AN

£

A PROOF OF THE IMPOSSIBILITY OF OBTAINING.
GENERAL WEALTH EFFECT COMPARATIVE STATICS
PROPERTIES IN PORTFOLIO THEORY

Oliver D. Hart

Econometric Research Program
Research Memorandum No. 163
"April 197k

Econometric Research Program
PRINCETON UNIVERSITY
207 Dickinson Hall
Princeton, New Jersey



«

©

A PROOF OF THE IMPOSSIBILITY OF OBTAINING GENERAL
WEALTH EFFECT COMPARATIVE STATICS PROPERTIES IN
PORTFOLIO THEORY *

Oliver D. Hart

1. Introduction

Consider an investor who has a certain amount of wealth
to invest in a riskless security and several risky securities.
The investor's optimal portfolio will depend on his attitudes
towards risk, his wealth.and the probability diétribution of
the security returns. An interesting question to ask is how
the investor's optimal portfolio is affected by changes in his
wealth, giveh that all other things remain constant. For
example, does the total amount invested in risky securities
increase as wealth increases? Does the proportion of wealth
invested in risky securities decrease as wealth increases?

Questions such as these have been investigated by Arrow
[1, Chapter 3], who showed that in the case of one riskless
security and one risky security, the amount invested in the
risky security is an increasing function of wealth, and the
proportion of wealth invested in the risky security is a de-
creasing function of wealth, if the investor's von Neumann-
Morgenstern utility function exhibits decreasing absolute risk

aversion and increasing relative risk aversion. More recently,

*I would like to thank Nils Hakansson and Michael Rothschild
for helpful suggestions.
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Cass and Stiglitz [3] have shown that Arrow's results do not
generalize to the case of many risky securities. They give
an example where an investor who can purchase one riskless
security and two risky securities invests a greater proportion
of his wealth in the two risky securities when his wealth
increasés, even though his utility function exhibits increasing
relative risk aversion. Cass and Stiglitz note, however, that
Arrow's results do generalize for an important, if highly
restrictive, class of utility functions -- those for which the
mix of risky securities in the invgstor's optimai portfolio
depends only on the probability distribution of security re-
turns and is independent of the investor's wealth. Such
utility funcﬁions are said to possess the separation property.
The purpose of this paper is to prove that the
separation property is not only a sufficient condition for the
generalization of Arrow's results to the many risky security
case, but is also a necessary condition. That is, given more
than one risky security and a utility function which does not
possess the‘separation property, it is always possible to pick
probability distributions for the returns of the risky securities
so that the total amount (proportion of wealth) invested in the
risky securities decreases (increases) as wealth increases,
even though the utility function exhibits decreasing absolute

risk aversion (increasing relative risk averstion). 1In fact,



it is always possible to find cases where the amount (proportion
of wealth) invested in every risky security decreases (increases)
as wealth increases.

The separation property, then, is essential for the
generalization of Arrow's comparative statics results. But we
will prove a much stronger result.  Exactly the same argument
which establishes the importance of the separation property
for Arrow's results may also be used to establish the importance
of the separation property for every wealth effect comparative
statics property. That is, given a utility function which does
not possess the separation property, every wealth effect com-
parative statics property will be violated for some probability
distribution of security returns in the many risky security
case.

One consequence of this result is that we cannot deduce
from portfolio-theoretic considerations alone that the demand
for money (regarded as a riskless security) is an increasing
function of wealth. A second consequence is that the only hope
of obtaining wealth effect comparative statics properties for
utility functions which do not possess the separation property is
to restrict the probability distributions of security returns in
some way. The proof of our main theorem will give us some
useful information about precisely the sorts of restrictions
that will have to be placed on security returns if progress is

to be made in this direction.
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2. The Relationship Between Comparative Statics Properties
and the Separation Property

Consider an investor who has a real-valued von Neumann-
Morgenstern utility function U , which is defined on some
interval of the real line. The investor has initial positive
wealth 'W to invest in one riskless and n risky securities.
We will assume for simplicityithat n=2 , but all our results
generalize a fortiori to the case n > 2 , The riskless
security pays a certain gross rate of return r, and the twq
ry, I,.

We will assume that r, is fixed, but that the probability

risky securities pay uncertain gross rates of return

distribution of ry,r, may be chosen arbitrarily.

The investor is assumed to choose real numbers Xor¥q

and N sO as to maximize the expected utility of his final

wealth

EU(xorO +RTy o+ x2r2) (1)

subject to his budget constraint Xy tX) +X, =W . X, is

the monetary amount invested in security i . If xi>>o , the

investor is holding the ith

security long, and if X, < o,

the investor is holding the i 0 security short (if i=0,
x; < O means that the investor is borrowing)gl E 1is the

expectations operator.



Using the budget constraint to solve for X and
defining e; = (rl-ro) and e, = (r2-ro) , We may rewrite

the investor's maximization problem as:

Maximize EU(Wro-kxlel-kxeee) . (2)
Since, by assumption, the random variables ry,r, may be chosen
arbitrarily, it follows that the random variables €58, are
also arbitrary. We will find it easier to work with e)se,
rather than with ry,T, .

Without further restrictioné;(z) may not have a solution,
and even if it does, the solution may not  be
unique.2 If (2) does have a unique solution, we will write
it as x; = xl(W,F), X, = xg(W,F), or, in vector form,

x = x(W,F) . We will also say that x(W,F) is well-defined
in this case. F refers to the probability distribution

function of e,,e

1’72 7’ 1’
< b2} . The solution of (2) also depends on r, , but

that is, F(bl,bg) = Prob{el <b
€2
this dependence may be ignored since r, is assumed to be
fixed, |

Consider what happens to the solution of (2),
assuming that it exists, as W varies and F remains constant.

In general, the investor will choose to purchase the risky

securities in different proportions at different levels of



xl(W,F)
wealth, that is, % (W, F) will vary with W. 1In the special
2 2
x,(W,F)
case where —=r—=< depends only on F and is independent of
x2(W,F)

W , we will say that U possesses the separation property.

Definition: U possesses the separation property if x(WO,F)

and x(Wl,F) are linearly dependent vectors whenever they are

well-defined.

Let us turn now to the types of comparative statics
properties that we might be interested in. Arrow [1l, Chapter 3]
has shown that in the case of one risky security, the absolute
value of the amount invested in the risky security is non-
decreasing in wealth if U exhibits non-increasing absolute

3,

risk aversion. An appropriate generalization of this

result to the case of two risky securities is:

Pl) le(W,F)I + |x2(W5F)| is non-decreasing in W ;-
or

2 2 . . .
P2) x| (W,F) + xg(W,F) is non-decreasing in W

Arrow has also shown that in the case of one risky security,

the absolute value of the proportion of wealth invested in

the risky security is non-increasing in wealth if U exhibits
non-decreasing relative risk aversion.6 An appropriate generali-

zation of this result to the case of two risky securities is:



% (W,F)| + [x,(W,F)] |
P3) is non-increasing in W;
W

or
2 2
xl(W,F) + XE(W,F)

W2

PL)

is non-increasing in W .

In each of Pl - P4 , some function of the optimal
Xq15%, is non-decreasiﬁg in W . 1In some cases, we might want
wealth also to be an argument of this function. For example,
we might be interested in conditions under which the total
amount invested in the riskless security is non-decreasing

in wealth:

P5) (W - xl(W,F) - xg(W,F)) is non-decreasing in W .

This leads us to consider comparative statics properties of

the form

P6) f(xl(W,F), %, (W,F),W) is non-decreasing in W

2

where £ 1is a function from R2 X 2 to R 07 This formula-

tion will not be general enough for our purposes, however,
since it rules out "either - or" comparative statics properties,
such as the following generalizations of Arrow's results which

are much weaker than Pl - Ph :

P7) If Wy > W and x(Wo,F), x(Wl,F) are well-defined,

then either [xl(wl,F)l > le(Wo,F)I‘ or |x2(Wl,F)] > ]xg(WO,F)|,-



P8) 1If W, >W_ and x(WO,F),x(Wl,F) are well-defined,

| %, (W, ,F)| | %, (W _,F)]|
then either ——l——%———— < ——l—ﬁg____ or
1 - o)
%W, ) [ (W, P
Wl = Wo

P7 says that when wealth increases, the holding of
some risky security rises in absolute terms; P8 says that
when wealth increases, the proportion of wealth invested in
some risky security falls in absolute terms. In order to
consider cases like P7 and P8 , we will consider the

following general comparative statics property:

General Comparative Statics Property

P¥) If W, >W_ and x(WO,F), X(Wl,F) are well-defined,
then fj(x(Wl,F), Wl) > fj(x(WO,F), Wo) for some
j=1l,...,m , where fl"'“’fm are given functions

mapping R2X Q to R .

In the case of P7, £, = lxl(W,F)], £, = |x2(W,F)[
|x (W, F)| | %, (W,F)]
and in the case of P8, £y =" — 5 and fp=- .

It is clear that for some functims fl,...,f - Pp¥

is a tautology. For example, if £, = - f



fl or f2 is non-decreasing between any two points. 1In

fact, for P* not to be a tautology, there must exist
X, Xe¢ R® and W>W >0 such that fj(i, W) < fj(i,W)
for all j=1,...,m. We will make a slightly stronger

assumption about the functions f1,005 5,

Al) Given ﬁ, W satisfying W>W > 0, we may find

linearly independent vectors X, xe R2 such that

fj(i,W) < fj(i,ﬁ) for all j=1,...,m .

Al is a very weak assumption which is satisfied in all
the cases considered above. All it really says 1is that the
functions fj do not depend too strongly on W . Al
would not be satisfied if fl(x,W) = sinx, + sinx. +W

1 2 -

THEOREM 1: Suppose that Al holds and there exist

functions fl,...,fm such that property P’ is satisfied
for all distribution functions F . Then U possesses

the separation property.

Proof: The main result required to prove the theorem is

contained in the following lemma.

Lemma : Suppose €158, have distribution function F and

x(W,F) is the unique solution of the problem:
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maximize EU(Wro + Xe 4 x2e2) . Let a, B, v, 8 Dbe real

numbers such that a& - gy + O and define the new random
e, + Re ye, - de

variables ei = L £ and ez SRS SUN R . Then,
xd - By ads - By

the unigue solutionof the problem: maximize

* * . .
EU(Wro +xyeq + x2e2) is given by
*
Xl = le(W:F) - 7X2(W)F) >
(3)
*
pYe =

-Bxl(W,F) + ocx2(W,F) .

Proof: | Suppose that for some xi,xé s

1 * 1 * * ¥ * ¥
EU(WrO-kxlel-kxgee) > EU(WrO-Fxlel-fxeeg) . (L)
Define ax. o+ yxt
~ _ 1 2
X, = —_— s
ad - gY
Bx! + Bx! (5)
X = T .
2 ad - gY

Then, by (3), (4), (5) and the definition of é?,é*

= 2
- . axi-%?xé Bxi-+6xé
EU(WrO + xlel + x2e2) = EU(WI’O + (—&5—_—57—) el + (—*&g—_—g?—) 82 )
e, +pe Ye, + de
— ' __..J:._._...._g 1 __.]_'.____...2_
= BU(Wr, + x5 (—55775) +x5(—53 7))
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ae, +Bpe ye, + de
*e L2 xel 1 772
BU(Wr | + 3 (=55 o )+ %] ))

vV

= EU(Wr, + (8% (W,F) - yx,(W,F)) (—=—— )
+ (CXXE(W,F) - Bxl(w;F))(————_~_-7-_))

= BU(Wr +x,(W,F) e; +x,(W,F)e,) . (6)

Since x(W,F) 1is the unique solution of (2), (6) implies

that

ki 4
I

Xl(W:F) ’
(1)

%
1l

xg(W,F) .

If we now solve (5) for x{,%, and use (7), we obtain

b
1t
ol
%
1
Y
»%
|

6xl(W,F) - Yxe(W,F) ,

X, =-Ppx; +O0x, = -5xl(W,F) + axe(W,F)

Hence, by (3),
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x! = x*
1 1 °

and . %
- T B

which proves that (xi, xg) is the unique solution of the

. . * *
problem: maximize EU(WrO+xlel + x,e, . Q.E.D.

The lemma tells us that if short-sales are permitted,

a linear transformation of the random variables e,,e can

2
always be "undone" by a linear transformation of Xys%y o

Let us see now how the lemma may be used to prove the theorem.
Suppose that U does not possess the separation property.
Then we may find a distribution function F and W > W  such
that x(ﬁ,F) and  x(W,F) are linearly independent. Also,
by assumption Al, we may choose linearly independent vectors

~

x and x such that
fj(?c,v'&) < £5(RW) for all  j=1l,...,m . (8)

The idea of the proof is to construct a distribution function
F* such that x(W,F*) = x and x(W,F*) = x . Since by (8),
fj is decreasing between W and W for all j , this shows
that property P* does not hold for wealth levels W and

W and distribution function F* , and hence the theorem is

proved by contradiction.
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Let o, B, ¥, B be given by

x2xl(W,F) - x2xl(W,F)

x,(W,F) %, (W,F) - x,(W,F) x, (W, F)

2

x2x2(W,F) - xgxe(W,F)

%, (W,F) %, (W,F) - x,(W,F) x, (W, F)

xlxl(W,F) - ilxl(W,F)

%, (W,F) xl(ﬁ,F) - xg(ﬁ,F) %, (W, F)

xlxe(W,F) - xlx2(W,F)

%, (W,F) xl(ﬁ,F) - x,(W,F) x, (W, F)

o, B, 7, B are well-defined since the linear independence

of x(W,F) and x(ﬁ,F) implies that XE(W,F) xl(ﬁ,F) -
%,(W,F)x(W,F) + O . It may be verified that, in addition,
the linear independence of x and ; (see assumption Al)
implies that a®-g8Y £ O . We may therefore apply the lemma

to deduce that

1

x, (W,F™) 8%, (W,F) - yx,(W,F) ,
(9)

xg(W,F*)

]

- Bxl(W:F) + O[XE(W,F) ’



1k

ael-+5e2
where F*¥ is the distribution function of —&gifgy— ’
7el-+6e2
—&g—j—g; . Substituting the values of a, B, v, & in (9),

we obtain

x(W,F*) = x,

w >

x(W,F*) =

-~
But, since W > W , it follows by property P* that

‘—h
ﬁ

=

nv

fj({c,ﬁ)
for some j=1,...,m . This contradicts (8) and establishes

that U must have the separation property. 0.E.D

We may use this theorem to derive necessary and
sufficient conditiohs for Pl - P4 and P7 and P8 to hold.
We have shown that a necessary condition is that U possess
the separation property. But, if U possesses the separation
property, the risky securities may be regarded as a composite
risky security (the composition of this security depending on
the probability distribution of security returns), and so we
may use Arrow's results forthe single risky security case t©prove
the following: (1) If U is twice differentiable and

Uu' >0, U" <0, a necessary and sufficient condition for
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Pl, P2 and P7T to hold is that U possess the separation
property and U exhibit non-increasing absolute risk aversion:
(2) 4if U is twice differentiable and U' >0, U" < O ,

a necessary and sufficient condition for P3, P4 and P8 to
hold is that U possess the separation property and U

exhibit non-decreasing relative risk aversion.

Cass and Stiglitz [2] have shown that the class of
utility functions which possess the separation property for
all probability distribu;ions is very small. Theorem 1l tells.
us, therefore, that the range of comparative stétics properties
in the many security case is very limited. One approach to
finding new properties is to restrict the admissible proba-
bility distributions of returns in some way. It should be
noted, however, that in the proof of Theorem 1, we needed
only the assumption that the class C of admissible two

dimensional random variables satisfies:

(rl,r2)e c = (xrl-+Hr2-+(l-x-H)ro, nrl-+pr2-+(l-n-p)ro)e c

(10)
for all real numbers A\, M, n, p . This condition holds, for
example, for the class of bivariate normally distributed random
variables. For this class, of course, as is well known from
mean-variance analysis, all utility functions possess the
separation property, Arrow's results geperalize to the many

security case, and Theorem 1 is trivially true.
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‘This suggests two possible directions which could be
taken in restricting the probability distributions of security
returns. The first is to assume that the class C of two
dimensional random variables satisfies (10) and to investigate
under what conditions a large number of utility functions
possess the separation property for the class C . The second
Vpossibility is to assume that C does not satisfy (10), in
which case the separation property may not be necessary for
the existence of comparative statics properties. Some progress
has been made in this second direction by Cass and Stiglitz [3],
who are able to obtain comparative. statics properties for the
case where each risky security yields a return in oﬁly one
state of nature and there are as many securities as states of

nature.

Conclusion

We have shown in this paper that in the many security
case a large class of comparative statics properties can hold
only for utility functions possessing the separation property.
Throughout, we have confined our attention to wealth effect
comparative statics properties. It would be interesting to
know whether the separation property is necessary also for the
existence of comparative statics properties involving changes
in the riskless interest rate r, or in the distribution

function F . The arguments used in the proof of Theorem 1



do not appear to carry over to these cases. However, it
seems likely that the separation property is important also
for these types of comparative statics properties, since the
Slutsky equations of portfolio theory (see Fischer [L4])
indicate that there is a close relationship between portfolio
- adjustments resulting from changes in ry and F and port-

folio adjustments resulting from changes in wealth.

17
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FOOTNOTES

Many of our results can be generalized to the case where

short-selling is prohibited.

We will say that (xi,xé) is the unique solution of (2) if

the following three conditions are met:

(a) (x‘,xé)e.D = [(xl,xe)l(Wro-Fxlel-+x assumes

2%5)
values for which U is well-defined with probability 1} ;

(b) EU(Wro+xlel + x2e2)1swelljdef1ned for all (xl,xg)e.D

.
r

X 1 1
(c) EU(Wro-kxlel-kxzeg) > EU(WrO+xlel + x,e, for all

(xl,xg) such that (xl,xe)e D and (xl,x2) £ (xi,xé)
We will assume that U is measurable, so that
EU(WrO-l-xlel + x2e2) is well-defined for all (xl,x2)e D

as long as €58, are bounded with probability 1 . 1If

€155 are unbounded, however, EU‘(Wro-kxlel t x5, may

not be well-defined.
Arrow rules out short-sales, in which case there is no need
to worry about absolute walues. If the risky security is

held short, however, the amount invested in the risky security

is non-increasing, rather than non-decreasing, in wealth if

the utility function exhibits non-increasing absolute risk
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