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ABSTRACT

The state-variable description of dynamic systems is presented in Section I
as a general theoretical framework for economic systems. Short-run comparative
statics, long-run comparative statics and comparative dynamics can conveniently
be performed in this setting.

Section II applies this theoretical framework to the study of government
policy in a full employment growth model extension of the IS-IM model. The
short-run and long-run effects of changes in publiec spending under different
assumptions about the financing of the budget deficit or surplus are analyzed.
Fiscal policy is shown to have real long-run effects even in a full employment

model.



Economic Policy in Short-Run Models and in Long-Run Equilibrium;

a Theoretical Framework and Some Applications®

Introduction

Considerable attention has been devoted recently to the
study of the long-run effects of fiscal and monetary policy(lz
The limitations of the textbook Neo-Keynesian models are inher-
ent in their short-run character: many of the parameters of
the short-run model are only exogenous in the short run and be-
come endogenous as time passes. Examples are asset 3tocks, the
size of the labor force and the state of expectations about the
future. Often the mechanisms for endogenizing these short-run
exogenous but long-run endogenous variables are already specified
in the short-run model. The investment function gives the current
rate of change of the capital stock. The government has to fi-
nance its budget deficit or surplus through some combination of
borrowing and money creation. Other long~run endogenous varia-
bles, such as expectations, commonly lack behavioral equations
in the short-run model.

In this paper I shall present a general framework for model-
ling the short run-long run dichotomy and the transition from

the first to the second. Section I proposes the state-variable

*This paper is based on parts of my Ph.D. Dissertation Temporary

Egquilibrium and Long-Run Equilibrium, Yale, 1975. The advice and

help of James Tobin, Gary Smith and Katsuhito Iwai are gratefully
acknowledged. I have also benefitted from discussions with
Gregory Chow and from comments by participants in the Research

in Progress Seminar at Princeton.



description of a dynamical system as a suitable representation
of short-run and long-run models of the economy. Section II
illustrates this general approach with a long~-run growth model
that extends the full employment IS~-LM model. This model will
be used to analyze the long-run effects of a number of govern-
ment policy actions. Pure fiscal policy changes - changes in
Some parameter of :public spending which leave the nominal quant-
ity of money or its rate of change unchanged - will be studied
in some detail. An interesting conclusion is that even in full
employment models there can be long-run expansionary ef%ects of
increases in public spending.

The model is sufficiently flexible to vermit the analysis
of virtually any combination of fiscal and monetary policy changes.
Additional policy combinations considered are changes in govern-
ment spending.with money~-f inanced deficits and surpluses and
changes in government spending with a “mlxed-flnanc1ng" policy.
In all these cases the long-run government spending multiplier
is non-zero. TIn a number of cases it is clearly positive while
in others it is ambiguous in sign.

The models I shall be considering in Section II are similar
in certain respects to the money and growth models of the late
sixties and early seventies(Z). It is not surprising that attempts
to generalise the simple single-asset growth models by intro-
ducing portfolio choice and attempts to extend.the IS~LM model
to the long run converge to similar, though by no means identical,

models.




Section I

The State-Variable Descriotion of Dynamic Economic Systems

It is frequently possible to partition the endogenously de-
termined variables of a dynamic economic model into two categories:
short-run endogenous variables and short-run exogenous (predeter-
mined) but long-run endogenous variables. The values of the
short-run endogenous variables are determined once the contempo-
raneous values of the short-run exogenous variables and the

other parameters'of the model are given.

In the terminology of system theory, the short-run endogenous
variables are the outputs of the system and the short-run exo-
genous but long-run endogenous variables are the state variables(3’4).
Let yv(t) denote an mxl vector of outputs, x(t) an nxl vector of
state variables and u(t) a kxl vector of control Varigbles. The
state-variable representation of a dynamical system is, in continu-

ous time,

(1a) y(t)

(1b) x(t)

F(x(t),u(t)) (output equation)

G(x(t),u(t)) (state equation)

(5)

and in discrete time

(1a')

Ye = Flxg,u)

(1b") Xy = G(xt_l,ut) (6)



Equation la, the output equation, is the reduced form of the
short-run model. Eguation 1b, the state equation, represents a
dynamic reduced form: an system of n first order non-linear
differential equations in normal form(7). The linearised version

of the model is, in continuous time.

(2a) y(t)
(2b) x(t)

Cx(t) + Du(t)

Ax(t) + Bu(t)

and in discrete time

t
(2a*) Ye = Cxg + Du,

\ _ .
(2b') X, = Axt_l + But
where A,B,C and D are respectively, nxn, nxk, mxn and mxk matrices,
which,_without.loss of generality, will all be assumed to be of
full rank. C = [cij], D = Ldij], A = Laij]’ B = Lbij].

Given the way in which economic theory suggests the struc-
tural equations of our models, we are unlikely to start with a

system like la and 1b or 2a and 2b. What we are likely to start

with is

(3) H(y,x,X,u) = 0 or

(3") H(yt’xt’xt~l’ut) =0



a system of n+m simultaneous non-linear first-order differential
or difference equations in implicit form. By linearizing this
system we still may be capable of analysing its local stability
and controllability properties in the form given by 2a and 2b.
If the total number of endogenous variables is greater than
the number of state variables, the dimensionality of the dynamic
system we have to analyse will be less than the total number of
endogenous variables, which generally constitutes a considerable
simplification.
In what follows I shall concentrate on the linear model (2a
and 2Zb or 2a' and 2b'), which may be the linearized version of
a non-linear model. TFor reasons of space only the continuous

time case will be consicdered.

The short-run model can be solved for the impact or short-
run multiplieré: the effect on the current values of the short-
run endogenous variables of changes in the current values of the
state variables or the controls. This will be called short-run
comparative statics.

From equation 2a
v(t) = Cx(t) + Du(t)

we get

vile) i=1....m
an(t) - ij j: l....n-



and
aYi(t) - d i = l--o-m
aujzt) - ‘ij j = lon-ok-

A long-run equilibrium model is a short-run model that is
invariant over time. y(t) = F(x(t),u(t)) is a long-run equilib-
rium if both the state variables and the controls are constant
over time. Assuming u(t) to be constant a long-run equilib-
rium requires the state to be an equilibrium stafe, ie.

(4) 0

G(x,u)

or

(5)

o
i

AX + Bu

Equations la and 4 or 2a and 5 give us the long-run or steady

state multipliers. This will be called long-run comparative
statics. In the linear case the steady-state effects of changes

in the control variables on the state variables are given by

l..--n
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where aij is the ijth element of —A—lB. The steady-state effects

of changes in the control variables on the output variables are

in the linear case given by
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vhere B, . is the ijth element of -CA""B + D.

J
The *"real-time multipliers", giving the effects of changes

in the values of the control variables at t = tO on the values

tl > to’ can be

found by what will be called comparative dynamics. The state

of the state variables and the outputs at t

equation is integrated forward from to till t, for the original

1
values of the controls and for the new values of the controls

at t = to. We can then compare x(tl) and the outputs correspond-
ing to x(tl) on these two trajectories. The same procedure per-
mits one to derive the “cumulative real-time multipliers", by
comparing two trajectories with different values for ﬁ(t) during

a time interval t* < t < t**, The system X = Ax + Bu possesses

the general solution

t
x(t) = At x(o) + [ eA(t~V) Bu(v) dv.
o

For a constant u, x(t) will converge to a long-run equilibrium

1

x = -A""Bu i.f.f. all the eigenvalues of A have negative real

parts.



Two Examples

The model analyzed in Section II is a sequential temporary
(or momentary) equilibrium model based on the full emplovment
version of the IS-LM model. TIn each period (at each point in
time) the outputs: the price level, p, the interest rate, R,
and the money wége rate, w, take on the values required to clear
the commodity market, the bond market and the labor market. The

parameters of the temporary equilibrium are (1) the state vari-

W
ables: the pexrcapita stock of money balances, %, the per-
i
capita stock of bonds %, the capital-labor ratio, % = kK, and

the expected rate of inflation, x, and (2) the control variables:
the level of government spending g,g' or v, the tax rate, 8, and
a deficit financing parameter, &, or an open market parameter
o (8)

It is important to realize, however, that the state varia-
ble representation of dynamic economic models is not limited
to the representation of temporary equilibrium models or market
clearing models. The short-run model represents the economy at
a point in time. The situation it describes may be a non-market
clearing situation. An example of this would be a Barro and

(9)

Grossman version of the ISQLM model. Neither the labor market
nor the commodity market is cleared. The money wage rate and
the money price level are parametric in the short run. Households

are income-constrained in their consumption spending because

there is excess supply in the labor market. TFirms are sales-



constrained in the commodiﬁy market. Assume for simplicity that
the economic system either stays in this excess supply of labor
and excess supply of output regime or reaches full equilibrium,
but never overshoots into one of the other possible market
disequilibrium regimes. In this market disequilibrium model

the outputs are the actual production of commodities, the in-
terest rate, and the employment or unemnloyment of labor. The
state variables are not only the asset stocks and expectations

but also the money price level and the money wage rate.
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No Outnuts

It is quite possible for there to be no short-run endo-
genous variables in the model. The number of endogenous varia-
bles may be equal to the number of state variables. The simplest
example of this case is the"IS-LM disequilibrium model? TInter-
est rate and output do not instantaneously assume the values
required to equate the démand for and supply of money balances
and planned saving and investment. In that model R and Y
become state variables that adjust to the excess demand for
money balances and the excess of planned investment over planned
saving. The short-run market disequilibrium adjustment processes
and the long-run adjustment of stocks (and expectations) have
to be analysed simultaneously with consideration of their inter-
dependence.

Elsewhere I have used this analytical framework to investi-

gate whether it is possible to abstract from the slow-moving ad-
justment proéesses if one is interested in the quicker market
ad justment processes(102 By partitioning the state variables
into slow-moving variables (xz) and quickly moving variables (xl)

and by partitioning the A and B matrices conformably, the complete

model can be written as
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The elements of All and Alz are large relative to the elements
of A,, and A,5+ The issue is whether the behavior of X, can
be satisfactorily approximated by a system which has A5, and Ass

(and BZ) replaced by zero matrices.

Stock Equilibrium and Flow Ecuilibrium

In our framework a long-run equilibrium is an invariant
sequence of short runs, and a long-run equilibrium is fully char-
acterized by the equilibrium state. The economic entitiesl_ rep-
resenting the state variables can be a very heterogeneous bunch:
expectations, stocks, flows and many others. .

When stocks and flows constitute some of the state wvariables
invariance of stocks and flows over time is not quite specific
enough. What we shall usually be referring to is invariance of
real. per-capita stocks and flows (or even, if there is labor -
augumenting technical change, real "per-efficiency unit of labor"
stocks and flows).

In the literature there has been a tendency to associate
long-run equilibria with stock equilibria and short-run equil-
ibria (short-run models representing a temporary or momentary
equilibrium) with flow equilibria. This would seem a confusing
use of terminology. In a temporary equilibrium model (or market-
clearing model), equilibrium in asset markets can be characterized

either as a flow equilibrium or as an instantaneous stock equil-
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ibrium(llz It is common to interpret the simple IS-LM model as

a mixed stock-flow short-run equilibrium. Sometimes one of the
properties of a longQrun equilibrium is that stocks are constant.
Other long-run equilibrium conditions such as realization br at
least non-revision)of expectations can hardly be characterized
as stock equilibrium conditions. The steady states of growing
economic systems are not characterised by constant stocks but

by constant real stock-flow or stock-stock ratios i.e. by constant

real per capita stocks.
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NOTATICON
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Government Policy in a Full Emplovment

Growth Model Extension of the IS-LM Model

nominal stock of money balances.

nominal stock of government interest-bearing debt.

Bonds are fixed nominal face value, variable inter-

est rate

stock of

K/N

.o

.

claims.

real reproducible capital

size of the labor force.,

M+B
NP

M+B

M+B
NP

e

+ gk

real per-capita government debt

nominal government debt

¢ real per capita non-human wealth

valuation ratio.

N/N .

money price level of commodities.

nominal rate of interest on bonds.

instantaneous expected proportional rate of change

of p.

real per
real nper
real ner
constant

interest

carita output.

capita saving.

capita investment.

rromortional tax rate on factor income and

income.
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m

g : real per capita government consumption spending.
g g + (l—e)%% : real per capita government spending

on consumption and net-of-tax debt service.

D : nominal government deficit. D = No(g + (l—@)%% -0 £f(k))
2 : fracﬁion of wealth held in money balances.
) : fraction of the current deficit (surplus) financed
by creating (withdrawing) money. M = 6D
) : fraction of total public debt consisting of money
balances
6= MM
M+B A
v : inétantaneous proportional rate of growth of A .

In what follows I shall combine the IS-IM equations with a
neoclassical production function and labor market. The supply
of labor is strictly proportional to the size of the labor force.
A perfectly flexible money wage equilibrates the labor market at
each point in fime. The money wage will be suppressed in the
analysis, but we can always solve for it by finding the money
value of the marginal product of labor. A perfectly flexible
money price level clears the output market at each point of time.
In the short run per capita output is fixed by the historically
determined capital-labor ratio. Expansionary fiscal policy, with
a constant nominal money stock will raise the interest rate.

Unless the LM curve is vertical the price level will also be in-
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creased. : In the familiar p-y diagram, the
equilibrium price level is determined by the intersection of
the vertical "aggregate supply curve" and the downward-sloping
"aggregate demand curve", the locus O0Of IS-LM equilibria in p-y
Svace.

This demand curve will shift to the right when government
sprending increases, raising » (and R). Increased government
svending “crowds out" private investment and private consumption
to the extent required to ecuate total real demand to the fixed
real surply. This is but the impact effect, however. Capital
accummulation, deficit financing and changing expeétations have
to be allowed for it if we want to trace the long-run effects;

The effect of govérnment spending on real per capita income
in the long run comes from the endogeneity of the capital-labor
ratio. There are no idle resources whose underutilization can
be eliminated by government spending and induced changes in
rrivate sector effective demand. In the long run per capita out-
put in the full employment model is endogenous because the
cavital-labor ratio can vary and with it output per worker.

The Model<12)

The per capita demand for real money balances is given by

K" - . . 3
L(R(1 - @), 2w ; 81 <05 % > 05 g¥ <g.

W
W




The fraction of wealth held in the form of real money balances
is a decreasing function of the after-tax real rate of return
differential between "other assets" and money and an increasing
function of per capita income. The short-run income elasticity
of demand for money balances is less than unity. Bonds and
existing capital are perfect substitutes in private portfolios.
The nominal rate of return on money balances is institutionally

fixed at zero. Portfolié balance is given by:

2(R(1 - @), Dw =

T L=

Non-human private wealth is the real value of the stocks of
bonds and money and the market value of claims to the stock of

capital.

M+B
NP

= + gk,

g is the valuation ratio, the ratio of the market value of the
claims to the stock of capital to the value of the capital stock
at current reproduction costs or, equivalently, the ratio of the
rate of return on a2 ‘dollar invested in the production of new
capital goods to the rate of return on a dollar invested in
existing capitél goods. In long-run equilibrium q = 1. Diver-
gence of g from 1 encourages investment (g > 1) or discourages

it (g < 1).
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The vroduction function is a well-behaved constant returns

to scale neoclassical production function in capital and labor.

With static expectations about future changes in a

the valua-

tion ratio can now be expressed as:

The investment and saving functions are of the stock ad just-

ment tyne.

ag. The per capita investment function is

The rate of investment is an increasing function of

1= 31(£(x) =R+ x); 1i' >0; i(0) = nk

When the actual and desired carital-labor ratios coincide, firms

invest at the rate required to maintain that capital-labor ratio.

The ner capita saving function is:

s = s(uf(xk)

A»—
uf (k)

i

income.

is target wealth, a multiple p(1-8) =

(M+B)
Np

Mot
gk); s'> 0; s(0) = nw = n(ﬁﬁg + gKk)

u of after-tax factor

When desired ver capita wealthecuals actual per capita

wealth, households save at the rate required to maintain that

ievel of

ce o
nery caplita wealth.
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Three simple nrice exvectations mechanisms are considered:
(a) Static exmectations: x = some constant (possibly 0)
*

(b) Short-run or myopic verfect foresight: x =
. *

B

-

(c) Adantive expectations: x = B(% - x)38 >0
A number of different government rolicy combinations will
be considered. Whatever the policy under consideration, the

government budget identity will hold:
RB ] ;
g+ (1 - G)Np - 6f(k) = > = oN T oy

Policy I has the government varying g, public consumption expen-

RB,
Np”©

Iy

diture. In Policy II the government varies g' =g+ (1 - 9)
any endogenous_change in the real value of after-tax debt service
will be offset by a corresponding change in g

Thus, for Policy I, we can rewrite the government budget

identity as

*
M - RB
oN olg + (1 - e)ﬁg - 9£(Xk) ] and
B - RB
oN = (1 - 8) g+ (1 - e)Np 0£ (k) ]

while for Policy II this can be written as

.
)

= 8(g' -~ of(k)) and

Z



.
o= (1 - 8)(g' - ef(x)
Pure bond-financed deficits or surpluses are the case in which
6 = 0. Pure money-financed deficits or surpluses are the case
in which & = 1.

We shall also consider a financing rule that requires the
use of both bonds and money to finance deficits. The simple

Ccase analysed here has a constant money-bond ratio.

M = ¢A 0 < ¢<1 (13)

w
n

(1 - ¢)a

Policy III (the "v policy") has the government fixing v, the
nrovorticnal rate of growth of the nominal quantity of public
delt, A, and therefore, since ¢ is constant, of both the nominal
quantity of money and the nominal quantity of bonds. From the

government budget identity we f£ind that

RB ! A
+ (1 - == - 8f(kK) = == = v—= = .
9+ (1= 0)52 - ef(k) = 5 = v = v
With v and 6 determined by the policy maker, g is endo-
genously determined. Policy IV again makes ¢' the parameter of

nublic spvending. Given ¢ and 8, the common rate of change of

both nominal assets,v, is determined endogencusly. TFor reasons
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ermined endogenously

of swace variations of g

will not be considered.
Short-run and Long-run Effects of Changes in Government Spending

with Policies I and II

The model, under Policies I and II is, given in equations

6 - 11.
6.1 (27 (x)-Res BB _ - s(hr () L22B)
(" (RK)-R+x) + g + (1 a)Np ef(k)v s(uf (k) Np
_Brx) _ JAMeB)
Bex k) - x s = O IS(I)
6.IT i(f'(k)-R ' - s(n AMeB) | £1(k),
(£'(k)-R+4x) + g 8£(K) - s(pf(k) No T X
(M+B)
- et = 0 IS(II)
T £(%) ) [MeB | £r(K)k M LM
7 ”g(R(l 8, M+B,f'(k)k) Np T TR-x = Np
: Np = R-Xx
d, B - RB D B
o Py g . — - — - - ——
8T %(5g) = (1-6)[g + (1 a)Np 8t (%) ] (p + n)Np
DBy - (1-8\/ D B
8.IT dt(N*) = (1-8)Lg' - 8f(k)] =~ (5 + n)ﬁ-p-
D M
8f (k) | - (p + n)Np

S My _ s RB
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1 M B D M
9, _C‘__._._= L ¥ - (= —
II 1t(Np §[g 67 (k) ] (p + n)Np
10 kK = i(f'(kK) - R+x) -nk
11 X = -n or
11 x = = or
P,
11t x = 82 - x)

Bond~financed deficits and surpluses

With purely bond-financed deficits and surpluses & = 0.
Static expectations will be defined as x = -n so that in long-run
equilibrium expectations can be realised. Policy II will be

dealt with first.

Long-run comparative statics with Policy IT

M

B M . .
The steady state values of R,x,%,77=~ and == (or, since ¥ is
Np N»
given exogenously, of R, Nr,x,k and B) are found by setting equa-
tions €.II, .9.TI, and 10 equal to zero and taking either 11 or
11' or setting 11'*' equal to zero. This plus the momentary
equilibrium conditions (IS(II) and IM) gives the five steady con-

ditlons:

o
-

12a 2(R(1-8), S)nf(x) = (LLM)
9

i
ge]

2



12b g' - 8f(kx) =0 (GT)
Mo, B 2]
12c¢c No Np = uf(x)
1248 f'(k) = R-x
D
Ze X = -n (= =
12e ( p)

12b is the balanced budget condition. When the government has
two nominal debt instruments and uses just one of these to finance
deficits or surpluses, the only possible steady states are bal-
anced budget steady states. The real value of both nominal
assets will grow at the natural rate of growth n Dbecause of a
steady proportional rate of deflation.

We can represent both the short-run and the long-run equilib-
rium in R - Np space. Figure 1 represents the long-run equilib-

rium. We can solve 128 for Xk as a function of R:
k = h(R); ht =
Substituting this into 12a and 12b we get

13a 2 (R(1-8), ) RE(h(R)) = 2 (Lu)
(98

13b g' - 8f(h(R)) =0 , (GT)



LLM

™

Np

Figure 1
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The slowre of the LLM curve is

ér
éNp

- > 0
LLM (glle(l—e)f" + gRE") (Np) 2

The slope of the GT curve is

dR
deL =0
T

An increase in g' shifts the GT curve down along the LLM curve

in Figure 1, lowering the steady state values of R and Np. Al-

gebraically:
_d_B.=_.__f”<O

dg' Af

aND -( g uff" *(1-0) + fuf")

- <
dg! oF 1 M 0
(Np)Z
Across steady states, R and k are inversely related.
Therefore, even in the full employment modelciﬁ > 0.

here is capital deepening rather than the elimination
ment of labor.
'Note also that the power of fiscal policy in the

depvends only on the balanced budget condition and the

tion of the tax function.

The reason

of unemploy-

long run

specifica-

As long as government bonds affect
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vrivate behavior to any extent (not necessarily through the net
worth effect we have postulated), the balanced budget condition
is part of the long~run equilibrium conditions and the long-run
effectiveness of pure fiscal policy is guaranteed.

The intuitive story behind the long-run comparative statics
is the following: an increase in ‘g’ requires, given 6, a higher
level of real per capita factor income to balance the budget.

With full employment this implies a higher capital labor ratio.
This in turn requires a iower R and a higher level of per capita
wealth. The LLM curve indicates that both these effects will in-
crease the per -capita demand for real money balances. With the
nominal stock of money balances fixed by assumption, a lower Np

is required to raise the real value of the stock of money bal-
ances. In the new steady state as in the 0ld, N will be growing
at a rate n and p will be falling at that same rate:

N(t)pn(t) = N(O)c—:»ntp(O)e"nt = N(O)p(0). With N(O) historically
determined, a lower N(0)p(0) requires a lower p(0) in a steady

state with a higher level of g'.
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Short-run _comparative statics with Policv II

Figure 2 shows the impact effect and long-run effect of an

increase in g'. The slope of the IS curve is

-(s'~x)riﬂf§l

dr _ (ND)Z'
T - 1t 1 1]
dNp 15 1' + s'f gk)g
(R-x)

When we evaluate this at a long-run equilibrium (x = -n and

N :
q = i—L%l = 1) we get

R~
SR _ =(s'+n) (M+B) /(Np) > <0
dNp 15 - i' + s'k
R+n

The impact effect of an increase in g' will be to shift

the IS curve up and to the right; algebraically:

3R _ __ 1
8g' " I +sx ~ 0
R+n

The slope of the LM curve is

_ng(k) (1 - E) - Mk
S Y w(Np)?
drR ND WAND

- =t
NP Iy e (1-0) & 22 _3)——4——2—; SE
W (R-x)

Evaluated at a long-run equilibrium this becomes

~8,£(k) (1 - 5) - Mk
SR - Np w(ND)2 >0
dnp |, 7,2 (%) ®

wzl(l—e) + - 2) R+n

w
The impact effect of an increase in g', given M,B,k,x,9 and the
new higher level of g' is a new momentary equilibrium, shown in

Figure 2 at S15 with higher R and Np. (The higher Np represents,



LLM

Figure 2

Np
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in the short run with N fixed a higher p.) Since S12 is not a

long-run equilibrium the rates of change of the state variables

B M . : . - .
(k, Np’ Np and x) at S12 will begin to diverge from their zero

steady state rates of change.
Since the government is running a deficit at Si27 §% will
be increasing. The required rate of return on investment has
been raised and g 1is less than one, causing Xk to start falling.
Except in the case of static expectations the increase in the
price level will be increasing the expected rate of inflation.
The new long-run equilibrium, however, is at E, with lower R

and lower Np that at E The impact effect of an increase in g'

1t
is in the opposite direction from the long-run effect. Prima
facie this would seem to‘suggest instabilitf. For the long-run
equilibrium to be stable‘the impact effects have to be reversed.
The economic system has to "back-track" and return beyond its

original equilibrium. Nevertheless, under certain circumstances
which depend crucially on the expectations mechanism the equilib-
rium may be stable.

Stabil itX:

The mathematics of the local stability conditions is

(14) To summarize, the long-run

long and tedious.
equilibrium is unstable in the case of static expectations and
votentially, but not necessarily, stable in the cases of myopic
perfect foresight and adaptive expectations. In the "intermediate"

case of adaptive expectations, stability requires a certain mini-
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mum speed of adjustment of expectations: 3.

These results may seem paradoxical. Usually static expecta-
tions are considered stabilizing while cuick translation of actu-
al price experience into expectations is considered destabilizing.
The opposite conclusion here is related to the difference in di-
rection between short-run and long-run effects as shown in Figure
2. The direction of the initial trajectory of the economic sys-
tem has to be reversed for the long-run equilibrium to be stable.

The source of the potential instability is the endogeneify of

K (or k) and B. The new long-run equilibrium, Ess reguires a
higher Xk and a lower B (since Np will also be lower, the long-
run effect on é% is ambiguous). Yet at a point like S12

2, k¥ 1s decreasing and B is increasing. The decline in k
g

in Figure

further accentuates the increase in B as real tax revenues
decline. For the system to be stable in spite of this initial
movement away from the new long-run egquilibrium 2 conditions
must be satisfied. First ¢ has to be raised above 1 to achieve
an above steady state rate of investment. By itself a declining
capital-labor ratio, which raises f'(k), is favorable to invest-
ment but the increasing volume of debt, by raising the rate of
interest, works in the wrong direction. What permits the eco-
nomic system to reduce the reguired real rate of return by enough
to achieve an azbove steady state rate of investment is inflationary
exrectations which reduce the real required rate of return cor-

resnonding to any given nominal rate. With static expectations



this effect is absent and the initial direction of movement can-
not be reversed. The very tight relationship between a smaller

K and an increasing volume of debt through the government fin-

ancing requirement: ﬁ% = g' - 9f(k) 1t an important source

of potential instability. with Policy I this link is a lot
looser and stability is more easily obtained: ﬁ% =g + (1-9 %g -
- 9f(K).

Second, ultimately the role of the expected rate of inflation
in lowering the real rate of return (and in offsetting the de-
cline in the marginal product of capital if the initial direction
of movement has been reversed and k is increasing) has to be
taken over by a lower nominal rate of return; since in the new
long~-run equilibrium the actual and expected rates of inflation
both have to be the same as what they were in the old equilibrium.
The expected rate of inflation has three effects on aggregate
demand. The first is to increase . investment by lowering the
real rate of in£erest. The second is to reduce saving by raising
9 and thereby increasing wealth. The third is to reduce real
income through expected capital‘losées on money and bonds. A
necessary condition for stability is that the first two effects
dominate. This means that if the actual and expected rates of
inflation slow down, aggregate demand and the income-related de-
mand for money will weaken. A weakening éf aggregate demand
leads, in a economy with flexible prices, to a reduction in the

price level and the rate of interest, thus vermitting the increase
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in the capital stock and real income to continue.

Unfortunately, the issue of stability hinges on relatively
minor details of specification and on small differences in
values of coefficients. Under myopic perfect foresight and
adapntive expectations it is possible for the economy to "change
direction" after its initial movement away from long-run equilib-
rium and to converge to the new equilibrium with a lower interest
rate, lower stock of nominal debt, higher capital-labor ratio and
higher real per .capita income. It is also possible for fiscal
expansion to set -0off an unstable spiral of deficits, a rising

interest rate and a declining capital-labor ratio.

Long-run compvarative statics with Policy T

Very briefly I shall now review the effects of pure fiscal
policy in a full employment model when g rather than g' is
the parameter of government spending. The model is given by
equations 6.I, .7, 8.I, 9.I, 10 and one of 11,11' and 11*'*
with &6 = 0.

The steady state equations cdetermining the long-run equilib-

. B M
rium values of r,k,x, =— and — are

Np Np

1, M
14a L(R(1-8), Z)uf(k) = = (LLM)

u

RB
14b g + (l-e)ﬁ; - 8f(k) = 0 (GT)
M B ~

l4c — 4+ == + k = uf(k)
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14d £'(kK) = R-x
o
lde X = -n(= p)

The LLM and GT curves can again be used to represent long-run

equilibrium in R-Np space

15a 2(R(1-6), S)0f(h(R)) = = (LLM)
5 R
15b g + (1-9)R(pfA(R)) - £ - n(R)) - e£(n(R)) = 0 (GT)

The slove of the LLM curve is the same as under Policy II

dr ~ME '

AN == ~ 7 >0
S 997 (RE2 (1-0)F'" + 2uf')(Np)
The slove of the GT curve is
& | ~(1-8)RM/(Np) 2
dNp = - B R ny v of 7
P lgr (1-9)Lﬁ + F(fer-1)] - 2,

A sufficient but not necessary condition for the GT curve to be
downward sloping is ;f' < 1. Another sufficient condition for
the GT curve to be downward sloping is for 6 to exceed (l~9)Ra.
If the GT curve is downward sloping (as drawn in Figure 3), an
increase in g has the long-run effect of lowering Np and the

rate of interest (and thus of raising k and vy), as under

Policy ITI.



Figure 3
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Short-run comnarative statics with Policv I

The impact effects of an increase in g are not guite as
unambiguous as those of an increase in g' because of an ambigu-
ity in the slope of the IS curve. The slope of the LM curve

(evaluated at a long-run equilibrium) is as under Policy II.

~2,£ (1-kK) - _Mk

éR _ _Np v w(Np) 2 >0
aNpl - tof K
W,Zl(l-e) + - Z)m

The slove of the IS curve, evaluated at the long-run equilibrium

is
_[(1-9) RB 5+ (s'+n) (IVI-)-B%]
dr ‘ (Np) (Np)
dNp -
IS . N e
‘ i s' Tim (1 e)Np

If the volume of bonds is large enough, the IS curve may be up-
ward sloping. Through the Pigou effect arhigher price level tends
to cause excess supply in the commodity market. To bring this
market back to egquilibrium a higher rate of interest may be re-
quired if the value of bond debt is so large that the expansionary
effect of the increased debt service associated with a higher R
more than offsets its contractionary effects through reduced in-
vestment and increaéed saving. The impact effect on R and Np

of an increase in g depends in a well-known manner on the rela-
tive slopes of the IS and LM curves. If the IS curve is downward

sloping, both R and Np are increased. (Figure 4a) If the IS
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curve is upward sloping but cuts the LM curve from above, both
R and Np are lowered (Figure 4b). If the IS curve is upward
sloping and cuts the LM curve from below, both R and Np are
raised (Figure 4c).

In cases (a) and (c) there is again a marked contrast be-
tween impact effets and long-run effects. However, in this
policy regime, the system is potentially stable even under static
expectations because in the new steady state an increase in
government spending does not have to be financed exclusively
by higher taxes on factor income. Anything that reduces the
real value of government debt service (such as a higher p, a
lower R or a lower B) will help to balance the budget.

In conclusion, the theoretical case for the existence of
long-run effects of pure fiscal policy changes appears to be
very strong, even in a full employment model. In the case of
Policy II, the long-run public spending multiplier is egqual to
the reciprocal of the - marginal tax rate -- by virtue of the
balanced budget condition -- and the guantitative importance of
the long=-run multiplier is considerable. Using Modigliani's(ls)
estimate of the U.S. marginal propensity to tax (net of income-
related transfers) of about .5, this long-run multiplier would be
2.

The long-run effects of money-financed changes in govern-
ment svending will not be considered here for reasons of space.
The long-run effects of the two mixed financing policies men-

tioned before will be dealt with briefly.
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Mixed financing of deficits and surpluses

Policy IIT (the “v policy")

Under this policy the government determines v, the propor-
tional rate of growth of the nominal quantity of public debt and
therefore, since ¢ is constant, of both the nominal guantity of
money and the nominal stock of bonds. With )X denoting the real

per capita stock of public debt, the model can be written as

follows:

o | ~ FUR)
16a i(f' (k) - R+x)=-s(uf(k)-Ar- —§:§fk) + (v=x)A =0
16b AR(1-9), —EL oy By L ogn

+ ==K
R-X
16¢ ko= i(f'(k) - R+x) - nk
164 A=(v-n-2)n
s}
16e! X =V -n
’e - é
16e X = b
16e'"'!" é:a(g-x).

In the static expectations case, the fixed expected propor-
tional rate of change of the price level is assumed to be equal
to the steady state proportional rate of change of the price

leVEl ’ V-Il.,
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The steady state values of x,R,K, and A for all three expecta-

tions hypotheses are determined by:

17a X = vV - n

17b f°(k) =R = v + n

17c 2(R(1-9), %)af(k) = $A
3

174 ﬁf(k) = A+ k.

In long~-run equilibrium, the expected proportional rate of
change of the price level equals the actual proportional rate
of change of the price level which is equal to the proportional
rate of change of the per capita stock . of nominal assets V =~ n.
Note that, with v > 0, there will be a steady-state deficit. We
can represent the steady state equilibrium in X - Xk space by

the following two equations:

18a 2L(£°(k) + v-n)(1-8), =]0f(X) = dA (LLM)
W

18b LE(K) = A + K (ww)

The long~run comparative static effects of an increase in v (or
$) on X and k are shown in Figure 5. Algebraically, the long-

run multipliers are given by:

3k _ (1-8)wi

v A



Figure 5
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(1—9)ﬁzl(ﬁf'—1)

SA _

v A

Sk _ _ A

3¢ n

3 _ - urr-1)

36 - I

A= =(1-0)we £t 4 UE'($-2)- b

Since ¢ > £, (#w = ¢A and W >1) the sign of A is ambiguous.
Again the assumption that &f' < 1 is sufficient to make A nega-

tive and the ww curve downward sloping.

"Superneutrality”

If A 1is negative, a higher policy - determined rate of growth
of nominal public debt‘(money and bonds) corresponds to a higher
equilibrium capital-labor ratio, as does a higher share of money
balances in total nominal public debt. The effect on real per
capita.holdings of public debt of both these policy changes is
negative if an incfease in the stock of capital owned by the pri-
vate sector increases target wealth less than actual wealth. The
long-run effect of an increase in v 1is therefore very similar
to the long-run effect of an increase in g'.

| The reason for the absence of "superneutrality" -- invariance
of the the real long-run equilibrium under different proportional
rates of change of nominal outside financial claims -- is of

course the institutionally fixed nominal rate of return on money
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balances. In equilibrium a higher v corresponds to a higher
actual and expected rate of inflation. With an institutionally
fixed nominal rate of return on money balances the real rate of
return on money balances will be lowered which would cet.par.
increase the real rate of returns differential between money and
bonds-cum - capital. It is easy to show that if the policy au-
thority were to increase the nominal rate of return on money

M . . , .
balances (1) pari pvassu with the steady state rate of inflation,

no real effects could result from varying v. Let the policy

authority fix i,, according to the rule iM = X. The long-run

M

egquilibrium would in that case be characterised by:

19%a X =V - n

19b ARr-x)(1~-8), %)ﬁf(k) = PA
i

19c f' (k) =R - v + n

194 ufF(k) = X + k

The real rate of return differential between money and bonds-cum-

capital is

[R(1-9) - x| - [iM(1-0) - x] = (R-x)(1-96)

Substituting 19a and 19c into 19b and 19d gives

2051 (k) (1-9), Z)RE(R) = o
0
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uf (k) A+ K

I

R - x = £'(k)

Thus the real variables (capital-labor ratio, real per capita
public debt and real rate of interest) are indevnendent of v.
Superneutrality of the steady-state equilibrium with respect to
changes in the common proportional rate of growth of all outside
financial claims is consistent with any government policy con-

M M

cerning iM that has the property iN - iy = vy - v,

equilibrium. (The subscripts N and 0 refer to the new and the

in long-run

- 0ld situation respectively.) For example, the government could
set the nominal rate of return on money balances equal to some
constant ¢ plus x, or to c + % or to v itself. By varying iM

in this manner, the policy authority loses the "wedge" it can

drive between the real rate of return on money balances and on
alternative assets.

Superneutrality in this model applies to changes in the pro-
portional rate of change of all nominally denominated outside
claims. As long as government interest-bearing debt somehow effects
private sector behavioral relationships, the econoﬁic system will
not exhibit superneutrality with respect to changes in the pro-
portional rate of growth of a single nominal asset such as money
even if the policy authority were to vary the nominal rate of
return on money balances in accordance with the (expected) rate

of inflation.
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Stability analysis of the v model is long and tedious.
Furthermore, no surprising or easily intuitively interpretable
results are forthcoming. Potential stability is the unsur-

prising propertyv of the model under Policy III and Policy IV.

Dolicy IV, (the o' policy)

Under this policy regime the government determines its
reai per capita expenditure on goods and net-of-tax real
debt service and finances any deficits or surpluses it might
incur by issuing or retiring its bond and money debt insuch a
way as to keep ¢ constant. The complete model in this case

can be written as:
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208 i(£'(k) - Be+x) - s(uf(k) =A - %—%‘(—’k) s gl - QF(K) - XA

£(k) . £9(x)
20b  £[R(1-9), —=Fro— | (A + ok ) = oA
< 3+ fP§£2k> ( R-x
\"X .
20c é = i(f'(k) - R+x) - nk
206 X = g' - 8f(k) - [n + g] A
. - -1
20e {x = (g' - 8f(%k*)A - n
20etjx = 2
P
20e i = B(% - x) .

The steady state equilibrium is characterised by the following

equations:

A A

21a L(R(1-8), 1/u)pf(k) = 9A

21 £'°(k) =R - (g' - of(x))AT +n
21c af(k) =k +A:

and = %

]

(e fi (o X

[g" - es(x) ]2t = n
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Algebraically thellM curve and the ww curve are given by:

N
N
\}}

2([20(0) +(g* = 220327 on](1-8), 1/u)pE(x) = oA

22b U.f(’{) = K +)\ . (WT"')

The long-run multipliers of government spending and open market

overations can be derived as before.

LM



o
[9)]

In full employment models like the one considered in this
naver, the ability of the government to affect the real long-run
equilibrium hingés on the government's ability to "drive a wedge"
into some private sector behavioral relationship. In the case
of the "v policy", different proportional rates of change of
nominal debt affect the real rate of return differential between
two assets through the policy authority's control over the nominal
rate of return on money. The balanced budget condition and the
functional form of the tax function determine the long-run gov~v
ernment spending multiplier under pure bond financing and pure
money financing.

The conclusion that there are long—run‘affects of pure fiscal
nolicy (and of the various mixed fiscal-monetary vpolicies) is
not presented as in any way surprising. If the government can,
by fixing vrices or rates of return, by changing the availabil-
ity of a financial claim whose supply is outside the control of
the private sector or through its spending and taxing behavior
affect the opportunity sets of private economic agents, it will
be capable of affecting the trajectory of an economic system with
full employmént of resources in the long run as well as in the

short run.
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Tootnotes

Blincder, A.3. and Solow, R.M. (2).

Christ, C.F. (7).

Silber, W.L. (16).

ctt, D.J. and Ott, A. (14).

Mundell, R.A. (13).

Buiter, W.H. (3).

Some recent examnles are: Foley, D.K. and Sidrauski, M. (8);
Foley, D.K. and Sidrauski, M. (9); Hadjimichalakis, M.G. (11);

Stein, J.L. (17).

{

There may be additional short-run endogenous variables z(t)
that are determined by z(t) = H(y(t), x(t), u(t)), etc.

“The state is some compact representation of the past ac-
tivity of the system comnlete enough to allow us to predict,
on the basis of the, inputs, exactly what the outputs will

|

be, and also to update the s

U

t

tate itself", Padulo, L and

eful reference 1cs: Chen, C.T

Fe

U

Arbib, M.a. (15). Ancdther uc
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[

(9]

3
/

In Section II only continuous time systems will be considered.
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svstems.

@]

.  When the different versions of the model are)studied in
detail it will be convenient to use slightly different
outputs and state variakles as will become clear in
Section IT,.

9. Barro, R.J. and Grossman, H.I. (1).

10. Buiter, W.4. (4).

11. Folev, D.K. (10); see also Buiter, ¥W.H. (5) and (3},

12. The specification of the model is discussed in much greater

detail_in Buiter, W.Hd. (3) Chapter IV. See also Tobin, J.
and Buiter, W.4. (18).
13. ¢ is related to & through the relationship 5 = (8 —¢)%:

when total debt is increasing, the "average" money-bond

= 3

financing ratio, ¢, will increase (decrease) when the
"marginal" money-boﬁd financing ratio, &, exceeds (falls
short of) the average ratio.

14. The stability analysis is obtainable from the author on
request.

15. Modigliani, F. (12).
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Stability anmalysis for Policv II under nure bond financinea and

pure monev financing

For the static expectations and adaptive exvectations cases
we solve the short-run IS and LM equations for R and Np as
functions of B (or M), k and x, conditional on the values as-~
sumed by M (or B), g' and 6 and evaluate these solutions at the
long run equilibrium (B*,k*,x*) or (M*,k*,x*) with x* = -n and

q = 1. The IS/LM solution for R and Np is

A.1b Np = h%(B,k,x)

with bond-financed deficits and surpluses, and

A.2a R = hi(M,k,x)

A.2b Nov = hZ(M,k,x)

with money-financed deficits and surpluses.

The short-run reduced from multipliers can be solved for

from:
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2, (K) ;
, b 2 K Mk
D= —(i'+s's>) (1 - =) + ——— | +
R-x Np W W(Np)z
LF{Xk)
. 2
v (srex) SEEL b (1-0) 4 o (2 -2l <o
( Np) R=-X W

Static expectations and bond-financing

[
(4]
.

With static expectations the state variables are B and

3

heir behavior over time is give by:

A.3a B = Nn(g' - 67(k))
2.3b % = 1(f'(kK) = R - n) - nk

Substituting A.la and A.lb into A.2a and A.3b vields
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The linear aprroximation at the long-run equilibrium B*, kK* gives

3 0 -Npdf' (k) B-B*
< -
w | |-itnt it(E9(%) - hI)on ik
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P

essary and sufficient conditions for stability are:

—

D
]

M
. ol L1
A.4a 1 (f"(k) - ﬂk)—n <0

A,4%b —irnl

hZ Nplf'(k) > 0

A.4a may be satisfied but A.4b never is. The long-run eguilibrium
is unstable under static expectations. Figure A.1 illustrates

~this instability with the familiar phase diagram in B-k space.

Static expectations and monev financing

Substituting A.2a and A.2b into A.3a and A.3b and linear-

izing at the long-run equilibrium M¥*,k* we get:
M 0 -pNOF ' (k) MM
: ¢« gy L : 1
- ? * {1 - - .
Kk i qﬂ it (£ (k) hk) n k-k*

Necessary and sufficient stability conditions are

A.5a PT(ET(R) - h}l{)-n <0

A.5b ~i'hypNes' (k) > 0

The equilibrium will only be stable if h& < 0 i.e.if the impact
effect of an increase in the stock of money (which will shift
pboth the IS curve and the LM curve to the right) is to lower the

rate of interest. For reasons of svace, the adaptive expectations
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and myopic perfect foresight cases will only be considered for

the bond-financing regime.

Adantive expectations and bond-financing

Substituting A.la and A.lb into the dynamic equations for

the state variables we get:

A.ba B = Np(g' - 9£(k))
A.6b X = i(f' (k) - hl(B,k,x) + X) - nk
» . 2 1 > )
A.Bc X = B(‘hz(B’&’h) - x)
h“(B,k,x)

The characteristic equation of the Jacobian matrix obtained
by taking the linear approximation of this system at the long-
run equilibrium (B*,k*,x*=-n) will be a cubic which, without loss

of generality can be written as:

3 2
ApY" + a;¥ + A,y + a, = 0 (aO>O)

Necessary and sufficient conditions for all characteristic roots

of this cubic equation to have negative real parts are:
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One of the first two inequalities can be eliminated since
it is implied by the remaining three. The linear approximation

looks as follows:

ST o - -
rB 0 —Npof" 0 B-B*
7 | x —1'hé i'(f"-hi)-n iv(1 - hi) K-k
> Z Z v
X 1 42 4_43 X+n
L. — T p— S —
2. 1
-Bh, i'hy
2y = 2
AL o T
Np th
2
7, = —NPE _ | 2 grr B (i'(£"=n)-n
2 Np-8h 2 B Np Kk
X
2
Z, = NDBZ [?f (i(1-nY) - 1]
No-ghl P x

The characteristic equation is:

n2

3 . ¥ .

I TP S S [K:_; e (1on]) _1] g
ND_BhX i
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Vet e 1 Nn3 . 1 Np3 L2, .
- i'(£"-h, )-n == - 1'(1-h_) 57 ho9f*' + 1i'hNpIf'ty
=z I‘fD";ﬁhL X :‘I‘O—Bhg o o
: % . 5
R Nog
- 1'h_Npdf' ——== = 0

N 22
Np th

The linearized version of the static expectations model is
found back as the uvper left 2x2 submatrix of the linearized

version of the adaptive expectations model. The static expecta-

tions model can be regarded as a limiting case of the adaptive

expectations model with 38 = 0.

a. = i'hé Npof' —R8_
Np—Bh;

3 > 0 1is necessary for stability. Since

L]

hé >0, ag >0 1i.f.f. Np-Bhi >0, i.e. only if h® > 0 the

t

LN

immact effect of a rise in inflationary expectations on the

price level is positive.

)
X "2f Z)ﬁﬂhB
2 , . k {(M+B) R-X w7 ND
by > £ ! s! - >
HX 0 only if 1i' + s = No wzl(l—e)
With B = 0 (the static exnectations case) a,=0 and the system will

not be stable.

Myopic rerfect foresight and bond financing

The complete dynamic system can in this case be written as:



A.8Db

We can

and p.

A.%a

A.9b
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1{ £t - p. t _NnfF — - - .(_I.:i..“.'_}_a.l
i(F'(K) - R + p) + g'-0f(k) s(uf(k) Np
£'(k) k) - B (M+TB) -0
R - B P Np
8
£ M £t 1
£(R(1-6) £E) R, 2100, N
#B  £'(x), P R -2 F
Np 5* P
R - =
%
B = Np(g' - 6£(k))
kK = i(f' (k) - R + g) - nk.
solve A.8a and A.8b for R and % as functions of B, K

m(B,k,p)

¥
o

r(B,k,p)

el te
]

he reduced form impact multipliers are solved for from:

XK . k__ _ (M+B)

-5 = it 4+ s? = ND dR
R - g R - '5 =
P £ N
fJ2__ k A -
(1-8) + = - 1) —Er(1 - ) a2
Y



5! . ~ En . (+3) |
- m dB + (=i'f"+9f '4suf'-s’ T - s')dk + st = 5 dp
o R -2 (No) ™
7 = -2 F£(M+B) - Mk
Ay 1. o A $5 N
- F=)d3 4 (=2 + =— - 2)(1 + = ,f"}jﬂk + = = én
- - - 2 w{Nn)”

The state svace representation of the system is given in
equations A.l0a-c and its linear approximation at the long-run

equilibrium B*,k*,p* in equation A.11.

A.10a v = pr(B,k,v)

A.10b B = Nn(g' - 9f(k))

A.10c k= i(£'(k) - m(3,k,») + r(3,%,p)) - nk

1, S o . ; —,*

A.l1 D pr, DIy nI n-D
. .
B{ = 0 0 -Np#of"' B-RB¥
1. 1t _ ] — . L - =y Yolod
k i (rp mp) it (rg mg) i (r, m, +£")=n k-k

The characteristic equation is:

3 3 " B 2
N [—prp - i'(r-m+£") + n]x
+pL—i'rpmk + i'rpf" - T,nE i*(rg-m INOE' + i'méﬁcjk

el 2 "
' NAL! it i 44 =
+ 1'pNof Lrpm wprBj 0

B
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The condition that the coefficient ay of the character-
istic eguation be positive (the condition that the determinant

of the Jacobian bes negative) is:

k__ (M+B) [1.f
R - 2 w T4
ivo. o K M+B Ty P ‘

le(l—e)

Comparing this with the necessary and sufficient condition

for ay to be positive in the adaptive expectations case:

K (M+B) /2. £
= 2
- . R - B P W -4
PR kK _ (M+B) o

n _ R Np wﬁl(l—e)
D

wlJ

2
(Np)

. 2,£
s'(M+B) [%21(1—9) + — ( - ﬁﬂ
+
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he myopic »erfect foresight case can be internreted

as a limiting case of the acdaptive exrectations case when th

speed Of adaptation becomes infinite.

The other stability conditions cdo not vrovide much economic

insight although they are consistent with the a-nriori restr

-
(S

ions

o

c

“that were imposed.



6L

Appendix B

o~ :

Stabilitv for Policv III

o
(D

For the case of myovic verfect foresight the model can

written as:

AP DY - oa(he(w) o £'(x) . _ 2y, =
B.la i(f (k)-g+p) s(uf(k) -2 R_?/ph)-r(v lO);\—O

k) x)

£(x%)
R = A N =/ .
K'T' R - p/b‘{
S ire 5 :
B.lc Xk = i(£'(kx) - R + E) - nk

- 2
('v-n-p)x .

jus)
'—.I
0,
>
]

' & - .
The IS and LM egquations can be solved for R and »/p as functions

w
t
juj
2V
1
.
5
z

w
N
o

TS«

I
e
w
Z
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Substituting this into equations B.lcand B.ldwe cget:

jod

-

i(fFr (k) -

g

1

1

2
(k,2) + g (kx,X)) - nk

(v - n - qz(k,k) A

The linear approximation at the long-run equilibrium (k*, )*)

gives:

1 2 ey 2 1
G = F)-n i(qy - qy) kK - k*
2 2

The reduced form multipliers are solved for from:

£

2,£

2 :
o K 2 K i
'Ml(l 8) - R-vV+n ( W > R-v+n é T w > R
-(i' + s'k) it e sk | d(é
L R-v+n R-v+n Tp
i 2, E KE' [4.F L. £
2” 2 2
- U - - 1 —_— .
zzf - = * v ( - ,9] dx + [ =~ 2 +9
—(i' +S'}<) *t 'AF' ? dk - . :l-‘
Even + s'uf' - s + [ -s' - nléx




~ L. E
: s'k . ket V'K 2
1 TUT e n AR e (T =AML s Eoven) * S'FEoyan) W )
qe = 0
L. L.
o+ s'k nk 2
'-— -— — O—t—
gl = (1= W 2+9) + R—v+n °* Boven (£ W )
A 0
LAf
, kK ~ K 2 ~
— - " L t gty Ft ] — 4 1 f?
qz _ wﬂl(l BY(£"(1i' + s R—V+n) s'uf' + s') + R—v+n( - £)s'u
k ” Q
L.
kK 2
(i + 'R-;+n) HE' + 1'(—;f - 2)
- Q
L. L £
e _ . a nk “2° 2 s'k
2 _ Wi (1-6)(s'+n) - o= (—5 )+ (5 L+o) + =205
A Q
£
" s'k k 2
Q= wzl(l—v)[l' + Foven T 2] - " (—;— - ) X .

2. £
K ( 2 -
iy s'k R—=v+n' w iy
R-v+n A vﬂl(l—e)

(i.e. that Q 1is negative) qi will be negative, qi will be
negative if i' - > 0, qi will be positive if 1 + (kf")/(R+v-n) < 0

q

2 . . . .
and  q will be positive if £"(i' + (s'k/R-v+n)) - s'uf' + s' < 0.
pS
Without additional informetion 211 we can say is that the system
is potentially stable. Necessary and sufficient conditions for

the local stability of the long-run eguilibrium are:



1 2 2
] F~a 1] - Y — n - o < O
1Y (£ Te + G N
and
2 12 tewy L2
l'(CYbC_{A - q}\‘*ik) - (n - 1'f" )q)\ > 0.

These two stability conditions reduce to long algebraic expres-
sions in terms of the structural prarameters of the model that
do not appear to have any easy intuitive interpretation. Tt

should be noted that

k <£2f B E)A

K s'k y > R-v+n \ w
R-v+n wzl(l—e)

(0 <0, is the condition that the impact effect of an increase
in the expected rate of inflation on the price level be posi-
tive) is not necessary for stability under the mixed financing
~rule considered here. (See Appendix A ) The opposition of
short-run and long-run effects fbund under pure bond-financing

does not appear here. For example, a simple set of sufficient

conditions for stability with O > 0 is: qi > 0; qi > 0; qi > 03
2 ) '
qg <0 i.e.
__k._<f_2£_z>
i o4 s'k _ < R=v+n W A
R-v+n A wzl(l—e)



2,E . ~
- s'k 2 . ke sfuf'k
it R-=v+n r <A W 2)[1 - R-v+n) R—V+n A,E!
‘ £2f
Stk (s'-n)k(L - &)
oy ] W
. R-v+n A L. f

- - F-R 1 s 1 }{S' - IA.;' Y. k 2 - ':\.::l
JZl(l BY(E" (i + R~v+n) S'uf' + s') + ( 2)stuf

. A~ E
—aEr(ir . =By 52 Ly <0,
2 R-v+n wo,

While these conditions impose rather narrow bounds on the values

of the structural parameters of the model that are consistent

with stability, they are not inconsistent with the a priori re-
strictions imposed on the signs and magnitudes of these structural
coefficients. As I said before, much more detailed empirical

information is required to firmly rule out either stability or

instability.



