;IﬁuanSWETinézqﬁgéfidn (b): it must be remembered that the anslysis
deals wigh the éteédy-stame, and therefore the incorporatien -of transient

infitences into the deciabon process is impossible for computatlieonsl rems-

ONE . --Afmbdel'incarporating the type .of traansient .consideration typified
bvaueétion fb) W@uld;be_computatiéna1i§ impracticable, because of the
number . pf conditi@nalfdependencies which wobuld be invbived. This Bert
of ﬁransient.censidgraticn is best handled on.a "spur of the moment™ DrA
"seat of the pants” basis; a policy — dictated production -chenge could
be countermanded if transient circumstances so indicated. Questioﬁs (a).
and (c)-are rather more penetrating, and merit more exbtensive discussion.

. Question (a) is answered Fimst.

1.1 The Optimel Number of Production Rates

Section ITI-2.2 was a rati@nalization of the contention that the
.alloweble number.of production rates should be limited, but ne reasons

‘were there given f@r-Speqifying exactly three rates, as in the (a,b,c)




four, five or more rates would be more appropriate than three. With
. & larger number of rates, greater fiexiblii“by of operation is obtalned,,

byt at the same time, costs Qf production .change .are increased. Gost

reductions are ceberis paribus realized through the inorease in flexibil-

. ity; fior . examp&ea suppose in.addition to the (a,b c) policy rutes (19), =

gecond production inerease, from p to pe, is calied for at -some Anventory

 level B, t‘:’.‘tiere b >8> 0.  Then the probability of a runout can he control-

ded more closely, and _i:f ‘the penalty .fer,runauts is large, it may be ecbno_m—l ’

.icai to specif'y the .se‘CDnd increase. A move dlrectly from p to pg may

be uneconomlcai because production. ‘costs m(p.) are substantial higher
Py g

'thanl }33(13) 1 the .Becend 1ncrea5e is made only as a last resort, when a

runcut seems immin‘e.nt. .Similai' argunients may hold in favor.of anpther

rate lower than P, to be effectéd when lnventory passes above some

. critically-high leya® A, wvhere A > a.

»*
A

fet v represent the number .of produttion rates specified in the

'poiic;yﬁ_and c{v) be the- flex1b111ty asseclated costs s those costs Dok

Whlch decreasa ab the ailowable number.of rates is 1ncreased Then ‘ ;f

6P -
policy. Tt -is not difficult to visualize ‘circumstances under which
"elv) s asswmed to have “these propertiess -

cl{v) » o as v+ 1 Trom the right. T .F
- elv) < .Q as Vo, Q> 0.. , : | s;i
c*(*‘.;f) < 0 ard ck‘0(§) >0 1l <v<w, ' j‘? -
Bet I(v) represent these costs which Ancrease with the allowable number ”"J 1
| .of productlon rates (1nclud1ng production change -vosty). T{v) is o E!“E ‘

charactemzed 'by‘ A
V) >0mmd T9(v) >0, 1<v<ow . !

Therefore P(v). = clv) ¢ I(v) is convex, and has a minimum at v > 1. The
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indefinite,increase.af cogts as the number Of .allowable rates declines

toward 1 follews from the fact that in taking.cbnwolutions¥bf indepen-

dent distridutions, the means and variances are added. Thus, if the
demand,distributiqn.haS'nenzero varlance, thé varilance of the Stati@nary '
-inventory distribﬁﬁion.wili.increasérwith@ut bound as fhe numbey, of périods
increases, regardléssﬂéf which single preduction rate-is .chosen. Bince
ﬁhis variance incfeages.with9u£ bound, thef?rdbability,cf perpetual stock-

oub Dr-indefinitély Iargé.inventory~approaches 1. .Unless. change costs

- completely override the-other costs of the médel, this pathologieal

behavior is to We avoided.
Next, policies which spedify twe production rates are considered.,

One rate'ﬁus%‘be greater,'ahd the other less than mesn demands; for

;bﬁherwise,the'prdbability<af either uﬁbounded.acgumulatiqn-or.decumulation

approaches .1 ai the number . of periods considered increases, and the costs

. noticed in the case of .one ppeductioh.rate‘wiil be.encountered. Iet the

e

ﬁ@licyfﬁe e T
’ '5{Xt<b, -Zt =p
. X, <a, z =D
- t S
(56) Phpl T ‘
. - {Xt >a}.zt =P
X’t >b_, Z‘b '—:.}_3

" By seleeting P and §.Sufficiently close to mean demands E(E), the cyele

time .of the two drift policy can be made greater than the .cycle time.of

the {a,b,c) pgalicy;5 and ‘the frequency of production changes:thereby

reduced.

SThe cycle time .BF the policy, (56) is given by er(l1/i + 1/u) where
r.=8a ~b, § =P - E(g), and p = B(&) - p. When the assumptions of Section
II-3.3 hold, the cycle time of the (a,b,c) policy.is given by r(r +1. /2%
+1/ou). Thew, if v, [ and p are the same for both policies, the ecyele
time of the new (a,b) policy will be greater than that of the -(a,b,c) policy

when r < 3(ﬁ-4-g) I, not an unreasonsble condition.

ST e
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- However, even if fever prpducti@n changés are realized, this iz not
sufficient te assure that the (a,b) polity £56) Willnperform.in.a less
costly fashion than the (a,b,c) policy. Higher prbductian-ccsts-are
,ébnstantlyﬂincurred, since the minimum.cost production rate p is never
used, for iﬁstance;‘ Using the same ratieﬁale,.approximationxmethbésé
and checks upon limiting behavier as with the {(a,b,c) poliey.inASéctians
Ii-3.% and I1-3.5, the lass function associated with the (a,b) policy
is regdily foundj a %bugh gauge of the suitability of the (a,b,c) poligy
is obtained by .compering the minimum.attainable value of (50) to the
minibmm ofh ’ . A
(57) i(a,b) = [8(r+ 'bj/g +~.Kﬁg/2rfﬁ+ B) o+ {(k/fer +.m)ﬁg

LT ey B iy

vhere ?he.sucgéééiﬁé ﬁefms ére.cdstuof-hbléing, produ@tion'ehaﬁge,
produéﬁiéﬁ;:ah&xrﬁpéut}';,; " ‘ | '

If'the:ka,b,c) ﬁéiiééiééé}gésfés:iess.Qostly than any policy
spegifying tWﬁ production réﬁeég,the néﬁt étep iS‘%O éompare it to the
' 1eaét=costiy=pbiicy infolving.four préduction;ratgs. ‘The‘fOfm bf:an.
eptimal p@licy using fpur. rates is;an-dpen question, and will vary'in
different physical situations. .Hbﬁever, once this policy is identified, if
1t is moere .costly than the (a,b,c) policy, it is.knGWn'by the egnvexity:of
T(v) that no‘gblicy Bpecifying more than four.rates will;ﬁe.léés costly.
then the (a,b,c) pelicy, and if a less cnstly'ﬁolicy exists, i%‘will
specify exactly three prbductionl%ateél By this procedure it .is
possible to compare policies which specify different numbexrs of production

i
-rates, but-leaves unsolved the problem -of how to comparyg different policies

40f course, it isz first necessary to investigate whether another two-
.Grift policy is cepable .of lower expected costs than (56). In deriving the

loss function for the (a,b) policy, we have assumed that all costs are of
the same form as was gpecified in Section 1%-3.2. :
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having the same nimber -of production rates. Fortuﬁaﬁely,-when the. -allow-
able number of rates is small, the number of sensible policies of simple
Torm is also likely.to be emall, so it should be possible, 1f equipped with

a high speed computer,” to exhauét'the likely alternatives,

L. EMEkéess Varisbles and the Number of Change Signals

Question (c). of Séctibn I concerng ﬁhe optima1 mumber .of change
signals to bé,inclﬁdgd_in the poiicy rules; and ig perhaps tﬁe mést
,Salient_sﬁecific question #hich-can bé.raised fegarding whether +the
(a,b,e)palicy is thé.best polic§’0f tﬁe-set.specifying three production
-ratesg. - ‘ -

.The_fprmulatigﬁs.of_%hé»cost relations .of the {a;b,¢) policy,.as
shown in Section,II»5°2§:are appfo#imate; éihée they ignore ‘the presence
and iﬁflﬁegéé-ofgexcess %apiabies;5_ Thesa-éxceés‘variables can be ignored
“zwhen thé.(gﬁﬁ) range is’lafé¢ ¢dm§arédit§ the. standard deviation of
deménds, buf'éost calculations are upééﬁ;&henf%hié ratio is nét sufficient=
'ly large. TDué té.these.exeesses; the réndom walks .do not begin precisely -
at ‘barriers: ~fca:r*.‘_exampley the’waik in ‘the plus drift will Eegin; on'the
average, at a-level b M-E(ﬂb), where-sb is the magnitude of tﬁe.péésage
.beyond: the barrier b,’the-amoqnt_by which the vaﬁiaté'x ﬁSpillS over®
.passt the barrier before the passage is-detected;6‘ This discrepancy has
twe effects upon the estimation of coste: _first, %he runout prébabilitj

meabure is understated, because the plus drift beging B ) units lower .
5,) units e

5Supra. p. 32
6 ' A

. The precise magnitudes of the excess variables gre difficult to
obtain, since they will depend upon thE'stationary-inventory distribut-
ion. For applications, approximations can be developed, e.g, by
assuming the stationary inventory distribution ig uniform.




- & -

than is anticipated in the .iapprsximation measure, and second » the .Expetted
du;rgtiqn of the plug Arift br&ces’s s (e + E{sﬁ) =.b) i, rather than

(¢ « p) /]1,' ‘Fhe .excess variasble ;,L.']__si) m&y have _di'stprfbing effects at the.
barrier;s a and ¢ » fé;c ‘similar reasong. . In Particular, the gers. drift
duration célcg‘lar’tion; s upsehy IT the ;cend_i'tiéns,of Section I1-3.3% hold,
¢ = (a +b)/2:and»D(O) .eéuals" 1*'2, vhere ¥ .= {a +b) /2. With an excess of

E(sc‘) beyond ¢ An the plus drift, and 'E(Sc) beyond .c in the minus arifs,

the zero drift il begin at, o v:-‘E(sc) or. e — E(SCJ » leading te the mean

-
5,

.éig;fati@n ' _ .
058) p(0) = £ B (s,)% 1gs )21 /.

" Because .of thils ef,fec_t s 1% :énay be de'sifab}e to fe‘oompute the losy _
function (39) 5 bas-ing 8;:11- d.'uration.and :'ttun'@ut probability -éalculati@ns '
-on the assumptip;n_:that" the drifts -be.gi'n at the appropriate barrier, .pius or
' minus the:appropriéte mean'éxtj:ess,’ as wag done An (38). m particular,
by insj:aiiir}g ﬁx«é.signai l‘evel‘s",‘- ca=c + E(gc) andcb — 'E(Sc) in
. -Iieu .of the ,-singie_.signal J,evé'l e, it ig pj'osgi’ble to decrease tha disper- - '

.s8lon é,b'ou_f, c.of the begin;ling boints of ‘Buccessive zero drifts. Under the.

!By (58), the impact of SXCEES variables upon the zero drift duration
tan .be .represented as followa: if-B(8 ) ang E(s ) are -approximately equal,
and their ratin i the range r-ig l/Q,? +the ‘approximation (31}) overstates
D(qg] by the.fraction EAP-1). For ratios .of 1/10 or less, D(0) will be
-overstated by 1 per cent or tess. Further, _unless the excass  varisbles at
the barriers b and & zre taken into account 4n computing B(+) and D(~), the
- €ffect -upon the cycle bime of the error in D(0) will be even smaller than
our estimation gf the .error indicates » Tor the .overestimation of Do) is
offset by underestimations of D{+) and .I{-). .Clearly, as the range a - b
increases vis a vis the extess variables » their influence JHipon pagsage
times rapidly becomes, in the words of Professor Feller,. "spali HPrash”,

and may be relegated tp the. 1imbo of .o{a-b).
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2 ZTrospectus for Application

The -pprely Tormal aspects fof‘thi_'s study have thus- far be;an .gtressed
calmost to -the .complete exclugion of the interesting guestion .of applieat:;gon,
This .dichotomy —bethee‘n formal. and_applied. analysig .is quite not'iéeablﬁ: A
the theory ,of .imren‘tory. and . production; however, since this study .rep;re—'
gents..an attenmpt 4o generalize upon. s;cﬁedﬁliné; :experience}in..a_ pa.rtiaulé.r
f_im,,it 1g..appropriate to censider its appldieability. 8.

Beversl '.ﬁroblems. which cean be - suppressed. in the formal analyéis are
':enccuntered when the _quéstion o-f application ig raised. The Ffirst of
‘the'sé',coneer'ns ~Ehe ,va;lidity- of’ the model: not whether the model iz a

fa;ii;l‘lfml :rgpres.entaytion.of-the_particular physgical gituation, but rather:
‘ - Does- i;he ﬁoﬂel_‘.ox}éfs'implify (or-kmisrepreéegt),éo .that ihe-. likely result
'-is; a Apolic“.y.bwhich, {Holigh opt:‘ma;l-.:c;n':phé gonéeict of-- the medel, ig.absurd

in the context of iﬁ]ié:man}i_facturing‘i-fim? Heveral. other questions. of equal

l~mox;ta:ngé.élso‘obtrude3 thgée,must be. answered An.the -sequence in-which
" they are raised. (b),Must‘.tlig- policy developed in the formal Analysis be

0 modified. o cope ﬁifaﬁ Tasfors not recognized in the model?y If go, . vhat .is
the best .method .of making and tegting thege modifieations? (c).How.should

the policy be iﬁstalled__tmas_sure- that. it will. operate smoobhly, with s . g

It was .pointed out in the prefacéd . that. the Procter.and Ganb le . Company S
chas dmstalled s modific¢ation of. the (a,b,c) policy. for panufacturing con- 4
trol, the modification being ‘neeesgary, becavse of Jjolnt production and :!f
. other deviations from tle model of Section TI-2. The experience. gt F. - t;f,
-and . G. has thus far been a hippy one. The new policy requires gubstan- 4
tially less foreeagting precision than fhe old policy, and difficulties i
dneurwed by stock rumoul’ or tHreat of gtoek runout were completely i
- avolded -during. the first year of .experience, despite. s glight decreasge : ‘Lpa' |

-in.mesn . inventory levels. Most Jmportant, unplarmmed changes in the total
produetion rate were kept down to the degired level of four, . in econbragt |
to the . twelve . (ome per.month) which were .ealled for by.the preceding

-policy. (This. informabtion wes .obtsined from conversations with G. B. '

Mortillon :and P. -§. Willard in February -1960. )
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minimum of. admindsbrative -attentiony. . (4) What ar;—;? ‘the prospective savings
"to the . Fivm from adopbing the new. peiic'y’?

| ,‘i‘he fi;:-'st Quegtion .ig ot -comeerned, with -how falthfully fhe model
Adngorporates every, rsince . of. t_hé Physicdl gysbem: .vather, the question.is
- whether. the policy.based.-upon th'e modx,a:l.i.s a syitgble basis upon.vwhich-to
-gonstruet a production. and imrentory control . system vhich will, not he
.upsat by the nmef@us Jfagariés JErom whlch We have ghatracted. In ar
v‘:.a;pplied ccmtext, the . questlon of™ optlmallty B8O consyicuous in. formal

.studles 1ig:11kely. to.be replaced by the hnmbler query: ‘will the proposed

' -_._;Pollcy operate Smﬂoﬁhly; ‘and .provide significant savingd? A confident .

| .affimative answer 46 this. ‘Question is likely to be sufficlent gx’ounds
Tor adoptiont - should & more promising policy ensrge 1aﬂ:er, it can re-
place. "hhe ~o;:ze.pr_esen'bl;§1t under consideration; in the meantime lower. eogt
€#n. beenjayed. |
. z‘ﬂ'xdoﬁting- this ‘position; Section TT-2 is _ﬁeviexmd,.to see whether
sy, of the asswipbions of :‘ﬂie model. are vrtal Lo the suitability, off
-the :('a,,b,c.) policy. DBiscussion of how.-to accemodate factors. which con-
" fliet with the assumptions.of the mode, will.also serve as.an Hﬂswer to

question (b).aboye.

r
1

2.1 %e Bass;c _Assumj_}tlons and Their Influerice Ypor A;ppllcabllity

2
3

. The fivst. aﬁsumption, that the Tirm contimuously proeesses .ong prod-
et .in-one factory, is “ssential fo-the ardiysis.in .its curvemd state; but
suitable ‘modifiea;tj;on‘s .ean be. made when several -distinet. pa‘:’odm“:“ts are
| alternately. produced On the -same equipment., The -epsence of the method
Tor- ha.ndling this compllcation 18 to bwiig up & productlon Trun 13:1V‘en“tory“

of each. commodity, Wh‘lch Will be sufficient.to cover. expected. demands
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durirng the part; ot~ 'b,hé production, rvm. vhile. other commodities dgre being
Jproduced. This.produchion. 'Iu‘n_.inventbry‘ isz.adde& I0-the part J_Wh.iz;:h .changes
‘ With -Fapdon . demdnd _fluctuat_ions i.t. -which 4% -comtrolled by: the (a,;b,c)

ipol:r_cy Several a&dl‘bional -dec:Ls;Lons are 1mPOSEd by the pregence -of

. Beverdl producfts* €.8. Whem the output of .product A must: be dncressed, ‘
-shewld the output of- some other product.or products. -be reduced go. tobal
production remuins constanb, Qr -ghouid totyl oubput be -increased? Rules f

of thumb are ﬁsually devlsed where’oy alternstives. such. as. these wmaEy be

The presence of". Several factorlgﬂs Axg market dares.does mol neepeg- )
-sarlly lead o hlghﬁr inventories thr@ugheut the system The arez may

.~be allocated. smeng the. factories .on 'J.Gh_e basis of expected demands, so

B gl R

T ‘__'1.'_'_'."',7 Tl

factory ¥ can serve part .of - the normal marketing area. of factory  x
- YHen deman&s &t .x .are. hlgher than. e:@ected #nd demands &b ¥ . ane _ r
loyrex‘ than expected : ' A

.Assump’bion 2, theb. :demazads are. sta:tlonamf and . independent with

o e T

I
. _.kggown distribution, is fu_ndamental Lo #11 the foregoing. aﬁalysls. T . l
o

the .dbsence .of | randemmess .and stationarity, i.e. when bhere afe.{;z‘e‘nd,

e T, T
PRt e T

gycle, . or. gasggaﬁal_ c‘am;gorient‘-s Al "_bhe deﬁand..se;fies s a. sgbsj;an'tial_ por—~

tion. of the rationgle for the- (8,b,e) policy. is' Jeopardized . This. is

.part‘?ieula;rly_ trye. of the argumsmt that the most frequently. used produc-

i

1
|l'
E

~HioH rate is-the winimum cost rate. Thid, mgy. enhsnce the -desirability

e

.,'cf. the-._(a,b-) policy, described .in.Section 1.1, gince that policy gieeﬁs;—
ctet. rely for justifiecation upon produection .ab £he mwinimm-etst rabe.
The influence of thege identifisble demand movements upon.the smit—
gbiligy of the. {a,byc¢) policy will depend upon the flexibiliiy of

cé@ii:al. eqdipmert, and the relative magnitudes.of these movements
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. compared. to. the -Tandon _.fl;_xetua;tions -af. Gemand. It may Happen Quring. s

-period of seasonal and cyellcal. upswixjgs ; that . the (=,b sC) . policy, if

ealeulated.in.igﬁor"anee of. the-'r‘egzgla;r' demznd. mové‘mentsv, will eall. for

-quent inter\rals Indeed,. unless.tHe change from p to p.ig sufficiently

. large,. the Sy'stem.amay; repalin.out.of stoek. Under these civeumsbances,
. ameiioratigg.' Measures ean readily ‘be .devi sedi by ipstalling.a pecond-
leyel. incr‘ea:se.’i’ag, 9 ' andmov;l.ng ¢ -Loward. the. upper Barrier" 2,
.eontrol ¢an be regdined over "st;)clc, runoubs. -However, the difficulties
Lin apecxﬁ‘yang *’Optmal’* responses ~through = complete cycllcalaseaso;zal
;nterar:twn are Glea.f Qne :E'easlble Alternative, 5 which mzy be usgd 5
when forecastlng technlques are rellable , 18 the systematlc gecumulg~ ' ig
-ﬁ;on .-,.of gtock An :antielpat_lon_of high -Jemand, or decumulabtion in antiei- ‘E
. : 'ﬁation ot .iQW“ g}eﬁrax}‘d.. _ .
Anothgr,iglnéidexation is. introduced by Asgumpbtion 2: the population Eq
~ ‘.di—'si;ri-bu*tion,of‘ _random-demxand movements. (5) can never actudglly be. Known,
.HS Ve hé,v&: asBumed ). and .'1;0’ asgume . tHat - bhis- dlgbribution. is. 6f some
convenient form -(e.g. normal).may. inmtroduce exrorg. For instancey if
.Probgﬁility gignificance 1s a‘btaé:hed o the 5tan_d_a;r_:d ‘devia;t_ion.: of the
) gémand gamplé as. though. the demsnd population were normal, probability
coff rumout,; pagsage times, etc, may be underesbimsted ox*.mrerestimated;.

Statistical tests exist.yhercby such.errors can be detected, and these
> . .

shou]d. be ubilized.

Assumptlﬁn 3y -that production I‘ate chinges .can be effec‘bed, insta.n‘tly, ' t’i

will be more redligtic if schedule chamges are made without varigtions .1y

98,8& the.digcussion supra. Sec. 1.1.
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-change - (or its eqmvalent that ‘the rescheduled volunie .can, be . obtained in

. {ché inflow rate -of walerials, a remedy 1 toi hold, sufficlent materials

: :LIWen"bories to patigfy the - 3.ncreased requirement while the rate. of ‘ _:.f

be made to . enumerate. al_l ot these. “The obgectlves of the (a,b,c) policy

B may be coordlmted ith. other obgectlves, an -&xample is the SCheduling

iﬁventory of“ both . regular gnd spe,r:lal product A8 aceumulated. in adyanee

.of asgmptmn 54 the flxed costs . Ineurred when the production rate.is

.changed. W¥nless change costs eonform to thig. deseriphion, it is. doubt—

.nqeerssarily.p@rf@m badly, but-becavse other policiés fe.g. those

..69;;

the Jabor. foree. Much -will depend upon the time period which ip . the wilt

-of reference. Ff the -pe-riod is .ong hovr, the agsumption of - ingtanbaneous

. Bhe firgt ;permd after the - change . signal) g highly tenuov:s But it a >
donger perlod (e.g. a Week) is the -unit of refevence, - the assumpbion. is= . IE
qur{:e Plausible, unless,really_extensive- Idabor foree changés #re required.. »

IF the delay, in increasing oubpub rates A due to-delay in ireréasing

matarlals acquisition. i being 1ncreased° ' ftr"
Asgsguniption I’r that the rate of production ig the only deciglon

vamable s.18 SubJEﬁt ’ao A, va.r:{.e“by of mcdlf‘;l,catlonsg no abtempt willl

bf Hspecial. offe:r pmmotlons ikt antlclpafclon gf a fTubure pmnwta,on,

of the promotion, to avold produstion overload at. the time of heavy
demand. In Leneral , the :meact Upon producﬁlorf loads “hould be GO~
sﬂered before varylr;g prlee or pmmotlonal polléy; 1f‘ this ig ‘dong,
'the policy CEn handle such changes .in a smooth snd trouble-free Way.

The (e4b,e) pollcy is . designed to aecomodate . a partlcula.r -aspect

Tul shdther uag of the policy would. make BENSE ~~ Hol becanss it would

described in equstion: -(0)pr Fqvation. (1&) 1 would probably perfom

: be’c.’cav‘
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Aﬁgum;)tig_ﬁ 6 will hold if. ‘the policy, performs. siceessfully, for wmless
~Ghe gtationary: i_nvepttor:,}‘ diétribution exigts,. invedtories .are &ither. in-
reredging or decresgsing ‘without bound, . snd therefore infinitely high.costs

sre incurred.

. The conclusion o be drawmi.is.that the- (ayb,c) policy merity serious

gemsdderation for appiieation vherever. fixed costs of production, changes |

-dre sncourttered, . regardless .of whether the other conditions .assumsd in

the wodel. exigt.. Modifications. are pagsible - vaich emble the poliey, to

;oope -with the various.shocks and disturbaress assumed out.of .exigtenes

in the model.

2.0 P:r?oceaur-e for Inétaﬂaﬁioﬁ

Questio:x (c) of Seetion.l is concerned with an.order of operatlcm
for insteiling the p{)llCYo To S:mellfy_ ahd shorten the -diseusgion, thisg

question. ig .anfs.wéregi-a:s—-'l;hoagh the dassunpbions .of . the original.model

~(Hection E1-2) hold. An order will be .indiedbed.in. vhich operations

necessdry o agsire . a. smookh installation @f‘ the policy. might take place.

’ . ‘].‘he Fixst. j;rbbien:{.is.to determine explieit functiong for the x?ariqus

.p‘ez;t-in_ent costg. For the costs. .of holding, production ‘and productlon

charige, -this. iy likely %o. involve the Fitting of fuhctions to date

gathered by Induptrisl engineers, while runout cost is perhaps best

evaluated by asking mavggement ho determine the point at vhich the

-mnéut.;oroﬁeﬁbiqn of & mErgingd ,u‘ixit‘.of‘ imventory. is.vworth less -than

10

.the e(_)‘s't of ‘helding that inventory.

-

19’{%]:111;:1‘.11? QP e:ﬁ:i , Pps 22@—221 pmv1des g good dlseussn,on of fac«-

tors 1o be congidered in. determlnlng holding cost. Production.cost.aud

proddetion change cost. may be. determined by industrial englneemrzg tech-

niques (ef. the discussion.of Chapter IT zbove }. Thes opporbmlity cogt~

“fng't evaluation. of in:vento:ciy* runouts. is degeribed b . length -in Andrew
Fazoonyl, . Seisntific l?mrgramming in Bumness -and ,';Ifndustry (Tew York:
Fohn Wiley. and Sons, 1958) pp.  307-+515. .
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Fhe second. problem is..to..identify_@n:a:nalytic disbribution . form Lo
-degeribe” the bghavior of. dempnd. ~This. ig.a shabistieal Problem, and. the

. -applsfence of a. statistician will be -valusble. in solving it. The ~remarks

- i
made -iv bhe preceding section regarding the properties .of. a. suitsble

-gpproximation.are. repeated: . s disbtribution forw iz not.s suitable APProX-

PN,
A e T

Amghion 1f it ‘leads 4o slgnificant misstatoment of the peasgage tinss or

Thi L R T e T

e

’ rhdout ,prc;‘ba;bilities._of..“bhe..;toss- funcbion. _ Fa;gr‘themore.,- -1t dig-desirable

to. o’-bté,‘in:a;'distri’ept'ion form for which the moment gengrating function H
: ‘ : A
gdn, be Amritten  slmply . and-explicitly, .othervise the snalytlc procedure ’ri

developed in. Chapter EI becomes .exeeedingljﬁ-cemplicated,i -or falls en- . o
tirely : |

" ‘Hedving. obtained tl.le requisite daba, the third step is o .miniﬁize o §
-{a_quarbioﬁ'-(ﬁo )‘p'rovid,ed the ggsumptions .of .S_e;étiox; Ilfm—ﬁ’:-fu are tensble.
,For;.this. purpoﬁev.if ;eaill be necegsary: tc; obtain access to & computer
'e;au,pabil___e.a “of” performing .”thié:operati()n? such as .tﬁgﬁ BM ok, or perheps
.evén the B 630, - ;P:a%stmably, the .code mentzoned in “Chapter IT, foot-
note J;'{}::or some'-, other code based upon gradient metheds, will be arbi-
Tiged. to tHis-end. |

_Fourth, 6. penElblyity snalysis should be performed, to bewt fthe

&L et vpon, the expected +total cost of devisbions .in. the .individusl

cost components. . from the represemtations devised at . the firgt stepy or

“the deviations..in the . .demsnd distribution. from Tae representation de-
vised at the second step, This can easily be accomplighed .with the
agﬁ:i%anc& of B;,Gompﬁ-‘i:@*ra by the so-called Monbe. Carlo method, ll: 8

vast yardiety of . simulated. experience mey be aecumalabed, walch will

i .:D?E‘or;-a, deseription in.the comtext.of . the present study, see
P.:A. P. Movan,. The Theory of g.tqra;ge (London, . Methuen and ~Gompeny ,
1960) pp. -8%-56.
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‘ a:id An . determining the .effects of tﬁese P.O'Ssibla'":mis,repﬁ‘senta‘bions ,[-L"Lso
of interest iy the response of cost b0 changes in .individual decision Va.rl-\
~ables, aWa:;y‘ frow ‘bhe -values . indicated - -y the anglygls do yield. mindmu coit,
In. other Wofds, g.pleture ig obtained of the-losgt funetion in $he neighbor-

_--hoed ef the minimud -cost et of. decisign varisbleg. If.the Tunction in

.'E;his reglon is reasonably fla:t ‘the policy may be Anstalled with eonfldence
f:hat At -wildl. opera:b& Emoothly.

+ Bimddabion .-provideﬁ .anAinexpensiv‘é- and, gtraightforwsrd wethod for

. testlng the effleacy‘ of . any pclicy wrider Varyzng cond:l.ﬁlons, in particular,

’yhen altematlve methods are proposed for han&lzng 8 conﬁlngency not. recog-
nized in the ordiginal medel, edch po-st*.lblllty_mHy be similated, and the
bé;t one chosen,

The ldst step in 1nstallatlon ot the new system is. to Pprovide for
moni“boring a:ﬂd contmln Oncz-e the four -dec‘ision Veriables of equation

' (50) have been n.cientlfled, the process of dems'ion=mak1ng From period. to
per;Lod 1s~ Gompleﬂ:e:[y TOWGIne; :E‘or example} "the 1eVel of - fimished goods

..:anentnge‘-;is thecked after. the last shipment on Fridsy, and. the produc-
+ion rate Lor the .coming week Ais.detémine:d An-decordance with the policy

ules (19).. Furtmmre,, once an opbimal method, has been eitablished for

'.ma.klng production. incrésses and decredges y. that method' will be wbilized

..uatll tg‘chnolt)gy chenges, input factor rrices change, or some other

.dlstUrblﬁg 1n;f‘luence agsumed, out. of-existence in our model. Upsets “the
mt:;_nﬁ Wher this, OCCUTEy Hhe d,ecmlon Vvardgbles must. agalin be

*5,6*13&1‘.[[113.&&‘5 #Hnd. the evaluation of  ghort v, -dntermediate -rur change

_a;l’r&mtives st agEin be eompared. A systemptic way of redeting to

gich changes .1s. to recompite decision variable values .ab regular inter

S R e o
SR S et e e R LA - -
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:Va.ls g - e.g. Thres to six. montis, With extra recomputablons in the event

‘of a particularly pron;ounced digburbanece.

2.3, Potentlal Gain From fke (a,b,¢) Pollcy

The: ‘_poten‘tlal Savings involved. in adophion. of - the (e b,c) policy ‘dre
xtremely. difficudt o appralse., -since mmch. .Ubvmusl;y‘, depends apoxn . the

.-individua,lucriremsta‘aiées. of the fiI“m, An parbicular, the methed .of . gchedul-

ing in use prior to .adoption.of.the {a,psc) policy.

For example, .éaPPOS'e- that & firm nad _been_,_u:sing.a:.goliey__ of . the typs
‘: shown in . equabion (_O) s where B = E(£); %; the ‘}S.IﬁOOthiﬂg.QGﬂStallﬁg -Ig. v o
.s:peei-fied;.‘a-;nd X _-#he-ideal inventory, is.set equal to gpfg s OTQ stan@ard i,
:deviations,,,qf:.t;aé demand distribwtion ©{f). -In.this pollicy, the expected -

.:i,nventory vill be X¥ units, and production changes are signalled once per

ﬁg@fiocie Now .suppose .the businessman.. becomes awgre of production change ‘
_a"psts of the type described in equation (16}, and decides to aﬁoy‘t-ﬁn
{a;b,ye) pdlicy._ A reEnge of Brﬂg is-épeciﬁg;eﬁ,bgtxween the barriers =
and by and ¢ is set halfway between.a .and b. The leyel b -is. set

-equal to X¥ in the previous :policy., The production rabe p I8 .sel

.eqﬁ&l To mean .dem;a;nd, .while the rates 7 -and B are selected on the
. basis of  experience wlth the previeus pollcy: constratity -encountered
i;i dealing with that pollc;y‘ vill be .opersbive in determining P and

ne Degeribed in the roughest terms, . the firm has .electerd to obtain a _ i

réduction of [100 (r;g-el)/ r‘2] peveent in -the frequency of production

,.cliang‘e—s; ab the price of an increase in #verage finlshed goods. invep-
tory equal 40 r .standard deviations .of demand. (This is.g8n ex~ il
i".'rémely. modest . wEy. of‘appraiéing what .is gained Dy the incrgsase in i

v, Y
;;E

aversge inyenbory. ‘The rumout probability should be decressed by. the
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chenge, Home beneficial. effects of redueing the allowsble mumber of.iarodacm
‘tion rates should be felf, and only. the time gpent in the .-zero.-drift As take
e-n‘.izit_O-a;cc;o‘un“t An caléu},&’éirig the reduced frequency of change: the durgation
~lr-the plus. and minus .drifts have been dgnoxed . in caleywlating -the:*‘cyﬁle
time, or--fre-q,uenéy_of.change, which mea:ﬁs, that this. frequency. is over-
| estimated. )
For a. numemcal exam;ple , BUppose t,he cdogt. of making a productlon

' ) change ig. $SO, the standard devm,tlon of ‘demand is 100, the vdalue per
“undt of product is $lO and the holding cont 1s 25 per cent. i, Value
' 'per anTm. ’I‘hen The approx1mate gain per. anmm of switching to.an

- {a,bye) policy. ig given by
[(x ~1)/r ] 2500 ~ 2501,
-i. and the« maximum gdain is realized by setting r = v%@ O#2.71, at which

p_o:L_n{: the gain ds.dpproximately $11%85 per ye-a;r, The previous.tobgl
outlay had been 2500 4+ 250q per year; this. the, saving is'. g subs‘tantia;
~ percentdge of the previous outlay: :t;jrpieafl vaiues of" g might:be obén
~_--tween 53y involving & saving of 45ofo, -and 6, involving 4 saving of 3To/o.
'(:’)n one hand thege f}.gures seem conServatlve, -Bince they ignore :t.he'~-.bene~

' Tits of reduced xymoutb. probabllity &nd. lower change .costs through llmi“ba»
‘tion of.the mumber of possible output. ratesg; on.the other hand they,. are
.predica,ted on.the firm operating in complete -ign'oranee~ of" a. charge per
'period valcelt i1s-the order of ten per cent of. its total annuial (:ha;;jgé
"fo;:*n,holding inyentory. |

‘ '_fhe -gxample, -though uﬁrealistically Tormilated and lmpreclgely
-calenlated,  dees pinpoint a eritical. facebors ;_the (a;b,c) policy, .by'
cc‘smpa_rison. Wi'f}h‘ okher possible wlicies, operates on.the philogophy

that it is. wise to sbsorb higher holding costsg, in order to schieve
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marked reduction in pfaauction change.ccsts, with substantial 'T%inge ‘bene-
flts possibly accruing in the form of reduced runout costs and lower costs
Qf making each individual production change. .AlL of these factors.are
tgkén.5ystematicallyminto.account in the formﬁlation-of-the.lgss functien

. of the’pélicyg (39).

.3 Conelusions

'iﬁig,m@pcgfaph, in a narrov view, may beﬂregaxded,as a speclal study
iﬁ*%he néﬁ'ﬁathgmaticai thgory-of inventory -and production, spegifieally
.coneerned Wifh describing.nnéts of changﬁmg;production,ratesz (and in
pérticular, the dependence .of these costs upon two factors: thé,frequency
.Df'production‘changeé; and the nﬁmber'@f allowable production rates); and
prescrlblng a productlon scheduling policy -capable of coping with these
costs. .As g flrst -attempt to incorporate this type of cost, it has left
sg%eral.prsblems.unfesblved. The optimality question has not been
‘.aﬁswéred, ngr have responses been.pre5cqibed§%or such freguently encountered
.prdblems as scheduling change lags [where A > 0. in eguation (h)], trends
_apd seasonal variations in demands and factor”priceé, andraccomedatian-of
:stra%egy for marketing. Howéver, certain guestions pertinent %o the
..suita’oility (& sort of wéak, tentative .su"bstitute for optim'al_ityj of the
néw policy -are answered, in the conbext .of the modqi.

The question most sucéessfully handled in this study_fegards.the
;ability to identify optimal values for the decision variables.of the new
poéicyn The P-period stationary appfbxiﬁation yields a function which may
bélbptimized by numerical methods on a high-speed computer. The guestion
-Df the.aécuracy of this approximation formulation was raised in the léteﬂ
:;iSCussion, and it was concluded that whepnthe.raﬁge of inventory levels
‘which ecall for'prbduction at the minimum.cost preduction rate is large

- ¢ompared to the standard deviation of demands, the total costs which accrue

PP I S Pkl Dl
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froﬁ use .of the policy are quite accurately estimated.
‘ Tike .all inventory policies investigated in the literature, the (agb,c)

'policy‘as'it.currently“stands is not a finished tool, feady to be wtilized
for maﬁufacturing-eﬁntrol.‘aﬁbwever, by calling attentioﬁ to the Tixed cests
of changing production, .and by'demonstrafing-that the policy is capable .ef
<co§ing with them, a service has been performed for the industrial program-
mer, - Optimization .of thé loss function (50) should give a satisfactoery
approximation to the .optimal operating levels in & real situation, provided
the emp;fical cost data is accurate, and the .assumptions of this model do
noﬁ:dq viclence to,the.existing.physieal eonditions. Fven if the'assumptiOHS
grgssly oversimplif&,‘and the policy is therefore- unsuitabie for use in an
Umedified form, the cost interactiogs,described in_th%s study may be taken
as’dafa When'making,decisions in a real situatioﬁ.

l . Cost. curves derived. - from the preduction function wére borroved from
%hé‘traQitional static’ theory of the Tirm, and used in s slightly modified P
_fofm.to develop a poelicy for preductien ;nd inventory .contrel. -Perhaps a
more gignificent sort of reciprocity will one day be established:iidEas and g

techniques from inventery and production theory may be incorporated in the

theory of the firm. Whitin contends that the considerations central -to the

newer type of .analysis are, or. shbuld be, incerporated into the cost curves §

~

6T the traditiqnal.analysis.lg Inventory and production costs are, as .was i

shown here, intimately.felaﬁed‘to the rate of outpup, the scheduling period,

the level .of inventbry-aﬁdlother-dynamic considerations, and to hope that !

l?.Op. cit. pp. 86-87. In note 28, p- 87,. Wnitin says ... the level i

b invéntaryAin-echbmic purchase quantitiesg in safety allowances,.and
in economic manufacturing lot sizes were .all determined through the use .of &
marginal analysis. The costs and benefits of stocking marginal units were #
compared- in each case.™ Tt should be poiunted out that the use of marginal i
analysis in &etermining-inventory levels i far different from the incor- . ;
proration of  inventory snd production -costs into the cost curves of the _ {
i

~~~~~

Tirm: Whitints statement implies that the vperations are equivalent.
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tﬁé;étatic,marginal anélysié can take these factors into sccount would seem
highly 0ptim18£ic. Through synthesis with investigations of stechattie and
dynamic aspecfs.of.capital budgeting, the theory of inventory and préduction
may éome day‘be,iﬁqcrporaﬁed into a theery of the firm in which dynamic .adjust-
ments, as well as static quilibria,‘willjbe observable.

+ In light of the analytic difficulties presented by studies similsr -in
seope Lo the preseﬁ$ Gne, a génersl St@dhastiCernamic theory of the flrm
may be viewed in prospect as an incredibly.ﬁnwieldy and intractable instru-
meﬂt. Tﬁe:ad%ent of high speed computation makes such a theepry more feasible,
not Dﬁly because .of the ability to ﬁerform numericel analyses gf tomplex
ﬁrelaéions.such_as the loss function (50}, but also because of the ability
t6 cope with irregular events affofded'by the technique Dﬁ simula.'bion.13

Theré are signs that a gradual process of.crosswfertilization'i§1*

under7ﬁai,‘in.which.business behavior, through the efforts of opbimization--
eénscious research personnel, is,moving~in th&:directions indicated by
.thebniéé‘which assume-prof%t maximizaiiog as the goal; and simultanepusly,

the theories are growing more realistic, and hence better abiéaﬁo describe )
and analyze the total operations of the firm, as new ideas g&rminated in
L1k

the process of programming are assimilated -’ by. them.

l?FQr a discussion.of the impact of computers upon research in the
© .Bociel sciences, cf. Oskar Morgensbern, “Experiment and Iarge Seale .Comput-
ation in Economicgl" in 0. Morgenstern (editor),.Economic Activity Analysis

(Wew Yorkj John Wiley and Sons, 195h4),

lhThis @pfimiétic,qote 1s vbiced in William J. Baumol, “Marginalisgﬁ
Behavieor and the Demand: for Cash in the Iight of Operations Researeh
.Experience,” Review of Fconomics and Statistics, Vol.. XI, 1958, pp. §09-215.

“
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ABSTRACT

Most of the ‘recent WQrk in the .stochastic theoxy of - 1nventory and
production, may. be'cla851fled 1n two .categories: the flrst and largest
portlon of‘thls -Work.is concerned w1th analysis of orderlng p@llcles, in
which -fluetuations in the—rate of - inflow-of new stock are vieved as cost—”
lass, the .second. ig concerned With analysis of .production policies, in
hich these fluctuations are wiewed as- costly, since the’ source of -ney
stock.ls.a ;woduetlon facility. vhich is .a part of the .same systenm.

. Analyses which. fall into the second category have arithout exeeption ‘
con51dered the . size of -production changes .as the -8ole determinant of cogt
of fluctuatlon typically‘cost is viewed as a Llinear or quadratlc
function of the change .sizes. -This. "productlon smoothing™ approach has
c0n51derable virtue; particularly from the -standpoint of computatlon

TheApresent study describds and analyzes a pollcy=whlch is de51gned
‘_ for -use whern. cogts of changing producﬁlon -are independent of the size of
the'change More precisely, the cogt of change .is formulated as K -+
:k[z

Py TPy,
periods. The flxed charge K makes.it des:rable to contrel the Lrequency,

ll’ where K > 0, and the—zl are production rates in successive

-as well. as the size, of productlon rate changes

The policy. Whereby Production change—frequency is.controlled compriges
thrée 1nventory levels, designated. & > ¢ > b > 0, and three production .
“rates P>p & B, with the operating rules: a passage above a 'signals the
produetion rate. D:.a passage below b -signals a production rate P and
1& passage .above .or below o signaels .a production rate . 'This pollcy,
called the . (a,b,c) policy, embodies a second .unususl feature: the number
.of-allowﬁble-production_rates.is restricted to.three.

When taken .in conjunction with a gtationary, independent Tandom demsnd
-series, the . (a,b,0) policy generates .a random walk identical to one First
aﬁalyzed by Abrehem Wald in 1G4%. .The Probability measures determined in
thai analysls are used in the loss function of the. moedel; they~furnlsh the
means whereby‘thers$x‘pellcy variables a, b, cy p, b, and p are optimized.

An interesting .question regarding .any inventory. and . broguction policy
.is: what .are the conditions Which are sufficient to agsure that the policy
i optimal? Thie _question.is not answered for the -(a,b,c) policy;. however,
it is -suggested that (a) if the fixed costs of production change X gre




-suff:x.crlently mportan*t then Bome policy, which con‘isrols “the frequency. of
.change As.dndicated; (b) policies may be visualized which specify any
.number of ‘preduetion rates, - and.stlllﬁcontroluthe-fraquency.of-prg@uction
changes, . 80.a method must.be devigeq, for -deciding when three rates is the.

optimal number; . .a task. which. is easily. accomplished provided certain. plaus-
‘ 1hle -conditions hold;. (c) glven that . three production rates .1s +the optimal
"ﬂumbar,,a,methed mist be devised for. determining when the . {a;b,c) policy
s fhe best,cholee from among all policies speelfying three rates; this .isg
a. problam,which remains to be.golved.

Three fa@tors -are :identified as basiec -to the dynamic . eosts of -produic-
.'tlon as bhey. are visualized in .this study. These dre :(a) costs of determin-
"1ng'the optimal input combination, the so-called technologieal costs; (b)
“bhe . administratlvé cogba; and (o) the costs Of learning incurred quring the-
time required by the-lsber force to master the best pattern of motor respor-
sas.aSSociated with’a new production rate, It is argued that by control-
 ‘11ng both the Lfreguency of . change -gnid the dllowable number of output rates}
these costs ean be minimized,  dlong with costs usually.dealt with in. inven-
_tory and production. dnalysis,

Tho additional guestions are raised: . (a) iﬁ view.of .the fact that the
(a,b,¢) policy.is.developed in conjunction with 4 medel which emhodies.a
series of - assumptlons whlch may not hold 1, the policy a suitable. device

for. controlllng-production dut.an industrial firm? . (b) Can the newer

.. dynamie theory of inventory and production_be~inporparated_praﬁitably.iﬁto

.the'iraditional,mieroeponomic theory of .prodiction? Prospects of .an arfirm-
-ative,answer to the first question are.seen to ‘be good, provided the busi-
nesgman 1g . not overly‘GOﬂeerﬂed with knowing that the policy which he uses
1a optimal; ‘the chisf obstacle to an affirmative answer to the second
,questlon,ls.eomputat;onal.dlfflculty.




