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CHAPTER I

TINTRODUCTION

1. Economic Problems in the Military Establishment

In many important respects the military establishment is like a
large multi-product business Firm. Like the firm, it hires vast amounts
of many kinds of goods and services and combines them in a bewildering
variety of ways to "produce", not commercial products, but various
kinds of commands, weapons systems, etc. Since many of the decision-
making problems of the military organization have rather close analogues
in the operations of commercial establishments, it is only natural that
many of the techniques developed for the solution of business problems
by economists, mathematicians, and others have been extensively studied
Tor their applicability to the problems of military decision-making.

In spite of significant.successes, however, these studies have
frequently run up against a fundamental difficulty in the transference
of techniques useful in the comnercial setting to the problems of the
military establishment. This difficulty has its roots in a basic
difference between commercial firms and military organizations which is
obvious after even the most superficial reflection on the analogy between
the two-types of organizations. The difference is simply that the
business firm can refer to money as the measuring rod for the comparison
of all or nearly all alternatives between which choices must be made.

It is clear that for the military organization this is in large measure

an impossibility.l

1. The enormous importance of this difference has been emphasized
by 0. Morgenstern in The Question of National Defense (New York: Random
House, 1959), pp. 203-205.
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The absence of g monetary measuring rod profoundly complicates
"intuitive" decision-making procedures and in many instances largely
vitiates the usefulness of the optimizing techniques of the calculus,
linear Programming and so forth. While sophisticated techniques can,
at least in principle, guide the allocation of given plant and equip-
ment to the production of different commercial outputs, no such
immediate application is possible in deciding, for example, the division
of a given stock of bombers and tanks between two different theaters of
operations. Since there is no revenue function associating different
dollar values with different dispositions of the two items between the
different operations, maximization procedures may be largely useless.
Similarly much of the growing and highly sophisticated literature of
inventory theory is largely inapplicable to military problems simply
because there is no way of computing a monetary "loss function" in a
very large number of cases.l

This does not mean that mathematical techniques are useless in
all types of military problems, of course. Frequently the "costs" of
alternative logistics policies are computable in monetary terms and
therefore if the probiem at hand happens to be one of minimizing the
costs associated with some predetermined level of output, no special
difficulties arige. Hence, for example, if one has decided in advance
that a given number of bombers and tanks are to be routed to a given
point of operations, such techniques can be used to determine the

cheapest way of doing this wlthin, perhaps, such other constraints as

l. This point has been explicitly recognized by T. Whitin in
The Theory of Inventory Management (Princeton:s Princeton University
Press, 1953), pp. 265-75.
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may be present. But if the levels at which the output activities them-
selves are to be carried on are among the variables the situastion is
quite different. The lack of the measuring rod of money to compare the
"revenue" of alternative levels of different output activities and/or
to compare these revenues with associated costs becomes a crucial
difficulty where the levels of +the outputs are not pre-determined.
In short, it is the lack of some measure of the "value" of the out-
puts, some measure of the "revenue" derived from the operations of
the military establishment which causes the trouble.l

The difficulties arising in the military establishment from the
lack of a monetary measure of revenue are of course not confined to
that type of organization. Tt is clear that a university, a hospital,
or even a business firm for whom questions of "community prestige",
ete. are important may face the same type of problem in using systematic
mathematical techniques to solve decision-making problems. Finalily,
the socialist state itself faces decision-making problems of almost
unimaginable complexity in an environment where there is no automatic
price-making mechanism to establish the relative values of alternative

outputs.2

1. There is a different type of difficulty which we do not consider
in this study which stems from the games~of-strategy aspects existing in
many military decision-making situations. TIn such situations the relative
values of alternative levels of different output activities depends upon
the opponent's choices among the alternatives available to him. Thus
the choices depend upon the opponent's choices. In this type of situa-
tion we cannot impute military worth values to alternative output levels
except in the light of the solution of the game problem. See Whitin,
ibid., p. T6.

2. BSee for example F. Hayek (ed.), Collectivist Economic Planning
(Iondon: G. Routlidge and Sons, 1928), 293 pp.; or G. R. lange and
F. M. Taylor, On the Economic Theory of Socialism (Minneapolis: U. of
Minnesota Press, 1938), 128 pp.
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In the study to follow we shall examine some systematic procedures
for developing substitutes for a monetary revenue function in two
specific types of problems: the so-called "assignment problem® and the
inventory problem. All discussion will be developed in the specific
context of the military establishment, but the relevance of the

-

analysis to other types of institutions should be obvious."

2. The Concept of Military Worth

The need for devising some sort of measure of the "revenue" or
"utility" of altermative military outputs has of course been recognized
for some time. It is at least implicit in any attempt to make up a
military priority list. 1In the rather scatbered literature of the
problem the general concept of the revenue or utility of military out-
put has frequently been referred to by the term "military worth”, a
usage to which we shall adhere in the present study. Tt is not our
intention to present a comprehensive review of this literature or to
attempt a general investigation of all aspects of +he military worth

problem. Such material is or shortly will be available elsewhere.2

1. The general question of allocation procedures in the absence
of monetary guides will be examined in a forthcoming research memo-
randum of the Econometric Research Program by W. G. Mellon.

2. Bee W. G. Mellon, "A Selected, Descriptive Ribliography of
References on Priority Systems and Related Nonprice Allocators,”
Naval Research Iogistics Quarterly, Vol. 5, No. 1 (March, 1958),
rp- 17-27. A more extensive review of the literature and the prob-
lems it raises will shortly be available by the same author in an
Econometric Research Program research memorandumn.
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We shall rather be concerned with the more limited task of exploring
a particular kind of technique for developing military worth functions
in the context of the two problems mentioned above, the assignment
problem and the inventory problem.

As a preliminary to a more specific discussion of the task to be
undertaken it will be helpful to make a few general comments on the
concept of "military worth" which will be employed.

1. By a "military worth index” we shall mean no more than an in-
dex of the relative desirability of military alternatives where “rela-
tive desirability" is determined by a means to be gpecified. Such an
index is thus a guide to choice.l

2. We shall be concerned only with the relative desirability of
military alternatives in terms of each other, not in terms of any money
costs which may be associated with them. Thus, for example, suppose
we have two vectors A and B of inventory levels for different items.

We seek to devise an index of military worth which tells us whether

A is preferred to B, but not whether the preferred vector is “worth"
the additional monetary cost that may be associated with it. In other
words we are attempting merely to devise methods of comparing the
values of different outputs, not a method of comparing the outputs with
the value of the inputs.

For many practical purposes this is sufficient. At all but the
highest levels of military decision-making the problem faced by the
authorities is one of maximizing the use of given inputs. This may be
a mafter of maximizing the use of a fixed amount of money, distributing

a given number of men, tanks, and planes among alternative uses or even

1. BSee below, p. 112.
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optimizing the content of an allowance list for a submarine with fixed
space capacity. For none of these problems is it necessary to have g
direct measure of the value of the alternatives in terms of money.l

5. We shall be concerned with situations where the basis of the
military worth considerations is what may be called "subjective.” The
distinction between "objective” and "subjective’ bases for military
worth values may be illustrated by two examples. Suppose, to take the
"objective" case first, one is considering alternative patterns of
bombing missions whose aim is to destroy grounded enemy planes. In
such a cage the expected-number~of-planes-destroyed associated with a
particular alternative constitutes an "objective" basis for ranking the
desirability of the alternatives. Situations of this kind where the ob-
Jective can be defined in some kind of uni-dimensional physical index
present no particular conceptual problems with respect to the determin-
ation of the military worth of alternatives.

There are many other problems of s totally different character,
however. Suppose one is considering alternative allocations of dif-
ferent kinds of hardware to different theaters of operations, or, again,
alternative stocking policies where many different kinds of items are
involved. In such cases there is no simple physical basis for a mil-
itary worth index. The aim is rather to maximize some vague concept of
over-all military "effectiveness.” The key to problems of this kind is
that their solution must inevitably call into play the "subjective®
Judgment of military authoritiesg in determining the relative effective-

ness of alternatives. We may therefore term any military worth problem

1. Actually such a measure would really only become a necessity
in deciding what the total level of expenditures should be. See A.
Enthoven and H. Rowen, "Defense Planning and Organization,®” (RAND
Corporation, P-1640, March, 1959), pp. 10-28.
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where the valuation of alternatives is built up from the expression
of preferences by military authorities a problem in determining a
"subjective" military worth. Our concern will be exclusively with
problems of this type. The expressed "subjective" preferences of
military authorities may of course be related to some type of phy~
sical consideration of the sort noted in our discussion of the ob-
Jective case, but the crucial characteristic of the "subjective
problem from our point of view is that the construction of military
worth indices begins with only the preferences themselves. We seek
to find systematic ways of organizing these expressions of preference

to obtain the desired military worth indices.

3. Some Definitions and Notation

The three main chapters of this study (Chapters IT-IV) will in-
vestigate the manipulation of preference information for the determi-
nation of military worth functions in two types of problems. The
major item, the assignment problem, is dealt with in Chapters II and
III. Here we shall assume that there are many items of different
types and many uses or activities to which they may be assigned. We
shall derive techniques of establishing an order on the various pos-
sible assignment patterns from "elementary" preference informatior.
We are not concerned with techniques of computing optimal assign-
ments from among feasible alternatives, but merely with methods of
establishing preference relations among any possible pair of alter-
native assignment patterns. Thus in the linear programming context
this would be equivalent to an attempt to determine the parameters of

the objective function but not an attempt to compute optimal programs.
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Chapter IV deals with the evaluation of alternative inventory
positions. A detailed description of this problem is best left to
that chapter. For the present it is sufficient to say that we wish
to evaluate alternative stock levels in a system where there is more
than one inventory point and more than one type of item being stocked
at each point. Tn this chapter again we shall build up the military
worth function on the "subjective” basis of certain types of elemen-
tary preference information discussed there in detail.

To give a somewhat clearer picture of what we mean by "obtain-
ing military worth indicators by the systematic manipulation of ele~-
mentary subjective preference information™ it is desirable to estab-
lish some terminology. In a sense both the assignment problem and the
inventory problem concern the assignment of "things to things”, so to
speak. 1In the case of the assignment problem itself the assignment
of items to various types of uses, locations, ships, or activities is
involved. In the inventory problem the pattern of stock levels de-
pends, in part, upon the quantities of the different types of items
assigned to the different inventory points. We shall call the types
of items being assigned "models" and the types of things to which
they are assigned, "activities"™. Neither of these terms represents
more than, at best, a somewhat unhappy compromise among equally un-
satisfactory alternatives. To avoid confusion the following points
should be kept in mind in connection with the use of these terms in
this study.

First, with respect to the "models™: Two different model-types
may represent simply two different types of the same sort of equip~-
ment, such as, for example, two different types of short wave re-
ceivers. On the other hand, in a somewhat different context, different

model types may represent completely different sorts of items, such as
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tanks versus planes. In any event we shall at all times consider
two physically distinct items as belonging to the same model-type
if they are to be regarded as perfect substitutes for each other in
the context of the particular problem under discussion. A model of
the ith type shall be designated by m,

Secondly, with respect to the "activities™: In some cases
two different activity-types will represent what the term implies
in its literal sense, for example, two different bombing missions.
In other cases, however, different activity-types will be repre-
sented by different uses for the models. Thus in one problem we
consider the assignment of equipment to different ship-types.
here each ship-type represents a distinct activity type. In still
other cases the different "activities" will refer to different
theaters of operations or locations. Clearly the term "activity"
1s not equally appropriate for all of these uses but the formal
similarities of the different situations require a commoﬁ term,
and we trust the reader will be clear as to exactly what is meant
in each situation as it is described. An activity of the Jjth kind
will be designated by Vj.

In'actual practice it may not always be clear when two phys-
ically distinct activities, uses, locations, etc. should be re-
garded as belonging to the same activity-type. In some kinds of
problems, such as, for example, assigning different kinds of radar
sets to different kinds of ships, it might seem obvious that two
ships of the same kind should be given the same "activity" designa-
tion. As we shall see, however, for our purposes two activities
should be regarded as being "of the same kind" (and therefore desig-

nated by the same symbol) only if their military sigrnificance is
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the same. More precisely, two physically distinct activities, x and y
should be thought of as belonging to the same activity type if and only
if the military value of assigning some model m, to x and to y is re-
garded as the same and if it is the same for all model types. In
this case even though x and y may differ in many ways they are activi-
ties of the "same kind" from our point of view.T

A few more terms are introduced having primary application to the
assignment problem. In general there will be many actually or poten-
tially available "sets" of any givenmodelmtype.2 Furthermore there
will generally be many instances in the ﬁilitary establishment or in
the problem under consideration of activities of the same kind. We
shall designate the assignment of a model of the ith type to an activ-
ity of the jth type by aij' Any general scheme for allocating equip-
ment to different activities is of course likely to involve more than
one instance of assigning a particular type of equipment to a partic-
ular type of activity. The notation Xijaij will mean that some assign-
ment plan includes Xij instances of the assignment of an my to a vj.

The interpretation of such symbolism as “xijai.” would not be al-

together unambiguous without further discussion. Either one or both

1. See R. E. McShane and H. Solomon, Letter to the Editor of the
Neval Research logistics Quarterly, Vol. V, No. 4 (December, 1958),
pp. 363-67.

2. The reader is again caubtioned to note the difference between
the usual meaning of the word "model® and the broader one here in use.
Thus in a problem of assigning tanks and fighter planes to different
operations, "tanks" and "fighter planes" may be the two model-types
involved. Thus the statement that there may be many "available sets
of any given model" in this context means merely that there is more
than one tank and one fighter plane available for assignment.



of two interpretations could be given. Thus ”5aij" might stand for
the installation of five pleces of radar of the ith type in a single
submarine of the jth sort. Tt could also mean the installation of one
piece of radar of the ith sort in each of five submarines of the jth
sort (or, of course, some other distribution adding up to five). In
any event it is desirable for s designation such as ”5aij" to have a
unique "utility" value so that the interpretations must be limited in
such a way that this is possiblie. To speak loosely, if the "marginal
utility" of aij'is congtant, then the complete range of possible in-
terpretations given above is Possible within our condition that the
"tility™ or "military worth" of Xij have the same value within the
permitted range of interpretations. TIf diminishing marginal utility
exists, then obviously "5aij” interpreted as installing five sets on
oné sub will not have the same value as ”5aiJ” interpreted as instal-
ling one set each on five different subs. Thus, as we shall see later,
we shall find it necessary either to interpret our problem so that

never more than one mi is assigned to a particular instance of g vj

or else we shall simply have to assume that the marginal utility of
the Xij, however interpreted, is constant,l

In any event the logistics center is faced with the task of deter-
mining an over-all allocation of pieces of equipment .of various model-
types to activities of various types. Iet us designate an "over-all

assignment plan” by the following notation.

Xllall + Xl2a12 + o0 ananm

1. At this juncture it may appear as though such limitations are

only artificially forced by the choice of notation, but this is not

the case. See below, p. 29.
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This means that there will be Xqq instances of the assignment of g
type 1 model to a type 1 activity, X105 instances of the assignment
of a type 1 model to a type 2 activity, and so on.l

We shall refer to an instance of the assignment of a particular
model to a particular activity as an "element” of the over-all assign-

ment plan.

4. The Nature of the Blementary Preference Information

Our task is to find techniques by which a logistics center can
construct an ordering of the potential over-all assignment plans.2
Since we are restricting ourselves to situations where the orderings
must ultimately be derived from the "subjective” expressions of prefer-
ences on the part of competent military authorities, it would of course
be possible merely to submit the over-all assignment plans directly
to an authority for ranking. We shall assume, however, that for var-
lous reasons developed in the appropriate places (and summarized in
Chapter V) that this direct or "naive” approach is impossible or un-
desirable. We shall assume instead that the logistics center has at
its disposal, not direct rankings of the over-all assignment plans

themselves but more elementary information.

1. It would be more in conformity with standard usage to simply use
the vector notation (x s++-5% ) for the over-all assignment plan but
) llb .
our choice turns out t& be more convenient later on.

2. We are of course also interested in obtaining an ordering of
all possible distributions of stocks for different activities in the
inventory problem, but the special features of that situation are
better left for discussion in Chapter IV.
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In clearing up the meaning of the phrase "more elementary informa-
tion” a few examples may be helpful. (1) Suppose the logistics center
must work from s priority list which in some sense purports to order
the "importance® of the activities, the Vi If at the same time it
has technical information on the relative importance of the models to
the different activities, how can this material be combined to obtain
& ranking of the over-all assignment plans? (2) Suppose a direct rank-
ing of the aij is available. Under what conditions can thisg informa-
tion be used to solve the problem? (3) Suppose we have priority in-
formation for different subsets of the various activities and must
combine them to obtain s "ranking of the priorities”.- (&) Suppose
the logistics center receives not merely an .ordering on the aij’ but
what will be called a "difference order” in Chapter ITI, meaning, rough-
ly, an ordering on the "differences™ in importance of different items.
What can be done with this "elementary" information?

We propose to consider a number of types of elementary preference
information and in each case to characterize their contents in axiomatic
terms. There will be some discussion about what kinds of preference
information can appropriately be expected in different types of sit-
uations. Further, we shall consider various possible "combinatorial
rules" for the manipulation of each type of preference information
and characterize thege also in axiomatic terms. While the setting in

Chapter IV on the inventory problem contains certain special features,

1. The need to rank priorities when a centrsl supplying agency is
dealing simultaneously with many activities, each of which has its own
Priority list is discussed by 0. Morgenstern in ”Gonsistency Problems
in the Military Supply System," Naval Research Logistics Quarterly,
Vol. 1, No. 3 (September, 195k), . 27T,
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the same basic approach is developed there in an attempt to derive
meaningful orderings of alternatives.

In each of Chapters IT, III, and IV we shall consider the possi-
bilities of summarizing the preference structures being discussed by
a numerical "military worth Tunction” similar in nature to the "util-
ity functions™ of the economics literature.l Such numerical summar-
ies are of course useful in applying routine mathematical techniques
for computing optimal alternatives under whatever constraints may be
present . %eeMﬁm'mdmﬂweofcmmhm%bgzﬂhﬁmwwmﬂhfmwﬁmm
from preference information raises some important methodological ques-
tions which are best raised in the context of the more detailed dis-
cussion to follow. A summary of the main points underlying the method
of approach used in this study is presented in Chapter V.

Chapter II deals with purely "ordinal® preference information,
that is, preference information which can lead to military worth func-
tions unique only up to a monotone transformation. Since all standard
priority lists contain preference information of this kind some attention
1s given to the question of the design, interpretation, and uses of prior-
ity lists. The question of what will be called the "separability" of
priority and efficiency information is discussed and we shall also con-
sider the implications of situations requiring an amalgamation of pref-
erence information from different sources. A.military‘wgrth Tunction

having certain useful properties is discussed.

1. The relation between the utility problem and the military worth
problem is discussed in Chapter IIT and again in Chapter V.
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Chapter III deals with preference information of a more complex
character. A method of constructing military worth indices develaped
by Aumann and Kruskal is subjected to analysis and interpretation.

The so-called "multi-person amalgamation problem” is considered in
the context of "cardinal® military worth indices.

Chapter IV is devoted to discussion of an adaptation of the well-
known von Neumann-Morgenstern utility technique to the evaluation of
alternative inventory stocking positions.

Chapter V is designed not to recapitulate results, but to gather
together the various strands of a general theory of military worth

which are scattered throughout Chapters II, III, and TIV.



CHAPTER IT

ANALYSTIS OF THE USE OF PRIORITY AND EFFICIENCY ORDERINGS

1. Introduction

The problem dealt with in the following sections is the analysis
of the possibilities of using certain types of ordering information to
determine optimal over-all assignment plans. Problems of assigning
models of different types to activities of different types are divis-
ible into two basic kinds of situations, situations where the problem
of ranking the "importance" of the activities can be separated from
the problem of ranking the "efficiency" of the models, and situations
where these problems cannot be thus separated. Consider, for example,
the following two assignment problems.

Example 1 -- Assignment of different kinds of bombs to different
kinds of bombing missions.

Activities
bl

<
I

1 Destroy one square mile of administrative real estate.

v, = Destroy one square mile of storage real estate.

v5 = Destroy one square mile of industrial real estate.
m, = Bomb capable of destroying one square mile.

m, = Bomb capable of destroying two square nmiles.

m5 = Bomb capable of destroying three square miles.

Example 2 -~ Assignment of different types of radar sets to dif-

ferent types of ships.

Activities Models
Vl = A tanker. m, = A set with 10 mile range.
v2 = A submarine. my = A set with 15 mile range.
v, = A Coast Guard Cutter. m5 = A set with 20 mile range.




In Example 1 the "activities" involved are so defined as to have
some clear military import independent of the type of equipment which
is assigned to them. Thder the circumstances it would seem reasonable
to expect to be able to obtain a meaningful ranking of the relative
"importance” of these activities from some authorized military author-
ity. The nature of the activities is such that this ranking can be
obtained without reference to installed models. TIn Example 2, how-
ever, quite the opposite appears to be the case. The definition of
the "activities" involved is such that it does not appear to make sense
to try to order their "importance" without knowledge of what models are
installed in them. TFor example, can one say that a “submarine is more
important than a tanker"? The answer to this depends on what the two
kinds of ships can do and this, in turn, depends in part upon the equip-
ment installed in them, on the mi.l

When we are dealing with cases such as FExample 1 where it is sen-
sible to ask a competent military authority to rank the Vj in the ab-
stract, so to speak--1i.e., without any knowledge of the equipment

installed--we shall make the following formal assumption. Assumption 1:

There exists an ordering on the activities.2 It is clear that Assump~

tion 1 is not trivial and that in fact one would expect to find many

l. The reader is again warned about the use of the word

"activity."” In Example 1 the v. are activities in the literal sense
of the word, whereas in the sec¥nd example the v. are really "uses"
or "locations™. In any event, in both examples the v. are the "things"

to which the models are to be assigned and therefore &re "activities"
for our purposes.

2. The definition of ordering involved is the usual one: i.e.,
for any activities a and b, either a is preferred to.b (a P b), b is
preferred to a, or a is indifferent to b (& IDb). Also we assume
that both the preference and indifference relations are transitive.
We shall ignore the possibility of indifference relations in the rest

of this chapter since its consideration merely complicated the exposi-
tion without adding anything of much interest.
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real assignment problems, perhaps a majority, where it does not hold.
We shall speak of situations where Assumption 1 holds as "separable”
cases, that is, cases where the question of the importance of the
activities can be separated from the question of the efficienty of the
equipment installed in then. Conversely; cases where Assumption 1
does not hold, such as Example 2, are called “inseparable”. The dis-
cussion which immediately follows deals only with the separable case.

We shall return to a discussion of the inseparable case on page 3k,

2. 'The Relative Efficiencies of the Models

In addition to Assumption 1 relating to the ranking of activities
we need two additional assumptions dealing with the ranking of the

models. Assumption 2: For any given activity there exists an order-

ing of the models with respect to the given activity. This assumption

says merely that the effectiveness of the different models for any
given use can be compared and ranked by some military technical ex-
pert. This assumption will be valid for any problem in which we are
. 1

interested.

Assumption 3: The ordering of the models is the same for all

activities. This assumption states that in the problems to which it

L. The reader might raise the question as to whether the order
on the models would necessarily be the same for any two physically
distinct examples of the same activity-type. The answer is "ves" and
follows from our definition of an activity-type (p. 9). If we have
two physically distinct activities in a problem of the separable type
and if their technologies are not identical, then they belong to two
different v; categories even though they may be indifferent in +he
rank-order of the v,. Thus two activities are placed in the same v.
category in the sepgrable case if (1) they are indifferent and (2) J
they are indifferent when a set of any given model-type is installed
in each, i.e., if they are technologically identical.
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applies, the "technology" of the different activities is sufficiently
similar so that the .order of effectiveness of the different models is
the same for all uses. It is clear that this assumption will not hold
universally. For example, consider the following variant of the bomb-
ing mission problem.

Example 3 ~- The vj are the same as in Example 1, but the m, are
changed to the following:
m, = Destruction of 1 square mile of v5xor v, or 5 miles of Vg
m, = Destruction of 2 square miles of each type of real estate.

m5 = Destruction of 3 square miles of V5 or v, or L mile of V-

In this case it is clear that the order on the mi is not the same for

all activities.

5. The Multi-Person Amalgamation Problem

If the military organization confronted with a problem of the kind
we are considering is such that one person has the sole responsibility
for evaluating all the priorities and efficiencies invelved, then the
task of obtaining a complete ordering on the possible combinations of
assignments of different models to different activities is a trivial
one, ét leagt in the formal sense (however painful and difficult the
decigion-making problem may be for the person responsible). In this
case no more is involved than that the individual consider each pos-
sible pair of aij and decide which would make g greater military con-
tribution. If his Judgments are transitive, the task is complete.

The whole existence of a "problem" in determining an order on the aij

depends upon the supposition that the structure of authority is more

complex than this. In particular the supposition that must be made is that

there will be different military officers who are responsible for evalu-

ating the relative merits of different subsets of the total set of activ-
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ities and that the final ordering of all the activities should, in
some unspecified way, "take account of" the expertise of each officer
in his own realm.

The problem of how to "take account of" +the expertise of individ-
ual gubordinates will be examined further in a later section. The
present aim is merely to indicate the nature of the different types of
situations. It appears that this difficulty of obtaining an over-all
ordering of the assignments is of two basic types. The first would
stem frém the possibility that, say, for example, of 9 possible activ-
ities‘(vj) there are three groups of three items, the items in each
group being evaluated by one of three different persons. For an over-
all evaluation of an asslgnment program involving all 9 activities,
these orderings must be meshed. The equivalent problem on the efficien-
cy side is not likely to occur. Nermally a single technical expert
would be able to evaluate the relative effectiveness of all models be-
ing considered for any particular assignment. (Of course the order-
ing by different persons concerned with different assignments may be
different, but then we merely have a case where Assumption IIT does
not hold, not an amalgamation problem. )

The second major kind of problem stemming from the specialization
and division of expertise, with its resulting organizational complexity
is the fact that normally the evaluation of the relative efficiencies
of d;fferent models in the various activities will be made by technical
expefts, while the relative military importance of the different ac-
tivities will be made by a different person or persons. We turn to a

consideration of this aspect of the problem in the following section.




L. Ranking the 3 5

In the present section we shall suppose that if a problem exists
of meshing individual orderings of subsets of the Vj’ that this prob-

lem has somehow been solved so that in fact we can assume the existence

of a complete ordering on the activities. Tet us assume at the same

time that technical experts have provided a complete order on the rel-

ative efficiencies of the different model-types in the different activ-

ities. The question is now: how much use are the activity and model

orderings in obtaining an ordering on the assignment elements them-
selves, that is, on the aij? |

The situation we are envisioning here is +the one mentioned in the
pbrevious section where a division of labor exists between purely
technical experts and strategic experts. Thus we might imagine a cen-
tral logistics office receiving two sets of information, information
on the priorities of the activities from Washington, say, and informa-
tion on the efficiencies of the models from testing laboratories. The
task of the central office is +to determine the relative order of the
assignment elements without imposing additional Judgments of its own.
The task of obtaining a complete .order on the-aij "without imposing
additional judgments® is impossible, as ig easily seen, but the point
will be examined in some detail since we are concerned not merely with
whether or not a unique best solution to an assignment problem can be
found, but also, if it cannot, what range .of acceptable solutions may
exist. Tt is also desirable to know the source and degree of any
arbitrariness that may be involved in the determination of a solution.
let us therefore examine the applicability of the following three-part

rule to the solution of the problem.
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Rule la: For any pair of assignment elements aij and ars’ aij
is preferred to & if v, o= VJ (that is, if the two physically distinct
activities involved belong to the same activity-type) and if mi is pre-
ferred to m, . Rule la states the innocubus conclusion that if two
physically distinct activities belong to the same activity-type, the
assignment of a more desirable model is to be preferred to the assign-
ment of a less desirable model. It must be kept in mind, however, that
even this statement is true only if the technology of all distinct sc-
tivities in a given activity-type is identical. This is in fact the
case by definition of an activityntype.l

Rule lb: For any pair of assignment elements aij and a_ , a,, ig

rs 13

preferred to a . if mi =m (that is, if the same model-type is installed

in each) and if Vj is preferred to vs. This rule states that if g model

of the same type is installed in each of two activities, the installa-

tion in the more important activity would be preferred if a choice

had to be made. 7Tt isg important to notice that this rule makes sense
only under a rather restrictive set of circumstances, namely that the

technology of all physically distinct activities, regardless of the

activity-type to which they belong, is identical. The rule would hold

in the following type of problem: Suppose we are distributing radar
sets to submarines which are technologically identical but located in
different theaters of operations. In this case; physically distinct
activities (different submarines) could be technologically identical

but belong to different activity-types if located in different theaters.

1. See above p. 9 and p. 18.
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The rule would not hold in the following variant of the bombing
nission problem.

Example 4 -- The activities are the same as in Example 1 (p. 16)
but the models have been changed to the following:

m = Bomb capable of destruction of 3 Square miles of administrative
real estate, 2 miles of storage, and 1 mile of industrial real estate.

B
il

~» = Bomb capable of destruction .of 4 Square miles of administrative
real estate, 3 miles of storage, and 2 miles of industrial real estate.

Bomb capable of destruction of 5 square miles of administrative
real estate, 4 miles of storage, and 3 miles of industrial real estate.

1=
N
I

Applying Rule 1b to this situation, Suppose activity v, (destruc-

3

tion of one mile of industrial real estate) is regarded as having a
higher priority than vg (destruction of one mile of storage real estate).
Now model ml destroys 2 miles of storage and one mile of industrial real
estate. Rule 1p says that 315 must be preferred to Y, i.e., it is
more desirable to destroy one mile of industrial real estate than to
destroy 2 miles of storage real estate. Such a conclusion cannot be
drawn from the original information in the priority and efficiency lists.

Rule lc: For any pair of assignment elements aij and &g aij is
preferred to g if m, is preferred to o, and vj is preferred to v
By similar reasoning the applicability of the rule is restricted to cases
where all physically distinct activities, regardless of priority class
are technologically identical.

For the case where alil activity-types are technologically identical

80 that all three parts .of Rule 1 apply we can Picture the preference

relationships obtainable by means of & matrix. In the matrix below
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since preference among the aij as determined by Rule 1 is transitive,
any pair of aiJ connected by a chain of arrows pointing in the same
-direction are comparable. If technological identity does not hold, so

that only Rule 1a applies, only elements in the same column can be compared.

M #1583

NAANY
BopBo52 80z

LN\

88 =8,
3

177327733

It is of course clear that even when all of Rule 1 applies some
pairs of elements (such as &,, and alQ) remain inc‘mnpara’ble.:L But
the somewhat less obvious conclusion is that in those cases where
technological uniforﬁity among the activities does not prevail only
hordzental comparisons can be made. One can therefore,anticipate the
conclusion that activity priority lists will be of very little assistance

in separable problems which lack technological uniformity among activities.

5. USing.the Ordering on the aiJ to Compare Alternative Assignment Plans

It is now necessary to show to what extent an ordering on the nm
different individual possible assignments enables us to order differ-

ent over-all assignment plans made up of different combinations of the

o 1. Here and elsewhere in this study the relationship of "incompa-~
rability" between any two entities X and y means "neither x P ¥, nor

Yy P x, nor x I y". This concept of incomparability is to be sharply
distinguished from the indifference relationship. ©Nor is incomparability
related to the absence of the so-called Archimedean property in any way.
Furthermore it should be noted that the relationship of incomparability is
not necessarily transitive. Thus in the gbove matrix we have a52 Inc 325

and a25 Ine aBl’ but a52 P a§l. See J. von Neumann and O. Morgenstern,

Theory of Games and. Economic Behavior (24 ed.; Princeton: Princeton Uni-
versity Press, 1947), p. 650 for =& discussion of various interpretations
of the concept of incomparability in preference systems. TNote particu-
larly that our concept does not satisfy their conditions A:16 and A:17.
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individual aij' An over-all assignment plan is, to repeat a few defin-
itions made earlier, simply a specification of how many of each type

of individual assigmments of g specific model to g specific activity
are to be made. Also, we refer 1o an instance of the assignment of the
ith model to the jth use as an "element” of an assignment plan.

We first require rules for comparing one assignment plan with an-

-other on the basis of the prreference ordering of the aij' Two rules

recommend themselves on the basis of the simplicity and lack of arbi-
trariness of the assumptions required to Justify them in the general
case.

(1) One assignment plan shall be considered preferable to an-
other if each element in one plan is preferred or indiffer-
ent (not all indifferent) to each element in the other. A
preferred assignment must contain at least asg many elements
as the plan to which it is breferred.

(2) oOne assignment plan shall be considered preferable +to an-
other if each element in one has corresponding to it an
element in the other (different in each case) to which it
is preferred or indifferent (not all indifferent). A prefer-
red assignment plan must contain at least as many elements as
the plan to which it ig preferred.

To illustrate the meaning of these two different rules, consider the

following four assignment plans.

a) (l)all + (O)a12 + (l)ael + (O)a22
b) (O)all + (l)a12 +-(O)a21 + (l)a22
c) (l)all + (l)alg +:(O)a21 +—(O)a22

d) (O)all + (O)a12 + (l)agl + (l)a22

Suppose that it has been determined that the four types of elements are

preferred in the following order:

a P a12 P a2l P a22

11
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The use of Rule 2, as may be seen, orders the four plans in a complete,

transitive vay, i.e.,
cPaPbPdq.

For example, a is preferred to b since all 1s preferred to 815 and a21
is preferred to 8op+  On the other hand, if we use the stronger Rule 1

we get
¢cPd; cPhb, ¢F 8, a Pd, and b P 4.

Since the assignment plans s and are incomparsble on the basis of
this rule, however, g complete ordering of the alternatives is unobtain-
able. Tt could, of course, be assumed that if neither of two alterna-
tives can be determined superior to the other, then the two alterna-
tives should be Judged indifferent. This assumption, however, is essen-
tially arbitrary and may lead to intransitive results.

The first rule can evidently be safely rejected in favor of the
second on the grounds that the second rule yields determinate resylts
in more cases and doesg not seem to require stronger assumptions than
the first. Tt does not yield determinate results in all cases, how-
ever. Consider the pair below, the alternatives of which must be re-

garded as incomparable,l

a) (l)all +~(O)a12 + (Q)agl + (l)a22

b) (O)all + (l)al2 + (l)agl + (O)a22

where the preference order is

P a P a P a P a

B11 ¥ 2o Payy e N

1. Bee note on p. 24 above for definition of ”incomparability".
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It must be noteg that both ruleg appear to involve the notion that
the utilitiesg (or military worths) of +the individual elements are in-
dependent, . Consider the rair of assignment plans ¢ and 4 in the fipst
set of examples, where ¢ ig preferred to d ynder both rules. The as-
sertion that ¢ ig to be preferreq to d because €Very element in ¢ ig
Preferred to every element in g depends upon the assumption that dif-
ferent activities do not Co-operate with each other, on the one hand,
Or, on the other, that they do not compete with each other. If this
were false, then a1y and 815 might interfere, or a5y and 85, CO-Operate
in such g way that the latter pair in conjunction would be more valuable
than the former in Spite of the fact that each element of the g plan in
isolation is less valuable than each individual element of the o plan
in isolation. The assumption of the independence of the utilities of
ihdividual assignments or elements ig g strong one, but it is clear
that if it ig invalid, no comparison between assiénment plans simply
on the basis of the order of the individusl aij would be possible. We
shall continue to explore the implications of the assumption in thig
baper, therefore.

One way orf interpreting the meaning of Rule 2 derives directly
from the notion of a preference order on the aij' What is the meaning
of the statement that some element & e "is preferred to® some other
element, apq? The most sensible interpretation seems to be that ir
and

confronted with an assignment plan consisting oniy of g single ars

one consisting of only a single apq’ the latter woulgd be ranked higher,

. 9" 1 4
.e. = at A P A where
i.e., . P apq means th -~ o’
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Thus since an over-all assignment plan is a combination of aij’ it is
really a complex combination of such simple assignment plans. Rule 2
merely asserts, in effect, that if each of n such simple assignment
plans is preferred or indifferent to one of m (m < n) simple assignment
plans, then the n plans in combination must be preferred to the m plang
in combination. Obviously this requires only the assumptions of "in-
dependent utilitieg" and, as we shall see below, "constant marginal
utility" to make sense.
Two direct consequences of Rule 2 which will be useful in deciding
between more complex situations than the ones illustrated above sug-
gest themselves.
2a. If of two assignment plans;, a ang b, a is preferred to,
indifferent to, inferior to, or incomparable with b, the same
relationship will be preserved if identical or indifferent
elements are addeq to both plans.

For example; consider the following pair orf over-all assignment plans,

a,b and a',b*.

a~ (l)all + (O)alg + (l)aEL + (O)a22
b- (O)all + (l)al2 + (O)a21 +a(l)a22
al'- (E)all + (O)a12 + (l)a21 + (O)a22 + (l)aBl

bt (l)all + (1.)a‘

The rule statesg that, for example, if a P b, then a? p pr.
2b. If of two assignment plans a and b, a is preferred to, in-
different to, inferior to, or incomparable with b, the same re-
lationship will be Preserved if all the coefficients in egch plan
are multiplied by the same number.

The meaning of this assertion may be iilustrated by the following pairs

of over-all assignment plans.




b- (O)all + (1)a12 + (O)agl + (l)a22
a'- (5)all + (O)a12 + (5)&21 +-(O)a22
br- (o)al:L + (5)a12 + (o)a21 + (§)a22

This rule states that if, for example, a P b, then g% P br,

It is clear that both 2a and 2b gre merely special cases of Rule 2.
Rule 2a seems +o raise no difficulties on Intuitive grounds. Ryle 2b,
however, brings into relief another assumption upon which the reason-
ableness of Rule 2 depends. It has already been remarked that Rule 2
makes sense if the contribution to utility or wilitary worth of dif-
ferent activities can be regarded asg independent. Rule 2p also sug-
gests that the validity of Rule 2 depends upon the assumption of some-
thing like constant marginal utility of elements of the same kind,

ince it i ies th i i the; : .
since it implies that if (l)aij P (l)arsj hen (n)aij P (n)ars As

in the case of independent utilities, this is gz strong empirical assump=«

tion without which little or no pProgress can be made. If the assumption
were not valid, then the knowledge of an ordering on the aij would per-
mit comparison of assignment plans only if all the coefTicients in the
plans were either O or L. This would clearly be very restrictive in
practical application. One might conjecture that in actual allocation
problems the constant marginal utility assumption could be made approxi-
mately true if n were not too large and if a sufficiently large number
of distinctions were made to produce many priority classes of activities.
Rules 223 and 2n considerably simpiify the task of comparing com-
plex alternatives. Suppose, for example, we are to rank the follow-

ing pair of over-ali assignment rlans, a and h.
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a- (l?)all + (13)312 + (zo)a21 + (16)3,22 + (11)511_5

b~ (l%)all + 7)a12 + (29)3.2_.L + (19)a22 + 8)al5

The first rule tells us that for comparative purposes we may safely
; reduce the alternatives by appropriate subtraction to the following

L forms:

| .a’ (3laj, + (6)ay, + (O)ay, + (0)a,, + (B)aul3

bt (O)all + (O)a12 + (9)&21 + (5)a22 + (O)a15

The second rule enables us to further simplify the alternatives to

+ (1)&22

Generally, as in the sbove case, even after simplification of
the alternative assignmeht plans by application of 2g and 2b, the
reduced plans will contain coefficients greater than 1. TIn such cases
it is desirable to have g systematic procedure for comparing the plans
in accordance with the test of Rule 2. 0Of course twovplans may ‘turn
out to be indifferent or incomparable, but if one is superior to the
other it must have a larger number of instances of the highest aij on
the preference scale. A possibly preferable plan should first be identi-

fied by this feature. Suppose in the above casge the order is

S21 P 2p Fayy Pay, Pay,

we can pick b'! ag potentially preferable +o a'? on this basis. After
b'*" has been thus identified, its possible superiority to a'! can e
checked by taking the elements in b'' in order of their appearance

- on the preference scale and matching them off against elements in a'?,
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matching each element in b¥* in turn against the element remaining in

a't which 1is highest on the Preference scale. Thus the (B)agl of bt

matches against the (2)a12 and (l)all of a'?, while (l)a22 of b¥! mate-
ches against (l)a15 of a''. Since each element of bt* ig breferred to
a different element in a’’, assignment b must be preferred to assign-

ment plan a-~provided, of course, that the assumptions of independent

utilities and "constant marginal utility" makes sense in the particﬁ—

lar application.

Actual assignment problems will of course normally involve com-
parison of many more than two pairs of plans. Four kinds of situations
can be envisaged: (1) There are exactly as many pieces of equipment
available as there are activities and they are to be distributed in the
best possible way. (2) Iess than sufficient numbers of pieces are avail-
able. (3) More than sufficient numbers of pieces are available. ()
There is no specific restriction on the potenﬁial numbers of pieces of
equipment but it is desired to evaluate all the different possible
ways of fulfilling given activity needs.

Suppose, as an example of the first case, that there are three
instances each of two types of activities, vy and Vs to be supplied.
Suppose further that there are three available pieces of equipment of
type my and three of type o - There are then three distinect assign-

-

ment plans which could be employed.

a- (B)all + (l)a12 + (O)a21 + (2)a22
b~ (z)all + (2)a12 + (:’L)a21 + (1)3.22

c- (l)all + (5)a12 +:(2)a21 + (O)a22

With four distinct types of elements there are (excluding the pos-
sibility of indifference) six possible preference orders and three dif-

ferent pairs of plans. of course among the six preference orders some
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would enable us to determine g complete, transitive order on the plans,
while others would lesve all pairs of plans on an incomparable basis.
In other words in any given.situation, the ordering on the aij may con-
vey all the information that is needed for any decision anong alter-
native plans, or it may be of no use at gll. Something in between

these two extremes would probably be most typical.

6. A Numerical Military Worth Function

We have considered scme assumptions about the elementary pre-
ference information and in Rule 2 we have developed a method of com-
bining this information to obtain preferences between the members of
(some) pairs of complex over-all assignment plans. It is now possible
to define g milita?y worth function which will be of use in the mechani-
cal solution of certain types of problems.

Iet us consider a set of numbers u(aij) such that u(aij) > u(ars)
if and only if aij Pa_ . This numerical index is obviously "ordinal"

rs

in the sense that it reflects only the .order of breferences on the aij
and any monotonically increasing transformation would yield an equally
acceptable set of values. Now let us define the military worth of any

over-all assignment plan A as Tollows
MW (A) :211xijpu(aij)'

It is then true that if an over-all assignment plan A is preferred

to an over-all assignment plan B by application of Rule 2,
MW(A) > MW(B).

The proof of this assertion is obvious. 1. If an element in one plan
is preferred to an element in another, the utility of the first is

greater than the utility of the second, by the construction of the
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u(aij) index. 2. 1f plan A is preferred to plan B, then by the defini-
tiop of Rule 2, for each element in A there exists, corresponding to

it, a particular element in B to which it ig breferred or indifferent,
not all indifferent; also there are at least ag many elements in A as

in B. 3. Therefore the sum of the utilities of the elements in A is
greater than the sum of the utilities of the elements of B. Notice that
this result does not depend upon the particular choice of the u(aij)
index.

The converse of the above broposition is, of course, false. IT
MV(A) > MW(B), it does not follow that A is preferred to B, where pre-
ference is determined by Rule 2. Thus preference is a sufficient, but
not a necessary condition for one plan to have g higher military worth
value than another.

The significance of this military worth function is explained
by the following consideration. Suppose we are dealing with an actual;
assignment problem and that there are constraints which limit the set
of feasible plans. For example, the number of models of any given
model-type may be limited, or the number -of models Which'can be ag-
signed to activities of g given type mav be fixed. If we attempt to
solve the problem as an integer linear brogramming problem, using the
military worth function as an objective function, we can be sure that
the computed solution will be optimal in the following sense: there
will be no other feasible assignment plans which are preferred to the
solution which maximizes military worth. There of course may be other
feasible plans which are incomparable with +the plan picked by the pro-
gramming technique, and the choice of the plan which maximizeg military
worth as against these other (incomparable) plans is, in a sense, pure-

1y arbitrary. Nevertheless, if the nature .of the regl-life situation
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is such that only a rank-order on the aij can meaningfully be obtained,

then thigs "arbitrarinegs® is really only an indeterminacy inherent in

—

the nature of the situation itself and not a fault of the technique.

Let us call a feasible over-all assignment plan “optimal® if there
are no other feasible plans which are breferred to it. we can then say
the following about the optimal plans: 1. There may be more than one
optimal plan. 2. The optimal plans are incomparable on the basis of
Rule 2. 3. The plan which maximizes military worth will be among the
optimal plans. L. an optimal plan may be incomparsble with some of
the non-optimal feasible plans. 5. There may exist an optimal plan

X, different from the plan which maximizes military worth, and a non-

-optimal plan ¥y such that x is preferred to y but ¥y 1s incomparable

with the plan which maximizes military worth.l

The proof of 2 4g trivial and it has already been shown that no
Plan can be preferred to another plan which has g higher military worth
value. Hence 3 ig broved. All the Propositions are illustrated by the
fdimﬁmgmamﬂ% mﬁﬁbinﬁdmwai% ﬂﬁOpﬂWﬂslyﬁﬁam,i

Suppose we have the following preference order on g set of four

1. The reader Tamiliar with welfare economics will immedigtely
notice the strong similarity between the present situation and that
described by the familiar Edgeworth box diagram. Thig diagram, it will
be recalled illustrates all rossible divisions of fixed totals of two
goods between two different bersons. There the Pareto criterion, like
our Rule 2, creates g partial ordering of the alternatives. Tn our case
the optimal assignment plans form "voints” equivalent to the points on
the contract curve. Our non-optimal plans gre equivalent to points off
the contract curve. The relation between optimal and non-optimal plans
and between optimal plans ig exactly the same as the relationship be-
tween points on ang points off the contract curve. For g description
of the box diagram analysis see Tibor Scitovsky, Welfare and Competi-
tion (Chicagos Richard D. Irwin, Inc., 1951), pp. 5I-55.
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811 Py Pay, Pay .

Now let us arbitrarily assign the following ordermpreserving utilities

to the assignment elements:

u(all) =1 u(agg) =2

ufa u( =0.

1) =3 851 )

We can then set up an objective function for the value of the over-all

assignment plang:

MW = h(xll) + §(x12) +2( + 0(x.. ).

%) %01

Suppose we seek to maximize the military worth function subject.otd the follow-

ing constraints:

X + X

11 T ¥ =3
Yop T Xy S35
K11 T ¥y S
i1 FEpp Xy v xy =6

The values of the variables must of course be non-negative integrals..
The maximum feasible value of military worth turns out to be 16
and the over-all assignment plan which maximizes military worth is the

Tollowings

A = (l)all +(r2f)al2 +(3 )a22 - (O)agl.

MW(A) = 16.

This plan is optimal in the sense that by the test of Rule 2 no other

]
feasible plan is preferred to it. But the following plan is also optimal.”

1. This can be shown by a tedious process of inspection.




(36)

B = (2)&11 + (l)al2 + (2)&22 + (l)agl'

MW(B) = 15.

The reader may verify for himself +that A and B gre incomparable in terms
of Rule 2, Further, plan B is preferred to the following non-optimal

plan:

C = (e)all + (l)a12 + (.l)a22 + (2)a21.

MW(C) = 13.

Finally, the reader may also verify that the non-optimal plan ¢ and
the optimal plan A, which maximizesg military worth, are themselves

incompa;r*aﬂale.:L

7. Cases Where Priority and Efficiency Aspects are Inseparable

We now turn to Situations in which Assumption 12 cannot be meaning-
fully applied to the problems in question, i.e., problems where the
military significance of the activities is not sufficiently'well—defined

to be able to rank them without respect to installeq equipment.

1. The relationship between plang A, B, and ¢ may be illustrated
in terms of the box diagram ag follows. The wiggly line is the con-
tract locus while the convex lines are indifference curves. See the

2. See above, p. 17.
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Since Assumptions 2 ang 51 deal only with the pPossibility of evaly-

ating the technical effectiveness of different models in a given activity,

installed in them. For the moment we shall be content merely to ex-

plore their formal implications. Assumption L: Fop any given .,

there exists an ordering on the &... 'Thig broposition merely stateg

all of them. Assumption 5: For any given mi there exists an ordering

on the a.., and the order is the same Tor all W,- This assumption mere-

8. Obtaining an Order op the aij'

To examine what basis may be Tound for’ordering the aij in the

"inseparable” cases under discussion let us first Tor simplicity take
the case of g problem where Assumptions 3 and 5 apply. Ixample 2 given
above2 is intended to be intuitively characterizable by these two prop-
ositions. Suppose we again arrange the aij into a matrix in the follow-

ing way.

1. See above, p. 18.

2. See above, p. 16.




— k.

Now because of Assumption 3, the order within any given column must

be the same for g1l columns. By appropriate labeling of the models,
therefore, the matrix can be set up so that any movement vertically
down would Tepresent an improvement . On the other hand, the assump=-
tion of Proposition 5 implies directly that we have an order within

any given row and that this order is +the same for all rows. Again,

by suitable labeling of the VJ the matrix can be set up so that any

movement horizontally to the right is an improvement .

The following information on the ranking of the aij is thus

available. 1. The order within any given column is determined by the

ties. The situation here ig the same as in Rule lal. 2. The ranking
of the aij within any given row is obtained directly, by aésumption.
3. The ranking along the northwest-southeasgt diagonals of the matrix
of aij is obtained by the assumption of transitivity. Thus the infor-
mation in the Present casge ig exactly the same ag in the separable case
where all three parts of Rule 1 are applicable,2

Where Assumptions 3 ang 5 apply, the number of incomparable pairs

i1s determined once the number of aij is known, being the number of ele~

ments related by a southwest-northeast line in the matrix. Thus there

1. See above, p. 22,

2. Compare the matrix above with the matrix on p.24.
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are 7 incomparable Pairs in the three-by-three case. When only Assump-

tions 2 and i apply, however, almost anything is Possible, depending

Information Under Assumption 4 Information Under Assumption 2
a1 P 815 P ?15 al3 P 325 P a55
%25 P 8y Pay, 811 F a5 Pay,
a53 P a52 P afl al2 P a52 P a22.

By assuming transitivity’the above information can be combined to give

the following complete order on the assignment elements:

a P a P a P a P a

L7 T2 T 83 P Ay Pagy Pag, P 851 P Ay Pay,.

What 1s somewhat Surprising, however, is that in other cases in-
volving Assumptions 2 and 4 the application of the transitivity assump-
tion to the elementary'preference information may not yield consistent
results, i.e., we get both X Pyandy P x. This may occur even though
the incoming information from the technical experts and the incoming in-
formation from the "strategic® experts, taken separately, ig entirely
free From intransitivity, Thus suppose under Assumption 2 we get the
following technical information on the relative efficiencies of the models

in the three activitiess

1. a P a

2. n P s P a




the "strategic® authority pes

ko oap, P %10 P agy

Pa Pa

o o3 F Ay Pay,

6. a55 P a32 P aBl'

1y, are not consistent when combined. Hence if we use transitivity to
combine the information Obtained in lines L, 3, 4, 5, and 6, we get the
Same complete order obtained in the previous €Xample. On the other hand,
the information contained in line 2 is inconsistent with this so that,
for example, while combining the other lines gives us alE P 8555 line

1
2 has a22 P 312'

able problems should be handleq by having = single authority direct-
1y rank the entire set of aij' In the inseparable case the informa-
tion coming into the logistics center must in any case contain direct

comparisons of aij involving different activities. By definition,

1. In cases invelving Assumptions 2 ang 4, rather than 3 ang S5 we may
also run into cases which (1) involve no intransitivities Or inconsisten-
cies, (2) do not completely order the elements, and (3) involve fewer in-
comparable pairs than would g problem containing the same number of aij

to which Assumptions 3 and 5 applied.




into account the installed equipment are meaningful. Thus Assumptions
4 ang 5, at least one of which must apply to any inseparable case on
which any progress can be made, both contemplate that some officigl
will be able to answer gquestions of the following type: "Given model m
is installed in both an x activity and g Yy activity, which contributes
more to the military program?” But if thig kind of question can be
meaningfully answered by the authority, why arbitrarily assume that

his knowledge stops at the ability to order pairs that happen to 1lie
within the same row of the matrix of aij?

In short, it would seem that if we must expect to get informed
answers to questions of the type required for the satisfaction of As~
sumptions 4 ang 5, we could Just as well hope to get direct €xpressions
of preference between the members of any pair of elements. Thus there
is a strong a priori case for setting up solutions to assignment pbrob-
lems involving inseparability S0 that all preference information comes
from the same source. In other words the case for a division .of labor
is weak.

Once the aij are ordered, the inseparable cage ig exactly like
the separable situation. Ruyle 2 can then be applied ag well as the

military worth function associated with it. Since the heart of the

uses and interpretations.

9. The Interpretation and Use of Priority Lists

While we are not primarily concerned here with the actual uses
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to which priority lists have been put in solving allocation problems, a
brief digression on some discussion in the literature may illuminate a
Tew of the problems and issues.

A first point to be noted is the failure of some priority lists
to come to grips with the inseparability problem. As was indicated
above, when such a problem exists a meaningful priority list must at-

tach rank labels to the activities with models installed, rather than

to the activities in vacuo. The practical difficulties of this are
fairly obvious. Such a ranking of the aij requires that the ranker
have a combination of detailed technical competence and at the same
time, the authority to evaluate the military significance of differ-
ent elements.

The Navy'’s Materiel Improvement Plan (MIP) is an instance of a
priority list which deals with what looks intuitively like an "insep-
arable" case as though it were "separable”. We cite this example be=
cause the only really careful analysis of the use of priority indica-
tors extant concerns itself with the MIP.l Its purpose has been des-
cribed as follows:

Because of the limitation of procurement funds and changing require-
ments, the total available number of preferred (electronic) sets and
suitable substitutes conbined often is not sufficient to outfit all
ships. Furthermore, installation funds often are limited. To guide
the materiel bureaus in the allocation of limited sets and limited
installation funds, the Chief of Naval Operations provides the...
MIP. This document lists groups of requirement-ship class combina-
tions in priority order. Within each requirement ship class such as
surface search radar might be group priority number one for certain
ship classes and group priority number 16 for other ship classes.
Thus each reguirement=ship class combination has its own unique
place in the over-all priority structure indicated by the MIP.

1. R.J. Aumann and J.B. Kruskal, "Assigning Quantitative Values to
Qualitative Factors in the Naval Electronics Problem,” Naval Research
Logistics Quarterly, Vol. VI, No. 1 (March, 1959), pp. 1-16.

2. J.W. Smith, "A Plan to Allocate and Procure Electronic Sets by the

Use of Linear Programming Techniques and Analytical Methods of Assigning
Values to Qualitative Factors,” ibid.,Vol.III,No.3 (September,1956),p.152.
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Thus the form of the MIP is as follows:

Priority Requirement Ship Class
1 Surface Search CVA
Radar DDR
CA, etec.
2 VHF Transmitters DDR
DM
APD, etc.
16 Surface Search AGC
Radar APA
BB, etc.

The kinds of activities enumerated above seem to suggest an inseparable
case. Now it is possible that although, to use our own terminology,

the above list ranks only ng the 1ist is really *to be treated ag an
implicit ranking of the various aij themselves.l This could come about
in situations where the order on the aij depends on the Vj alone. In
such cases the ranking of an activity x over an activity y in a priority
list such as the MIP may mean that with any model installed, x is to be
regarded as of more military value than y; also with any model installed.

We could rephrase this possibility as Assumption 6: The order on

the a, . depends only on the priority designation of the ng except that
J ;

if the Vj are the same for some palr of elements, the preferred element

1. There seems to be some reason to believe that the Navy's own
conception of the nature of the problem 1s insufficiently developed to
attribute to them any definite intentions on the use of the MIP as an
~allocation device. The distribution of the MIP list has evidently been

accompanied by a vague injunction that it should somehow "guide" the
logistics system in the rationing of equipment without specification
of in just what the "guiding" should consist. According to Smith's
own statement the actual allocation scheme in use prior to the Naval
Basin Project was a combination of "good judgment” and somewhat arbi-
trary rules which took account of the MIP in various ways under various
circumstances. Ibid., p. 155.
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depends upon the order of the m, - Notice that this rule establishes a
lexicographic ordering on the a;j.l Notice alsc that it does not logi-
cally depend for its reasonableness on the possibility of evaluating
assignments in vacuo so far as potentially assigned equipment is con-
cerned.

Tt has been suggested that, in effect, the MIP and similar prior-
ity lists are not to be regarded in either of the two senses so far
distinguished--i.e., (1) as an ordering on Vo or (2) as an ordering
on aij' One view of priority lists is that they implicitly constitute
rules-of-thumb for evaluating the different over-all assignment plans
themselves. Evidently this conception of the import of the MIP guldes
McShane and Solomon's suggestions for alternative interpretations of
it; for their "alternative interpretatioms” are, in effect, alterna-
tive rules for evaluating the over-all assignment plans. They ask the
following questions about the intended significance of the Navy's pri-
ority list:

() Is it the intent of the MIP that if it can be done, all pri-

ority 1 requirements be fulfilled before priority 2% Or, (b) is
it the intent to maximize the total "effectiveness” of all the

ships covered by the particular MIP with due consideration given
to the specified 'priorities®?

1. That is, an ordering of entities each of which is ordered in
more than one dimension and where the dimensions themselves are ordered,
so that the order of the enbities depends upon their order in the first
dimension, unless it is the same, in which case it depends upon their
order in the second dimension, and so on.

5. R. E. McShane and H. Solomon, Ietter to the Editor of the Naval
Research Iogistics Quarterly, Vol. V, Wo. 4 (December, 1958), p. 365.




The meaning of the second (b) clause is further explained as follows:

....1f priority 1 required two 'models® with a given set of character-
istics and priority 16 required two ‘models' with the same set of
characteristics, an available model might be assigned to fill the
first of priority 16 rather than the second of priority 1.~

Of these two interpretations it appears that the first is itself
somewhat ambiguous. Evidently it could be taken to imply one of two
slightly different rules for deciding between alternative assignment
plans:

a-1) When there is a fixed number of models available, all the higher
priority requirements should be filled before the lower ones are even
partially filled.

To illustrate the meaning of +this rule, assume for the moment that only

one model type is available (though we shall return later to this assump-

tion), and consider the following pair of assignment plans:

Now if vy has a higher priority than Vos the rule a-1 would pick plan

(2) over plan (b). Consider now a second possible reading of McShane

and Solomon's "(a)”

interpretation:

a-2) A plan is to be preferred to another plan if it contains a higher
number of assignments of equipment To the higher priority activity re-
gardless of how many assigmments to the lower priority activity are in-
volved.

Now suppose we compare plan (a) above with a new plan, (c):

1. TIbid., p. 366.
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Under this interpretation of the meaning of the MIP, plan a would be
ranked above plan c, although rule a-l1 would be silent when confronted
with this particular pair of plans since it deals with a fixed number
of models. McShane and Solomon's (b) interpretation can be illustrated

without comment by the following pair of assignment plans:

+’(O)a12

+ (l)al2

Under this interpretation of the meaning of the MIP, plan e could be
preferred to d, while this is impossible under either reading of their
(a) interpretation.

Before evaluating these rules-of-thumb it is necessary to gee how
they could be exteﬁded to the more general case where there are n, rather
than one available model type. Since the rules do not specify any as-
sumption about the number or relative technical effectiveness of the
potentially available model types, these facts evidently are not to
be allowed to influence the result. This could make sense only if the
order of the aij did not depend upon the m; except where 1 is the same
for a given pair of elements. This is the case of Assumption 6 where
the priorities and efficiencies determine a lexicographic ordering on
the aij' Hence, if - Assumption 6 is really implicit (and, what is
quite another question, reasonable) the rules a-l, a-2, and b would
not have to be reworded to apply to the n-model case. If Assumption 6
is not assumed, the rules are simply incomplete and cannot be used to
decide between different assignment plans.

In commenting on these three rulss~of-thumb let us deal first with

McShane and Solomon's interpretation (b). This interpretation leaves
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open the possibility that (e) might be preferred to (a), although this
directly contradicts Rule 2. Now it should be fairly evident that since

a P a

11 109 plan (e) could be preferred to (d) only if the 8y 8re defined

in such a way as to admit the possibility of diminishing marginal utility
1 - ‘
in the sense suggested in Chapter I. There it was pointed out that aij
might be defined, for example, such that 5aij means the installation of
5 type i radar sets in 5 different type J ships, or the installation of
5 sets in one ship or some other distribution adding up to five,or,
all of these. The point here is simply that unless the aij are defined
in such a way as to rule out the possibility that e could ever be pre-
ferred to d, then the original priority list is virtually useless in
the evalustion of albternative possible assignment plans. What we are
in effect doing, is to insist that the aij never be defined in such a
way that plan (e) could ever possibly be preferred to plan (d). This
is not a trick, however, but merely a minimal requirement for a useful
priority list.

A description of the operation of the machine tool priority sys-
tem in 1941 suggests that this system broke down precisely because 1t
failed to eliminate the diminishing marginal utility problem noted
above--or at least so the following passage seems to suggest.

While affording temporary relief, the designation of subdivisions

within the A-1 (priority)rating band was no solution to the problem

of channeling machine tools to defense suppliers. With ordnance
items generally rated below Navy and Air Corps programs, ordnance
contractors were placed at a serious disadvantage in their quest
for tools. The situation was even worse in the case of contract-
ors...holding still lower priorities. Since demand greatly ex-
ceeded supply, these lower rated orders were deferred in favor of
the higher priority consumers. Deferments of the same order were

often repeated. As a result, low-rated orders were either pre-
vented from obtaining tools at all, or else tools were furnished

1. See above, p. 10.
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on such an unpredictable schedule as to prevent orderly planning

by the manufacturer. Unless corrected the situation threatened

to result in an unbalanced defense program.—
To correct this situation it was found necessary to change the prior-
ity system. Translating into our own terminology, this seems to be a
situation where plan (d) was followed rather than plan (e) with un-
fortunate results because of diminishing marginal wutility in the high-
er priority activities. (I take it that this is the implication of ™un-
balanced” in the passage cited above.) The point is that if the pri-
ority list is to serve as an automatic guide for allocation (so that
it need not become a matter of so-called "judgment” as to when dimin-
ishing marginal utility sets in), then the "activities"itemized in the
list have to be distinguished with great care--and it is true that this
problem might cause considerable practical difficulties in some cases.

This may be the place to emphasize again a point first raised on
page 27. A priority list, if it is to be of any use in setting up more
or less automatic allocation formulae must be defined for activities
which display a minimum of complementarity or substitutability. If
these possibilities cannot be eliminated in defining the "activities™
to which priority labels are assigned, little useful information about
the relative value of over-all assignment plang can be gleaned from a
knowledge of the "priorities”.

Of the remaining interpretations of the meaning of the MIP, it is
evident that a-l is equivalent to our Rule 2 for those cases where a-l

can be applied. Rule a-2 treats all cases treated by a-l in the same

1. The Industrial College of the Armed Services, Department of
Research, Study of Experience in Industrial Mobilization in World War
IT: Priorities and Allocations: A Study of the Flow of Materials to
War Suppliers (Washinghton: Industrial College of the Armed Services,
T946), p. 18.




(49)

way as a-1 but also ranks two different plans where the number of mo-
dels assigned in the two plans is different. For example, look again
at the pair of plans (a) and (c). It is clear that such pairs of plans
would be regarded as incomparable on the basis of our Rule 2.

Is the rule-of-thumb for ranking plans given by a-2 reasonable?
T think it must be evident that from the point of view developed in
this paper, rule a-2 is quite arbitrary. Two possibilities may be con-
sidered. Suppose we have two activities, vy P v, and two model types,

2

my P m, in both types of activities. Suppose this information is in=-
tended as the basis of a lexicographic ordering on the aij of the type

envisioned by Assumption 6. Then we have

all P aEl P al2 P azg.

Now consider the following pair of assignment plans:

Rule 2-a would pick plan i over plan ii. But this clearly expresses

an arbitrary preference for having a few first class models installed
over having a larger number of comparatively ineffective models install-
ed. Certainly no a priori basis for this prejudice can be found in

the ordering on the aij'

Now congider a seccnd possible situation. In this case we assume

that we are confronted with the following pair of alternative plans:

iii) (B)all + (O)aEl + (O)alg + (o)a‘22

iv) (2>all +-(O)a2l +-(O)a12 + (5)a22.

Here iii would be picked over iv according to a-2. This conclusion
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says that it is always better to fill the higher priority activity even
if by sacrificing some assignment to such activities one could obtain
the assignment of models to several additional low priority activities.
Again, as a general rule this seems quite arbitrary. It could of course
be true in any particular case, but the information conveyed. by the or-
dering on the aij does not permit us to say in which cases it would be
true and therefore it does not seem admissable as a general rule.l

To return to a point made earlier, it may be that the MIP or other
priority list is merely to be handed down to the logistics system to-
gether with one of these rules-of-thumb and with no further questions
expected. In this case the logistics system may simply be directed
to (1) treat the MIP as determining, together with the efficiencies,
a lexicographic ordering on the 845 and (2) to rank the plans according
to a dictated rule-of-thumb. While such a procedure is of course pos-
sible, it hardly seems desiréble. In the first place, even such a pro-
gram (if based on the use of a-1l, a-2, or b) would be insufficient to
obtain a ranking on all conceivable alternative allocation plans. Second-
ly, where these rules-of-thumb differ from Rule 2 developed in the earlier
part of this chapter, they are likely to lead to absurd results. A more
basic point is that such a procedure would exhibit hopeless confusion of
viewpoint. In this paper we have taken the line that officials would be

expected to rank individual simple alternatives, such as different models

1. Tt might be objected that the above example is artificial since
it would be possible to redistribute the models to get a plan clearly su-
perior to iv--i.e., (E)all + (5)&21 +(O)a12 +-(O)a22. But it could

be that type 2 models cannot be used in type 1 activities. In that case
"aEl" would not really exist.



or different activities, and that the more complex comparisons must

be made in a manner consistent with these comparisons.

10. Conclusion

A brief summary may help to draw together the results of the pre-
sent chapter. We have attempted to present a logical foundation for
the use of strategic and technological "priorities” in ranking assign-
ment plans. The first step in obtaining such a ranking is to obtain
a ranking on the aij' As we have seen it is important to distinguish
between “separable" and "inseparable” cases in this aspect of the prob-
lem. Completely separate priority and efficlency information cannot
be combined to obtain a complete order oﬁ the aij without the imposi-
tion of additional judgments in the form of new preference Ilnforma-
tion not available from the original sources. 1In the inseparable case
we have seen that the incoming information may lead to a complete or-
der on the aij or may be completely inconsistent. We have argued that
in the separable case the aij shoﬁld be ranked directly by a single
authority.

Turning to the ranking of the over-all assigmment plans, we have
developed Rule 2 which partially orders the over-all plans. The rule
leads to the identification of optimal plans and to an ordinal military
worth indicator which can facilitate the selection of an optimal plan
from among feasible alﬁernatives through programming techniques.

Finally, we have argued that since standard priority lists in use
seem to be an attempt to facilitate the solution of "subjective" mil-
itary worth problems of the type under study here, they should be de-
signed and interpreted in conformity with the logical basis here un-

covered.
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CHAPTER IIT

EXTBEA-ORDINAL MILITARY WORTH FUNCTIONS

1. TIntroduction

In earlier chapters we have restricted ourselves to discussion
of situations in which the incoming information is in the form of
simple orderings. We shall now turn to more complex cases, more complex
with respect to the structure of the elementary preference information
and consequently more fruitful with respect to the solution of allocation
problems.

In particular we shall assume that the incoming informsftion con-
tains, in addition to the usual ordering information discussed earlier,
information on what we shall call "difference orders”. We shall make
use of the difference order concept in part because of its natural-
ness. That is, we expect to find many actual situations in which the
preference information from which a difference order is constructed
can, in fact; be made available by suitable questioning of relevant
military personnel. A second reason for detailed consideration of
the difference order concept is its use in a procedure for obtalning
numerical military worth values developed By Aumann and Kruskal.l
Since this is virtually the only work in the field that can lay any
real claim to sophistication it will be the subject of intensive

analysis.

1. R. J. Aumann and J. B. Kruskal, "The Coefficients in an Alloca-
tion Problem,” Naval Research Iogistics Quarterly, Vol. V, No. 2 (June,
1958), pp. 111-123.
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The program in this chapter is accordingly as follows. We shall
first define and explore the use of the difference order concept in
the context of our previous discussion. Next we shall detail the use
of this concept by Aumann and Kruskal and explore some methodological
questions raised by their work. Finally, we shall take another look at

the multi-person amalgamation problem discussed earlier.

2. The Concept of a "Difference Order"

Consider the following type of question placed to an appropri-
ate military official. "Would you rather replace a w with an x, or
replace a y with a z"? Although we shall return to the question of
interpretation of "w", "x", "y", and "z" in a moment, let us regard
this question as meaning, for example, "would you rather replace an

m, in a Vo position with an Ny, OT replace an m, in a Vo position

5
with an mB?” Suppose the answer to the question at the beginning of the
paragraph is, "I would rather replace w with x than replace y with z",

let us express this by means of the following notation:
(x *w) P (z *y).

We shall call (x *w), i.e., “replace w with x", a "difference” and
the preference relation between such differences, a "difference
order.” In what follows we shall assume that the preference relation
has the usual property of transitivity. Our terminology has been sug-
gested by the loose similarity to the idea of utility differences.

To see the significance of difference orders in the ranking of
assignment plans let us assume that in addition to the above prefer-
ence information we also know the preference order on the four ele-

ments to be as follows:

xPzPwPy.
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Now let us first consider an assignment plan that contains the two

inferior elements, i.e.,

A (v + (L)y + (0)x + (0)z.
Now if we "replace w with x" we get

A (O)w + L)y + (L)x + (0)z.

On the other hand, we get the following when we replace y in the

original plan with z:
A (Lw + (0)y + (0)x + (1)z.

It is evident that on this interpretation "would rather replace w with
X than replace y with z" means that assignment plan AY ig preferred to
plan A**. Notice alsp that on this interpretation, information on dif-
ference orders conveys knowledge about orderings on assignment plans
which would not be obtainable from mere ordering information. For
example under Rule 2 developed in Chapter IT, A* and A'? would be in-
comparable given the preference order on w, X, ¥, and z alone.

It is also important to notice that on the interpretation given
here (x *w) P (z * y) is equivalent to (x +y) P (z +w), that is,
the one implies the other.l The significance of this is that when we
obtain answers to the kinds of questions that give us a difference
order we obtain a preference relationship between pairs of elements;
In what follows we shall assume that for any collection of assignment

elements, in the sense defined in Chapter II we glways have =z complete,

1. The "+" is of course to be interpreted as "union". A similar
situation i1s discussed by E. W. Adams and R. F. Fagot in "A Model of
Riskless Choice,” Applied Mathematics and Statistics Isboratory, Stan-
ford University, Technical Report No. 4, August, 1956.
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transitive order on the elements and also that we have a complete, trans-~
itive order on all possible pairs of elements. We shall not inquire
further as to how the two kinds of orders were obtained as there are no
new difficulties beyond those discussed earlier in connection with

simple orders.

5. Use of Difference Orders to Compare Complex Assignment Plans

Since the bas. mroblem which concerns us is still the ranking
of complex over-all assi nent plans on the basis of the ranking of
simple alternatives, we must iefine an additive rule which enables us
to use the new information to make comparisons between the complex
alternatives. As in the case of the additive rule discussed on pages
2k-32 of Chapter 1I, we shall again assume "independence of utilities"
and "constancy of marginal utility"”, i.e.,

(1) If W +x) P (v +2) and K is any allocation pian, then
W+x+K) P(y+2z + K), and also
(2) If (w +x) P (y + z), then m(w + %) Pu(y +z) for any
positive m.

Now let us state Rule 3 for the comparison of the military worth of
two over-all assignment plans:

Rule 3: An assignment plan A is preferred to an assignment plan
B if the elements in A and the elements in B can be partitioned off in
such a way that each partition in A hag corresponding to it a partition
in B to which it is preferred or indifferent, not all indifferent.

Notice that Rule 2, presented in Chapter II, is a special form of
Rule 3 where the partitioning is done in such a way that each parti-
tion contains only one element. Note also that Rule 3 implies the
two assertions noted above. Rule 5 in conjunction with information
on the order of differences will decide many cases where Rule 2 would

be silent. It will not solve all, however, This is perhaps not
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obvious in view of the fact that one has a rather large choice of
partitionings of the elements in a plan since by hypothesis we have in-
formation on the relative size of every conceivable palr of elements.
The following counter-example shows that not all pairs of over-all
plans can be order¥®d as to preference by Rule 3.

Consider the following collection of six assignment elements (aij)’
815 20, 35’ bl, bg, andle. Suppose we consider two over-all assignment
plans compoged of these six.elements as follows:

A=a, +a. +a
A

2 3

L] d = .
B bl +‘b2 +'b5

Let us assume that the preference order for the six elements is

b2 P al P a2 Pa, P bl Pb

3 5

Assignment plan A will be found . incomparable to plan B by Rule 3 for

any ordering on the two-element combinations of six elements which is

consistent with the following pair-wise comparisons: (1) The combina-
tion (bl +'b5) is inferior to any pair of elements in A. (2) The com-
binatidn.(b2 +-bl) is preferred to any pair of elements in A. (3) The
combination (b2 +-b5) is preferred to any pair of elements in A. The

following pictorization in which the relative length of line segments

is consistent with the above preference information will make the situa-

tion clear.

A

e
=
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In this case there exists no way of partitioning A and B so that Rule 3
applies either to show A preferred to B, B preferred to A, or A and B

indifferent. The two plans are thus incomparable on this basis.

4. Other Uses of Difference Orders

In Chapters I and IT the problem of obtaining rankings of over-
all allocation plans was divided into several stages. Thus in the
"separable” case we begin by attempting to obtain an order on the "models”
and the "activities® separately. These orders are then 1o be combined
into an eorder on the aij’ this order in turn being combined with an addi-
tive rule to obtain orders on combinations of aij' In the discussion of
difference orders above, the concept has been interpreted solely in
terms of the aij' We shall briefly explore the natural thought that the
concept might be useful at other stages of the probliem.

et us first take up the possibility of using difference orders in
connection with the m, and Vj in the separable case. To recall briefly
the discussion developed there, it will be remembered that the pragmatic
significance of an ordering on the vj lies in its potential use in ob-
taining an ordering of the aij' Three ruies relating orders on mi and Vj

to orders on the a; 3y Were noted there.™ (1) Pa if§ =s, if m P

aij - s <
m, and if all the individual items that are indifferent with respect to
priority (i.e., within a given Vj designation) are also technologically
identical. (2) a,, Pa__ if i=r, if v, P v_ and if all activities,

ij rs J s
regardless of priority class are technologically identical (e.g., two

subs, identical from a technological point of view might be located in

two operations theaters of different importance and therefore belong to

1. BSee above, p.22.
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different priority indifference classes.) (3) 8 5 P a . if m, Pm, if

Vj P Voo and if all activities, regardless of priority class are technolog-
ically identical. It can thus be seen that if in fact all activities, re-

gardless of priority class are not technologically identical, not much can

be said.

Suppose that this technological assumption is valid for some problem.
In this case what would be the possible significance .of a difference
order defined over the mi and vj? For notation we mighﬁ say that for
any two pairs of Vo (@ +b) and (c +4d), either (a +b) P (c +4) or
(¢ +d) P (& +Db). The same sort of relationships could be asserted to
exist between the various . - If any sense could be made of such dif-
ference orders, one might hope to use them either (1) for obtaining more
information on the order on the aij’ or (2) for obtaining some informa-
tion on the difference order for the aij' It 1s difficult to conceive
of any meaningful interpretation for these difference orders, however,
and the concept of difference orders evidently makes sense only as ap-
plied directly to the aij themselves. 1In other words even in cases where
priority and efficiency aspects are separable there is no meaningful way
of asking questions to obtain orders on the differences except with direct
reference to the aij'

It would be possible to use difference orders in conunection with
lexicographic orderings of the type mentioned on page 4b. Suppose we
assume, as was done there that we have an order on the VJ which in
connection with the ordering on the m, gives a lexicographic ordering
on the aij' Now let us assume in addition that we obtain an
ordering on the differences.of the activities of the usual form, i.e.,

for example, (va + Vb) P (Vc +=vd)e Iet this have the following
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interpretation: (a )P (& o+ asd) for any p, q, r, and s. This

Pa +aqb rc

means that the orders on the differences of the aij depend only upon the
activities and not at all on installed models. To make a complete rule

for ordering the aij we must also consider the case where the activities

).

are indifferent, as for example, the pair (s . +a .) and (a . + &

) ple, 1Y ( 03 QJ) ( rj s
It will be possible to make such a comparison for all items in the J
priority class only if they are technologically identical. If this is

the case we have a complete rule.

5. The Aumann and Kruskal Method of Ranking Over-all Assignment Plans

Aumann and Kruskal, in what is probably the most exciting paper
yet produced in the military worth field, have attempted to develop a
numerical utility for the selution of allocation problems which can,
with inessential simplifications be reduced to the sort of thing we
have been considering.l The problem, thus reduced, and its solution
as proposed by these authors can be described as follows. There are
several types of activities and several types of equipment. Fach model
may be used in any éctivity. The technological requirements of all
instances of a given type of activity are identical. It is desired to
find a way of ordering different assignments of available models to
activities.

Their method of solution also proceeds in general along the lines
considered by this paper. A "board"” of competent military officials
is asked questions concerning their preferences among simple alterna-
tives. If thelr preferences display a certain kind of consistency,
they can be represented by numerical values attached to the aij by a
method to be described shortly. The military worth of an over-all

assignment plan (they do not use this language or notation) is given

1. Aumann and Kruskal, Naval Research Iogistics Quarterly,Vol.V,pp.111-123.
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numerically by the sum of the values of its component aij and a plan
is assumed to be of higher worth if the resulting numerical value as-
sociated with it is higher than that associated with some other plan.
It is the present author's opinion that the Aumann and Kruskal
result is of considerable interest and importance. The best way to
explain the method is to give an example of its use, and accordingly
we have constructed the following numerical example from the author's
description of their methcd.l In what follows the notation has been
changed %o conform with that of the previous chapters. Certain other
minor changes and translations have been made. Tt is hoped that these
alterations will result in a considerable improvement in clarity over

the discussion in the original paper.

6. A Numerical Example

In the following problem assume that there are two types of ac-
tivities, vy and Vo and four types of models, my; My mB’ and m, - A1l
activities of a given type are identical in their technological require-
ments. It is desired to obtain numerical values for each aij 80 that g

military worth function

m n
W =Zz E: “u(a .)

can be formed to evaluate the worths of different over-all assignment
plans. The numerical values u(aij) are to be obtained by operating
with preferences among the aij expressed by a competent military au-

thority.

1. Ibid., pp. 117-120.
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Step 1: Consider any activity indifference class, Vj' Obtain
by questioning a "goodness order”, i.e., the order on the m, for the

given activity. Suppose in this case we get the following:

For vl: a

For v.: =g
2

11 Py Pay, Pag,.

52 ¥ 8 Paj, Pay,.

g Steg 2¢ Now let us assume the existence .of a difference order

for the assigmment of different models within a given type of activity,

i.e., for fixed j. .Iet us also consider ameng the a,. the assignment

ij

of no equipment to a given activity, so that we also have an a 1 and an

0
850 to consider. Now ask questions in -order to obtain the two difference
.orders, one for Vi and one for Vo Suppose we get the following. (Note

that only "positive" differences are considered, for example, in

(a_. *a ), a_, is always preferred to a_..)

PJ — 4 DJ aJ
y o * * * *.
For vy (e Xag)) P olay Xag)) P (e, *ay) P (s, * a5) P
* * * *
(o) Xag5) P (agy ¥ay)) P (a1 Xayy) Play *a,,) P
* *
(Byy Xazy) P (ay) *ay)
° * * * *
For v,: (a32 * aOQ) P (a52 __ahg) P (a22 * aOE) P (a52 * alQ) P
* * * *
(app X ayp) P (o, Xay ) P (1 X agy) P ey, *ay,) P
* *
(ay * ap) P (ay, ¥ 8o)
Step 3¢ Assign the number zero to s void, i.e., to an anl“
Step 4: Assign numbersx(aiJ) to the other 8 such that

a-if a . Pa_., thenr(a_.) >r(a .)
rj " s rJ sJ

r,
b-if . ¥ .) P . ¥a then |r(a .)-r(a . >
i (arJ * aSJ) (apJ * QJ)’ n L ( rg) ( sg)]
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Aumann and Kruskai assert, and promise to prove in a later paper, that
if for any given J the set of aij is infinitely large, the utility nume
bers consistent with requirements a and b above are unique up to a
positive linear transformation,-and9 in this case, since we have as-
signed zero to an’ they are unique up to a factor of proportionality.l
Since the number of aij for both j =1 and j =2 is finite, the num-
bers consistent with the requirements are not strictly a unique set

of numbers, but a ééllection-of "bands", so'to speak, unique up to

a linear transformation. In any event, the following numbers, for
example will be found to meet the requirements for the given prefer-

ences in our sample problem.

For v For v

1 2
r(all') = 100 r(ale) =21
r(a, ) = 97 rla,,) =85
r(aBl) = Lo r(a32) = 100
r(ahl) = 63 r(aue) = 10
M%ﬁ = 0 M%Q= 0

Notice that for convenience we have arbitrarily set the value of the
top item in each column equal to 100. The top values need not be the
same and in any case their choice does not alter the final result.
Step 5: The numbers obtained above are called "relative goodness
values" by Aumann and Krusksl--so-called because the value for any 2 4
should be relative to the priority of importance of the activity, a

factor yet to be taken into account. Iet us call the priority value

1. Ibid., p. 118.
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of an activity p (Vj) and then define the utility of an assignment

element, u(aij) as

so that

P(Vj) = u(aij)/r(aij).

Now to obtain the values of the p(vj) proceed as follows. Con-

and v with,>for example, m, installed

sider the two priority groups, vy o 5

in vy and m, installed in e Suppose one model of my type is avail-

able. Question the relevant military authorities to determine in which
of the two activities they would prefer to install it. Thus before in-

stallation we would have

(l)agl + (O)all + (l)au + (0)a

2 12°

The official is then, in effect, asked to choose between the following;

A = (O)ael + (l)all + (l)ah2 + (O)a12

B = (l)agl + (O)all + (O)ah2 + (l)alg.
Since the military worth of an assignment plan is defined as j{%ij-u(a._)
1d

the values of the two plans will bé given as follows:

Mi(a) =p(vy)rla;,) +plvy)rie,)

MW (B) =plv ) rla,) +p(v,)rla ).

Now if in fact B is chosen over A (i.e., B P A), then MW(B) > MW(A).

This means that

p(v ) ria,) +p(v,)rla,) >plvy)rla) +p(v,) r(ay,)



or

p(vl)[r(all) - r(agl)J»< p(vz)[r(ale) - r(aug)J

or
r(a ) - r(a),)

r{a

p(v)/p(v,) < —

11/ 8o1)

Iet us now consider all possible pairs of plans of the A,B sort,
that is, where the relevant r(aij) are .such that both numerator and
denominator of the fraction of the right hand side of the above in-
equality are positive. Table 1 below gives all such pairs and the
assoclated values for the right-hand fraction. By asking preference
questions for each (A,B) pair we can determine between what values the
ratio p(vl)/p(yg) lies. TIf one of the p(vj) is arbitrarily assigned
some value, then the value of each u(aij) is almost uniquely determined
up to a factor of proportionality. The word "almost" refers to the
fact that the r(aij) are not unique due to the fact that the sets of
ai<j are finite and also the fact that the ratios of priority values
can be determined only within limits. Note that the resulting values

for u(aij) are not changed by any proportional transformation of any one

or all of the r(aij) scales.
TABLE 1
r{a 2)-r(aqg)
Pairs of Assignment Plans Related Values of P
- . r(a l)—r(a517
1. A= all +-a02 7.00
B = aEl + a12
2. A= all +,au2 3.67
B = 81 + a12
3. A = 8ny + 8, 2.50
B =a +.a

oL 22

£
¢



Assignment Plans

Pairs of
L, A
B

5. A
B

6. A
B

T. A
B

8. A
B

9. A
B

10. A
B

11. A
B

12. A
B

15. A
B

b, A
B

15. A
B

= a

31

= %01

= 8o

=8

= a

31

=801

=85y

=8y

= a

31

= 81

=811

=8y

= 8o

= a

31

=85

= .a

51

= 8,21

= a

31

=85y

=891

+.a

+ a02

+ 8z
+ 8y,

+ a22

+ 8y
32

+ 8.12

+ 8.22

+ al2

+ 832
+ 342

+8),

+ a02

+ a22

+ aL‘_E

+ 855

~+.a

12

+ a22

+-a02

+ 8.22

+ a22

+ a22

+ 8,22

Related Values of

2.38

2.14

1.88

1.74

1.57

1.55

1.36

.88

LT

S .66



Pairs of Assignment Plans

16.

17.

18.

19.

21.

22.

23.

A

B

a

811

S1

a1

a

31

211

a

31

a

31
%01
11

21

%11

8.31
)

%01

a

11

%01

+-a

+ a

+na02

8,

+ 302

+a),

+ 8.02

+ 8,12

22

+ 8.52

+ 8.02

12

+ 8.42

+ a12

(66)

rla ,)-r(a_,)
Related Values of P
r(a

7

48

.36

.36

.21

.16

11

By asking questions to determine whether A or B in s given pair

is preferred, we can determine whether p(vl)/p(vg),is greater or less

than the expression on the right hand side. Thus for example if in

pair No. 12, B P A, then the ratio p(vl)/p(ve) < 1.16. If in pair No.

15, A P B, then we know the value of the ratio must lie between 1.16

and .88. The reader may notice that this method implies a rather def-

inite pattern of answers to the preference questions put to the military
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authority. We shall comment in detail on this matter in a moment.l

7. The "Methodology" of the Aumann and Kruskal Technique

It is very difficult at first sight to evaluate the meaning and
significance of the utility numbers for military worth that result
from the above construction. That numbers will in fact result, there
can be no doubt, but whether they will correctly measure a reasonable
intuitive notion of military worth is a much more difficult question
to decide. In attempting to answer this question it is instructive
to turn first to the authors' own attitude to their technique. The
authors view their problem as one of finding a method of combining
Jjudgments about small-scale allocation problems to yield evaluations
of enormous allocation problems which would be too complex for military
Judgment to weigh meaningfully. This is the very problem with which

we have been concerned.

We say we are trying to optimize military effectiveness, but
this is obviously a subjective idea rather than an -objective,
physical, measurable utility. One can always count his dollars
to see how much profit he's made; but there's no way of measuring
how much "military effectiveness" is contributed by some radio
transmitter...

The navy handles this problem in the following way: it appoints
someone familiar with navy objectives and experienced with the equip-
ment and the ships involved, it helps him out with a few directives
and it tells him to make up an allocation plan. . Although a quantita-
tive statement of the objective function and the restraints is out of
the questieon, the responsible person. can qualitatively weigh all the
factors and come up with a "reasonable” or "acceptable" plan...

1. It should be noted that in each case the "B" member of the pair
has a preferred model installed in v, while the "A" member is accorded
better treatment with respect to equ%pmentvinstalled in v, . This con-
sistency of labeling is required so that in each case ansWers to ques-
tions of preference restrict the value of p(vl)/p(v2) and never its
reciprocal. ‘
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This process works very well when the choice the responsible
berson must make is a clear-cut one with more or less clear-cut
implications. Thus if the allocation problems under discussion
involved but a few sets and ships, there would be no point in try-
ing to improve current methods. Actually, these allocation prob-
lems involve hundreds of electronic sets and ships; and at this
point, the responsible person is no longer able to exercise hig
Judgment soundly, because he is overwhelmed by the combinatorial
difficulties inherent in problems of this size.

The job of solving large allocation problems really is two
Jjobs; the combinatorial Job and the naval judgment job. Under
current methods these two are hopelessly mixed together, with the
resulf that probably neither one is being dore as well as it could
be...

This, then, is the authors? conception of the problem they are
trying to solve. Their attitude towards their solution is a modest

one.

Subjective problems of the kind considered here can have no

unique correct solutions. The technique.outlined in this paper

is just a way to go about finding acceptable plans, by no means
the way.= (Italics in original.)

The position outlined by the authors raises some questions, how-
ever, which become rather more insistent as one delves into the de=~
tails of their technique. If pfoblems of the type under discussion
"can have no unique correct solutions”, why is the particular solu-
tion arrived at by their method more desirable than some other method
of deriving a military worth or utility function? By what criterion
are we to judge the reasonableness of the six assumptions required
by their technique and how is the result to be Judged? Exactly what
properties of a utility function are to be desired? Tt is, in short,

very difficult to evaluate the details of the method without a fairly

complete methodology.

1. Ibid., pp. 112-113.

2. TIbid., p. 122.
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In the construction of useful and meaningful ubtility functions
by the method of observing preferences; the work of von Neumann and
Morgenstern in defining a utility function for game theory can be taken
as a model.l In fact certain general aspects of the game theory utility
discussion are directly relevant to an analysis of the present issues.
Von Neumann and Morgenstern show that if five axloms can be taken to
characterize “rational" choice in the presence .of risky alternatives,
then a utility index can be found for pure alternatives which permits
the calculation of utility values for probability’combinations of the
pure altérnatives that have the following property: if the calculated
utility value of one "lottery ticket” exceeds that of another, a
"rational® person (in the sense of the axioms) would be known to pick
the first ticket if the choice were in fact presented to him.

Thus the function of the game theory utility index is to permit
"prediction” of choices by the "rational” person even though the per-
son is not directly questioned about these alternatives, but about
other's.2 Likewise in the Aumann and Kruskal problem the military worth
function "predicts” the military choice between complex over-all ag-
signment plans although the officials are directly questioned only
about.elementéry‘onés.

Now the term ”prediction”'may be understood in two different
senses in the context of the von Neumann-Morgenstern utility prob-
lem. One may say that people are in fact "rational®™ in the sensérof
their axioms and that therefore the “"predictions™ would be confirmed

by actual behavior under ideal conditions. Another treatment 1s to

L. J. von Neumann and 0. Morgenstern, Theory of Games and Economic
Behavior (24 ed.; Princeton:’Princeton»Uhiversity Press, 1947), pp.15-51.

2. (ame theory and the utility theory associated with it are of
course logically‘independent of each other.
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suppoese that the axioms characterize desirsble decision-making and
that therefore the "predictions" which follow from the axioms should
be treated as "good advice" to the decision-maker whether or not he
would violate their implications in the absence of explicit direction.

Although Aumann and Kruskal do not use the word "prediction" it‘
is legitimate to ask in what sense their military worth function can
be said to "predict" choices between complex over-all allocation plans.
The situation their problem presents is in seme respects rather para-
doxical. On the one hand the authors point out that in the absence
of "objective" criteria, a choice between allocation plans should rest
on naval judgment. The difficulty is that while naval judgment can be
expected to rank satisfactorily some plans (say, consisting of only
two activities and two different model types), it boggles at the
complexity,of real-life problems. Thus while naval choice is the
only criterion, this criterion is useless for the complexities of regl-
life problems--or if not useless, at least it is not to be trusted.
Hence it would make no sense to say that their military worth function
is designed to "predict" what a naval decision between complex alterna-
tives would in fact be. Tt is obvious that "prediction" in the second
sense noted above must be involved. That is, given knowledge of choices
among péirs of simple assignment plans, the resulting military worth
function "predicts" what ought to be the rational choice among the
more complex alternatives.

This being the case we would like to know explicitly what defin-
ition of ”rationality" is involved. In von Neumann and Morgenstern
"rationality™ is completely and explicitly defined by the axioms as~
serting the nature of choice among alternatives of the king they are

considering. No such definition is available here. What is required
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is a definition of "rationality" such that the indexed military worth
of one assignment plan is greater than the indexed military worth.of
another if and only if the first would be preferred to the second by
a person using rational "combinatorial® rules. The difficulty with
Aumann and Kruskal's work is that while it turns out to have a defini-
tion of "rational combinatorial rules” implicit in it, it is difficult
to see what they are and therefore difficult to judge the relevance of
the resulting function. It is almost as though the von Neumann-Morgen-
stern utility theory consisted .of nothing but the definition of the
utility of a lottery ticket and instructions for finding the numerical
value .of this utility. Even then, of course, if experience showed
that people béhaved as predictedrby_the resulting utility numbers; one
would have something of value. In the present case, however, it is not
even proposed that the "predictions" of the military worth function be
tested by experience. Rather we are to take them as normative. In
such a case it seems most essential to know what axioms about behavior
would be consistent with the predictions of the military worth function.
Our task in the next few sections will therefore be to indicate
the choice axioms implicit in the Aumann and Kruskal paper. The first
need is to set forth the "assumptions™ stated by Aumann and Kruskal
themselves in deriving their method for computing a military worth

index.

8. The Aumann and Kruskal Assumptions

In the following presentation of the Aumann and Kruskal assump-
tions we shall retain our own notation. Also the order of presentation

differs from that of thevauthors;l

1. Aumann and Kruskal, Naval Research Iogistics Quarterly, Vol.V,
pp. 114-119.
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Assumption 1: With each assignment plan T and relevant military

officlal to be questioned, 0, there is associated a numerical value

u(T,0).

Assumption 4: If of two assignment plans Tl and T2,van officlal pre-
fers T, to T, then u(Tl,O)v>-u(T2,O). These two assumptions together
merely assert that u is an order-preserving function and are of course
unobjectionable. The assignment plans referred to are both (1) the
simple plans about which the official is directly questioned and (2)
the over-all assignment plans which result from combinations of the
simple .ones.

Assumption 3: Iet Tl and T2 be two assignment plans involving the

assignment of exactly the same number of models m, to each given ac-
tivity vj. Then u(Tl,O) = u(ng ). This assumption is of course both
necessary and entirely harmless.

Agsumption 5: r(aij) is independent of p(vj). This assumption ag-

serts that the relative goodness values of models installed in activ-

ities of a given priority value do not depend upon the priority value

of the activity. This assumption also seems highly plausible.

_
Assumption 2: u(T,0) = MW(T) =inj-u(aij).

It 1s obvious that Assumption 2 is the heart of the matter, for
it asserts that there exist numbers u(aij) assoclated with any alloca-
tion plan such that the sum of them gives the value .of the allocation
plan; and it further asserts that the values for the allocation plans
thus obtained correctly reflect the -order of preference as noted in
Assumptions 1 and 4. The result of the paper 1s to show that if such
numbers exist, they can.be "almost" uniquely determined by the method
outlined in the sample problem. The big question is, then, "what assump-

tions must be made about the structure of pfeferences so that such

~
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numbers will in fact exist?” We .shall attempt to shed some light on

this question in the following section,l

9. Implications of the Aumann-Kruskal Assumptions

We now move directly to the nature .of the preference structure
required by the Aumann and Kruskal assumptions and the method of com-
puting military worth derived therefrom.  First of all it is perfectly
clear that the authors assume the existence of a complete and transitive
"goodness order" for all activities. Thus for any fixed j and for any

models and r, either a , P a ora , Pa and if a ., P a . and
Py L ? pd T Tad aj © pJ’ Pd T Q]
2

rj’
It is equally obvious that the scheme proposed by the authors re-

a . Pa ., thena . P g
qd rJ bJ

quires a complete and transitive difference order for all activities.

Thus for any fixed j and for any models a, b, ¢, d, e, and f, either

Bag Zopg) P lagy Xagy)

or
* *
(acJ adJ) P (aaj * abJ)'
Also, if
* *
and
* *
(acj * adj) P (aej * afj)’

1. Aumann and Kruskal remark of Assumption 2 that "from the strict-
ly logical viewpoint Agssumption 2 could equally well have been stated as
a definitioen. It invelves important conceptual assumptions, however, and
is used not only in theoretical work but in the deduction of numerical
values from the (military authority's) decisions. Tt therefore seems
more honest to state it as an assumption”. Aumsnn ang Kruskal, Naval
Research Iogistics Quarterly, Vol. V, p. 11k. '

2. See above, p. 6l. . Of course the scheme: admits of the possi-
bility of indifference, but we have ignored +this Possibility throughout
the discussion on the grounds that it merely introduces expositional
complications without adding anything to an understanding of the method.




then

‘ 1
* * »
(aaj * abj) P (aej * afj)'

The above restrictions on the permissible kinds of preferences
are both fairly trivial and gquite obvious on casual inspection. The
method for computing the priority vaiues, however, confains implicit
in it another restriction .on permissible preferences which is neither
so trivial nor so cbvious. To see how the method.of computing the
p(vj) implies such a restriction recall the discussion of the method
contained on pages 62-67 above and the table of hypothetical data con-
tained therein.

Consider, for example, the pair of two-element assignment plans

A =8, +a

21 12

ws]
i

a + &

51 22’

pair number 12.on page 65. Note that if the relevant authority pre-
fers B to A it is possible to conclude that the ratio;p(vl)/p(vg) < 1.16.

Now consider the pair numbered 11 in.the table:

A=ay +a,
B

I

a + 8,4

31 22

If the authority prefers B to A we find that p(v1)/b(v2) < 1.36, which
raises no questions. If', on the other hand, the authority prefers A
to B then this implies that the ratio p(vl)/p(yg) > 1.36. Snch a pre-
ference.would“obviously lead to nonsense results, however. For the
preference of B to A in Pair number 12 implies that the ratio.of the
priority Values is smaller than 1.16 and consequently the preference

of A to B in pair 11 would imply that the ratio is at the same time

.smaller than 1.16 and larger than 1.36, which is nonsense. Consequentiy

1. See above, p. 61.

+
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if such a pattern of preferences exists, the method will not work.
In more general terms the method clearly requires the following
kind of "consistency” in the preferences of the authority: - Suppose

that for some pair of two-element assignment plans

rlagp) - rlagy) _ g
rla,) - rlagy)

In this case if the "B" member of the pair is preferred to the "A"
member (see page 67 for definitions of "A" and "B" members), then the

"B" member of any pair for which

r(apg) -

rla ) - rlag)

myst be preferred to the "A" member. Likewise if A is preferred to B
in the original pair, then A must be preferred to B in any pailr the
value of whose ratio is smaller than K.

Now 1t is by no means intuitively clear what assumptions about
the preference structure are necessary to ensure that preferences
among the A-B pairs of two-element plans will generate consistent and
meaningful values for the ratios of the p(vj), ,Cerﬁainly the original
paper by Aumann and Kruskal provides no clue and in fact does not
even raise the question. At an earlier -stage of research we had ap-
proached the problem by laying down, essentially, the following three
requirements for a "rational" preference structure for preferences
among single aij and among two-element pairs.

1. Transitivity of preferences among the single elements,

that is, ameong the individual aij'

2. Transitivity of preferences among the two-element pairs.
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3. Independence of utilities, that is; for example, in the
two two-element pairs ¥ and Y

X = (a +b)
Y =(c +4d),

if a is preferred to c.and b is preferred to d, then X is
preferred to Y.

il

The first two of these requirements are‘obviously'elementary. The
third, like Rule 2 to which it is closely‘related,l rules out . the pos-
sibility of complements and substitutes among the aij'

Now the question is, will any set of preferences which satisfies
the above three requirements yield a consistent set of numerical values
by the Aumann and Kruskal method? It is clear that the three require-
ments constitute at least a necessary condition for the existence .of
an Aumann-Kruskal military worth function--i.e., it is clear that
any set of preferences which does not conform to the requirements can
not be made to yield a consistent set of numbers by their technique.
Indeed, the set of requirements seems to consﬁitute the weakest defin-
ition of "rational choice” which would have any hope of yielding a
utility function derived by the Aumanncand Kruskal procedure. It is
therefore of some interest to determine whether the requirements are
a sufficient, as well as a necessary coﬁdition,for the existence of
answers to the preference questions which yield.consistent values for
the ratios of the p(vi)/p(vj).

We had originally cenjectured and proved2 that in fact it is pos~
sible to have a set of preferences for the single aij and two-element
pairs which (1) are consistent with the three requirements, and (2) at
the same time yield the nonsense result that p(yi)/p(vj) is both greater

than and less than some number. The issue involved, however, has been

considerably clarified as the result of new, unpublished work by Professor

1. PBee above, p. 25.
2. See below, p. 80.
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Aumann and correspondence between the writer and Aumsnn.
To see what is involved let us first consider a new set of axioms
about the underlying preference structure. The preference structure

we are interested in now concerns not just the single a,, and two-

iJ
element pairs, but a set X whose elements consist of all possible
combinations of the original aij' In other words the elements of X
are all possible assignment plans of any degree.of complexity, whether
single elements, or highly .complex combinations of them. We now state
three axioms about ‘the preferences among the elements of X.:L

1. The preferences are transitive, but not necessarily complete.

2. The preferences are "consistent”, i.e., if x Py, then (x + z)
P (y + z) where X, ¥, and z may be any elements of X.

5. The preferences are "finitely generated™, that is, there is a
finite number of elements of X from the preferences between
which all other preferences can be generated by repeated ap-
plication of the consistency axiom.

Comparing the two sets of axioms, the "consistency" axiom is an

extension of the "independence of utilities" axiom to complex pairs
of aij; Thus the independence of utilities axiom, applying as it does
only to the two-element pairs (aboutvwhich the authority would be

directly questioned), says, for example, that if

all P al2
322 P 8.51“
then

(all + a22) P (a12 +ua54)o

1. These axioms are to be found in an unpublished paper by R. J.
Aumann, "A Non-Probabilistic Theory of Utility" (1960), p. 16.
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On the other hand since the consistency axiom extends the notion to

any degree of complexity, we .could conclude that if a78 P a56,

(all +an, +-a78) P Lalz + g +fa56);

and so on. Thus the consistency assumption -of the second set of
axloms is clearly stronger than the independence assumption of the
first Set.

The finite generation axiom need cause no concern .since in any
allocation problem of the type we have been dealing with, any set of
preferences satisfying the consistency axiom will obviocusly also
satigfy the finite generation axiom.

The significance of the new set of three assumptions is that
Aumann asserts that any set of preferences which satisfies these
assumptions can be made to yield a military worth index having the
requisite properties by the method of Aumann andAKruskal.l The basis
of this belief appears to be the following set of considerations;

1. Professor Aumann has proved that if the preference order on
the elements of X is transitive, consistent, and finitely generated,
then there exist utility numbers u(x) and u(y) such that for any x
and y in X u(x) >u(y) if, but not only if, x P y. Furthermore the

\. 2
utility of any element x S8y eee ha =ZZ?(gij).
2. As we have seen, the Aumann and Kruskal paper assumes that

(1) there exists a function u(x) defined for all x 4in X such that

(2) ulx) =Zgé(aij) and (3) if x Py, u(x) >u(y). The paper goes on

1. Correspondence between the writer and Professor Aumann.

2. Aumann,  "A Non-Probabilistic Theory of Utility,"” p. 17.
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to prove that if in fact such a function exists it can be found by
the method discussed above.

3. Taking paragraphs 1 and 2 together, (1) says that if the pre-
ference structure is transitive, consistent, and finitely generated
a utility function .of the desired type exists, while (2) says that if
it exists, it can be found by the Aumann and Kruskal method. There~
fore if the preferences are transitive, consistent and finitely gen~

erated the Aumann and Kruskal method will always work.,l

10. An Example

A concrete example may be offered to clarify several of the points
made in the above section. . Suppose we are dealing with a situation in
which there are two activities, 4 and Vs and three model types,

m,» and m5. For this 3-by-2 case there are 21 possible two-element

1, »

assignment plans which we list below with identifying numerals for

future reference.

1. (agq + alz) 7. (g, + 215 12. (agy; +2a5;) 17. (ayy +ay)
2 (all + a22) 8. (aLO:L + a22) 13. (al2 + 322) 18. (%Ol + aOl)
3. (all + aOE) 9. (aOl +-a02) 1h. (a12 + aOE) 19. (al2 + ale)
L. (aEl +-a12) 10. (all + 321) 15. (a22 + aOE) 20. (a22 + a22)
5. (a2l + 322) 11. (all + aOl) 16. (all +’all) 21. (a02 - aOE)
6. (ael + %02)

Let us assume the following set of preferences among the aij to

be held by some relevant military authority:

1. Professor Aumann may have a more direct proof in mind, but if
g0 it has evidently not been made available for distribution.



Pa,.Pa P a Pa P a

817 ¥ 81p & By T8y P Ay, Fag, .

Also assume the following preferences to hold between two-element pairs:

16plpl9p0p2php3pllpl3pllp5p 1k

PTp6bpl2p20p1l5p8p2lp9p 18.

About the above set of assumed preferences we may note the following:
(1) it is obvious that any set of pair-wise preferences extracted from
the chains would be transitive. (2) Each pair-wise preference for the
two-element pairs is consistentbwith the "independence of utilities"
assumption. The reader may verify this for himself.

Now the interesting thing about this set of preferences is that
although it is camplete, transitive, and satisfies the independence
of utilities condition it will not yield a consistent set: of utility
numbers by the . Aumann and Kruskal method. For example, the reéder
may satisfy himself tha? the following relative goodness values meet

the requirements set for ﬁhem,l

r(all) =4 | r(alz) =8
r(a2l) = } r(aeg) =1
r(ao ) =0 r(aOE) =0.
Now let us consider the following A-B pairs:
2 A -_— © —“ = ‘
5: A = 85 + 8rp DA all +-a02
Y P4 = ) ' g 1 -
F: B 891 * 89p L .p 8y + 8,
The value of rCarE) B r(aSE) for the A-B pair is 7.00 and since
r(apl) - r(aql)

1. See above, p. 61.
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by assumption A is preferred to B (5 is preferred to ), p(vl)/p(yz) > T7.00.
On the other hand, the value of the fraction for the A'-B! pair is 2.67
and since, by hypothesis, B' is preferred to A' (4 is preferred to 3),
we have that p(vl)/p(vz) is both less than 2.67 and greater than 7.00.
Thus the first set of preference axioms is not a sufficient condition for
the existence of the Aumann and Kruskal function.

The second interesting thing about the set of preferences is that
if we attempt to extend it by applying the consistency axiom, we are
‘unable to get a set of preferences which is both consistent and transi-
tive, not only for two-element pairs, but for more complex pairs. For
example, by assumption, 5 is preferred to 7 and 2 is preferred to by,

Thus by the consistency assumption (5 + 2) P (7 + 4), i.e.,

P(a. +a. . +8a.. +a_.).

g, T Ay ta o1 T 812 T8 *80

(a1 +8p, +ay o)

However it may be seen that the left-hand combination may also be

thought of as the sum of 10 + 20 since

= (all + a2l)

20 = '(aee + a22)

while the right-hand side may be thought of as the sum of 12 and 19 since

12 = (ay +a51)

19 = (al2 + alE)'

But by assumption, 19 is preferred to 10 and 12 is preferred to 20,
so that by the consistency rule (19 + 12) P (10 + 20), which contra-
dicts the conclusion that (5 +2) P (7 +4).

Thus we may sum up the significant conclusions as follows:
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1. Not every set of preferences which is transitive and obeys the in-
dependence .of utilities assumption will yield'a consistent set of utility
numbers by the Aumann and Kruskal method. 2. Not every set of preferences
which is transitive and obeys the independence .of utilities assumption
can be extended to yield a set of preferences over all pessible pairs
which is transitive and consistent. 3. Every set of preferenceg which

is transitive, consistent and finitely generated yields a consi;tent,set

of utility numbers by the Aumann and Kruskal method.l

11l. Significance of the Result

From the above 1t can be seen that not just any responses to the
preference questions put te the military authority will work in the
Aumann and Kruskal schema. A natural question to ask is whether actual
responses could be expected to be of the desired type and what would
happen if they were not? It is clear that gll difficulties enter in
at the attempts to determine the values of the p(Yi)/P(Vj). Iet us
suppose that some military official actually has in mind a set of
preferences like those in the example, i.e., transitive and obeying
the "independence of utilities", but not the "consistency" assumption.
There would be nothing "irrational’ about such a set of preferences
from the intuitive point of view. It .would simply be a set where the
consistency assumption would faill to predict choices among more complex

plans.  Perhaps, for example, the inapplicability of the consistency

assumption to this set of preferences merely reflects the authority’s

L. Of course all problems in which the preferences are generated
from a finite number of a,. and two-element pairs will obey the finite
generation -agsumption--in other words all cases in which we are in-
terested.
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belief in the existence of complementarities that do not show up until
we get to complex combinations of the aij; In any event, if the con-
sistency assumption is not met, the scheme simply will not work, as we
have pointed out, because nonsense numerical results will occur.

Thus theré remains the practical question of whether . or not in
fact military preferences are likely to have the kind of structure
required for the applicability of the numerical utility model sug-
gested by Aumann and Kruskal. These authors evidently ran into no
difficulty in the particular problem to which they applied the method.:L

The question of the structure of actual preferences is touched
upon by Aumann and Kruskal in both their papers. It is also raised
in a critical note by McShane and Solomon and in a reply to this note
by Kruskal.2 This discussion is rather unsatisfactory, however.

There are several points in the procedure where "inconsistency" of
preferences in one sense or ancther might show up_in the answers to
the preference questions and the discussion of the problem in this
literature frequently fails to specify what type of "consistency" is
under discussion. Somewhat ironically, there seems to be no evidence
that any of the four authors involved have in mind the type of poten-
tial numerical inconsistency we have noted which results from the

violation of what Aumann himself later called the "consistency axiom™.

1. R. J. Aumann and J. B. Kruskal, "Assigning Quantitative Values
to Qualitative Factors in the Naval Electronics Problem,” Naval Research
logistics Quarterly, Vol. VI, No. 1 (March, 1959), pp. 1-16. This paper
discusses an application of the technique first presented in the earlier
paper. . See particularly p. 15.

2. R. E. McShane and H. Solomon, ILetter to the Editor of the Naval
Research Togistics Quarterly, Vel. V, No. 4 (December, 1958), pp. 363-367.
J. B. Kruskal, Ietter to the Editor, ibid., Vol. VI, No. 3, (September,
1959), pp. 161-162.
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In their critical note .on the first Aumann and Kruskal paper,
McShane and Solomon remark that "for those...cases where a particular
(model) is applicable to two or more (activities), intransitivity
could result."™ To this, Kruskal replies as follows:

With regard to (this) criticism, of course we might run into
intransitivity. Whenever you go up to a human being and ask "which
do you prefer, a - or b; which do you prefer, b or c; which do you
prefer, c or a?" it is possible he will say "a better than b, b bet-
ter than c, c better than a"...This risk exists as soon as you con-
sult expert opinion on anything.2

Now it is not clear just exactly what the "a", ™b", and "c¢" refer
to here. The authors may have any one of three kinds of intransitivity
in mind: (1) Intransitivity of expressed preferences in the goodness
orders, (2) intransitivitylof expressed preferences with respect to

the difference orders, and (3) intransitivity of expressed preferences

with respect to the two-element assignment plans. But as we have seen,

intransitivities of these kinds may be entirely absent, and yet the pre-

ferences still lack the kind of "consistency" required for the ap-

plicability of this additive utility model. None of the above possible

types of intransitivity is necessary to get a situation where pre-
ferences among the A-B pairs are such as to determine that p(vi)/p(vj)
is at the same time greater and less than the same value.

Some discussion by Aumann and Kruskal superficially suggests that
théy have anticipated this problem; but closer examination reveals

that they are concerned with yet another problem.5 To see what they

1. MeShane and Solomon, Naval Research Iogistics Quarterly, Vol.
V, p. 365. "

2. Kruskal, Naval Research Iogistics Quarterly, Vol. VI, p. 262.

5. Aumann and Kruskal, Naval Research logistics Quarterly, Vol..
VI, p. 9. )
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have in mind let us go back to our sample problem (pp. 64-66).

Suppose that for A-B pairs 1-6 we find that B P A and therefore con-
clude that p(vl)/p(vg) < 2.1k. Further, suppose that for pairs 10-2k
we find that A p B and therefore conclude that p(vl)/p(vg) >1.55. Now
Aumann and Kruskal suggest that in the intermediate range of values,
pairs 7-9, A and B may be so "close" in value that the authority is
unable to make consistent distinctions and as a result we get numeri-
cally inconsistent preferences for this intermediate range of pairs
simply because the military worths of the A and B plans involved are
so "close" in magnitude. This seems to be a different kind of "incon-
sistency” again, and it may of course have considersble practical im-

portance.

12. The Combinatorial Problem

In the Aumann and Kruskal method a military authority is asked
to express preferences with regard to some pairs of single aij and
some two-element pairs. If his preferences among all single aij and
two-element pairs are transitive and consistent, the resulting military
worth numbers will correctly "predict™ his choices among both the re-
maining pairs of aij and pairs of two-element plans. The real purpose
-of the procedure for computing military worth values, however, is of
course to "predict" choices among complex combinations of the aij'
Now the only comparisons among "complex", more-than-two-element, plans
that can be directly constructed are those which can be built up from
repeated application of the consistency assumption to their components,.
for example, if x, y, z, a, b, and ¢ represent two-element plans where
xPa, yPb, and z P c, the consistency rule says, for example, that

(x +y + 2), consisting of six elements, must be preferred to
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(a +b + c), also consisting of six elements. In other words, com-
plex plans are cemparable only where our Rule 3 (see p. 55) is ap-
plicable. But we can be sure that if a complex plan M is preferred
to & complex plan M' on the basis of this rule, the computed military

worth of M will be greater than the computed military worth of M?, i.e.,

guaij) >El(a’ij>'

The proof of this is obvious.

1. If 8 5 Pa., u(aij) > u(ars), by the construction of the
utility index.

2. If (aij + apq) P (ar's +afg)J then u(aij +apq) >u(arS + afg)’
also by the construction of the utility index.

3. If M is preferred to M?, then M and M can ‘be partitioned into
single and double-element components such thét for every com-
ponent .in M there is a component in M® to which it .is prefer-
red or indifferent, not all indifferent. (This is Rule 3.)
This follows from the fact that M is preferred to M" if and
only if the two plans can be built up from elementary com-
ponents by repeated application of Aumann’s consistency axiom.

Y. Therefore if M is preferred to M*, M and M' can.be divided
into single and double-element components in such a way that
for every component in M' there is a component in M with a
higher or equal, not all equal, utility number.

5. It follows that the sum .of the utilities .of the components
of M is greater than the sum of the utilities of the com=

ponents of M:t.
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The difficulty is that the converse of the sbove proposition is
not true; in general. Thus if M and M' are two complex plans, the mere
fact that the utility of M is greater than the utility of M' does not
ensure that M is preferred to M*. The two plans may be incomparable
even though the utility maximization rule grinds .out a choice between

them.

15. The Multi-Person Amalgemation Problem

We shall conclude this chapter by taking another look in the
light of the immediately preceding discussion at what we earlier
(p. 19) called the "multi-person amalgamation problem™. In the
present chapter we have assumed up to this point that the prefer-
ences of only one person (or the concensus of a board) were in-
volved in the determination of the military worth function. In
Chapter II we pointed out that in many cases it might be necessary
or desirable to consult the preferences of more than one .authority
because of a division of expertise. Two kinds of divisions were
mentioned there. One of these, occuring in the "separable” case,
calls for technical experts to rank the relative desirability of
different models in any given activity while strategic experts
rank the military significance of the activities. We have seen,
however, that except in the case of a lexicographic ordering scheme
of a rather arbitrary sort,l the "separability" concept is probably
not very meaningful in connection with the use of difference orders.

The second type of multi-person problem due to division of expertise

1. ©See above, pp. 57-59.
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might occur where there are several military authorities, each respon-
sible for ranking alternatives only insofar as they affect some subset
of the activities.

More specifically suppose we have the following typé of sit-
uation. Assume that there are m types of equipment and n activ-
ities. GSuppose that each of the n activities is directed by a
different individual. Suppose further that each individual is
questioned to obtain a ranking and a difference order on the aij
for the particular activity_j for which he is responsible. If, as
before, we include anmong the aij the assignment of voids (i.e., the
an>’ then we can represent the preferences cbtained by n different
utility functions, each unique up to a factor of proportionality.
Iet us represent the numerical values thus -obtained by rj(aij),
using the subscript rj to remind us that the value is relative to
the preferences of the jth_authority.l

Now, as before, we would like to find a numerical index u(aij)
which correctly "predicts" a "rational® preference between any two
aij and among all possible two-element assignment plans. Given the
u(aij) we could then compute military worth of an over-all assign-~
ment plan by My ZZ{%ij.u(aij)’ as before, and with, of course, the

same reservations.o

1. Note that we have used the letter J as a subscript in two
different places since the preferences among the a,. for the "jth"
activity are expressed by the -"jth" authority.

2. . This problem of course bears a strong family resemblance to
the so-called "social welfare" problem and related types of multi-
person amalgamation problems. For a very general introduction to this
problem see L. A. CGoodman, "On Metheds of Amalgamation," Decision Pro-
cesses, ed. R. Thrall, C. Coombs, and R. L. Davis (New. York: Jonhn
Wiley, 195h), Pp- -15-19. For other references see R. Luce and H.
Raiffa, Games and Decisions (Néw‘YbrkzlJohn Wiley, 1957), pPp. 327~
370. 'The most extensive bibliography will be found in & forth-
coming research memorandum by W. G. Mellon for the - Econometrie

Research Program, Princeton University.
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Tt seems at the outset that at least two properties should be
required of any solution to this problem. First of all, the'u(aij)
and the preferences reflected thereby should somehow'“take account
of " the preferences indicated by the individual authorities. In
the somewhat similar problem of mapping individual preferences into
a social preference Arrow has stated a "non-imposition"” requirement
for the social welfare function which is similsr to our requirementnl
In our context "impesition" would imply that the central authority
determines a difference.order.én the‘aij without any regard to the
preferences expressed by the individual authorities through the
rj(aij)° There is, of course, nothing a priori wrong with imposi~
tion in a military context, except that it wastes the expertise. of

_ the individual authorities within their own spheres.

A second property which should be required by a solution is

that it should not involve "interpersonal comparisons of utility”.2
«By this we mean here neither more nor less than that the,u(aij)
should be invariant up to a factor of Propertionality with respect
to a proportiocnal change in any or all of the individual rj(aij)
scales. An elaborate philosophical defense of this requirement

would probably be futile and certainly beside the pdint here. The

only defense we shall offer is the point that as long as the,rj(aij)

1. K. J. Arrow,. Social Choice and Individual Values (New York:
John Wiley, 1951), p. 28.

2. The most relevant discussion of this concept as applied to
ordinary utility situations is found in Imce and Raiffa, Gemes and
Decigions, p. 35.
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do not have fixed units there is no reason why arbitrary changes in
these units should affect the u(aij). That is not to say that
there may not be some concelvable circumstances in which the cen-
tral authority could find a meaningful way to fix the units for
the individual rj(aij) functions; but this would be a different
problem and one that we do not intend to explore further here.
Thus, in a sense, this second requirement should really be regard-
ed as part of the definition of the preblem‘l

It .should be noted, however, that in general we would not
expect the u(aij) to be invariant with respect to any linear trans-
formations on some or all of the rj(aij) scales. This is so be-
cause the existence of the voids among the a, ., establishes a nat-

ij

ural zeroc for each of the rj(a scales.

ij)

14. Some Possible Solutions

With the above definitions and requirements in mind we shall
now explore a few obvious methods of solution.

(1) For the sake of completeness we list a method already
rejected whereby the central authority simply ignores the prefer-
ences expressed by the individusl authorities.

(2) An opposite policy would be .one Which‘sets the values
of the.u(aij) mechanically without regard to any preferences by

the central authority. Thus for example one could arbitrarily let

1. Not every reader may feel that invariance with respect to
proportional changes in the r,(a,.) scales capbures the full intui-
tive content of the phrase "nd interpersonal comparisons of utility”.
However, we feel that this invariance is at least at the heart of a
rather elusive idea.
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all the rj(aij) scales run between zero and one and set the re-
sulting numbefs equal to u(gij). Thus while the first procedure
obviously and explicitly vislates the first requirement of an
acceptable solution, its "epposite" vioclates the second, since in
this case the solution depends upon particular choices of the
units for the rj(aij) scales.

(3) A third possibility in which the u(aij) depend both upen
the rj(aij) and the preferences of a central authority is as fol-

lows: Consider the two-element assignment plans

=.8a , a_ .
A wi b xJ

B = byi +sz:

Now let A p B if

T r

Lrj(sz)“rj(axj)J - Lri(awi)”ri(byi)] RRITE
where both differences are positive -and where kji is a figure
picked by the central authority, one for each pair of activities,
iand j, and which reflects, or rather defines, its attitude to
the "relative importance” of the two activities. This method,
however, like (2) obviously is not invariant with respect to
changes in scale in one or more of the rj(aij) functions. It
therefore implicitly depends upon an "interpersonal comparison
of utility” on our definition of that phrase.

() A fourth possibility which like the third makes the

u(aij) depend both .on the rj(aij) and the judgment of & central
authority, but lacks the defect of method (3) can be sketched as

follows: Define

U(aij) =1:>(vj)“:r"j (aij)
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following Aumann and Kruskal. Iet the central authority then ex-
bress its preferencesg by choice of the p(vj). The difficulty with
this method is that in reversing the Aumann and Kruskal brocedure
by letting determination .of p(v&) determine choicesg rather than
letting choices fix the value of p(vj), 1t offers no guide to the
cholce of the p(vd)« Since choices among assignment plans would
be implicit in choices of p(vj) by the central authority, it seems
much more natural to deal directly in terms of choices among the
two-element assignment plans.

(5) The following method mekes use of direct choices by the
central authority, takes account of the r(aij) and does not in-
volve interpersonal comparison of utility. 7Tt requires, however,
& special situation which might make it of limited applicability
to actual problems. Iet Us suppose, as in (4) above that we have
a matrix of aij with n activities and n corresponding utility func-

tions rj(aij) and let us again define
u(aij) = p(vj)brj(aij)"

In this case, however, we suppose that the elements within cer-

two~element assignment plans for elements in thege rows, using the
preferences to obtain the values of the p(vi)/p(vj) ratios as in
the Aumann and Kruskal method. With the values of the p(v&) thus
cbtained, the values for the u(aij) in the entire matrix are deter-
mined. “

To make this a little clearer, consider the following matrix
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of assignment elements where the rows represent model-types and the

calumns, activities:

(a)5) (25) 213
o1 (ap) (5,“25)

I CH P

Now let us Suppose that assignment pairs involving elements in paren-
theses can be compared by the central authority without reference to

the corresponding rj(aij) values. For example assume that a prefer-

ence can be thus obtained for the following A«B pair:

A =a

ll+8.

22

B a

i

z1 T @t

But the values of the rj(aij), although having no direct influence
‘on the central authority's choice between .such A-B pairs, can be
independently computed from the preferences of the local authori-
ties. Thus, for example, local authority 1 directing activity 1
gives preference information from which the rl(ail) are determined.
Now the values of the rj(aij) can be combined with knowledge of pre-
ferences among the A-B pairs obtained from the centrsl authority

to yield the values of the p(vi)/p(vj) ratios and thence the values
of the u(aij) themselves.

To give an admittedly somewhat crude interpretation of the
-setting required for the use of this technique,vsuppose that the
"activities® are military bases and the "models™ are different items
to be assigned to the'bases. Suppose among possible items to be
assigned to the "activities" are gulded missiles with nuclear war-

heads and poison gas. Now it is reasonable to suppose that the




items. Thus the.assignment of such items to the various activities

would correspond to the aij in parentheseg in the matrix Presented

It may appear to some readers that this method implicitly in-
volves the determination of a common unit for the rj(aij) scales,
but this is not the case. The reader can convince himself that
any scalar transformatibn of one of these functions wiil leave the
u(aij) unchanged since if, for example, we multiply each rj(aij)
by 10, for Some given j, the corresponding p(vj) is automatically
divided by 10 and hence u(aij) is unchanged. At the same time it
is clear that the determination of the p(vJ.) and hence u(aij) de-
pends upon the central authorityts breferences among only a limited
subset of the aij' Thus the ultimate computed "preference” among

2
the remaining elements depends in Part upon these Preferences.

,u(aij) through the determination of the rj(aij)°

2. Hence the procedure violates Arrow's "independence of ir-
relevant alternativeg" condition. See Arrow, Social Choice and
Individual Values, Pp. 26~28,




CHAPTER IV

INVENTORY PROBLEMS AND THE MAXTMIZATION OF EXPECTED MILITARY WORTH

1. Introduction

The previous chapters of this study have dealt with problems of
choice emong "sure prospects"--ag they have come to be known in the
literature of utility theory. That is, there have been no probabil-
istic elements involved in the items among which choices are to be made.
We now want to examine briefly an extremely important military worth
problem where probabilistic elements must come to the center of atten-
tion. The importance of the problem, its comparative neglect, and
the potential fruitfulness of the general line of approach we shall
take, rather than the practical usefulness of the particular conclusions
reached is the chief justification for the discussion that follows.l

Our problem is the evaluation of alternative inventory positions
in the military setting. Inventory theory treats three types of costs
associated with inventories: the costs of procurement, holding costs,
and the costs associated with having insufficient inventories-~the costs
of runouts. In ordinary commercisal operations all of these costs can,
coﬁceptually at least, be calculated in money terms and compared. In
the military establishment, however, while procurement and holding costs

are computable in money terms, the costs of being caught short are not.2

1. The difficulties inherent in applying -inventory theory to the
military establishment are noted in K. J. Arrow, T. Harris and J. Marschak,
"Optimal Inventory Policy," Econometrica, Vol. XVIV, No. 3 (July, 1951),

p- 250. See also T. M. Whitin, The Theory of Inventory Management
(Princeton: Princeton University Press, 1953), pp. 165-75.

2. Except in such comparatively rare cases where runouts can always
be prevented by "rush orders® which have some known extra monetary cost
as compared with regular orders.
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It is the latter with which we shall be concerned. Thus although two
different inventory policies may differ in the money costs of obtain-
ing and holding the,inventory, our concern is with differences in the
ability to meet demands. We ghall view the military worth of an in-
ventory position, as opposed to its cost, as determined by its ability
to meet the demands for the various items stocked and by the military
-importapce, in a sense to be determined, of the different items them-~
selves. 1In what follows we are going to define "ability to meet de=
mands” in terms of the runout probability assoclated with a given
policy for a given military item in a given period. Other definitions
of "ability to meet demands”--such as expected percentage of time the
system is out of stock--are possible. However, the one used here is
most often considered in the literature of inventory theoryl and turns
out to be most convenient for our purposes.

Ilet us suppose that g military system is concerned with stocking

n items, a Any given inventory policy will result in a cer-

177008 -
tain level of stocks at the beginning of a period for each of the n
items. Given the stochastic character of demand this means that as-
soclated with any inventory policy there are n probability numbers,
pl""’pn indicating the probability that all demands made on the stock
of the n items during the period will be met. For our purposes we
shall characterize an inventory plan by the set of probabilities as-
soclated with it. Thus if we are considering two different inventory

plans, we shall treat choice between them (from the military worth point

-of view alone) as being a choice between two probability vectors.

l. I am indebted to Professor D. Orr of Amherst College for this
observation.
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How should the,inventory autherity go about ranking two inventory
plans, M and M'? To assert that a problem exists at all here really
implies again a desire to separate the "judgment” from the "combins-
torial™ aspects of military worth determination.r This is so because
the "problem” could of course be "solved" simply by appointing an author-
ity familiar with the technical characteristics of the items to be
stocked and their use in military operations to make a choice between
the two'plans M and M' on the basis of his expert Judgment. This "sol-
ution" to the problem of ranking the two plans is cbjectionable for two
main reasons. The first reason is the same asg that presented in Chapter
IIT in a similar context: the most astute judgment is not relisble when
the complexity of the alternatives to be Judged is very great. For
this reason it would be desirable to limit the direct use of expert
Judgment to the making of decisions among simple alternatives, the
decisions among the complex ones being constructed through the use of
mechanical combinatorial rules.

A second objection to the ™and® or "naive" solution is that it
does not permit easy, immediate determination of the relative merits
of any pair of inventory plans. In view of the fact that the runout
probabilities for each of the n items can take on any value between
zereo and one, the number of potential plans to be ranked is limitless.
It would be nice to have a technique which makes military worth values
cmerge as a function of the runout probabilities so that the relative
values of any two plans can be computed directly, thus making it un=
necessary to consult expert Judgment every time. The point here is

similar to the one which motivated the development of a utility theory

1. See above, p. 67.
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for game theory. The von Néumann«Mbrgenstern utility permits the game
theorist to compute the preferences of the players for all possible
Probability combinations of .outcomes without the necessity of constant
reference to the players themselves.l

Superficially the resemblance between the problem discussed in
this chapter and the von Néumann»MOrgenstern utility broblem would
appear to be fairly close, but«actually the similarity breaks down at

several cruciasl points. In the following section we shall present g

The following section attempts to do two things. First we shall
develop a set of assumptioens which (1) Specifies the nature of the ele-

mentary preference information we shall require and (2) DProvides rules

order on the set of all pessible Inventory Plans. After this has been

done we shall discuss a military worth function which hag the DProperty

1. Game theory and the utility theory associated with it are of
course logically independent of cach other.

2. Unfortunately an earlier attempt to work from the more satis-
factory von Neumann»Mbrgenstern axioms proved unguccessful.




that of another if and only if it ig preferred by the criterion pro-

vided by the set of preference assumptions.l

require six preference assumptions to be introduced below. The tech-
nique to be bresented is no stronger than the validity of these six
assumptions. It must be admitted at the start that five of the six
are distinctly nen-trivial and in fact may be objectionable under some
circumstances. It is to be hoped that the reader will fegl that the
technique is suggestive enough to make the exploration of the assump~-
tions worthwhile. In any event the limitations of each of the assump-
tions will be discussed as they are presented.

Our assumptions deal with the following set of entities: (1) There
are n different items al’""an’ representing the types or items to be
stocked. (2) 17 pi Tepresents one minus the runout probability for the
ith item when the stock of that item is placed at a given level, we can
consider all inventory plans M as being defined by the runout probabili-

ties associateqd with it, so that

1. The general line of argument and the techniques of pProof were
inspired by roughly similar Procedures employed in a different context
by W. J. Baumol in "The Cardinal Utility Which 1s Ordinal,” The Econo-
mic Journal, Vol. IXVIII, No. 272 (December, 1958), pp. 669-675.




(100)

"standard rrize" (e.g., a monetary sum) R such that R P a; for all i.
This means that the prize R is preferred to the certainty of a . guffi-
clent supply of any of the items taken separately. Write p(R) for the
probability p of getting the prize R;l We now state the six assump-
tlons about preferences among these entities.

Assumption 1: For any two stocking plans M and M'  either M p M*,

M*p M, or M T M'. Also for any a, and any probability 1 (0 < p; < 1)
and any prebability p (0 < P <1), either P;a; 1s preferred to p(R),
p(R) is Preferred 1o p,a,, or the two alternstives are indifferent.
This means (1) that a preference or indifference relation exists be-
tween any rair of inventory Plans; and (2) that a Preference or indif-
ference relation exists between any probability of a sufficient supply
of a given item (including s probability of 1) and any given probabili-
ty of getting the standard prize R.

Assumption 2: For.any.inventory item a, there exists g proba-

bility number a4 (0 < 4 < 1) such that a, I qi(R). This is a contin-
uity-of-preference-as~a-functionaof-probability assumption. It means
that there is some probability which makes the authority just indif-
ferent between getting a certainty of having enough of the ith item,
on the one hand, or a 9 chance of R, but an insufficient supply of
the ith item, on the other hand. Some discussion of this assumption
is necessary. If g military authority were asked to choose, for ex-
ample, between the certainty of an adequate.supply,of,item a; and a -

+» chance .of R, his cheoice would Presumably depend upon what happens

l. The probability of not getting R is of course (l»p)o If we
represent "not getting R" by R?, then p(R) in +he more customary
"lottery ticket” notation would be (p,R,RY). However it is super-
fluous to keep the R' and the more elaborate notation for our purposes.
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to 8; in the event that he picks 5(R) rather than a;- All we specify
is that there will be a shortage of the ith item, not how large a shortage
or how long-lasting. The authority‘s assumptions about the nature of the
" hypothetical shortage would surely affect his answer. This ambiguity is
& definite weakness in the schemew . . We can defend Assumption 2 on the
following grounds, however,. (1) This ambiguity is inherent in any at-
tempt to evaluate inventory policies where "ability to meet demands"

1s defined solely in terms of runout probabilities. (2) Even though the
ambiguity is Present, the value of q:.L is a rough measure of how much the
authority would be willing to pay for the certainty that all demands .on
the ith item are met.

Assumption 3: If a;, I qi(R), then p;a; I pi-qi(R)- This assump-

tion says that if the guarantee of a sufficient supply of a, is worth,
for example, a .5 chance of R, then a .5 chance of such a guarantee ig
worth half ag large a chance of R, i.e., a one-quarter chance. Two
remarks concerning Assumption 3 are necessary. First of all, the pro-
position thaf & one-half chance of a . one-half chance of R equals a one-
quarter chance of R is similar in spirit to von Neumann and Morgen-
sternts algebra-of-combining axiqm.l

Secondly, Assumption 3 may appear to be absurd if one follows a
natural inclination to draw & superficially appealing, but incorrect,
rarallel with a similar situation in von Neumann and Morgenstern. The
apparent parallel stems from the following consideration. A one-half
chance of g supply sufficient to meet gll demands for a; is also a

one-half chance of a deficient supply of 8- Iet us call a deficient

1. See The Theory of Games, p. 26.
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supply (a runout) of this iten a{o ‘Hence in "lottery ticket" notation
. . ]
our .5ai would be (.5,gi,ai).
Now if &, and a/ were typical "prizes" in the context of the von
Neumann and Morgenstern problem, one would evaluate such a lottery ticket

as follows. Find probabilities p and q such that

a; I (p,R,R?)
and

af I (g,R,R).T

Then from their discussion it would follow that
r .
('5}3»1}3*{) I L»5(p,R,RV)5(q,R,R')],
whereas, on the contrary, our Assumption 3 says that
[
(3rapad) 1] 5,50 .
Thus Assumption 3 seems implicitly to make

a{ I (O,R,RY).

It is perfectly true that such an implicit assumption is absurd
when .dealing with the sort of "prizes” ordinarily encountered in the
context of discussions of the von Neumann-Morgenstern utility theory.
Thus it is absurd to 58y that if a Ford ig indifferent to g <5 chance
of R, then a 50-50 chance of a Ford Oor an MG is indifferent to g (.5)(.5)
chance of R. This treats the .5 chance. of the MG as worthless. Tt isg
not absurd, however, to say that if a sufficient supply of x is indif-

ferent to a .5 chance of R, then a 50~50 chance of a sufficient supply

1. Bee note 1 on pP- 100- for definition of R!,
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of x is indifferent to g (-5)(.5) chance of R. The plausibility of
the assumption as applied to the,inventary'situation,vif it be plaus-
ible, stems from the reflection that in evaluating a,;, the sufficient
supply, one must implicitly take account of a{, the deficient supply,
whereas in evaluating a Ford against R,,oﬁe does not implicitly or
Otherwise take account of the value of the MG.

However, it must be admitted that even though Assumption 3 is not
absurd and to the present writer, at least, seems perfectly plaﬁsible,
it is not certain that one would want to include it among the sine qua
nons of "rational" behavior. Tn any event it . is essential in getting
the desired resultﬁénd 50 we consider it.

Assumption 4: For any entities W; X, ¥, and z in our system, if

W IxandyTIz, then (wW+y) I (x +z). This is another use of the
idea of independenﬁ utilities encountered earlier in Chapters II and
ITI. Here, as earlier, the assumption is far from harmless and in fact
may seriously falsify the facts when there are strong complementarities
among the differentvitems.

Assumption 5

r :
Lrl(R) + oo+ rn(R)J I [(rl + oo+ rn)(R)J
To explore the meaning of Assumption 5 and of k4 and 5 taken to-

gether we consider an interpretation and an implication. First, ima-
gilne that there exists a drawing with 1000 numbers for an automobile.
The acceptance of a single free ticket is equivalent to the acceptance
of a "lottery ticket" where the winning prize (R) is getting the car,
the losing prize is not getting it (RY), and the winning odds are
l/lOOO. Now suppose a person is offered a choice between a sure prize

X and a certain number of free tickets to the drawing. Suppose the
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offer of 7 free tickets would make him just indiffe;gnt between the two
alternatives. Now we withdraw this offer and make a similar offer of g
certain number of tickets or g Prize y and discover the number of free
tickets indifferent to-y. Suppose it is 3. Suppose also that b free
tickets are indifferent to g brize z. -Assumptions 4 ang D, then, say
that a person should be indifferent between an offer of x and Yy and z,
on the one hand, ang (7T +3 + b) = 1k Free tickets to the drawing, on
the .other.
Again, consider the following lottery ticket, (p, $10,$0). Sup-

Dose we find that the following indifference relations hold for some

particular individual:

x I ('l}$loﬁ$o)
¥ I (.2,$10,$0)
z I (‘5:’$J-OJ$O)‘

From Assumptions 4 and 5 it follows that the individual ig indifferent
between (x +y +2) ang (.6,$10,$0). 1Tn other words if x is indif-
ferent to an expected value of $l, ¥ 1s indifferent to an expected value
of $2, and z, to an expected value of $3, then the three items together
are indifferent to an exXpected value of $6.

Would or should such an indifference actually exist? It is clear

at least that it need not be go under a1l Circumstances. Tn any par-

Y, and z, and in part on one’s reaction to the Probabilities of getting
the standard brize. These are distinct questions. Suppose, for Cxample,
to use the classic illustration, X; ¥, and z are three right shoes of

different makes. TIn thisg case there may exist no 8, b, and ¢, such
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that 1f x I>a, Y Ib, andz T Cy then (x +y +z) 1 (& +D +¢).

But even if the x, y, and z "satisfy different wants™ so that they are
neither substitutes nor complements of each otherbvit need not neceg
sarily follow that one could sum up the Probabilities of getting some
other item to which each is indifferent, taken-separately, and then
assume that the whole collection must be indifferent to the sum of the
Probabilities in the way that we have done. Nevertheless the 8S5Uump=
tions may hold under gz fairly-wide,range of circumstances and gince
they help to get a result which would be nice tp have, we explore them
here.

Assumption 6 P(R) 1s preferreq to p*(R) irf and only if p > pv,

This assumption ig entirely harmless since it says merely that g, larger

that R must of course be chosen go that getting R is preferred to not
getting 1t, other things being equal.
‘Having~completed.our discussion of the assumptions we show how

1-6 can be used to compare any twa‘inventory,planva and M' where

M =p.lafl tosenean. +7Dp a8

a, I ql(R)

This is made possible by Assumptions 1 and 2.+

1. The values of the qq are the only "elementary preference in-
formation” required. :
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(2) It follows that P;a, 1s indifferent to pirqi(R), by Assumption 3.
- (3) Next we have that

M¥ I PJ9(B) + ......, +pr1q_n(R),

by Assumption k. Wou let

and

(%) Then it follows that

MI(r 4+ vr ()

and
' L \
M! T (ri + e rn)(R),

by‘Assumption 5.

(5) Finally, M is preferred to MY if and only if

n n
¥
i=l i=1

by Assumption 6.

Now let us define the.military worth of any inventory plan M

as follows:




e
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We shall adopt the following conventions with respect to the utility

numbers u:
(1) rx 1y, u(x) =uly) and if x p ¥y ulx) >u(y).
(2) Define u(R) =k, where k >0.
(3) Define u(piai) = pi"u(ai).
r 3.
(4) Define u q_i(R_)]= q_i'u(R) .

We wish to show that the milltary worth of an inventory plan M is
greater than the military worth of an inventory plan M¥ if and only if
M p M*, where the preference relaticn is established by application of
Assumptions 1-6.

First find the values of the qi such that a, I qi(R) .

Then u(a ) = qul (R)] by convention (1).

‘But u(ai) = qi*u(R), by convention (k).

Also, the utility of the individual items in M is u(pi i) =D itu(ai),
by cenvention (3).

By substitution we get u(piai) = pi "qy ‘u(R).

We define r, = pi-_qi » a8 before.

Therefore u(piai) =r;u (R).

But by definition Mw(M) =-u(piai) + ie. + u(pnan) .

Therefore

MW (M) . =.rl*_u‘(R) + e +rn-u(R).
Collecting terms we get

MW(M) = (r‘l + o +rn)fu(R).
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Likewise, by similar reasoning

{ 3 o L4 v 1) e
MW{M¥) = (rl F oaen +-rn) u(R).

But since u(R) >0, by convention (2), MW(M) > MW(MY) if and only if

n

rk.
1

But we have already shown that M p MV if and only if the above in-

equality holds. . Hence, u(M) > u(M') if and only if M p e,

5. Evaluation of the Solution

It is obvious that it cannot be predicted with certainty that
the above solution to the inventory problem will prove to be desirable
or feasible in actual practice. Probably no a priori determination of
its feasibility and desirability can be made. Practical experience
would surely be needed, although a few of the relevant issues can be
explored here. There seem to be two sorts of questions that would be
natural to ask: (1) What potential advantages does such a system have
as compared with evaluations arrived at by ordinary "competent judgment"”
of inventory alternatives? (2) How can the "accuracy” or "reliabiiity”
of the military worth judgments arrived at by the utility scheme be
appraised?

As compared with more intuitive methods of evaluating inventory

policies the present system has only two advantages, but they are

1. Note that owing to the nature of the preference assumptions,
only one arbitrary constant is involved in the construction of the
index. The index is thus unique up to a factor of proportionality
and .0(R) is the “natural” zero point.
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important ones. In the first place the system does permit, to use
Aumann and Kruskal's language, "separation of the combinatorial from

the judgment” aspects of evaluation. The "judgment” aspect enters in
when we ask authorities to evaluate the importance of having a sufficient
supply of a given item as ceompared with a given probability of obtaining

a "standard prize" If the six assumptions are valid, such comparatively

simple matters of expert judgment can be combined to yield judgments
about quite complex alternatives. The second advantage of the utility
scheme is exactly analogous to the advantage the von Neumann-Morgenstern
utility confers on the game theorist. TIn that theory the utility num-
bers permit the theorist to know the responses of the players to any
conceivable probability combination of pure outcomes without the necesg-
8ity of constant recourse to questioning of the players. Iikewise here,
the authorities responsible for inventory contrel can compute the rela-
tive merits of any pair of inventory policies that may be under consid-
eration without the necessity of always having to call in the strategic
authorities for an evaluation. Presumably those who would be most ex-
pert in weighing the relative importance of avolding shortages in dif=-
ferent items would not be those in charge .of the routine operations
of the logistics system. Since each runout probability could in prin-
ciple range anywhere between zero and one, the range of possible in-
ventory policies which could come under consideration is infinite. In
view of these two essential facts the advantages of enabling the in-
ventory authorities to compute the merits of all possible plans is
obvious.

How "accurate” will the evaluations generated by the utility scheme
under consideration be? Iet us first consider the case where each of

the six assumptions required to get the result is in fact deemed to
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be applicable to some particular military situation. In this case we
are sure that the evaluations generated by the application of utility
numbers will be "correct™. An alternative to the use of the method .of
course always exists in simply asking some relevant authority whether
or not, for example, plan M should or should not be preferred to plan
M'. If the authority's answer is "correct" it will be the same as that
given by the utility numbers of the two plans. If his answer is dif-
ferent, then his judgment must somewhere be in implicit violation .of
one or more of the six assumptions. One might say of this situation
that the combinatorial complexities of the problem have been too great.
It is in just such cases that it is desirable to "separate the combina-
torial from the judgment problems”.

On the other hand suppose .one or more of the six assumptions is
considered implausible in a particular context. In this case the util-
ity numbers of a set of inventory positions N&,..,Mh would in all like-
lihood not correspond to the "true" ranking of the alternatives. In
such a case the ranking produced by direct questiening of a military
"authority"” might .or might not be nearer to the ™true" answer than that
generated by the application of the utility numbers. If the rankings
produced. by the aufhority are gimply defined to be the true ones, then
of course it is trivial that the utility number rankings could only
be worse. If no other a priori standard of "correctness"” is provided,
then a comparison between the computed and the intuitive judgment is
meaningless. To the present author this type of dilemma demonstrates
the great advantage of the axlomatic approach to military worth prob-
lems. If you can characterize any complex choice system by a set of
simple axioms, then you have a meaningful way of checking the validity

of your comparisons. Conversely, if the comparisons you make are derived
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from such a set of axioms, the rationale behind your decisions is always
out in the open. You can check the validity of the judgment by in-

spection of the validity of the axioms.l

1. There is, of course, always the possibllity that a different
and valid set of axioms would lead you to the same choices as invalid
axioms. However, this seems unlikely in the present situation.



CHAPTER ¥

CONCLUSION

1. The Nature of the Military Worth Problem

Our examination of specific military choice problems is now com~
plete and there remains only the task of summarizing our basic position
on the general nature .of the military worth problem and its solution.
The approach taken in each of the specific situations analyzed in
Chapters II-IV was animated by a consistent point of view on these
matters. Since military worth research is an almost virgin field and
since the general approach taken in this study may prove to be of
more interest than any one specific result, it seems desirable to
conclude by focusing attention on the nature of the approach advocatedo

1. In the first place, the term "military worth" in the sense
we have used it means nothing more or less than an index of the de-
sirability of alternative military policies-=whether the field of
discussion be alternative allocations of given items, alternative
stock levels or whatever. By the "desirability" of alternative pol-
icies we of course mean their purely military desirability abstract-
ing from money cost considerations, space or other type of constraints.
A military worth index is thus a guide to choice, a decision-making
convenience. Hence in this sense military worth is exactly analogous
to the general concept of "utility" as it is now coming to be under-
stood, an index of choice whose properties may differ greatly in
character from one decision-making situation to another.

In economics utility theorists have long since given up the
nineteenth century pastime of debating the question of the "real”

meaning of utility in quasi-philosophical or quasi-psychological
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terms. They have instead turned to the vastly more fruitful problem
of characterizing different types of choice-making situations or
preference structures in mathematical terms. The aim of this "modern"
utility theory has of course been to describe and in some cases to pre-
scribe actual choices. Tt is becoming increasingly realized that as
the choice-making environment and the underlying structure of pref-
erences assumed to exist changes, so must the "utility theory" as-
sociated with itol

The result of this trend has been the development of a diverse
collection of utility theories. The earliest of the "modern" utility
theories was directed at the analysis of consumer behavior under cer-
tainty.2 Because the preference axioms adopted for this situation
were so limited the result was a purely "ordinal" theory and for a
long time many economists argued that "utility" was an intrinsically
ordinal, non-numerical concept. It was left to von Neumenn and Mor-
genstern to show that in choice situations involving risk a numerical
utility is not only necessary but in fact exists if only somewhat more
extensive choice axioms are adopted.3 More recently Iuce and others
have developed a still different type of "utility" for situations in

which the probability of choosing an alternative x over an alternative

l. See Armen A. Alchian, "The Meaning of Utility Measurement, "
American Economic Review, Vol. XLIII, No. 1 (March, 1953), pp. 26-50.

2. Bee for example Vilfredo Pareto, Manuel d'Economie Politique
(Paris: 1907), p. 26k.

3. Theory of Games, pp. 15-31.
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Yy 1s assumed to be, in general, different from zero or one.,l

The moral of this brief story for the military worth theorist
is clearly that it is premature, if not entirely beside the point, to
debate whether "military worth" is or is not a particular kind of
"quantity". We have seen in Chapters IIT and IV that in some sit-
uvations it is both possible .and desirable to develop military worth
indices which are in fact unique up to a linear transformation (Chap-
ter IV) of even unique up to a multiplicative constant (Chapter III).
On the other hand, Chapter II demonstraﬁes that there are many im-
portant situations in which the appropriate choice axioms can lead
at most to an ordinal index. Actually all of the military worth in-
dices developed in this study have in common the fact that they give
a numerical summary -of the .order of preference among the alterna-
tives, although the numbers involved are in fact "cardinal® in thé
case of the Aumann and Kruskal index and in our adaptation of the
von Neumann-Morgenstern index. The actual nature of the index de-
veloped in each case depends entirely upon the “richness® of the choice
axioms posited. In both Chapters III and IV, for example, 1t is mean-
ingful to add military worth numbers under some circumstances because
this addition has a-"natural” correspondence in the structure of
preferences. Where the circumstances of the case do not permit such
& rich set of preference axioms no such additivity is possible. In
any case we have explored the implications of different possible

assumptions about the underlying preference structures in the belief

1. See R. Duncan Luce, Individualf@hoice Behavior (New York:
John Wiley, 1959), p. 2. ”

LN
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that some practical situations will permit the assumption of a rich set
of preference axioms and others will not,,l

2. Since a military worth index is basically an ordering of al-
‘terﬁatives, military worth becomes a "problem" only in situations
where ordinary "hand" methods of ranking alternatives prove inade-
quate and it appears that more systematic methods can offer some
chance of improvement. . Any military worth problem of the type we
have considered can always be "solved" simply by appointing a military
authority to order all alternatives of interest in accordance with his
best military judgment. Any military worth index does no more than
provide such an ordering,2 Nevertheless;, as we have seen throughout
the course of this study, there may be many reasons why it is desir-
able to replace the "hand" solution by a systematically constructed
military worth function. (1) It may be desirable to take advantage
of a kind .of division of labor among experts. Thus different in-
dividuals may order the elements of different subsets of the over-
all set of alternatives with which they are particularly familiar. In
this case a systematic method of amalgamating the component orderings
into an over-all ordering is needed.” (2) Band solutions may be in-
adequate if it is thought that the complexity of the alternatives

involved is too great for meaningful judgment, even by experts. In

1. See the discussion of the principles of measurement in the
Theory of Games, particularly Pp. 20=-21.

2. There is of course nothing paradoxical about the fact that
even cardinal military worth functions "merely™ order the alterna-
tives. Their cardinality results from the fact that somewhere in the
preference structure one has assumed that one can combine preferences
in a certain way to get other preferences.

3. Bee above, pp. 19«20, 87-93
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this case it may be possible to systematically combine preferences
among small-scale alternatives so as indirectly to obtain preferences
for the complex ones. In such situations a true military worth "theory”
is both desirablé and possible.l (3) Finally, numerical military worth
techniques may be desirable to facilitate routine computation .of opti-
munm alternatives within whatever constraints are present on the part
of logistiés personnel,2

As we have seen repeatedly, even in situations where a system-
atic "military worth" solution to the problem.of ranking alterna-
tives may be desirable, it may be impossible to obtain an adequate
solution for any one of several reasons. Chief among these is the
inability to find a sufficiently rich and at the same time meaning-
ful set of choice assumptions. No doubt many, though perhaps not
the majority of military choice problems will always be solved in
the old-fashioned ways--a remark which should not be taken to min-
imize the potential usefulness of military worth theory. The amounts
of money involved in military decisions are so huge that even rela-
tively minor improvements would pay Tor the cost of military worth
research many times over.

5. The only really satisfactory military worth theory starts
with the explicit statement of a set of choice axioms applicable
to the problem at hand. Tdeally the axioms should be sufficiently

rich to generate preferences among all alternatives of interest.

1. See above, pp. 67-7T1, 97, and 108.
2. See above, p. 97.

3. For a particularly forceful statement of this point of view
see Q. Morgenstem, The Question of National Defense, pp. 205-205.




(117)

As we have seen, in the type of problem in which we are interested
the first step in the computation of an actual military worth func-
tion is the collection of preferences among some alternatives by di-
rect questioning of a military authority. These preferences are then
combined or extended according to certain rules to obtain preferen-
ces over other, usually more complex alternatives. Thus our choice
axioms do two things: (1) They state the kind of preferences which
can be obtained directly. (2) They state the ways in which these
preferences can be combined to yield other preferénce relations. The
choice of axioms in a particular situation will of course depend in
part upon expediency and in part upon questions of ‘"naturalness” or
"intuitive acceptability”.t

The reason for advocating an axiomatic approach is simple, but
basic. Military worth devices serve a normative purpose in the fol-
lowing sense: they tell us in a given situation which of two alterna-
tives is to be preferred. In view of this fact there must be a test
as to whether the choices actually ground out by the mechanism are
in fact the "correct” ones. It is of course possible to determine
the "correctness" of the choices simply by checking the answers ground
out by the military worth mechanism against the good judgment of
authorized military authorities. But as we have noted above, in the
situations in which military worth systems are most likely to be needed
this check is either impossible or unreliable. If such a direct test
were entirely possible and relisble there would be little need for

the construction of a systematic method for computing military worth

1. BSee The Theory of Games, p. 25.
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in the first place. This dilemma provides the basic Justification
for the introduction of an axiomatic approach. For if we can show
that the preferences ground out are the logiceal consequence of the
"elementary"” preferences obtained by direct questioning and the axioms
for théir manipulation, then to check the "correctness" of the de-
rived preferences we need merely check the acceptability of the axioms
which produced themel In the absence of an explicit set of choice
axioms it is of course always possible to invent an ad hoc military
worth scheme which will "tell" whether one alternative is or is not

to be preferred over another. The only trouble is that in this case
one has no ides why the given alternative should or should not be
preferred.

b, Tdeally speaking a military worth function is a set of num-
bers applied to alternatives which have the property that the mil-
itary worth of one alternative is greater than that of another if
and only if the first is preferred to the second by some axiomatic
criterion of rational preference.  As we have seen, this is often
too much to expect. But at least the minimum requirement of a mil-
itary worth function is that the military worth of one alternative
be greater than that of another if i1t is preferred. 1In other words,
preference must at least be a sufficient condition for one alterna-
tive to have a higher indexed value than another. With the military
worth index constructed in Chapter IV preference is both a necessary
and a sufficient condition for this. For the Aumann ahd Kruskal

index and the index associated with Rule 2, however, it is only

1. See also above, pp. 67-T1l.
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a sufficient condition.

2. The Place of "Ad Hoc" Solutions to Military Worth Problems

Under ideal circumstances the set of preference axioms should
be sufficiently rich so that a preference relation can be obtained
over any pair of alternatives which may be of potential interest.

And of course under ideal circumstances preference of one alterna-
tive over another would be both necessary and sufficient to ensure
that its military worth value were higher. As we have seen, however,
these ideal circumstances are frequently impossible or at least dif-
ficult of attainment. We have repeatedly run into situations where
our choice assumptions were insufficient to determine whether some
particular x was or was not preferred to some particular y. .Among
the most important instances of this type of difficulty have been

(1) failure to.obtain complete orders on the %ij from priority and
efficiency informationl, (2) failure of Rule 2 to provide a basis

for comparison of all pairs of complex over-all assignment plans, and
(3) the similar failure of the Aumenn and Kruskal military worth pro-
cedure and the Aumann choice axioms.

It is of course true that even in cases where the choice axioms
are insufficient to determine preference for all pairs of alterna-
tives a choice must in practice somehow be made. This implies that
some kind of “ad hoc" method must be developed for determining whether
X -or y shall be picked when x and y are incomparable in terms of the

given elementary preference information and the combinatorial axioms.

1. See above, pp. 21-2k.
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But if there are many situations where it will be necessary to resort
to some type of ad hpc procedure it may also be impoftant to findta
way of distinguishing goad.ad hoc procedures from bad.

With the exception .of one item to be notéd_in a moment there
has been no discussion of possible ad hoc procedures in this paper
-or of the relative merits of alternative pfocedures in different
situations. This omission has been deliberate and is primarily
explained by two considerations. (1) The aim of the present work
has been to show the possibilities and limitations of the axiomstic
approach. (2) It is .our conviction that discussion of ad hoc Pro-
cedures in the abstract is a rather pointless activity. Only in
the presence of a particular real-life problem would such a dig-
cussion be meaningful. The real-life problem may present prefer-
ence information peculiar to itself which is not conveniently ax-
iomatized and it may present particular requirements of convenience,
etc., which are not easily forseen.

Actually, however, both the military Worth functions asssociateq
with Rule 2 and the index .of the Aumenn and Krusksl method are “ad

hocW

in a certain restricted sense, for they can be used to make
cholces between elements that are .incomparable in terms of the under-
lying preference structures from which they are derived. Since pre-
ference is only a sufficient condition for s higher military worth
number in these cases, u(x) may be greater than u(y) even though x and
y are incomparable. - Hence with respect to such a pair of alterna~-
tives the rule that you should always magimize.military worth re-
presents an ad hoc solution in so far as choices between incompar-

ables are concerned. . Nevertheless, in the case of both the afore-

mentioned military worth functions, one can at least be sure that
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the alternative which maximizes military worth is not inferior to
any other feasible alternative. Of course in any collection of
feasible alternatives there may be a large number which are "Pareto
optimal® with respect to the remainder. The only justification for
picking from among these that alternative which happens to maximize
the,military worth function is sheer mechanical convenience.

In a particular concrete application there might be additional con-
siderations which would further narrow the choice, but such consid-
erations cannot be anticipated in a paper designed to deal with

the general problem.

5. The Fubure of Military Worth. Research

If the general line of approach developed in this study on the
nature of militéry-worth problems and their most appropriate means
of solution is correct, then it would seem that Future research in
the military worth field should proceed simultaneously along several
fronts. First of all there should be a econtinuing search for dif-
ferent sets of choice axioms or combinatorial rules, hopefully with
richer content than the ones unearthed here. Many possibilities
should be explored in view of the fact that a set of assumptiong
which is not plausible or intuitively acceptable as a criterion of
"rational" choice in-ene situation may turn out to work in another.

'This is obviously primarily a job for the mathematicians.

Secondly, the military logistics personnel themselves should
search out situations where the ranking of alternaﬁives by ordinary
"hand"solutions seems to be unsatisfactory and where there is some
hope that sufficiently "rich" and intuitively acceptable choice

rules can be found.
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Finally there is a need to test out on real-life problems the
workability of the military worth rules developed in this study and
the additional rules which we can hopefully expect from the mathe-
maticians in future periods. It would be interesting to see, for
example, whether the procedure suggested_in Chapter IV or some alter-
native version of it has practical usefulness. The .same applies
to uses of the Aumann and,Kruskal solution beyond the specific sit;
uation for which it was designed.

Tt is encouraging to note that the Navy is now in the process
of developing a "military essentiality coding program" which, roughly
speaking and in the language of Chapter II, is an attempt to place in
efficiency and priority categories a very large number of "activities”
and "models" with which the naval supply system is concerned. However,
as the:analysis of Chapter II indicates, this is at best a necessary
preliminary ‘o obtaining information sufficient really to help solve
allocation problems.

In any event, the future of military worth research, if pursued
on & large enough scale and With.thevactive cooperation of mathems-
ticians and personnel experienced in concrete logistics problems,
seems both intellectually exciting and highly promising from the

dollars-and-cents point of view.
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ABSTRACT

This study seeks to help fill the gap in military decision-
making theory created by the absence of s monetary measure of the
revenue of alternative "outputs®. The study concentrates on situ-
atlons where no simple physical measure of the value of alternatives
-=-such as "expected kill"--exists, but rather where the aim is to max-
imize some subjectively determined concept of over-all military "ef-
fectiveness™.

The basic approach used throughout the discussion beginé with
the axiomatization of the nature of the elementary preference infor-
mation that can be obtained from competent military authorities con-
cerning certain simple alternatives. Various other axioms are then
considered which permit the manipulation of the elementary preference
information to obtain preference relations among more complex alter-
natives. In each case a numerical ”military worth function” is devel-
oped which has the property that preference for alternative x over
alternative y is a sufficient and, in some cases, both a necessary
and a sufficient condition for the military worth of x to be greater
than the military worth of y. Maximization of such a. military worth
function under given constraints would thus assure that the maximizing
alternative is at least ag good as any other alternative when prefer-
ences are "rational“-_rationality being defined by consistency with
the preference axioms.

In each case the appropriateness of the preference axioms is
considered and fhere.is some discussion .of the circumstances under
which the systematic methods advocated ﬁould be superior to more

"naive" techniques.




Chapter I defines in detail the nature of the problem to be solved
and sets forth the methods to be followed. Chapters II and III deal
with the problems of ordering alternative assignments of different
types of "models" to different types of "activities"--where these terms
are defined in a somewhat special sense. In Chapter II it is assumed
that the elementary preference information contains only rankings of
the suitability of the models for given activities and of the military
importance of the activities. Cases where the technological efficien-
cies of the models and the military priorities of the activities can be
considered separately are distinguished from éases where they cannot.
In each case the possibilities and limitations of using such informa-
tion to obtain rankings of over-all assignment plans are examined. A
military worth function which always picks a "Pareto-optimal™ alter-
native from among feasible alternatives is developed. There is some
discussion of the appropriate form and interpretation of priority lists
as instruments designed to convey elementary preference information.

Chapter III, also dealing with the assignment problem, discusses
cases where the elementary preference information contains what is there
called a "difference order”, in addition to the information considered
in Chapter II. A technique devised by Aumann and Kruskal for the de-
velopment of a numerical military worth function unique up to a factor
-of proportionality is examined. The nature of the preference structure
which would "validate" their procedure is set forth. Finally, a sit-
uation is examined where the elementary preference information is de-
rived from different individuals. Some techniques for amalgamating

these preferences are considered.




Chapter IV deals with the problem of ranking alternative inven-

tory positions where there are many items to be stocked and many in-

-ventory points invelved. Each inventory plan is defined in terms of

the vector of runout probabilities associated with it and the problem
is to‘rank these vectors. Again the existence of certain elementary
preference information is assumed and a technique for manipulating
these preferences to obtain rankings of the vectors with the aid of
six preference axioms is derived. A military worth function where
preference is both a necessary and sufficient condition for one alter-
native to have a higher computed value than another is developed. The
entire procedure in—this chapter bears some -similarity to the well-
known ven Neumann-Morgenstern utility theory.

The concluding chapter is devoted to summarizing the author's
view of the real nature and appropriate means of solution of the
military worth problem. Some parallels with the problem of utility
measurement are drawn and suggestions for extension of the research

are made.




